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ABSTRACT 

The two-dimensional theory of airfoils with arbitrarily strong inlet 

flow into the upper surface was examined with the aim of developing a thin

airfoil theory which is valid for this condition. Such a theory has, in fact, 

been developed and reduces uniformly to the conventional thin-wing theory 

when the inlet flow vanishes. The integrals associated with the arbitrary 

shape, corresponding to the familiar Munk integrals, are somewhat more 

complex but not so as to make calculations difficult. 

To examine the limit for very high ratios of inlet to free- stream 

velocity, the theory of the Joukowski airfoil was extended to incorporate 

an arbitrary inlet on the upper surface. Because this calculation is exact, 

phenomena observed in the limit cannot be attributed to the linearized 

calculation. 

These results showed that airfoil theory, in the conventional sense, 

breaks down at very large ratios of inlet to free-stream velocity. This 

occurs where the strong induced field of the inlet dominates the free-stream 

flow so overwhelmingly that the flow no longer leaves the trailing edge but 

flows toward it. Then the trailing edge becomes, in fact a leading edge 

and the Kutta condition is physically inapplicable. For the example in this 

work, this breakdown occurred at a ratio of inlet to free- stream velocity 

of about 10. This phenomena. suggests that for ratios in excess of the 

critical value, the flow separates from the trailing edge and the circulation 

is dominated by conditions at the edges of the inlet. 
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1. INTRODUCTION 

Fan-in-wing or submerged engine installations present novel 

aerodynamic problems as sociated with interaction of the inlet and dis

charge flow fields with lifting surfaces, control surfaces, and fuselage. 

This interaction is most important during flight modes for which the in

let velocity is much larger than the forward speed of the aircraft.
l 

When 

the inlet flow does not separate it closely resembles a potential field 

and consequently the induced loads on lifting surfaces may be very im

portant. As a consequence, the inlet flow merits investigation quite 

apart from the exhaust flow field. 

Flow fields induced by inlets on the upper surfaces of wings lie 

outside the framework of thin airfoil theory because those calculations 

are based upon linearization with the undisturbed free stream velocity. 

Within this theory, velocities normal to the undisturbed flow, such as an 

inlet flow, must be small in comparison with the free stream velocity. 

Actually, the opposite is more frequently true. 

The aim of the present analysis has been to develop the rudiments 

of a two-dimensional airfoil theory capable of treating arbitrary ratios of 

upper-surface inlet velocity to free stream velocity and still retain the 

essential simplicity and flexibility of conventional linearized airfoil 

theory. This is done with the full recognition that in practice the flow 

field exhibits stronger three-dimensionality than conventional wings. As 

usual, however, the two-dimensional theory demonstrates in a simple 



manner a lift and moment characteristic similar to the three -dimensional 

one that may be extracted only with some difficulty from three-dimensional 

numerical calculations. It is equally true that two-dimensional results for 

strong upper-surface inlet flow must be used with even more caution than 

their conventional counterparts. 

In the present work, a general analysis is developed for thin wings 

with arbitrarily strong inlet on the upper surface. To accomplish this, 

the linearization is carried out with respect to the exact potential field 

of a flat plate with the desired inlet flow embedded in it. In order to examine 

the flow field apart from the thin wing limitations, the familiar Joukowski 

airfoil theory is extended to include an arbitrary inlet flow in the upper 

surface. 

2. FLAT PLATE WITH DISTRIBUTED SUCTION 

The uniform rectilinear flow over flat plate at angle of attack ex., 

having a strong distributed suction over a portion of the upper surface, 

constitutes the basic flow for the perturbation theory of thin airfoils. 

,Characteristically, it also provides some of the most interesting results 

in their most elementary form. 

Consider a flow in the z (5 ~-+i r) plane in which all lengths 

have been made dimensionless through division by C/4 ; c is the 

physical chord of the airfoil after mapping. In a corresponding manner, 

velocities are made dimensionless through division by Uti , the free 
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stream velocity. Then the complex potential for the circle /./.: I is 

(2. 1) 

where r is the as yet undetermined circulation required to establish 

L'1e stagnation point at ~. / On this circle, figure 1, we wish to 

establish an inlet flow with velocity Vo (,,) normal to this circle with 

l' ' the angle referring to location of an inlet element, lying in the range 

An element of inlet flow may be established by situating 

a sink at the point in question together with the regular potential re-

quired to satisfy the condition that the remainder of the circle remains 

a streamline. This flow may be obtained directly from the well-known 

potential for a source of strength m located at a point ~/ exterior to 

the circle.
l 

This complex potential is 

Now if we permit the location if, of the singularity to approach the de

sired location ei'/l of our inlet element and interpret m = - V.('f)(~) d...p 

as the inlet volume flow over the element of circumferential extent d", , 

then the potential to be superposed upon the existing field (2. 1) is 

(2. 2) 
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where the diInensionless complex potential has been used. The complete 

potential in the circle plane is therefore 

(2. 3) 

The circulation r required to set the stagnation point at r I I is deter-

'd h d" h dHl'(I): 0 mlne by t e con lbon t at dil This gives 

= i
~ , 

•. I ~ (- /1-e' of) d b 
.41 s..iMD< + -;:;; Vo I _ e i~ r 

. t· 

(2.4) 

where the second term on the left hand side is the contribution to the 

circulation resulting from the inlet flow. 

