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EXTENDED SCHMIDT LAW: ROLE OF EXISTING STARS IN CURRENT STAR FORMATION
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ABSTRACT

We propose an “extended Schmidt law” with explicit dependence of the star formation efficiency (SFE = SFR/Mgas)
on the stellar mass surface density (Σstar). This relation has a power-law index of 0.48 ± 0.04 and a 1σ observed
scatter on the SFE of 0.4 dex, which holds over five orders of magnitude in the stellar density for individual
global galaxies, including various types and especially the low-surface-brightness (LSB) galaxies that deviate
significantly from the Kennicutt–Schmidt (KS) law. When applying it to regions of a sample of 12 spiral galaxies
at sub-kiloparsec resolution, the extended Schmidt law not only holds for LSB regions but also shows significantly
smaller scatters both within and across galaxies compared with the KS law. We argue that this new relation points
to the role of existing stars in regulating the SFE, thus better encoding the star formation physics. Comparison with
physical models of star formation recipes shows that the extended Schmidt law can be reproduced by some models
including gas free fall in a stellar-gravitational potential and pressure-supported star formation. By implementing
this new law into the analytic model of gas accretion in ΛCDM, we show that it can reproduce the observed main
sequence of star-forming galaxies (a relation between the SFR and stellar mass) from z = 0 up to z = 2.
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1. INTRODUCTION

Stars form from the cold interstellar medium (ISM). The
resulting stellar mass growth, chemical enrichment, and energy
feedback to the ISM and intergalactic medium (IGM) are key
processes of galaxy formation and evolution. Understanding
how stars form is thus one of the central questions in galactic
and extragalactic astronomy. Star formation invokes a series
of complicated processes from gas accretion, gas cooling, and
H2 formation to the final molecular cloud collapse and stellar
feedback. Empirical scaling laws between star formation and gas
reservoirs provide critical tests of our modeling of the above
various processes and have crucial applications to studies of
galaxy formation and evolution in the cosmological context.

In the pioneering work of Schmidt (1959), a simple power-
law relation is proposed to relate the star formation rate (SFR)
density to the gas density:

ρSFR = AρNSFR
gas , (1)

where ρSFR is the SFR volume density, ρgas is the volume
density of total cold gas including H i and molecular hydrogen
(H2), and NSFR is the power index, while A is simply assumed
to be constant. Kennicutt (1989, 1998a) demonstrated this
unambiguously in its observable form (surface density) with 61
nearby spiral galaxies and 36 infrared-selected nuclear starburst
regions that span a large dynamic range and concluded that

ΣSFR ∝ Σ1.4±0.15
gas , (2)

which is often referred as the Kennicutt–Schmidt (KS) law.
It makes general sense that the gas reservoir determines how
many stars can form, i.e., the gas density plays the dominant
role in regulating SFR. With this basic relation between SFR
and gas, the star formation efficiency (SFE = SFR/gas-mass in

this study) follows:

SFE = ΣSFR

Σgas
∝ ΣNSFE

gas , with NSFE = 0.4. (3)

It should be noted that the KS law does not hold for the
entire range of gas densities. An accompanying rule is the star
formation threshold, introduced to explain the fact that the SFR
is significantly lower than predicted by the KS law at low gas
densities (<∼1–10 M� pc−2), e.g., in low-surface-brightness
(LSB) galaxies or regions far outside the optical disk (e.g.,
Martin & Kennicutt 2001; Wyder et al. 2009; Bigiel et al. 2008;
Roychowdhury et al. 2009). Other forms of the Schmidt law3

have also been proposed, such as those that invoke the dynamical
factors (Silk 1997; Elmegreen 1997; Boissier et al. 2003):

SFE ∝ 1

τdyn
, (4)

where τdyn is the orbital dynamical timescale. This relation has
been demonstrated to predict the SFR as well as the KS law when
considering the orbital timescale (Kennicutt 1998a), while the
break may still show up at the low density end (Wyder et al.
2009).

Although the above two Schmidt relations are valid for a
range of galaxy types both in the local universe (e.g., Kennicutt
1998a; Bigiel et al. 2008) and at high-z (e.g., Daddi et al. 2010;
Genzel et al. 2010), it is surprising that they only invoke the gas
component while in reality various ISM and stellar components
are intimately involved in processes of converting gas into new
stars. Many of these processes are related to existing stars
that form over the whole galaxy’s history. For example, the

3 In this study we expand the definition of the Schmidt law to include any
relationship that invokes SFRs and gas, which shares the initial idea that
Schmidt proposed.
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Table 1
Individual Galaxies with CO and H i Data

Name Type Red Dist. Aperture Area log(ΣSFR) log(Σgas) Refsfr,gas log(Σstar) Bandstellar mass Refstar

(Mpc) (kpc2) (M� yr−1 kpc−2) (M� pc−2) (M� pc−2)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)

NGC0224 Late-type −0.001001 0.78 R25 1106.29 −3.31 0.81 1 2.00 IRAC3.6 18
NGC0598 Late-type −0.000597 0.80 R25 133.25 −2.65 1.16 1 1.58 IRAC3.6 18
NGC0628 Late-type 0.002192 7.30 1.5 R25 764.54 −2.98 0.90 2 1.22 IRAC3.6 2
NGC0772 Late-type 0.008246 35.00 R25 4231.16 −3.02 1.00 1 1.53 nuv, U,B, V, I, J,H, K 18

