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We present a string theory construction of a gravity dual of a spatially modulated phase. Our earlier
work shows that the Chern-Simons term in the five-dimensional Maxwell theory destabilizes the ReissnerNordström black holes in anti–de Sitter space if the Chern-Simons coupling is sufficiently high. In this
Letter, we show that a similar instability is realized on the world volume of 8-branes in the SakaiSugimoto model in the quark-gluon plasma phase. Our result suggests a new spatially modulated phase in
quark-gluon plasma when the baryon density is above 0:8Nf fm3 at temperature 150 MeV.
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Introduction.—Five-dimensional Maxwell theory with a
Chern-Simons term is tachyonic in the presence of a constant electric field [1]. The tachyonic modes with nonzero
spatial momenta destabilize the Reissner-Nordström black
holes in five-dimensional anti–de Sitter space (AdS5 ) if
the Chern-Simons coupling is larger than a certain critical
value. If its holographically dual quantum field theory
exists, the instability would imply a spatially modulated
phase transition in the theory. It would be interesting to
construct a model exhibiting such an instability ab initio
from superstring theory so that we can be certain that the
dual theory exists and know what it is. This has not been
demonstrated so far. For example, it was shown in [1] that
the three-charge extremal black hole in the type IIB superstring theory on AdS5  S5 is barely stable.
In this Letter, we show that such an instability is realized
in the quark-gluon plasma phase of the Sakai-Sugimoto
model for QCD with Nf flavors of massless quarks [2]. On
the world volume of the 8-branes, there is a UðNf Þ gauge
field, and its diagonal Uð1Þ part is dual to the quark number
(¼ Nc times the baryon number). The baryons are identified with instanton solutions on the world volume in this
model [3]. World volume solutions representing QCD
states with finite baryon density and temperature have
been studied [2,4–8].
Most of the solutions with finite baryon density are
singular at the sources of baryons charges, and it is not
clear whether the supergravity approximation is applicable. One of the exceptional cases is the quark-gluon
plasma phase, where there is a smooth solution representing a finite baryon density configuration.
In the Sakai-Sugimoto model, the gluon degrees of freedom are realized on Nc D4-branes compactified on a circle
S1c with supersymmetry breaking boundary condition [9].
At finite temperature, we compactify the Euclidean time on
another circle S1T , and the D4-brane world volume has the
topology of S1c  S1T  R3 . In the confinement phase, S1c is
0031-9007=11=106(6)=061601(4)

contractible in the bulk, and the topology of the bulk
geometry is then S1T  R3  S4 times a disk bounded by
S1c . Each 8-brane wraps the thermal S1T  S4 and is extended in R3 . In this phase, the 8-brane starts as a D8-brane
at a point on S1c , meanders in the bulk, and ends as a
D8-brane at another point on S1c .
In the deconfinement phase, the thermal S1T becomes
contractible in the bulk geometry [9]. Depending on the
relative locations of the 8-branes, the chiral symmetry
restoration takes place at or above the deconfinement
temperature [2,4,5]. Above the chiral symmetry restoration
temperature, D8 and D8-branes become separated, and
each of them has the topology of a disk bounded by S1T
times S4 . This describes a holographic dual of the quarkgluon plasma. In this phase, it is possible to construct a
solution with finite baryon density that is smooth everywhere on the world volume, as we will discuss below. In
this Letter, we will focus on this case.
The dynamics of the 8-brane world volume is described
by the Dirac-Born-Infeld (DBI) action with the ChernSimons term. We show that there is a critical baryon
density above which the brane configuration becomes unstable by tachyonic modes carrying nonzero momenta.
This suggests a spatially modulated phase with a baryon
density wave.
A holographic dual of a baryon density wave was discussed in the ‘‘bottom-up’’ model in [10]. The instability of
the Sakai-Sugimoto model has been studied earlier, for
example, in [11], but not in the chiral symmetric phase.
To our knowledge, it has not been shown whether the
Chern-Simons coupling on the world volume theory on
the 8-branes is large enough to trigger the spatially modulated phase transition. In this Letter, we give the first
demonstration of a spatially modulated phase transition
in a ‘‘top-down’’ model with a well-understood dual pair.
Instability of homogeneous solution.—The bulk geometry above the deconfining temperature is the near horizon
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geometry of the Nc D4-branes at finite temperature compactified on the supersymmetry breaking circle S1c [9]. In
the notation of [12], the metric is
 3=2
U
ds2 ¼
ðfðUÞdX02 þ dX~ 2 þ dX42 Þ
R