In the plane of the flat plate, the lengths and velocities are likewise 

made dimensionless through division by c/4 and 14 respectively. 

Then the transformation to the J (= j.,.lr) plane takes the form 

I: il+ y~ (2. 5) 

so that the circle Ie I ::: I maps into the slit along the j axis in the 

region -..t E-J ~ ..t In physical dimensions, the leading and trail-

ing edges are situated at - c/.z and C:/.l respectively and the physical 

chord is C 

The force and moment characteristics of the flat plate are both 
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fundamental and interesting. They may be found by utilizing the dimen-

sionless complex conjugate velocity 

+ 

(2. 6) 

in Blasius first integral 

= (2. 7) 

The last integral is carried out in the ~ plane and 

(2. 8) 

follows from the transformation function. The forces IJ and ~ are 

the actual dimensional forces acting on the flat plate. By considering the 

contour for large values of ~ the residue in (2.7) is easily calculated 

and the forces are 

F./-iJ) - = 
, 

..L 
~ 

j
~ ,.~ , ! I e I -It;(. •• • 

• "UTI • .l e 1. 1 SIn« + -:;;:- /_ e ,. 'i" 

'/I, 

Simplifying and taking the complex conjugate, 
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Fj + i;:;' 
-f f t/,,", [ J

I/I~ 
,'(<<" ~) , , I/- V. 

e ,l'1r ~ ~ DC of".l c.t~ ( -;J -ft 0< '" 

'1', -11 sPk of. f ] 
.2 lIo 

~, 

(2. 9) 

The component normal to the flow direction is designated lift while that 

parallel to the flow direction is the drag. Thus, the lift and drag coeffi-

cients are respectively 

(2. 10) 

and 

(2. 11) 

The drag coefficient represents simply the "sink drag" associated with 

the inlet flow.
3 

The integral in equation (2. 10) is due to the additional 

circulation about the plate caused by the suction. The suction clearly in-

duces an up-flow about the trailing edge which requires an additional cir-

culation to satisfy the Kutta condition. 

The counterclockwise moment about the midpoint of the airfoil 

follows from Blasius second integral, taking account of the dimensionless 

representations we have used 

6 



M 
= 

Utilizing the mapping relation so that the integral may be evaluated in the 

circle plane; the moment coefficient becomes 

M -- (2. 12) 

From the expression for the conjugate velocity given in equation (2. 6), the 

integral is most easily evaluated by considering the contour at large Ii! I 

values. After a modest calculation the moment coefficient may be written 

explicitly, 

(2. 13) 

The first term on the right hand side represents the familiar moment 

coefficient as sociated with the flat plate at angle of attack ()(,. The re-

maining two terms are associated with the intake. The first of these 

integrals results from the intake impulse and its orientation with respect 

to the angle of attack. The last term, although independent of the angle 

of attack, is geometrically associated with the flat plate since it arises 
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from satisfying the Kutta condition at tlw trailing edge. Note that if the 

problem had been treated as if the inlet velocity, as well as the angle of 

attack, was small, the last term in (2. 13) would not be present and the 

second term would be independent of angle of attack. That is, for 

small oc. and I v~o 1 

I 1'1-1., 
- ;'fTSWI ~ - Sm 'f . 

'/I, 
= (2. 14) 

On the other hand, when VolVo is permitted to be large, as is true in 

the cases of physical interest, the assumption of small angle of attack 

leads to 

-- i
,;~ 

- [ 3. n -+ (I-CO" f) :: c:J.+ ] 
Y', 

v. 
Uo (2. 15) 

Clearly, this difference becomes quite important for large Vo/uo and 

therefore justifies the treatment carried out here. 

For the specific example where the inlet velocity in the circle 

plane is constant and extends from «/', : 77/4 to '1'1..:: a 71 /4- , the 

airfoil characteristics may be written, when the angle of attack is smail, 

(2. 16) 
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= (2. 17) 

(2. 18) 

For values of Vo :> 10 
U. 

, the moment coefficient is dominated by the 

term which would be absent in conventional linearized theory. 

3. THIN AIRFOIL WITH STRONG DISTRIBUTED SUCTION 

The results of the previous section emphasize the importance of 

large ratios of suction to free-stream velocity and show that the lineariza-

tion which assumes Vo/Uo small cannot safely be extended to large 

values. As a consequence, conventional thin-airfoil theory cannot be 

extended to this case; the entire thin-wing theory must be extended and 

reworked. 