Notes. Column 1: name. Column 2: the galaxy type in this paper. Column 3: the redshift. Column 4: the distance in Mpc that is used in this work. Column 5: the
definition of the aperture used to calculate the surface density of SFR, gas, and stellar mass. R25 means the isophotal radius at 25 mag arcsec2 (usually in B band).
Rmax gives the maximum extent of the galaxy at a given wavelength that is indicated in square brackets. Its value relative to R25 is listed in parentheses whenever
possible. R1/2 is the half-light radius at a given wavelength that is indicated in square brackets. Column 6: the de-projected area used to derive surface densities.
Column 7: the SFR surface density. Column 8: the gas surface density. Column 9: the references and therein for the SFR and gas surface density data. For those
with two references, the first one is for H2 and SFR data while the second is for H i data. Column 10: the stellar mass surface density. Column 11: the wavelength
band used to measure the stellar mass. Column 12: the references for the stellar mass data.
References. (1) Kennicutt 1998a; (2) Leroy et al. 2008; (3) Wei et al. 2010; (4) Crocker et al. 2011; (5) Wyder et al. 2009; (6) Scoville et al. 1997; (7) Graciá-Carpio
et al. 2007; (8) Yun & Scoville 1995; (9) Bryant & Scoville 1999; (10) Yun et al. 1994; (11) Genzel et al. 2010; (12) Oosterloo et al. 2010; (13) Irwin et al. 1987;
(14) van Driel & van Woerden 1991; (15) Sage & Welch 2006; (16) Knapp & Raimond 1984; (17) Cox et al. 2001; (18) This work.

(This table is available in its entirety in a machine-readable form in the online journal. A portion is shown here for guidance regarding its form and content.)

gravitational effects of stellar bars can remove gas angular
momentum and increase nuclear SFRs in normal galaxies (e.g.,
Sérsic & Pastoriza 1967; Ho et al. 1997). Their effects are also
recognized in numerical simulations of gas-rich galaxy merging
and thought to be the main factor to determine how much gas
can be converted into stars (Hopkins et al. 2009a, 2009b). The
gas hydrostatic pressure produced by gas self-gravity and stellar
gravity is further shown empirically to be related to the H2-to-
H i ratio (Elmegreen & Parravano 1994; Wong & Blitz 2002;
Blitz & Rosolowsky 2004, 2006). Besides the stellar gravity,
the metal outputs of stellar evolution are the main coolants
of gas and thus star formation should show dependences on
the metallicity. Theoretical works have indicated significantly
lower SFEs at low metallicity (Krumholz et al. 2009; Gnedin
& Kravtsov 2010). Dust grains that form from metals catalyze
the H2 formation and shield it from radiation destruction (for
a review, see Hollenbach & Tielens 1999). Current proposed
Schmidt relations do not hint at any of these effects, as they
only invoke the gas component.

In evaluating the importance of existing stars in the empirical
scaling law, we demonstrate the existence of a tight relationship
between SFEs and stellar mass surface densities, referred to as
the extended Schmidt law. This relation not only predicts the
SFE and SFR as well as the KS law for galaxies and spatially
resolved regions (∼1 kpc sizes) where the KS law works, but
also holds for LSB galaxies and regions where the KS law
fails. Similar close links between star formation and total stars
have been recognized in previous works for certain galaxy types
or limited stellar mass surface density ranges. For example,
Hunter et al. (1998) have shown for radial azimuthally averaged
quantities in LSB galaxies that the stellar mass density is the
only quantity spatially related to the SFR density. Similar close
associations between stellar masses and SFR densities are also
seen within and among galaxies by Ryder & Dopita (1994),
Brosch et al. (1998), Hunter & Elmegreen (2004), and recently
by Leroy et al. (2008) for specific galaxy types or limited density
ranges. Here, we demonstrate this intimate association more
generally by showing a tight relation between the SFE and
stellar mass density over a large dynamic range. In Section 2, we
present the sample selection and data collection. We show the
result in Section 3. In Section 4, we first compare the extended
Schmidt law to the model of the star formation recipe and then

discuss its implication for the main sequence of star-forming
galaxies. Conclusions are presented in Section 5. Throughout
this paper, we assume H0 = 70 km s−1 Mpc−1, Ω0 = 0.3, and
ΩΛ = 0.7.

2. SAMPLE AND DATA

2.1. Individual Global Galaxies

Our whole sample is listed in Table 1 and composed
of five sub-samples including low-redshift late-type galaxies,
early-type galaxies, LSB galaxies, luminous infrared galaxies
(LIRGs), and high-z objects. The CO and H i data are collected
from the literature. Molecular gas masses are derived from the
CO by assuming a constant CO-to-H2 conversion factor of
XCO = 2.0 × 1020 cm−2 (K km s−1)−1 or 3.17 M� pc−2

(K km s−1)−1 or 7845d2
L M� (Jy km s−1)−1 where dL is the

luminosity distance in Mpc (Dickman et al. 1986; Solomon
et al. 1987; Tacconi et al. 2008). Different conversion factors
for mergers and non-mergers are also discussed in Section 3.1.
A factor of 1.36 is further included to account for the presence
of heavier elements in both the H2 and H i masses. The SFR
data are collected from the same references as the gas data (see
Table 1), and all are corrected to Chabrier initial mass func-
tion (IMF) where SFRChabrier ≈ SFRKroupa = 0.66 SFRSalpeter
(Bruzual & Charlot 2003).

