NONLINEAR ANALYSIS OF PRESSURE OSCILLATIONS IN RAMJET ENGINES

Vigor Yang* and Fred E. C. Culick**
California Institute of Technology
Pasadena, California

ABSTRACT

Pressure oscillations in ramjet engines have been studied using an approximate method which
treats the flow fields in the inlet and the combustor separately. The acoustic fields in the
combustor are expressed as syntheses of coupled nonlinear oscillators corresponding to the acoustic
modes of the chamber. The influences of the inlet flow appear in the admittance function at the
inlet/combustor interface, providing the necessary boundary condition for calculation of the
combustor flow. A general framework dealing with nonlinear multi-degree-of-freedom system has also
been constructed to study the time evolution of each mode. Both linear and nonlinear stabilities
are treated. The results obtailned serves as a basis for investigating the existence and stabilities
of limit cycles for acoustic modes. As a specific example, the analysis is applied to a problem of
nonlinear transverse oscillations in ramjet engines.

1. INTRODUCTION

With the growing commitment to the development of ramjets and ducted rockets it has come to the
recognition that instabilities within the propulsion system constitute a potential serious problem.
This has been the subject of a JANNAF workshop reported in Ref. 1. Unsteady motions excited and
sustained by the combustion processes are in fact a fundamental problem associated with any
combustion chamber. The essential cause is the high rate of energy release confined to a volume in
which energy losses are relatively small., Only a very small amount of chemical energy need be
transformed to mechanical energy of time-varying fluid motions to produce unacceptably large
excursion of pressure. The ensuing vibrations of the structure may lead to failure of the structure
itself or of equipment and instrumentation.

Because the oscillations arise from causes entirely internal to the system, they are true
instabilities and are correctly identified as self-excited. Typically, a small unstable initial
disturbance will grow exponentially for some time, eventually reaching a limiting amplitude. This
behavior necessarily involves nonlinear processes; it is impossible for an intrinsic instability to
be limited by linear processes alone. Consequently, any question concerned with the long~time
evolution of combustion instabilities can be addressed only by treatment of nonlinear processes.
For ramjet engines, nonlinear behavior is especially concerned because of the difficulties in
obtaining good quantitative data for the linear growth of oscillations. All information about
combustion instabilities has been gained from observations of fully developed oscillations.

Figure 1 shows the situation examined here, an idealized representation of several contemporary
ramjet engines using dump combustors. Air Is delivered from a supersonic inlet system to a
combustor in which chemical reaction takes place. Compared with rocket engines, ramjets have
several characteristics which produce distinctive differences in the pressure oscillations observed.
First, an important boundary condition is presented by the shock system located at the divergent
section of the inlet diffuser. Second, combustion is confined to a chamber which is a substantial
part but not the whole of the volume of the system. The inlet flow may play an important role in
oscillations. The Mach number of the mean flow in the inlet can be quite high and should not be
ignored, whereas the Mach number of the combustor flow is generally small. Third, the abrupt
enlargement of cross—sectional area at the inlet/combustor interface produces recirculating flows
and reacting turbulent shear layers, imposing serious difficulties in the theoretical modeling.

Several linear analyses of bulk and longitudinal oscillations in r‘am,jetsz"5 have been
developed, giving results valid in the limit of small amplitudes and low frequencies. Nonlinear
analysis has not yet been accomplished although much of the necessary foundation is in place.
Officially, two approaches can be followed: numerical techniques and approximate methods. Each
approach has advantages which are complementary to the other. Numerical integration of the complete
conservation equations provides more accurate and thorough results for well-posed problems; and
serves as the only certain means of checking the validity of approximate methods. To date only
longitudinal wave motions in solid propellant rockets have been treated successfully. Extension to
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multi~dimensional problems, especially for ramjet engines having non-uniform configuration, still
remains in an early stage due to the complexity and uncertainty of the flowfield and the limitation
of computer capability. An intrinsic disadvantage of numerical analysis is that the method yields
one answer for each special case considered. Many cases must be run to detect trends and gain
understanding. In contrast, approximate analysis provides more sweeping results less expensively
and offers a framework for modeling physical behavior in a relatively easy manner. That is an
attractive feature especially for studying mechanisms proposed as the causes of unsteady motions.
In the work described herein, we are concerned only with an approximate analysis.