The conventional thin-wing theory utilizes, in a sense, the po-

tential motion about a flat plate, or a circle, as the basic field about 

which the perturbation is carried out. The perturbation consists in modi-

fying the shape slightly to achieve camber and thickness or, what is the 

same, modifying the shape of the circle slightly before mapping. 

It is appropriate, therefore, to consider the flat plate with suction 

as the exact potential field about which perturbations are carried out. 
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Then the cOlnplete range of values for jVi'&o I is retained while small 

cambers and thicknesses may be achieved. 

In the dimensionless circle plane, figure 2, let ~ (a) be the radial 

increment of the thin airfoil map with respect to the circle.
4 

The polar 

coordinates of this map are , .... (8 (6») (J so that J~ C'6)j .::., I when 

the airfoil is thin. Our perturbation analysis requires that we (a) find 

the regular complex perturbation potential w/'f~) such that (b) the com-

plete potential describes a flow tangential to the perturbed contour. In 

keeping with our first-order perturbation analysis we must find the radial 

velocity to be prescribed on the unit circle which satisfies this boundary 

condition. Referring to figure 2, the flow will follow the prescribed con-

tour if 

(3. 1) 

where primes denote variables of integration. This relation holds for 

all values of.,9 and thus, with the linear perturbation theory, the radial 

velocity required on the unit circle is 

: .. f (l(9J lr.'·'{I,/I) { (3. 2) 

(0) 

where VS ('J (J) is the tangential velocity of the unperturbed flow at 

t,) 
the unit circle. v;. (IJ,f}) is a perturbation quantity, as a consequence 

of equation (3. 2) and the definition of P (-8-). 
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The difference between the present problem and conventional 

thin-wing theory is apparent in equation (3.2). For conventional thin-

(0) 

wing theory ~ ( " 9) is the tangential velocity for uniform flow about 

the unit circle; for the present analysis ~/.) ('1 8 ) includes also the 

velocity induced on the circle by the inlet flow. 

The complex perturbation potential W tt) (.l) , which must 

be added to (2.3), (2.4) to achieve the desired solution, has three obvi-

ous restrictions. 

1 ) must be regular outside the unit circle; 

2) must have no net source strength within the 

unit circle; 

3) the uniform flow must be unaltered at large distances from 

the circle. 

This potential is then of the form 

where the 
n (I) 

£ en r-n. 
I 

(3. 3) 

/ is the additional circulation required to establish the 

Kutta condition in the perturbed flow field and the C",: A" +,. Bn are 

complex constants. The real part of W- (,) , the perturbation velocity 

potential, is 

(II f (~8) . ~ .,.. Z/~ 
I 
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and the radial velocity perturbation on the unit circle may be written 

:: 

t:1O 

- 2:", A,., c~nJ -
I 

-1: ", B" J m 1'1 ,9 (3. 5) 

I 

'''r tl
) ( 'J ~O) Now since,.. .... is known from equation (3.2) for the boundary 

condition, the Fourier coefficients are 

= , f~(') 
- n rr u: (I~ 8) c ~ "s 0< B 

o 

-- j ~(I) 
_....L. --L (19) 

n 11 ()o J 

(3. 6) 

o 

The value of 
n t" 

f ~ follows from the Kutta condition, 

to be 

= (3. 7) 
rCI) 

n "J 
Formally, then, the en and I ~ are known in terms of the given air-

foil shape so that the perturbation potential W'·}(.l) is completely deter-

mined. 

Knowledge of the airfoil contour implies that the coordinate ~ of 

the contour is given in terms of chordwise distance f measured from 

the midpoint of the chordline. But the transformation relation (2. 5) gives, 
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for small deviations from the circle 

and consequently, 

'Z (f) = 
and hence the airfoil shape is related to the circle distortion ~ (9) as 

~ (D): t (3. 8) 

The radial perturbation velocity at the circle, required in the determination 

of the Fourier coeiiicients, is then 

vr (I) = 

Uo 
, ..4.. { "9'0) . 

:L olt9- Uo 
(3. 9) 

(0) 
The tangential velocity ~ on the unperturbed circle with suction fol-

lows from equation (2. 6) which, with some rearrangement, gives 

'VetO) = 
Uo 

(3. 10) 

where the angle of attack ()(, has been treated as a perturbation term. 

The Fourier coeiiicients may then be written explicitly 
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= 
o 

-L/~ ol-; . ~n 
/I. 7r 1J0 

'/I, 

The complex potential for the thin airfoil with prescribed shape 

is then given as the sum of equations (2.3) [with (2.4)] and equation (3. 3), 

with coefficients determined using equations (3. 7) and (3. 11). 