The stellar masses are measured by fitting the Bruzual &
Charlot (2003) population synthesis model to the multi-band
spectral energy distribution (SED) with Chabrier IMF following
Shi et al. (2008). The details of the parameters to produce the
models are listed in Table 2. The model of Bruzual & Charlot
(2003) generally produces consistent color and mass-to-light
ratio at various bands compared to others (Vázquez & Leitherer
2005). However, it still lacks accurate evolutionary tracks of
thermally pulsing asymptotic giant branch (AGB) stars. At the
stellar age around 0.1–3 Gyr where AGB stars are prominent,
the mass-to-light ratio in the near-IR can be overestimated by
∼60% (Maraston et al. 2006; Bruzual 2007). The effect of this
on the result of this paper is shown to be small (see Section 3.1).
To minimize systematic errors that may be caused by different
template population models, the range of input parameter spaces
and numerical method, we have applied the above method to all
of our objects except for 23 galaxies from Leroy et al. (2008)
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Table 2
The Parameters of Stellar Synthesis Models

Parameters Value

Simple stellar populations Chabrier (2003) IMF and Padova 1994 evolutionary tracks
Metallicity 0.0004, 0.004, 0.008, 0.02 (Z�), 0.05
Visual extinction τv [0.0, 10.0] with a step of 1
Fraction of τV arising from the ambient ISM 0.3
Fraction of ejected gas to be recycled in stars 0.0
Star formation history (SFH) Exponential decline
e-folding time τ for exponential SFH [0.03, 22.4] Gyr with a step of 0.15 in logarithm, plus 100 Gyr
Galaxy age [0.05, 12.6] Gyr with a step of 0.12 in logarithm

whose masses are derived from IRAC 3.6 μm emission in that
work. For these objects, the published gas and SFR surface
densities are defined within 1.5 R25 where the available optical
photometry does not exist. For the spiral objects in their sample
where the majority (>95%) of the optical light is enclosed within
R25 (Courteau 1996), the median offset between their stellar
masses and ours by fitting models to optical/IRAC photometry
is only 0.1 dex. The broadband wavelengths used to calculate
the stellar masses for all objects are listed in Table 1 and the
majority covers both the optical and near-IR bands.

The surface densities of gas, SFRs, and stellar masses are
measured within the same aperture and corrected for inclination.
Table 1 lists the aperture definitions and their relations to
optical isophotal radii (R25) if available in Paturel et al. (2003).4

Different apertures are adopted for different galaxy types, not
only because of the heterogeneous nature of the sample but
also because of different light structures of individual galaxy
types. Since a star formation law describes how star forms
from gas, an ideal aperture for a galaxy-averaged star formation
relationship should enclose the majority of star formation or
gas. This certainly results in different aperture sizes for galaxies
with different types, e.g., compact apertures for ultraluminous
infrared galaxies (ULIRGs) and wide ones for LSB galaxies.
As discussed in Section 3.1, the extended Schmidt law depends
little on how exactly an aperture is defined. We estimated a
typical error of 0.30 dex for each quantity (SFR, gas, and stellar
mass densities) based on our own experiences of measurements,
while local LIRGs and high-z galaxies have higher uncertainties
(∼0.5 dex) due to low spatial resolution.

1. Late-type galaxies. This sub-sample includes 61 and 18
objects from Kennicutt (1998a) and Leroy et al. (2008),
respectively. For 11 objects included in both samples, the
data from the latter are used in this work because of
higher data quality. Galaxies from Kennicutt (1998a) have
published SFR and gas surface densities that are defined to
be within the optical isophotal radii (R25; de Vaucouleurs
et al. 1976). The SFR is based on the extinction-corrected
Hα emission with AHα = 1.1 mag (see their paper for
the equation). The optical/near-IR photometry used to
derive stellar masses are collected from NED. Since the
aperture of R25 encloses the majority (>95%) of optical
light for spiral galaxies (Courteau 1996), the aperture-
matched stellar mass density is thus defined by dividing
the total mass with πR2

25. All spiral galaxies from Leroy
et al. (2008) have published gas, SFR, and stellar mass
densities, where the aperture radius is defined to be 1.5 R25.
The SFR is measured from the combination of FUV and
24 μm emission (see their paper for the equation). For 11
objects from this study that are also included in the sample

4 http://leda.univ-lyon1.fr/

of Kennicutt (1998a), we checked the median offset in the
stellar mass between ours and theirs is only 0.1 dex.

2. Early-type galaxies. Low level star formation has been
detected in circumnuclear regions of many early-type
galaxies (Shapiro et al. 2010; Wei et al. 2010; Crocker et al.
2011). Besides the difficulty of SFR measurements due
to contamination from large populations of old stars and
possible active galactic nucleus (AGN), these objects are
shown to follow more or less the KS law. We here included
nine objects from Wei et al. (2010) and 10 objects from
Crocker et al. (2011). Wei et al. (2010) have published the
aperture-matched H2 mass from CO data and the SFR from
a combination of 24 μm and UV emission following Leroy
et al. (2008). For six of nine objects, we estimated the H i

mass from the available Very Large Array (VLA) H i map
in the literature (see Table 1) and found that the H i mass
in the CO aperture is <10% of the total H i. Based on this,
we therefore included three more objects with the total H i

mass <1.6 times the H2 mass, which implies the H i mass
within the CO aperture is smaller than 16% of H2. Objects in
Crocker et al. (2011) have available aperture-matched total
gas mass and SFR measurements. As recommended in that
work, we have used 24 μm + Hα or PAH+Hα if available
and radio + Hα for two more objects, where they have
used formula calibrated in Kennicutt et al. (2009, see their
Table 4). For objects from both works, the aperture-matched
stellar mass density is estimated in this work by fitting
the stellar synthesis models to the aperture-matched Two
Micron All Sky Survey (2MASS) J, H, and K photometry
and Sloan Digital Sky Survey (SDSS) optical photometry
for most of them.