Because the characteristic features of the inlet and the combustor flows are basically
different, for convenience of formulation they are treated separately. The flow in the inlet
section downstream of the diffuser is taken to be uniform. We ignore the transverse wave motions
since observations? have shown that the high frequency oscillations in the combustor do not transmit
into the inlet as a consequence of the abrupt area change. Accordingly, the oscillatory field
consists of two travelling waves. One is generated by the unsteady combustion processes in the
combustor and propagates upstream; and the other is reflected downstream by the shock. Their
influences on the combustor flow appears in the specification of the acoustic admittance function at
the dump plane.

The flowfield in the combustor is much more complicated, usually involving both longitudinal
and transverse wave motions.Ts Figure 2, the frequency content of pressure oscillations in a
laboratory ramjet combustor operated at the Naval Weapons Center,7 clearly demonstrates these two
modes of instabilities. The basis for the analysis begins with an approximate method previously
reported in Reference 9. The acoustic field is expressed as a synthesis of coupled nonlinear
oscillators constructed in correspondence to the normal modes of the chamber. With application of
the Galerkin method and the method of time averaging, a set of coupled first-order ordinary
differential equations are obtained for the time evolution of each mode.

In the following sections, a formal framework for the nonlinear acoustic fields in ramjet
engines is first constructed, followed by development of an approximate method dealing with
nonlinear multi-degree-of-freedom system. The analysis serves as a basis for investigating the
existence and stability of limit cycles for pressure oscillations. As a specific example, we treat
a problem of nonlinear transverse wave motions for which the frequencies of the higher modes are not
integral multiples of the fundamental frequency. This mode of oscillations has been previously
studied by Zinn and Powell10 rop liquid propellant rockets. With the aid of the Galerkin method,
they were able to derive a system of second-order ordinary differential equations governing the
timé-dependent amplitude of each mode, which were then solved numerjically to predict the existence
of limit cycles. Being different from their approach, it is intended in the present work to
construct a realistic simple model so that explicit formulas can be obtained to explain some of the
nonlinear behavior of engines.

2. ACOUSTIC FIELD IN THE INLET

To simplify the analysis, we ignore the cross-sectional area changes and assume the mean
flowfield to be uniform. The rapid variations in the diffuser section appear indirectly through its
influences on the boundary conditions. Therefore, we treat the problem of oscillatory motions in a
uniform mean flowfield. Following the analysis given in Reference 11, we may express the linear
acoustic pressure and velocity in the useful form

Py = P exp [~1(ut + M Kx - v,)] m
ul = Uexp [-1(ut + Hkx = y )] (2)
Y,
P = l>_[1+|¢3|2+2|c4|<:os(2Kx+4s)]z (3)
- Y,
U= (1/p,3) P_ (1 +]8F - 2]|8|cos ¢ )
_-sinKx +| 8] sin (Kx + ¢)
tan ¥, = Tos Kx +] 8] cox (Kx + ¢) )
_.sinKx +]8]|sin (Kx + ¢)
tan ¥, = oos Kx +18]cox (Kx + ¢) ©
where K is the modified wave number defined as
(v-1a)/a
Kk 1
K = — = — (n
1-1, 2 1-8 2

1 1
and B is exp(2iKLy) times the acoustic reflection coefficient at the shock, 8 =| 8] exp (i4).
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It is clear that the acoustic field depends mainly on the reflection coefficient 8, the Mach
number My, and the complex wave number K. For practical designs IBI is very small, usually less
than 0.1, Hence to first order accuracy of I8|, the acoustic admittance function at the upstream
side of the dump plane (x=0_) is

A, = fl—il—gi = [1- Zl B|cos ¢] exp [1 (v - w1 (8)
TR T
x=0_-
where
Yy - ¥p = tan”! (=2 ] 8| sin ¢) (9)

To check the validity of (8) and to show the dependence of Ay, on the dimensionless frequency
Q, defined in Ref. 11, and wave number KLj, some calculations baseé on (1)-(7) have been carried out
with no approximation made. The results are given in Figure 3.

3. COUPLING OF THE INLET AND THE COMBUSTOR
The acoustic field in the combustor must be coupled to that in the inlet by requiring that the

acoustic pressure and mass flux be continuous. Figure 4 shows the relevant notations. The
conditions to be satisfied are

p1' = p2' (10)

b

< | ' = - r ' =
Pugt * ooty = Copuyt + pyt) E, an
Assume isentropic condition at the dump plane,

- 2 -2
[ t . t o 1
Pt = RyT/a 5 ey =Py /A,
Substitution of these equations into (11) and rearrangement of the result give the admittance
function at the combustor side of the dump plane