4. LIFT, DRAG, AND MOMENT OF THIN WING 

WITH STRONG SUCTION 

The force and moment coefficients for the arbitrary thin airfoil 

may now be computed utilizing the Blasius integrals and the complex per-

turbation potential developed in the previous section. We take the com-

plex velocity in the form 

t:1IO 

+ 
.L ~/"..L 
;l .... ~ 1'1 '-H ;Z"0f01 (4. 1) 

I 
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The evaluation of contour integrals for forces and moments involves con-

sideration of the integrand for large values of the variable in the ~ plane. 

Consequently, it is appropriate to rearrange equation (4. 1) in descending 

powers of ~ This requires only the expansion of the first term in the 

integral. The appropriate expression for ~-i"" is then 

Now since 

~l. 

jl.t_/ 

the force integral, which contains the integrand 

has the residue 

-;(1([ I e ..l;~~'" 

15 

v .. elf 1 v. 

(4.2) 

(4. 3) 

(4.4) 

(4. 5) 



If we complete evaluation of the contour integral and take the complex 

conjugate of the force, the force in the airfoil plane is 

f -' 1;:,!+ ATI u. 
of, 

Yo 
'-

Uo 

(4. 5) 

The force coefficient is obtained in convenient form by a slight re-

arrangement to give 

(4. 6) 

The components parallel to and normal to the free stream are now clear 

so that we can write down lift and drag coefficients immediately 

(4.7) 

(4.8) 
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Comparison with the flat-plate results, equations (2. 10) and (2. 11), re-

veals that the only modification is the effect of additional circulation re-
00 

suIting from profile shape, 7T Z"-B,, This result is exactly the 
I 

one we would have obtained by simply adding the flat-plate inlet effect 

to the conventional thin-airfoil solution. Thus, there is no coupling be-

tween the strong inlet flow and the airfoil shape in the force coefficients. 

As noted in Section 2, the moment involves an integrand 

~~I ---- ~ 
i?t..-I 

(4. 9) 

where 

-I ) ~ -..tl1 
ii!(I+~& ·4,c (4. 10) 

CI 

The residue is determined then by a straightforward multiplication of 

the power series for large;it , utilizing the expres sion for u-" &I"" given 

by equation (4. 1). The result for the residue is 

-ilJ( r ,« 
-,t e LeT c, .... 

(4. 11) 

Thus, the dimensionless moment in the airfoil plane, measured in a 

counterclockwise sense, is I1f qrn. ! residue j where the residue is 

17 



that given by equation (4. 11). The result of this calculation is 

(4. 12) 

If we now recall that, in keeping with small perturbation theory, A ... , 

B., , and ~ are small, some obvious terms of the second and higher 

order may be dropped, so that the moment coefficient becomes 

-" .8, 

(4. 13) 

The treatment for large inlet velocities contributes two terms that would 

not be recovered within the usual linearized airfoil theory. The first, 

(4. 14) 

arises from the circulation increase with angle of attack associated with 

the intake velocity. This term is independent of the airfoil shape and, 

18 



indeed, it is present in the flat plate result' given in equation (2. 15). The 

second term in question is 

(4. 15) 

which represents the coupling between inlet flow and the circulation in-

duced by the airfoil shape. Both of these terms assume significant pro-

portions for "'1': I'll. large, as occurs in near-hovering flight. 

5. AN ELEMENTARY EXAMPLE 

Consider an airfoil with upper surface intake which extends from 

rv, ~ % to ~.l:: a% in the circle plane and for which the intake ve-

locity Vo is uniform. The intake is then synunetrically located on the 

airfoil. For purposes of illustration, the shape will be taken as 

on the upper surface, 
(5. 1) 

on the lower surface. 

Because of the nature of the dimensionless quantities used, the dimen-

sionless "thickness" J is the ratio of the actual thickness to ('/4 

the characteristic length. The thickness of our example, which is pro-

vided entirely by the lower surface contour, is actually (c/4) j . 

In the airfoil plane, the shape may be written conveniently by re

calling that the horizontal coordinate 1 is related to the angle.$- in the 

circle plane as U = CDwQ f)- Hence, the airfoil shape is 
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upper surface 
(5. 2) 

lower surface 

This contour, together with the location of the upper surface intake, is 

shown in figure 3. Clearly, the shape is given by 

(5. 3) 

so that the lower surface is elliptical, with a semi-major axis of 2 and 

a semi-minor axis of ;r . 