 3=2  2
R
dU
þ U2 d24 ;
(1)
þ
U
fðUÞ
2
where UT ¼ ð4
3 RTÞ R is the location of the horizon at
temperature T, fðUÞ ¼ 1  UT3 =U3 , R3 ¼ gs Nc l3s , and
d24 is a metric for a unit four-sphere. The coordinate
U and the four-sphere represent the transverse directions
to the D4-branes. The temperature T sets the periodicity of
the imaginary time (ImX0 ) direction, while the period
of the compact X4 direction is arbitrary. In the chiral
symmetry restoration phase, each 8-brane is located at a
constant X4 [2,4,5].
The D8 and D8-branes are separated in the chiral
symmetric phase. Let us focus on the dynamics on the
D8-branes. The DBI action on the D8-brane is given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z
S ¼ TD8 d9 e detðg þ 20 F Þ þ SCS ; (2)

ð2Þ8 l9
s
3=4

where TD8 ¼
e ¼ gs ðU=RÞ

and the dilaton is given by
. The Chern-Simons action is

SCS ¼

1
483

Z
D8

F4 ^ !5 ðAÞ;

(3)

where
R F4 ¼ dC3 is the RR 4-form field which satisfies
1
2 S4 F4 ¼ Nc and !5 ðAÞ is the Chern-Simons 5-form.
For our purpose, it is sufficient to turn on the Uð1Þ part of
the gauge field on the world volume. To the quadratic
order, the Uð1Þ part does not couple to the SUðNf Þ part
of the gauge field or fluctuations of the 8-brane in the
transverse direction. Couplings to the bulk degrees of freedom are suppressed by 1=Nc . To simplify our equations,
R2 ~
we rescale the gauge field and the metric as A ¼ 2
0 A and
g ¼ R2 g~ . We also rescale the coordinates as U ¼ Ru,
~ and X4 ¼ R. Following [2], we assume
X0 ¼ Rt, X~ ¼ Rx,
that the gauge field is constant on the S4 and obtain the
effective five-dimensional action,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z
S=c ¼ 
dtd3 xduu1=4  detð~
g þ F~ Þ
M4 R

þ

Z

M4 R

dtd3 xdu1 2 3 4 5 A~1 F~2 3 F~4 5 ;
(4)

with the five-dimensional metric,
ds2 ¼ u3=2 ð  fðuÞdt2 þ dx~ 2 þ d2 Þ þ
fðuÞ ¼ 1 

u3T
;
u3

uT ¼
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2
4
RT :
3

1
du2 ;
u fðuÞ
3=2

(5)

The Chern-Simons term induces anomaly in the vector
current on the boundary. In general, one needs to add the
Bardeen counterterm to restore the current conservation.
With only the vector electric field turned on, the counterterm vanishes. In particular, the definition of the chemical
potential below is not modified by this. The Chern-Simons
coupling  is fixed to be 3=4 and the factor c is
c¼

82
T N g1 R9 :
3 D8 f s

(6)

Note that, modulo the overall factor c, the action (4)
depends only on uT .
If the kinetic term for the gauge field were of the
Maxwell form F~2 , the electric field strength could be
made arbitrarily high by raising the baryon density, and
any nonzero value of the Chern-Simons coupling would
induce an instability of the type discovered in [1]. With
the DBI action, there is an upper bound for the field
strength, and it requires a more careful analysis to determine whether the instability takes place.
Let us consider a background configuration with nonzero A~0 ¼ A~0 ðuÞ. The equation of motion gives
~
~ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EðuÞ
ﬃ;
~2 þ u5