3. LSB galaxies. We defined the LSB objects as an indepen-
dent subsample, as they show deviations from the KS law.
The subsample includes all the 19 objects from Wyder
et al. (2009) and five gas-rich dwarf galaxies from Leroy
et al. (2008) that have stellar mass surface densities below
1 M� pc−2, which is roughly the upper limit of the Wyder
et al. (2009) sample. Wyder et al. (2009) measured the sur-
face densities of the SFR and gas mass through UV emission
(using the Kennicutt 1998b equation) and H i, respectively,
where the aperture is defined to be the minimum of the max-
imum radii of UV and H i emission. For these objects, the
contribution from obscured star formation should be negli-
gible to the total SFR (e.g., Hinz et al. 2007), while the H i

should dominate the total gas mass (e.g., Matthews et al.
2005; Leroy et al. 2008). We derived the stellar mass from
the SDSS photometry, while additional near-IR photometry
from NED was also used for two objects. As the published
SDSS data underestimate the sizes and thus brightnesses of
these objects, we have re-measured five-band SDSS pho-
tometry in the aperture adopted in Wyder et al. (2009). The
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Table 3
The Sample of Spiral Galaxies

Name Position (J2000) Type Dist R25 i P.A.
(Mpc) (arcsec) (◦) (◦)

(1) (2) (3) (4) (5) (6) (7)

NGC0628 01 36 41.8 +15 47 00 SAc 7.30 293.17 7.00 20.00
NGC2841 09 22 02.6 +50 58 35 SAb 14.10 207.55 74.00 153.00
NGC3184 10 18 17.0 +41 25 28 SABcd 11.10 222.39 16.00 179.00
NGC3351 10 43 57.7 +11 42 14 SBb 10.10 217.33 41.00 192.00
NGC3521 11 05 48.6 −00 02 09 SABbc 10.70 249.53 73.00 340.00
NGC3627 11 20 15.0 +12 59 30 SABb 9.30 306.99 62.00 173.00
NGC4736 12 50 53.0 +41 07 13 SAab 4.70 232.87 41.00 296.00
NGC4826 12 56 43.6 +21 41 00 SAab 7.50 314.14 65.00 121.00
NGC5055 13 15 49.2 +42 01 45 SAbc 10.10 352.47 59.00 102.00
NGC5194 13 29 52.7 +47 11 43 SABbc 8.00 232.87 42.00 172.00
NGC6946 20 34 52.2 +60 09 14 SABcd 5.90 344.45 33.00 243.00
NGC7331 22 37 04.1 +34 24 57 SAb 14.70 273.60 76.00 168.00

Notes. Column 1: name; Column 2: the position; Column 3: the Hubble type; Column 4: the distance; Column 5:
the optical size R25; Column 6: the inclination; Column 7: the position angle.

majority of these objects have optical emission out to the
adopted radius as observed by SDSS (see the r-band ra-
dial profile in Wyder et al. 2009). The comparison of our
r-band photometry to those measured by Wyder et al. (2009)
shows <10% discrepancy. All dwarf galaxies from Leroy
et al. (2008) have published gas, SFR, and stellar mass
densities within 1.5 r25.

4. Local LIRGs (z = 0 LIRGs). We have collected seven
local LIRGs from the literature with two criteria: (a) the
spatially resolved CO interferometer images are available
and well resolved (i.e., the deconvolved size is larger than
the resolution); (b) the interferometer fluxes recover the
majority (>90%) of single-dish measurements. As listed
in Table 1, the aperture to define the surface density is
the maximum extent of the CO emission. For the total gas
density, we have neglected the contribution from the atomic
gas in these gas-rich objects. Since star formation takes
place in molecular clouds, we assume all star formation is
included in the CO aperture where the SFR is based on the
IR luminosity assuming the Kennicutt (1998b) relations
and corrected to Chabrier IMF. To measure the aperture-
matched stellar mass density, we first calculated the total
mass by fitting stellar models to the UV/optical/near-IR
SED collected from NED, and then measured the part in the
CO aperture with the HST/ACS-F814w image assuming a
constant mass-to-light ratio, which can cause additional
stellar mass uncertainty (∼0.3 dex).

5. High-redshift star-forming galaxies (high-z SFGs) and
merging submillimeter galaxies (high-z SMGs). We here in-
cluded 21 optically/near-IR selected star-forming galaxies
(Extended Groth Strip (EGS), BzK, and BXMD) and seven
submillimeter objects from Genzel et al. (2010). The SFR
and gas are available in that work. The SFR for the EGS
is estimated from a combination of extinction-corrected
Hα/[O ii]/GALEX-UV and Spitzer 24 μm emission. For
the BzK, it is a combination of extinction-corrected UV
and 24 μm emission. For the BXMD objects, it is from
extinction-corrected Hα emission while the SFR of the
SMG is from 850 μm emission (see Genzel et al. 2010 for
the equation). We re-derived stellar mass estimates to re-
duce systematic errors among different studies. The median
offsets of our stellar masses compared to the literature data
are −0.16 dex, 0.34 dex, −0.55 dex, and 0.00 dex for EGS,

BzK, BXMD, and submillimeter galaxies, respectively (see
Genzel et al. 2010, Daddi et al. 2010, Erb et al. 2006, and
Hainline et al. 2010, respectively). The large offsets for
BXMD (z ∼ 2.2) and BzK (z ∼ 1.5) are mainly due to
the lack of the rest-frame near-IR photometry, which could
cause large differences when different template SEDs are
used. With the unified stellar mass measurement, the scat-
ter among them in the extended Schmidt law does become
smaller. The galaxy size is defined as the half-light radius
obtained from the fit to Hα, optical/UV, or CO images.
Similar to Genzel et al. (2010), all densities are defined
within the half-light radius (R1/2), e.g., Σstar = 0.5 Mstar/

(πR2
1/2). Here we did not account for the difference in the

half-light radius among SFR, gas, and stars for individual
galaxies, since these three half-light radii are on average
quite close to each other (e.g., Swinbank et al. 2010).

2.2. Individual Regions in Spiral Galaxies

With the advent of high spatial-resolution SFR, gas, and
stellar images of nearby galaxies, the star formation law at
sub-kiloparsec scales has been studied extensively (e.g., Wong
& Blitz 2002; Jogee et al. 2005; Crosthwaite & Turner 2007;
Schuster et al. 2007; Kennicutt et al. 2007; Bigiel et al. 2008;
Leroy et al. 2008). The general conclusion is that the relationship
between SFR and total gas varies strongly both within galaxies
and across different objects. This implies that the physics other
than those directly related to the total gas strongly affect the SFE
of the total gas. To test the idea of the SFE regulated by existing
stars as proposed by the extended Schmidt law, we have carried
out measurements of SFR, gas, and stellar mass in a sample of
12 spiral galaxies as listed in Table 3. They are derived from The
H i Nearby Galaxy Survey (THINGS; Walter et al. 2008) and
The SIRTF Nearby Galaxies Survey (SINGS; Kennicutt et al.
2003).