To compute values for the lift, drag, and moment coefficients, we 

are required to find values of the coefficients ..8;, Referring to equa-

tion (3. 11), we must evaluate 

~~ 

.B" ~ ;f,; lie /- j ,;.,4 ~ ".9 .,(.9 

tr 

J% 

+ --.!.-j VI rl J.. • "J.1l lA, r 

'7A-

2.11" 

no/fi fc"'(~'''j- c1.. (:ls ;,. "" J,9 

"IT 

(5. 3) 

where account has been taken of the range of the upper surface inlet and 

the particular shape of the thin airfoil. Noting further that V. ,.,,) is 

constant, the expression for the coefficients .8,., may be written 
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J
1.7I' 

B" 1: - ~ coo" Sm" J. J.J 

" 

(5.4) 

Carrying out the detailed evaluations for the first two coefficients gives 

= (5. 5) 

(5. 6) 

These particularly simple forms for these coefficients are due, not only 

to the convenient airfoil shape, but also to the symmetry and terminal 

angle s for the uniform inlet. 

Thus, to the second coefficient of the airfoil shape expansion, we 

may write down the aerodynamic coefficients for the airfoil with strong 

inlet, 

(5. 7 ) 

.- ..1L Vo... 
4 Uo 

(5. 8) 
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(5. 9) 

When the airfoil shape is reduced to a flat plate, by setting the thickness 

to zero, we recover the results given by equations (2. 16)- (2. 18). 

6. JOUKOWSKI AIRFOIL W~TH STRONG INLET FLOW 

The thin airfoil analysis given in Sections 3, 4, and 5, while 

capable of dealing with any airfoil contour, is restricted to sm.all per-

turbations and hence is limited in its capability of demonstrating the in-

herent limits of the strong inlet airfoil theory. For this purpose we shall 

develop the theory of the Joukowski airfoil with strong inlet flow in a simi-

lar manner to its conventional theory. 

Force and Moment Coefficients 

In presenting the properties and performance of a Joukowski air-

foil with strong distributed suction, the analysis will not be given in detail 

but will be understood to proceed in the same general manner as that 

utilized in Sections 3 - 5. The mapping proceeds in a similar way, start-

ing from a circle in the ~ plane as shown in figure 4; the values rn ,b , 

and J determine the thickness and camber of the airfoil. The auxiliary 

angle f is also found convenient in the analysis but is, of course, not 

independent of the other parameters. For the examples to be discussed, 
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the values of the parameters were chosen 

M = 0.4 

b = 0.695 

d = 50
0 

[3 = 17.84
0 

so as to obtain an airfoil having the properties 

camber = O. 172 , 

maximum thicknes s 
chord 

= 0.40 . 

For the first set of examples, the general value of inlet to free 

stream velocity was taken to be ~lIo = /.0 ; larger values are de-

scribed subsequently. Figures 5 and 6 show the lift coefficient and mo-

ment coefficient versus angle of attack for a range of inlet sizes, a11 

symmetrically located. The values of cf~ - ,/" represent the extent of 

the inlet as described in the circle plane. The moment coefficient is sub-

stantia11y influenced, largely because the downstream edge of the inlet ap-

proaches the training edge of the wing quite rapidly as the extent of the in-

let is increased. The curves for st'.z - if, : 0 represent base values for 

the airfoil without inlet. 

The next set of results, figures 7 and 8, show the results of locating 

the inlet in an asymmetric manner, keeping the inlet size and velocity ratio 

constant. The position of the inlet is indicated by 1- (sV, +~..t) , which is 

the angle of the midpoint of the inlet in the circle plane. All positions 
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shown are ahead of the midchord at a location favorable for actual installa

tion. The angle of 110
0 

is probably the farthest forward point that is 

practical for this inlet. The lift coefficient approaches that of the con

ventional airfoil as the inlet moves forward, again becaus e the effect on 

circulation becomes smaller as the inlet becomes more remote from the 

trailing edge. The moment coefficient changes surprisingly little as the 

inlet position is altered. There is some noticeable change in the slope 

of the moment curve and some trend toward lower moments for very far 

forward positions of the intake. The gross result is a marked increase 

in moment coefficient over the conventional airfoil, similar to that shown 

in figure 6. 

Detailed calculations were made for a variety of non-uniform inlet 

velocity distributions which ingested the same amount of fluid per unit 

time. Triangular (or linear) velocity distributions of rather extreme dis

tortion, parabolic velocity distribution, with the velocity peaks and the 

center and at the edges, were used. The results demonstrated surprisingly 

small effect of lift or moment over the entire range of angles of attack. 

The results of calculations of gross airfoil characteristics suggest 

that they are sensitive to the total intake flow, mildly sensitive to the lo

cation of the inlet, but quite insensitive to non-uniform distribution of in

let velocity. 

Details of the Flow Field 

The complex potential follows directly from equations (2. 3), 
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(2.4) and is appropriately written for the Joukouski airfoil as 

\AI" < f ~e-;·+ I/;e-'· ~ .%.11;'" ("'~) loa-xl 

~ ; l" it .... ~ J; c:."'f;... (-0/-) J. .,. 

~, 

j If' -I-J. 