(7)

where E~ ¼ F~tu ¼ @u A~0 . The integration constant ~ will
be identified as a rescaled value of the quark density
(¼ Nc times the baryon density). As advertised in the
introduction, this finite quark density solution is regular
everywhere on the brane. We choose the gauge so that
A~0 ðuÞ vanishes on the horizon. Note that, although the
action includes the Chern-Simons term, the equations of
motion are gauge invariant. The chemical potential 
~ is
given by the asymptotic value of A~0 at u ! 1.
Z1
~

~ ¼ A~0 ðu ¼ 1Þ ¼
(8)
du qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
uT
2
5
~ þu
~
Let us perturb this configuration as F~ ! F~ þ F.
To find an onset of the instability, we look for a static
~
normalizable solution in the linearized equation for F,
 5=2

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u fðuÞ
~
~ 2 @j F~ij
@u pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Fui  u1=2 1  EðuÞ
~ 2
(9)
1  EðuÞ
~
 2ijk EðuÞ
F~jk ¼ 0:
If we apply the operator ijk @j and use the Fourier mode
l
~ (the
F~ij ¼ ijk vk eikl x ðuÞ with an eigenvalue ik ¼ ijkj
eigenvalue ik gives the same result), ðuÞ obeys a second
order ordinary differential equation,
3
2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ d
2 k2
d
4
~
k
þ
u
4 fðuÞ ~2 þ u5
þ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 5ðuÞ ¼ 0:
du
du
~ 2 þ u5
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At the horizon u ¼ uT , we use the ingoing boundary
condition for static waves.
We solved the linearized Eq. (10) numerically for general values of the Chern-Simons coupling . For each
value of the Chern-Simons coupling  > 1=4, we found
a critical value of ~ above which the instability takes place.
Figure 1 depicts the critical quark density ~crit as a function
of . We note that ~crit diverges as  ! 1=4.
We can also show analytically that  ¼ 1=4 is the
limiting value of the Chern-Simons coupling. Let us rescale variables as u ¼ ~ð2=5Þ u, k ¼ ~ð1=5Þ k, and take the
limit ~ ! 1 in Eq. (10). We find
2
3
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ d
 þ u 2 k2
d
4
k
~ uÞ
4
 ¼ 0: (11)
1 þ u 5
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 5ð
du
du
1 þ u 5
We have verified that a solution to this equation approaches
the solution to (10) in the sense of the L2 measure. From
the numerical evaluation of (11), we find that the momentum k with nontrivial normalizable solutions tends to infinity as we take ~ ! 1 and  approaches the limiting
value. Anticipating
this, we take k ! 1 in (11) while
pﬃﬃﬃ
keeping v ¼ ku and obtain,


d2
2 ~ 
 2  4 þ v ðuÞ ¼ 0:
dv

(12)

This can be solved by the harmonic oscillator ground state
2
~
ðvÞ
¼ ev =2 with  ¼ 1=4.
In the quark-gluon plasma phase, the Chern-Simons
coupling on the world volume theory is  ¼ 3=4 and is
above the limiting value of 1=4. At this value of , the
critical quark density is numerically evaluated as
~ crit ¼ 3:714u5=2
T :

that we rescaled our spacetime coordinates by R. The
physical quark density is then related to ~ above as
 2 1
R
~
2 Nf R4
¼c
¼
~:
(14)
20
R3 3ð2Þ5 gs l7s
Substituting (13) into this, the critical quark density
at  ¼ 3=4 is given as
crit

crit

Nc

¼

c0 Nf 2 5
T ;
2
42 MKK

(16)

can be
where ¼ g2YM Nc . The constants MKK and
determined by fitting, for example, with the pion decay
constant and the mass of the meson, as MKK ¼ 949 MeV
and ¼ g2YM Nc ¼ 16:6 [2]. The deconfinement temperature, where the thermal cycle S1T becomes contractible, is at
MKK =2 ¼ 151 MeV. Interestingly, this turns out to be
close to the critical temperature expected for the quarkgluon plasma [15]. If we substitute T ¼ 150 MeV in (16),
for example, the critical baryon density comes out as
crit

Nc

FIG. 1 (color online). The critical quark density ~ as a function of the Chern-Simons coupling . The instability takes place
in the shaded region with  > crit ¼ 1=4. The value  ¼ 3=4
for the Sakai-Sugimoto model is indicated by the red vertical
line.