For each object, the SFR and gas mass are measured within
individual 750 × 750 pc2 regions across the main optical disk
(semimajor axis <R25), with the technical procedure basically
following Bigiel et al. (2008, also see Leroy et al. 2008) but
corrected to our IMF and CO-to-H2 conversion factors. The
SFR is estimated from combination of GALEX far-UV (Gil de
Paz et al. 2007) and Spitzer 24 μm (Kennicutt et al. 2003), with
the 3σ lower limit around 10−4 M� yr−1 kpc−2. The gas mass is

4
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Figure 1. (a) The star formation efficiency (=ΣSFR/Σgas) as a function of the stellar mass surface density. (b) The SFE as a function of the gas density. The solid
and dotted lines are the intrinsic best-fit and observed 1σ scatter, respectively, as listed in Table 4. The fit to the SFE–Σgas (right panel) is done excluding LSB and
early-type galaxies. Typical measurement error bars are plotted.

(A color version of this figure is available in the online journal.)

derived from a combination of THINGS H i data (Walter et al.
2008) and BIMA SONG CO J = 1–0 map (Helfer et al. 2003),
with the limiting surface density around 1.5 M� pc−2. Since the
spatial coverage of BIMA SONG does not extend significantly
beyond the H i-to-H2 transition radius where the total gas is
dominated by H i emission, we have extrapolated the CO data
to pixels without observations based on the observed CO/H i

ratio as a function of semimajor axis. The result changes little if
adopting the mean CO/H i ratio as a function of radius derived
from Leroy et al. (2008). For seven galaxies with significantly
extended CO coverage in Bigiel et al. (2008), our derived slope
of the KS law is consistent with theirs within 20%. The stellar
mass is estimated based on the mass-to-light ratio at Spitzer
3.6 μm. The SINGS 3.6 μm image is further subtracted by the
median sky level after binning to the resolution of 750 × 750 pc2,
while the 3σ sky fluctuation gives the limiting stellar mass
surface density around 1 M� pc−2. To reduce the effect of
the radial gradient of stellar age, extinction, and metallicity on
the stellar mass measurement, the 3.6 μm mass-to-light ratio is
derived based on the optical color, for which the theoretical trend
is computed from our stellar population synthesis models with
solar and 0.25 solar metallicity. For five galaxies with available
SDSS images, the optical color is defined to be the g−r color,
while the mean trend of these objects is used for the remaining
objects.

3. RESULTS

3.1. The Extended Schmidt Law for Individual Galaxies

By treating ΣSFR as a dependent variable, and Σgas and
Σstar as independent variables, we search for the best power-
law exponents relating them. A linear regression fit (IDL
regress.pro) gives

ΣSFR ∝ Σ1.13±0.05
gas Σ0.36±0.04

star . (5)

The most important result of the fit is that the derived index
for Σstar is not zero, which would be expected by the KS law.
Second, the derived exponent for Σgas, namely, approximately
unity, suggests a clear physical implication of the relation, i.e.,
that the SFE (=ΣSFR/Σgas) is related to the stellar mass surface

density. We thus carry out directly the fit between SFE and Σstar
as shown in Figure 1(a) through a Bayesian approach to linear
regression (Kelly 2007) that also accounts for uncertainties in
both variables. As shown in Table 4, the best fit gives

SFE

yr−1
= 10−10.28±0.08

(
Σstar

M� pc−2

)0.48±0.04

, (6)

where errors of the best-fit parameters are the intrinsic ones.
The SFE–Σstar relation is obviously different from the KS
law, although both of them could be used to predict the
SFE. By invoking the stellar mass density, the SFE–Σstar
correlation describes another scaling relation for star formation
with emphasis on the role of the existing stellar component in
the current star formation activity. In what follows, we refer
to the relation in Equation (6) or the SFE–Σstar relation as the
extended Schmidt law as it includes the additional parameter of
stellar surface density.

We now compare the extended Schmidt law to the KS law in
the ability to predict the SFE and SFR for various galaxy types
as shown in Figures 1 and 2, respectively. The main difference of
the extended Schmidt law from the standard KS law is to bring
the LSB objects back to the relationship. While the KS law
was first defined for late-type galaxies and LIRGs (Kennicutt
1989, 1998a), LSB galaxies/regions show significant deviations
from it (e.g., Kennicutt 1998a; Martin & Kennicutt 2001; Bigiel
et al. 2008; Wyder et al. 2009; Roychowdhury et al. 2009). The
median offsets of the LSB from the best fit are −0.75 dex and
−0.71 dex in Figures 1(b) and 2(b), respectively, where the best
fit is done by excluding LSB and early-type objects due to their
apparent offsets. The cause for this deviation is still unclear but
is most likely related to some instabilities, either gravitational
or thermal and chemical. On the other hand, these LSB objects
follow more or less the extended Schmidt law with median
offsets of −0.16 and −0.08 dex in the two figures, respectively,
where the fit is done for all objects. This is the main advantage
of the extended Schmidt law compared with the KS one. The
observed scatter of the extended Schmidt law is slightly smaller
than that of the KS law (see Table 4). For early-type galaxies,
we here included objects from studies of Wei et al. (2010) and
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Table 4
The Parameters of the Best Fit

Figures Correlations a b δ ρ σ

(1) (2) (3) (4) (5) (6) (7)