-~ -
A = P2%% “(a +My 2 _A_1 -3
d p.' . d 17 = 2 (12)
2 2 1 a
x=0 1 2
+
Combination of (8) and (12) yields
S A 2
real part of A = (1-2 ‘8 cos¢ + M) — — =~ M_+ 0(g7) (13)
d 1 A 2
2 172
Zl2 Al 2
imaginary part of A, = =218 ]|sing = -— + 0(8°) (14)
45 a, t

1
Because it is the imaginary part of Ad which determines the shift of frequency of
oscillation from wp, the frequency of unperfurbed normal mode, for small [ § equation (14) implies
that the acoustic mode shape in the combustor is very close to that in an organ pipe, as shown by
recent experimental results. ’
4, ACOUSTIC FIELD IN THE COMBUSTOR

The flow field in the combustor can be treated with the general analysis constructed in
Reference 9. Briefly, the acoustic fields are synthesized as an expansion in normal modes,
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following a procedure equivalent to the Galerkin method, or method of least residuals. Thus, the
pressure and velocity fields are written:

p'(F,t) = P ] n(t) wim (15)
i
> r.]i(t) >
u'(r,t) = § — Vwi(r) (16)
i Yk1

where

(%) k 6 J (k.,r), and k2 =k2 +k
wi r cos zx cos m m jr , n g =k

These forms are substituted in the conservation equations expanded to second order in small
quantities. Spacial averaging produces the set of equations representing a collection of coupled

nonlinear oscillators:
an

where € is a small parameter representing the amplitude of pressure oscillation, and Fp is the
foreing function

Fp==-2[o n +E n]l-T1[a nn +B nn]l (18)
i ni'i ni'i i3 niji'j nij i’

The mathematical and physical meanings of the coefficients Dpj, etc., have been given in Ref. 9.
Thus the problem comes down to solving the set (17) for the time-dependent amplitude, to give the
evolution of the system subsequent to a specified initial condition.

4.1 Method of Time Averaging

We assume the solution to (17) has the form
nn(t) = An(t)sinmnt + Bn(t)cosmnt (19)
Imposing the condition
A sinw t + B cosw t = 0
n n n n

and following some straightforward manipulation, we obtain the equations for A,(t) and Bp(t).

io-t eF _cosw t (20)
n w n n

n
.-
B = —— €F Sinm t (21)
nowoon n
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These equations (20) and (21) represent the exact solutions without any approximation made. To have

a better understanding of AL and Bp, we introduce two dimenslionless time variables: the fast time
1¢ and the slow time 1g5. Then equations (20) and (21) will generally contain terms of the form
shown: '

dA
n 1
w3 FﬂcOStr fo(rs)f1(rr) + fz(rs) + f3(tr) (22)
5w,
dBn =1
-dT_S = 'm—-é Fnsinrf - 80(15)81(Tf) + 82(13) + 83(Tf) (23)
n

where 15 = ewpt and 1¢ = wpt. The equations imply that A, and B, are slowly varying functions of
time since 15 represents the slowly varying time scale. For small 15 and in the limit of ¢ + 0,

1r = 1g5/€ >> 1. Thus fy(1g) changes slightly while f{{1r) may have experienced a considerable
number of oscillations, as shown schematically in Figure 5, To a very good approximation, the fast
varying functions f1(<1f) and gi(1p) can be replaced by their time-mean quantities in the numerical
integration for A, and B,. Therefore, ’

dA

n
E?; - fo(rs) < fT(rf) >+ fz(rs) + < f3(rf) > (24)
dBn
F; ~ go(rs) < gI(rf) >+ gz(rs) + < 33(11,) > (25)

where

T
1 j ,
< f1(1f) > T of1(rf)drf, T+e ; etc.

T
< g1(rr) > = % J 81(Tf)drf, T+ e 3 etc.
o

In summary, the method contains two steps: separation of the fast and the slowly varying
terms; and time average of the fast varying terms. For some practical problems, there is no clear
cut between the fast and the slowly varying terms, An extensive numerical study has shown that
those terms with frequencies greater than one half of w, should be averaged with respect to time in
order to have good approximation.

4,2 Linear Oscillation

The linear contribution to the foreing function Fp can be expressed as

(F)

n’linear - %EDnini * Enini] =T %[cnicosmit * sniwit] (26)

where

Cps = 9 Ppshy * BBy o syt T e PsBy By

321



Substitution in (22) and (23) and neglect of the fast varying terms with frequencies wy + w, give

An = EB; E[cnicos(mi - mn)t * sniSin(mi - wn)t] (2n
. 1
Bn = E;; E[ cﬂ181n(m1 wn)t * snICOS(ui mn)t] (28)

Care must be exercised when dealing with terms with frequencies wj - wp. They are either fast or
slowly varying, depending on the modes considered. We treat first the longitudinal mode of
oscillation.