(15)

where c0 ¼ 3:714ð2=3Þ6 3  10.
It is important to make sure that we can ignore backreaction of the quark density to the bulk geometry. Note
that the critical baryon density is given by dividing the
quark density crit by Nc and that the result is proportional
to Nf ðgs Nc Þ2 T 5 . The Nc dependence comes only in the
combination of the ’t Hooft coupling gs Nc , which is kept
finite in the large Nc limit. Since the baryons can be
thought of as D4-branes wrapping S4 [13,14], their backreaction becomes significant only when their density scales
as Nc or more and is negligible in the large Nc limit
provided Nf  Nc . Another way to see this is to evaluate
the energy density due to the electric field using the action
(4) and show that it is proportional to Nf =gs times some
power of gs Nc . This is the same scaling behavior as
the tension of the Nf 8-branes, which does not generate
backreaction.
It is an interesting exercise to express the critical density
in terms of QCD quantities. The string parameters gs and ls
are related to the Yang-Mills coupling gYM and the KaluzaKlein scale MKK for the compactification circle S1c as
g2YM ¼ 42 gs ls =L and MKK ¼ 2=L, where L is the circumference of S1c [12]. The critical baryon density can then
be written as

(13)

Let us express the critical quark density in the original
set of variables. The quark density
is defined by a
variation of the Lagrangian density by E ¼ @u A0 . Note
we rescaled the action by the factor c in (6) and the gauge
R2 ~
field is rescaled as A ¼ 2
0 A. We should also remember

¼ c0 Nf Nc ðgs Nc ls Þ2 T 5 ;

 0:8Nf fm3 :

(17)

For Nf ¼ 2, this is about 10 times the nucleon density in
atomic nuclei.
At the critical density ¼ crit , the instability begins
to occur at the momentum k ¼ 2:39uT1=2 , which in the
original coordinates is given by k=R  10T. If we set
T ¼ 150 MeV, the momentum is about 1.5 GeV, and the
corresponding wavelengh is 0:8 fm.
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Nonlinear solution.—We can construct a solution to the
full nonlinear equations carrying a fixed nonzero momentum whose energy is lower than that of the original translationally invariant state. Following [16], we make the
ansatz,
A~ t ¼ aðuÞ; A~x þ iA~y ¼ hðuÞeikz ;

(18)

with all other components vanishing. Although there may
be a nonlinear solution with even lower energy, it is interesting that one can construct a candidate ground state with
such a simple ansatz.
With this ansatz, the equations of motion become

 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u u3 þ k2 hðuÞ2 a0 ðuÞ
@u pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ 4khðuÞh0 ðuÞ ¼ 0
1  a0 ðuÞ2 þ fðuÞh0 ðuÞ2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


ufðuÞ u3 þ k2 hðuÞ2 h0 ðuÞ
@u pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ 4ka0 ðuÞhðuÞ
1  a0 ðuÞ2 þ fðuÞh0 ðuÞ2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 uhðuÞ 1  a0 ðuÞ2 þ fðuÞh0 ðuÞ2
¼ 0:
(19)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u3 þ k2 hðuÞ2
We assume that the embedding coordinate  is constant,
which is consistent with the equations of motion. The first
equation can be integrated easily, and gives us the quark
density,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u u3 þ k2 hðuÞ2 a0 ðuÞ
(20)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ 2khðuÞ2 ¼ ~:
1  a0 ðuÞ2 þ fðuÞh0 ðuÞ2
Using this expression, the second equation becomes
KðuÞ@u ðKðuÞfðuÞh0 ðuÞÞ  k2 u2 hðuÞ
þ 4khðuÞð ~  2khðuÞ2 Þ ¼ 0;