Figure 1(a) SFE–Σstar −10.28 ± 0.08 0.48 ± 0.04 0.123 0.97 ± 0.03 0.41
Figure 1(b) SFE–Σgas −9.85 ± 0.08 0.35 ± 0.04 0.092 0.97 ± 0.03 0.49
Figure 2(a) ΣSFR–Σ0.5

starΣgas −4.40 ± 0.08 1.03 ± 0.03 0.131 1.00 ± 0.00 0.42
Figure 2(b) KS law −3.90 ± 0.11 1.38 ± 0.06 0.112 1.00 ± 0.00 0.49
Figure 3(a) SFE–Σstar (diff. α) −10.35 ± 0.09 0.55 ± 0.04 0.171 0.96 ± 0.03 0.47
Figure 3(b) SFE–Σgas (diff. α) −9.97 ± 0.10 0.49 ± 0.06 0.172 0.93 ± 0.05 0.54
Figure 3(c) ΣSFR–Σ0.5

starΣgas (diff. α) −4.51 ± 0.09 1.10 ± 0.03 0.180 0.99 ± 0.01 0.47
Figure 3(d) KS law (diff. α) −4.17 ± 0.14 1.65 ± 0.09 0.125 1.00 ± 0.00 0.55

Notes. Column 1: the corresponding figure to a given correlation. Note that the LSB and early-type galaxies
are always excluded for the KS law or the equivalent version (SFE–Σgas). “diff. α” means different CO-to-H2

conversion factors for mergers and non-mergers. Column 2: the Y vs. X correlations. Column 3–5: log(Y) = a +
b*log(X) + ε as given by linmix_err.pro that accounts for measured errors on both X- and Y-axis (Kelly 2007),
where (a, b) are the regression coefficients and ε is the intrinsic random scatter about the regression and has a
mean of zero and variance of δ2. Column 6: the linear correlation efficiency. Column 7: the observed standard
deviation of all data points from the best fit.

Figure 2. Comparison between the extended Schmidt law and Kennicutt–Schmidt relationship in the ability to predict the SFR. The solid and dotted lines are the
intrinsic best-fit and observed 1σ scatter, respectively, as listed in Table 4. The fit to the KS law (right panel) is done excluding LSB and early-type galaxies. Typical
measurement error bars are plotted.

(A color version of this figure is available in the online journal.)

Crocker et al. (2011). They follow more or less the KS law with
median offsets of 0.30 dex and 0.32 dex toward higher SFE
(Figure 1(b)) and SFR (Figure 2(b)), respectively. The objects
from Wei et al. (2010) show slightly larger offsets than Crocker
et al. (2011), probably due to the contribution from old stellar
populations to the UV emission that has been included in their
SFR measurements. As shown in Figures 1(a) and 2(a), these
early-type galaxies lie generally on the extended Schmidt law
with median offsets of −0.19 dex and −0.26 dex on two figures,
respectively. As a summary, we found that the extended Schmidt
law is a universal relationship that holds for various galaxy types
especially including LSB ones that do not follow the KS law.

As described in Section 2.1, different galaxy apertures are
used for different galaxy types. As listed in Table 1, their rela-
tive sizes to optical isophotal radii R25 range from around 0.2 R25
for LIRGs and early-type galaxies with circumnuclear star for-
mation to 2–3 R25 for LSB galaxies with widely distributed
star formation. Most of these apertures are indeed defined to
enclose the majority of star formation and gas, which is con-
sistent with the definition of star formation law that empirically

describes how stars form gas. In spite of different apertures,
the extended Schmidt law depends little on the aperture size as
long as three quantities (SFR, gas, and stellar mass) are mea-
sured within the same aperture which is what has been done
in this study. As shown in the below, galaxies basically move
along the relation without large offsets from the best fit if differ-
ent apertures are used. For 11 LSB galaxies from Wyder et al.
(2009) with available radial profiles of SFR, gas, and stellar
mass, we measured the relative offset in the Y-axis from the
best fit compared to the aperture (∼2 R25) used in Figure 2.
Three apertures of 0.2 R25, 0.5 R25, and R25 are tested. As
expected, they move along the relation, with median relative
offsets of only −0.02 dex, 0.12 dex, and 0.04 dex, respectively,
where the positive sign means offset toward higher SFRs. For
12 spiral galaxies with apertures of 1.5 R25 from Leroy et al.
(2008), the median offsets for 0.5 R25 and R25 are −0.1 dex and
−0.02 dex, respectively. For early-type objects and ULIRGs,
if we assume no star formation and gas outside the circum-
nuclear region, the median offset will be around 0.3 dex and
0.6 dex for the aperture radius of 0.5 R25 and R25, respectively,
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Figure 3. Similar to Figures 1 and 2 but using different CO-to-H2 conversion factors for normal galaxies (α = 3.17 M� pc−2 (K km s−1)−1) and merging objects (local
LIRGs and high-z submillimeter galaxies; α = 1.0 M� pc−2 (K km s−1)−1). The solid and dotted lines are the intrinsic best-fit and observed 1σ scatter, respectively,
to all data points but excluding LSB and early-type galaxies for panels (b) and (d). The dashed lines show the best fit to all the non-mergers but excluding LSB and
early-type ones for panels (b) and (d).

(A color version of this figure is available in the online journal.)

which is still within tolerance given the observed 1σ scatter of
0.5 dex in Figure 2. Overall, we have found that the extended
Schmidt law changes very little if the aperture varies by a factor
of 3–5.