- # ::: {J.~ (z-e''') - J, i! 1 J.+ - ... J~ 1'3;! J.. f 
h ~ 

(6. l) 

...... 
w"(~J 

where w = , and, as before, the ~ plane is the unit circle plane. 
U. "/4-

The first term of equation (6. I) is· the familiar complex potential for the 

uniform flow past a unit circular cylinder with an angle of attack ()(. and 

circulation. The second term is the complex potential of a circulation 

about a unit circular cylinder, induced by the intake flow, required to 

satisfy the Kutta condition. The third term is the complex potential of 

the continuous sum of source-sink pairs, distributed on the periphery of 

the unit circle in the region '/', ~ If ~ !.f.L The last term of the equa-

tion (6. I) is the complex potential of the sum. of the sinks at the origin of 

the .z 

letting 

plane, required to maintain the circular cylinder as a streamline. 

The dimensionless stream function j is obtained from (6. I) by 

;,9 
2!! ~ re and determining the imaginary part of W" • Explicitly, 

the stream function is 
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(6. 2) 

where 

r ~ - I -.l..s m,j ( r .s ,;" 1" - .s In /) ) 
(6. 3) 

In equation (6.2), it is implied that the numerical values of the angle of 

attack, (;(. , and (3 ,which is a measure of Joukowski airfoil camber, 

are known and the functional form of suction veL~ity Vo (tJ.) is pre-

scribed in the = plane over a region ef, ~ + ~ 'f.L on the unit circle. 

When a numerical value for the stream function ji is prescribed, one 

can generate the corresponding streamline in the i! plane as follows. 

Assign a set of values for ,. in the range (oJ .l. 71) , and then for each 

value of J. determine the corresponding value of ,. satisfying equation 

(6.2). Once the coordinates (I"I " ) of a streamline in the ~ - plane are 

determined, then the coordinates of the corresponding streamline in the 

airfoil plane, the j plane, are determined by using the transformation 

given in equation (2.5). The details of this method for streamline co-

ordinate determination will be illustrated with a representative example. 

26 



Consider a Joukowski airfoil with a camber of 0.06 and maximum 

thickness-to-chord ratio of O. 125. The corresponding values of the air-

foil parameters band (8 are 0.9 and 6.84
0

, respectively. Let the 

angle of attack 0<. be 0
0

, and choose the suction velocity to be constant 

in the region 600~ '" ~ 120
0

• By taking V. ''I-) = Vo = constant, (6.2) 

can be rewritten as 

10/,." '1'.) jt:..·· g I r, '" '" J.if 
'1-, 

-{--l- [P - K~ (t"- V,.) .. K, 10'1 )") of" & ] %- '1', LiVo/uo (f 

:: Q (6.4) 

where 

K, .In S ;'0(" 'I'H 10 J 5 W. t. (11·'1', '(3 ) ( :: 
VolVo d Sm± (t.+(S) 

(6.5) 

Kz 
.." 

oS'WI (iSl - '" ) :: 

VolVo 

As indicated already for specified num.erical values of i' ' Yo , 

and ~ ,the equation (6.4) is to be solved for I" The numerical method 

which is suitable for this purpose is the well-known iterative Newton-

Raphson technique. Let us denote the left hand side of equation (6.4) as 

F( f'). For the Newton-Raphson method to converge to a solution r , 

a close approximation to it must first be determined. This was done by 

assigning a set of values for r > 1.0 and then evaluating F ( ,. ) . 
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When computations for two successive values of r lead to a sign change 

in the value F(Y'} , the desired solution is bracketed. With this approxi-

mate solution as the initial value for r . the Newton-Raphson iterations 

continued until the absolute value of relative error between two successive 

-5 
iterations is less than or equal to 10 • The definite integrals appearing 

in F(f'J and dFcr-J!a,. that are utilized in this iterative scheme are 

o 
evaluated numerically by using Simpson's rule with A. f = I • When a 

solution pair (Ij 9) is obtained on the streamline, it is pos sible to 

progress along that streamline by choosing increments of about 4
0 

or less 

in -8 and successively computing the corresponding new value r by 

using the last computed value" as its initial value in the iteration 

procedure. 