(21)

where

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~2 þ u5 þ khðuÞ2 ðku2  4 ~ þ 4k2 hðuÞ2 Þ
:
KðuÞ ¼
1 þ fðuÞh0 ðuÞ2
(22)

Equation (21) can be solved numerically. Since we have
a family of solutions parametrized by the momentum k,
we can look for the one which minimizes the free energy
density F , given by
Z
F ð Þ ¼  þ duLE ;
(23)
where LE is the DBI Lagrangian plus the Chern-Simons
term. Note that the free energy F is a function of , and not
. We have identified the momentum with the lowest value
of the free energy, and the expectation value of the current
~ dual to hðuÞ can be read off from the asympoperator hJi
totic behavior of the normalizable solutions.
So far, we have focused on the dynamics on the D8
brane world volume. The analysis on the D8-branes is
identical except that the Chern-Simons coupling has the
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opposite sign due to the CPT invariance. There are separate gauge fields AL and AR on the D8 and D8-branes,
respectively, and they cause the instability above the
critical charge density. The baryon vector current is dual
to (AL þ AR ) and the axial-vector current is dual to
(AL  AR ). The baryon charge density turns on the same
amount of chemical potentials for both AL and AR . Above
the critical baryon density, the instability will take place on
both branes, and both vector and axial baryon currents are
generated on the boundary. In fact, directions of the momenta on the D8 and D8-branes can be different, and the
currents JL and JR dual to AL and AR can carry momenta in
different directions.
We would like to thank M. Natsuume, D. Son, S.
Sugimoto, and C.-P. Yeh for stimulating discussions.
H. O. thanks the Aspen Center for Physics and the
Simons Center for Geometry and Physics, and C. S. P.
thanks the IPMU for their hospitalities. This work is supported in part by DOE Grant No. DE-FG03-92-ER40701
and by the World Premier International Research Center
Initiative of MEXT. H. O. is also supported in part by a
Grant-in-Aid for Scientific Research (C) 20540256 of
JSPS. C. S. P. is also supported in part by DOE Grant
No. DE-FG02-04ER41286.

[1] S. Nakamura, H. Ooguri, and C. S. Park, Phys. Rev. D 81,
044018 (2010).
[2] T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113, 843
(2005).
[3] H. Hata, T. Sakai, S. Sugimoto, and S. Yamato, Prog.
Theor. Phys. 117, 1157 (2007).
[4] O. Bergman, G. Lifschytz, and M. Lippert, J. High Energy
Phys. 11 (2007) 056.
[5] O. Aharony, J. Sonnenschein, and S. Yankielowicz, Ann.
Phys. (N.Y.) 322, 1420 (2007).
[6] S. Kobayashi, D. Mateos, S. Matsuura, R. C. Myers,
and R. M. Thomson, J. High Energy Phys. 02 (2007)
016.
[7] S. Nakamura, Y. Seo, S. J. Sin, and K. P. Yogendran, Prog.
Theor. Phys. 120, 51 (2008).
[8] D. Mateos, S. Matsuura, R. C. Myers, and R. M. Thomson,
J. High Energy Phys. 11 (2007) 085.
[9] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998).
[10] S. K. Domokos and J. A. Harvey, Phys. Rev. Lett. 99,
141602 (2007).
[11] W.-Y. Chuang, S.-H. Dai, S. Kawamoto, F.-L. Lin, and
C.-P. Yeh, arXiv:1004.0162.
[12] M. Kruczenski, D. Mateos, R. C. Myers, and D. J. Winters,
J. High Energy Phys. 05 (2004) 041.
[13] E. Witten, J. High Energy Phys. 07 (1998) 006.
[14] D. J. Gross and H. Ooguri, Phys. Rev. D 58, 106002
(1998).
[15] Y. Aoki, Z. Fodor, S. D. Katz, and K. K. Szabo, Phys. Lett.
B 643, 46 (2006).
[16] H. Ooguri and C. S. Park, Phys. Rev. D 82 126001 (2010).

061601-4