Accurate stellar mass measurements are important to the
result of the extended Schmidt law. To reduce systematic
errors by different studies, we have measured the masses
on our own based on the Bruzual & Charlot (2003) model
for almost all objects except for 23 galaxies in Leroy et al.
(2008), for which the median offset from our method is only
0.1 dex (see Section 2.1). The Bruzual & Charlot (2003) model
underestimates the contribution from AGB stars in the near-
IR and thus overestimates the near-IR mass-to-light ratio at
ages around 0.1–3 Gyr. If the stellar masses are reduced by
60% for galaxies with characteristic ages defined by stellar-
mass/SFR around the above range, the slope of the extended
Schmidt law increases only by ∼0.01 dex. As listed in Table 2,
we adopted exponentially declining or constant star formation
history (SFH). If the SFH is exponentially increasing for the
high-z objects (Maraston et al. 2010; Papovich et al. 2011), the
inferred stellar mass decreases by about 0.2 dex and the slope of
the extended Schmidt law only increases by 0.01 dex. We notice
that the photometric coverage of LSB galaxies is generally not
as good as other types. While those from Wyder et al. (2009) are
essentially based on the SDSS optical photometry, the ones from
Leroy et al. (2008) are based on IRAC 3.6 μm. The median offset
in the stellar mass density between the two subsample is only
0.04 dex, implying that there is no significant bias in the mass
estimate based only on either optical or near-IR photometry.

Recently, Schiminovich et al. (2010) published the H i-
based SFE measurement for a large sample of local massive
galaxies (M∗ > 1010M�). They claimed an almost constant
SFE (10−9.5 yr−1) in their sample for the range of log(Σstar)
of 2–3.3 M� kpc−2. The detailed comparison to our result is
hampered by the lack of the H2 data for their objects, possible
large uncertainties in their SFR measurements (UV-based ones
versus our recombination-line/IR/UV-based ones) and most
importantly the aperture-unmatched SFE measurements relative
to those of the stellar densities measured within the half-light
radius (r1/2). To estimate a rough deviation of their sample from
the prediction of our relation given their median density, we
assume MH i+H2/MH i ≈ 10 within r1/2 (Leroy et al. 2008) and
M tot

H i
/M

r1/2

H i
≈ 50 derived from the THINGS H i radial profile in

Walter et al. (2008). The resulting offset is <0.3 dex.
The above studies assume the same CO-to-H2 factor (α

value) for all galaxies, whereas this factor is likely to be
different in local ULIRGs and high-z merging galaxies from
normal galaxies. To quantify the effect of different α values
in the relation, we show the relations in Figure 3 with α =
3.17 M� pc−2 (K km s−1)−1 for normal galaxies (Dickman
et al. 1986; Solomon et al. 1987; Tacconi et al. 2008) and
α = 1.0 M� pc−2 (K km s−1)−1 for merging galaxies (z =
0 LIRGs and high-z submillimeter galaxies in this study;
Downes & Solomon 1998; Tacconi et al. 2008). For the KS law
(Figure 3(d)), the median offsets of the merging galaxies from
the best fit to all data points and non-merging galaxies excluding
LSB and early-type ones are 0.48 and 0.81 dex, respectively,
which is consistent with the result obtained by Genzel et al.
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Figure 4. Extended Schmidt law at sub-kiloparsec resolution (the left side of each panel) compared to the KS law (the right side of each panel) in a sample of 12 spiral
galaxies. The filled yellow and green areas enclose 50% and 90% of the total data points, respectively, while the dots are those outside the 90% area. The numbers
listed in the parenthesize are in a sequence of interception, slope, and 1σ observed scatter as given by the ordinary least-squares bisector fit (Isobe et al. 1990), while
the dotted line is the best fit.

(A color version of this figure is available in the online journal.)

(2010) and Daddi et al. (2010). For the extended Schmidt
law (Figure 3(c)), merging galaxies have offsets of 0.58 and
0.74 dex from the best fit to all objects and star-forming galaxies,
respectively, which is also comparable to the case of the SFE-
tdyn relationships (0.5–0.7 dex by Genzel et al. 2010 and about
0.3 dex by Daddi et al. 2010). Thus even in the case of different
CO-to-H2 factors for mergers, the basic idea that the SFE is
regulated by the stellar density still holds.

3.2. The Extended Schmidt Law at Sub-kiloparsec Resolution

The result of the extended Schmidt law at sub-kiloparsec
resolution in 12 spiral galaxies is shown in the left hand of
each panel in Figure 4. It clearly indicates that the SFE is
also a function of the stellar mass density for sub-kiloparsec
regions in individual spiral galaxies. This demonstrates that the
extended Schmidt law proposed for global galaxies in the above
section also works at sub-kiloparsec resolution. Compared
to the KS law as shown in the right hand of each panel,
the extended Schmidt law shows significantly smaller scatter.
Within individual galaxies, the observed scatter of the extended
Schmidt law is on average 1.5 times smaller than that of the KS

law. Across 12 galaxies, the mean and standard deviation of the
slope of the extended Schmidt law is 0.66 ± 0.11 whose scatter
is three times smaller than that of the KS law (0.98 ± 0.35).

Figure 5 shows the overall trend for all galaxies. A linear
regression fit (IDL regress.pro) to gas mass, stellar mass, and
SFR surface densities gives

ΣSFR ∝ Σ0.80±0.01
gas Σ0.63±0.01

star . (7)

Again, the exponent of the stellar mass density is significantly
from zero, indicating the importance of this quantity in pre-
dicting the SFR. The fit to SFE versus Σstar gives a slope of
0.75 ± 0.01 with the ordinary least-squares bisector method
(Isobe et al. 1990). As shown in Figure 5, below SFE of
10−9.8 yr−1 (horizontal dashed line), the slope becomes much
steeper for the KS law, consistent with what found in Bigiel et al.
(2008). On the other hand, such a large deviation is not seen for
the extended Schmidt law. This further suggests the universality
of the extended Schmidt law at sub-kiloparsec resolution.