Longitudinal Modes ~ For practical ramjet engines with aspect ratio L/D greater than four, the
longitudinal oscillations are linearly decoupled from the tangential and the radial modes as seen
easily from the frequency difference. The coupling terms are fast varying and vanish after time
averaging. For pure longitudinal modes, the terms survive only for i = n. Thus equations (27) and
(28) become

- — | -
A= 2 % T % [wnDnnAn * E:nan] (29)
n n
B =25 == [-uD B +E A] (30)
n 2mn nn 2mn nnnn nn n

The linear coupling between pure longitudinal modes vanishes.

Tangential Modes — As discussed earlier, the frequency of the mixed longitudinal/tangential
mode is

where o, and wj stand for the frequencies of the pure longitudinal and tangential modes. In
general, wy is much less than wj for £ = 1,2. 1If we let ml/wj ~ 6, then

oy = uy [1+ 0(s%)]
The frequency difference between the pure tangential mode and the mixed mode is of second order in &.
Thus within first order accuracy,

cos(uwp =~ wjdt =1 5 sinfup ~ wi)t =0

The subscripts n and i denote the pure tangential mode and the mixed mode respectively, i = 1.2.
Consequently, the equations governing linear tangential oscillations are

. ~1 ~1
An 2w X cni ® 2 z [wiDniAn * EniBi] (31
ni ni
B o=zl Js =2~ J[eoD B -E_A] (32)
n 2w ni 2w nnin ni i
ni ni

The coefficients Dpj and Eps are in general nonzero. Typically, they involve terms such as
N
jwiﬁ-vwndv, which after some straightforward manipulations becomes
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- Jliaxcoslnxcoslix[cosieJi(k1r)]2dv.

The strong coupling between the tangential and the mixed modes indicates that the tangential
oscillation depends greatly on the flow field in the axial directionlz, unlike.the longitudinal mode
which is relatively insensitive to the transverse flow motions.

Some calculations have been carried out for the transverse osclllations in a laboratory device
operated at the Naval Weapons Center.” For simplicity, we consider only two modes with the mode
shapes and the frequencies given below.

1st tangential mode Y1 = cosedy(kr) ; wy = 3816 Hz

1st mixed mode wz = CcoSs (E x)coseJ1(k1r) P oo, = 3854 Hz

Thus equations (31) and (32) give

A= —1[wD A +E

11t 1181 * w2D12A2 * E1282] (33a)

. -1
By = 5o [ByAy ~0Dy4By + B A, = wD, B, (330)

. -1

Ay = 2, (00,08 * EpyBy * wDysh, + EpoBy] (33c)
. 1 _ -

B, = 2u, (B8 = @DyBy * Ejphy = wDyB, (33d)

For convenience these equations can be written in matrix form, and the growth rates and the
frequency shifts for linear oscillations are then easily determined by the eigenvalues of the
coefficient, or augmentation, matrix.

Radial Modes - Similar to longitudinal motion, this mode of oscillation does not involve any
significant linear coupling with the other modes and is not addressed here.

4.3 Nonlinear Oscillation

Following the same notations as those in Reference 9 and substituting (18) in (20) and (21),
the equations governing the nonlinear oscillations can be written in the form

A ==—17 {e i[cos(w1 - w)t + coslu + wn)t] + sni[Sin(mi - w))t + sin(w, - mn)t]}

1
- EG; } § {Cnijaij[COS(mn *w)t + coslw -~ w)t]

+ Dnijbij[cos(“n +w )t + cosle =~ w)t]
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- Cnijcij[sm(wn tw )t o+ sinfw, - wn)t]

+ Dnijdij[81n(wn +w_ )t + sin(e_ - mn)t] } (34)
én = Eai % {Cni[Sin(“n *w )t + sinfe - mi)t] + sni[COS(wl = w )t = coslw, + wn)t]}
+ 2; Il {Cnijaij[sin(wn *u)dt ¢ sin(w - w)t]
niyj
+ DnijPiJ[SIn(mn +w )t + sinlw - w)t]
- Cnijcij[cos(wn - et - cos(wn + w#)t]
+ Dnijdij[cos(wn - w )t - cos(wn + w+)t] } (35)
where
W, wy b and w_ = w, = wy (35)

The equations essentially contain two parts: coefficients arising from linear processes and
nonlinear coupling among modes. For pure longitudinal oscillations for which the normal mode
frequency is integral multiple of the fundamental frequency, w, = nwy, the analysis can be greatly
simplified.9 A detailed discussion of the stability and existence of the limit cycle has been given
in Reference 13. The Influences of tangential oscillations on longitudinal motions are generally
small except for a short combustor having low aspect ratio, as seen easily from the frequency
components.