Further remarks on the numerical integration are appropriate at 

this point. Both F(f') and d ,c(,.W,. contain the integral 

I rl") - _1_- j ~_ -I <l (,. • .$. '"Jot .. 
(71/1. - 'I,) d '. T r 

'1', 

The integrand t~ -I '1 (r, ~ t/; ) is multi-valued. The Newton-Raphson 

method requires that J (I") be continuous in r except pos sibly for 

r: /, () Furthermore, since J (r) is an average angle, it will 

be convenient if it remains in the range (0.l. 7J ) This, in turn, will 

require t~-II (r;~~) be continuous in t during numerical integration 

and also be in the range (OJ .l.li) • To fulfill these set requirements, ex-
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haustive nUInerical calculations were Inade to find a way of assigning 

values to r-~# (~~ 1-') based on the algebraic signs of the nUInera-

tor JJ( and denoIninator II of # (~~ 1") in equation (6.3). In this 

type of cOInputation, it is neces sary first to as sign values for..9- in the 

range (oJ ~1r ) , and then for each value of " to assign values for I" 

in the range Then, for each ({}J t') cOInbination, 

nUInerical values of tt::vl'f. -I, (~~ I' J Ix ' and J.,. are cOInputed 

as I' is varied in the range froIn % to % Here, rl7f~ is an 

arbitrary radius of interest in the ~. plane. For this study, I"~~.: a . .2 • 

The results of this study are sUInInarized in Table I. The entries in this 

table are to be interpreted as follows: when OO~..9 ~ 'io (I 

will vary in 2nd, 3rd, and 4th quadrants if ~ -'I (r; ~ I) 

Inined as based on the signs of /1< and 11- when " ~ yo ~ I 

is deter-

and if 

is deterInined as based on the signs of -IIC and - g1 

when I < r ~ .$. 2. 

For the flow field calculations the airfoil having the shape shown 

in figure 9 was chosen, having a 6 percent caInber and a thickness/ chord 

radio of O. 125. This shape was obtained by using the paraIneter values 

m = O. 15172, D = O. 89895 , 
rOO 

CJ = 51. 75 , and (3 = 6. 84 • COInputa-

tions were Inade on a digital cOInputer, and figures 10, 11, and 12 present 

typical streaInlines in the airfoil plane for the ratios of suction velocity to 

the free streaIn velocity, VolVo , of 6, 14, and 15, respectively. 

When VolVo .: 6.0 , a Inoderate suction to free streaIn velocity 

ratio, there are three stagnation points, labeled S" Sl.' and .s:, on 

figure 10. 5, is the stagnation point that was originally at the leCi.ding 
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IN 
o 

-1 
tan g(r 1, e, *) 

o ~ r 1 ~ 1.0 

1.0<r1 <3.2 

-------

0 0 ~ e :r;; 90 0 

2 , 3 , 4 

gx ' gy 

-gx ' -gy 
---

TABLE I 

90 0 < e ~ 1800 

1 , 2 , 3 

gx ' gy 

-gx ' -gy 

1800 < 8 ~ 270 0 270 0 < 9 < 360
0 

1 , 2 , 3 1 , 2 , 3 

-gx ' -g y gx ' gy 

- '----



edge of the airfoil when Vo/Uo .. 0 Sol is the stagnation point that 

was originally at the aft edge of the inlet. The trailing edge stagnation 

point, 53' is fixed by the imposed Kutta condition. As the suction to 

free stream velocity ratio, \I./U. ,is increased the stagnation points 

5, and S,a move towards the trailing edge of the airfoil. Figure 11 

shows the streamlines for VolVo : 14.0 , where in this figure the 

stagnation point Sz is now on the underside of the airfoil. The trailing 

edge stagnation point $" remains fixed. 

Figure 12 shows streamlines for VolVo :I IS'.O For this suction 

to free stream velocity ratio, stagnation points S, and $", are no longer 

on the airfoil surface. One of the stagnation points is in the flow field 

labeled as S" and the other is in the interior of the airfoil and is not 

shown in the figure. It is interesting to note that with this inlet flow, 

streamlines originating above the airfoil go around and underside of the 

airfoil, around the leading edge, and finally enter the inlet. In figure 10, 

the streamlines leave the stagnation point ~ , but in figures 11 and 12 

the streamlines approach the stagnation point 5J . Under these conditions, 

the trailing edge has, in fact, become a leading edge. 

From figures 10 - 12 it is clear that the location of stagnation 

points S, and 52 depend rather sensitively on the value of the suction 

to free stream velocity ratio, v./Vo Considerable information re-

garding the structure of the flow field may be obtained by investigating the 

dependence of the locations on these three stagnation points upon the value 
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Consequently, the details of this dependence will be in-

vestigated. 

A stagnation point in a flow field is characterized by the vanishing 

of the co:mplex velocity. When the stagnation points lie on the airfoil 

surface, that is, on the unit circle in the .J - plane, the angle..9 satis-

fies the equation 

• ) '!.L n [c~ t (\f'," t9) f '-1T Sm("-«' - v,.-U • .(Q; 
~.M i ( ,,",,-.9 } 

~ v~. lo~ f ~~ ~ (lit- ~) I = Q 

S""" ~ ('¥,+(3) 

(6. 6) 

On the other hand, when the stagnation points are off the airfoil surface, 

the following pair of equations :must be satisfied. 

(6. 7) 

'CJoO t ('/',-(3) 
::. 0 . 