. , , =« 0 (8)

Tangential modes are commonly observed in many ramjet combustors.”»8 As a first approach, we
consider only two modes here: the first tangential and radial modes. The coupling with the mixed
longitudinal/tangential modes and the higher tangential modes are not included, but can be treated
in the same manner. Following the same idea discussed earlier, the fast varying terms are averaged
with respect to time. Thus, equations (34) and (35) become:

A =aa +0B + a[(A1A2 + B,B,)cosat - (AB, - A]Bz)sinﬂt} (36)
B, =aB, - 0,4 - a[(A1A2 + B.B,)sinat + (AB, - A1Bz)cosﬂt] (37
2 2 .
= +b - -~ 2AA (38)
A, =, + 6,8, [(A1 B, Jcosat - 24, 2sinnt]
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. _ 2 _ 2
B, = a,B, = 8,A, + b[(A1 B, )stnat + 2A1B1cosnt] (39)

where Q@ = 2wy = wp, and aj, 08i, &, and b are coefficients arising from linear and nonlinear
processes. They are defined as

O | SO T R 1 S P
1 2 1 2«11 )y llm1
Dy 2o a1
G =TT G m T i b w

2 2

To obtain results for perjiodic limit cycles, we look for the limiting values of Aj and Bj
(i = 1,2) in the following form.

Ay = rqcos(et + vy)

By = risin(et + vi) (40)
A> = rpcos(et + wp)
Bo = rpsin(et + vp)

Substitution in (36) through (39) and rearrangement of the results yield

2 2 )
r1esin(et + v1) =r, v a,” + 0, cos (Bt + v, wI) + ar1rzcos(ﬂt * v v2) (41)
r.8cos(et + v.) =r_ v a 2. 9 2 sin(et + v, = ¢.) = ar r.sin(Qt + v, = v.) (42)
1 1 1 1 1 1 1 12 1 2
~ r_gsin(et + v.) =r_ v « 2. ] 2 cos(et + v, - ¢,) + br 2cos(zet +Qt + 2v) (43)
2 2 2 2 2 2 2 1 1
r.6eos(et + v.) =r_v a 2. 2] 2 sin(et + v, - ¢y,) + br 2sin(Zet +Qt + 2v) (4u)
2 2 2 2 2 2 2 1 1
where
-1 4 -1 %
y, = tan — ; ¢y, = tan — . Clearly, the solutions exist only if ¢ = - Q.
1 a1 2 u2
To equate the time~dependent terms on both sides of the above equation, we find 8 = - 2. Now

multiply equation (41) by sin(Qt = vi), (42) by cos(Qt - vq) and subtract to find

Q- 01 - arzsin(Zv1 - v2) =0 (45)

Multiply equation (41) by cos{(Qt - v¢), (42) by sin(Qt - vy) and add to find

ay; + arpcos(2vy = vp) = 0 (46)
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Similar manipulations of equations (43) and (44) give

2., )
Y2(Q - 82) *+ bY, sln(2vI v2) =0 (47)

2
ay, * bY1 cos(2v] v2) =0 (48)

Equations (46) and (48) give

-a,a

P—— ! (49)
1 ab 2

cos (2\)1 - v2)

Since ab is positive, the sufficient and necessary condition for the existence of limit cycle is
ajap < 0 (50)
The time evolution of the acoustic mode is obtained by substituting (40) in (19). Thus,
ni(t) = Yysin(wit + 8t + v)
no(t) = Yosin(wpt + 6t + vp)

Since 8 = -~ 2 = wp ~ 2wy, Wwe have
n(t) = Y]Sin[(wg - wt * v
n2(t) = Ypsin[2(wp =~ wpt + wp]

The frequency of the first radial mode is twice of that of the first tangential mode as a result of
nonlinear coupling.

CONCLUSION REMARKS

A general framework for studying pressure oscillations in ramjet engines has been constructed.
The method extended previous analysis of nonlinear acoustics so that results can be obtained for
cases in which the linear normal modes are not simply organ pipe modes. The analysis of existence
of limit cycles for transverse acoustic modes has also been carried out with only two modes taken
into account. The cases for three and more modes will be discussed in subsequent work.
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