& w. ~ ( ", -+(3 ) 

The equation (6.6) is restricted to values of -9- for which 

"> 0 
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This is equivalent to saying that -9-- cannot take values in the range from 

'1', to TF- 'fl , that is, there cannot be any stagnation points in the in-

let region of the airfoil. 

When i} = - (J ,the equation (6.6) is satisfied regardless of the 

value of suction to free stream velocity ratio, \10 /Uo Thus, the stagna-

tion point S3 remains stationary at the trailing edge. 

When V" /u
o

::' 0 , the equation (6.6) reduces to 

• I I ) /fff ~ ~(9tf1) C«>;;;: (9-.v;( -(3 :: 0 (6. 8) 

and there are two stagnation points at J.: n+.l.()( oft« and 8 ~ -(1. These 

are the familiar stagnation points in the .i! - plane for the uniform flow past 

the airfoil, the leading and the trailing edge stagnation points. 

For non-zero values of suction to free stream velocity ratio, 

equation (6.6) is solved for -8- by using the Newton-Raphson method. 

When VolVo is slightly greater than zero, there are three solutions of 

the equations (6. 6), two of which are the leading and trailing edge stagna-

tion points. The third stagnation point appears slightly to the right of the 

downstream edge of the inlet region on the airfoil. As the suction to free 

stream velocity ratio increases, the latter and the leading edge stagnation 

points move toward the trailing edge of the airfoil, as shown in figure 13 

in the ~ - plane. The loci of these two stagnation points merge and 

separate for Vo Iv" : 14. 1125 on the underside of the airfoil. 

For VolVo > 14. 12, the loci are determined by solving simultane-
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ously the pair of equations (6.7) for rand,j • The method of solution 

is again the Newton-Raphson method. The loci that merged on the periph

ery of the unit circle in the £ - plane separate in opposite radial direc

tions. One locus proceeds to the origin of the i§ plane and the other 

proceeds to infinity. Geometrically, these two loci are images. 

It is to be noted that once loci of stagnation points are available in 

the ~ - plane", such as figure 13, or corresponding figure in airfoil plane, 

then streamlines as shown in figures 10 - 12 can be sketched readily. 

7. CONCLUDING REMARKS 

An extension of conventional thin-airfoil theory has been developed 

which is capable of calculating two-dimensional airfoil characteristics for 

wings having an arbitrary inlet on the upper surface with large inlet ve

locities. The iInportance of thin-wing linearization with respect to a flow 

field in which both free stream and inlet velocities may be large, is clear

ly demonstrated by the results. Results from the same analysis permit 

calculation of the flow field and pressure distribution and, particularly in 

the neighborhood of the inlet, this is not possible by other techniques. 

In order to examine the liInitations of the calculation, with regard 

to physical reality rather than to accuracy of the approxiInate analysis, 

the theory of the Joukowski airfoil was extended to include an arbitrarily 

located inlet on the upper surface of the airfoil having an arbitrarily 

distributed normal component of inlet velocity. The advantage of utilizing 
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the Joukowski theory for this exploration is that any unusual character of 

the results can in no way be attributed to the linearization. 

The results for a Joukowski airfoil of particular shape showed 

that, with increasing mass flow into the inlet, the stagnation point which 

lies on the upper surface of the airfoil between the downstream edge of 

the inlet and the trailing edge of the airfoil, move s around the tr ailing 

edge of the airfoil onto the lower surface. Under these conditions, the 

flow approaches the trailing edge rather than leaving it, and consequently 

actually becomes a "leading edge." As a consequence, the Kutta condi

tion is not longer applicable and assumptions of usual airfoil theory lose 

their physical validity. This occurs for a value of inlet velocity in the 

neighborhood of ten times the free stream velocity for the particular ex

ample treated. It is clearly a general result, however, and the phenome

non occurs well below the largest ratios of inlet to free stream velocity 

that are of interest. There is a legitimate question, moreover, whether 

the flow at the trailing edge gives a sufficiently strong singularity to 

dominate the flow up to the inlet velocity where the stagnation points co

alesce at the trailing edge. 

For very high values of inlet velocity, or for very low values of 

free stream speed, the structure of the flow field seems fairly clear. 

Under this circumstance the flow approaches the airfoil from below, 

separates from both leading and trailing edge, and flows into the inlet, 

leaving a finite separation zone at both leading and trailing edges. The 
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situations intermediate between this and the completely attached flow 

which we have described are not clear, and can only be clarified by some 

well-chosen experiments. 

Finally, it should be mentioned that the entire process of flow into 

an upper surface inlet may be significantly different in three dimensions 

than in two. The inlets are either circular, for fan-in-wing configuration, 

or have spanwise extent not exceeding a wing chord. In either circum

stance, the flow field is strongly three-dimensional and "leakage" into the 

region downstream of the intake may alter significantly the limits we have 

observed. 
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