Many previous spatially resolved studies of nearby galaxies
have also noticed the trend of SFR as a function of stars. Ryder
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Figure 5. Extended Schmidt law at sub-kiloparsec resolution (the left side) and the KS law (the right side) of all sub-kiloparsec regions in 12 spiral galaxies. The
filled yellow and green areas enclose 50% and 90% of the total data points, respectively, while the dots are those outside the 90% area. The numbers listed in the
parenthesize are in a sequence of interception, slope, and 1σ observed scatter as given by the ordinary least-squares bisector fit (Isobe et al. 1990), while the dotted
line is the best fit. The horizontal dashed line marks the transition below which the KS law has a much steeper slope (also see Bigiel et al. 2008).

(A color version of this figure is available in the online journal.)

& Dopita (1994) found that the Hα emission spatially follows
the distribution of I-band stellar emission in spiral disks. Their
quantitative result gives ΣHα ∝ Σ0.64±0.37

Iband within and among
galaxies. In the LSB galaxies, Hunter et al. (1998) also found
that the radial profile of the SFR follows that of the stellar
mass density but not the gas density profile. Several other works
have also noticed similar clues about the relationship between
existing stars and star formation (Brosch et al. 1998; Hunter
& Elmegreen 2004). Recently, Leroy et al. (2008) have also
pointed out a correlation between the SFE and stellar density
but claimed different slopes (see their Figure 3): a slope of
unity in the H i-dominated regime with 1 < log( Σstar

M� pc−2 ) < 1.9
and a constant trend (zero slope) in the H2-dominated regime
of log( Σstar

M� pc−2 ) > 1.9. We re-analyzed their data and found two
factors that cause this inconsistency. We note that the unity slope
in that work is not from a fit and the overall variation in the SFE
at 1 < log( Σstar

M� pc−2 ) < 1.9 is almost a factor of 10, too large to
constrain the slope. A direct fit to all of their data points gives
a slope of 0.65, close to our value. Also, they do not account
for the color gradient in their stellar mass measurements, which
would steepen the intrinsic slope. All of these works together
strongly demonstrate the existence of the SFE as a function of
the stellar mass at sub-kiloparsec resolution, while ours further
indicate its significantly smaller scatter compared to the KS law.

4. DISCUSSION

4.1. Test of Theoretical Models of the Star Formation Recipe

4.1.1. Is the Extended Schmidt Law Just Another Form of the KS Law?

Can the extended Schmidt law be a result of the KS law and
the relation between gas and stellar densities? Figure 6 shows
the relation between Σgas and Σstar. Excluding the LSB and early-
type objects, the gas density scales with the stellar density with
an observed scatter of 0.5 dex. If the extended Schmidt law is
derived from the KS law and the Σgas–Σstar, it should have a
scatter of 0.7 dex given the scatter of the SFE–Σgas relation of
0.5 dex, whereas the observed scatter of the extended Schmidt
law is only 0.4 dex as listed in Table 4. This suggests that the KS

Figure 6. Gas mass surface density vs. stellar surface density. The solid line is
the fit to galaxies excluding LSB and early-type ones. The dotted lines is the
observed 1σ scatter.

(A color version of this figure is available in the online journal.)

law and Σgas–Σstar relations are not fundamental relations that
drive the SFE–Σgas one. Stronger evidence comes from the LSB
galaxies which do not follow either the KS law or Σgas–Σstar
relation but do follow the SFE–Σgas relation. In addition, the
early-type galaxies also seem offset from the Σgas–Σstar relation
but they do follow the extended Schmidt law. By invoking a
different physical parameter (Σstar), the extended Schmidt law
presents another star formation law that is not a simple recasting
of the KS relation. In the remainder of this section, we will
test several simple physical star formation models in order to
understand its origin.

4.1.2. Free Fall in a Star-dominated Potential

While the KS law can be interpreted as a free fall in a gas-
dominated gravitational potential, we note that the extended
Schmidt law also is consistent with the idea of free fall in a
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stellar potential. The SFR can be expressed as the amount of
gas collapsing into stars within a given timescale:

ΣSFR = ηΣgas

τ
, (8)

where η gives the fraction of the total gas that collapses into
stars and τ describes the duration of gas collapse. A free-fall
gas collapse in a star-dominated potential has a timescale:

τff = 1

4

√
3π

2G(ρgas + ρstar)
≈ 1

4

√
3π

2Gρstar
= 1

4

√
3πhstar

GΣstar

= 3.5 × 108 yr

(
hstar

1 kpc

)0.5 (
1 M� pc−2

Σstar

)0.5

, (9)

where ρgas, ρstar, Σstar, and hstar are the gas mass volume density,
stellar mass volume density, stellar mass surface density, and
the stellar scale height, respectively. For a self-gravitating stellar
disk, Σstar = 2ρstarhstar. This simple interpretation predicts the
observed power index of 0.5 for Σstar, if ρstar 	 ρgas and hstar =
constant. The comparison of Equation (8) to the observed
relation gives

η ≈ 2%. (10)

How well does this scenario represent reality? How does the
stellar potential act on the gas collapse? As shown above, the
above derivation assumes two conditions hstar = constant and
ρstar 	 ρgas. While there is evidence that the stellar scale height
remains constant with radius within a galaxy (van der Kruit &
Searle 1981; Fry et al. 1999), the variation among galaxies
may contribute to the scatter of the correlation under this
interpretation. The condition of ρstar 	 ρgas is true for general
high-surface-brightness galaxies but not for LSB ones, as shown
in Figure 6 which shows that the gas potential dominates over
the stellar one. If the gas density is included in the correlation
as SFE ∝ (Σgas + Σstar)0.5, the correlation will not improve, but
instead LSB galaxies will be offset toward the high density end.
There is no room for additional gas self-gravity in the empirical
relation.

4.1.3. Pressure-regulated H2 Formation

The prerequisite to star formation is formation of cold
molecular H2. Many works have highlighted the role of the
stellar gravity in regulating H2 formation (Elmegreen 1993;
Wong & Blitz 2002; Blitz & Rosolowsky 2004, 2006). We
explore here whether the extended Schmidt law actually reflects
the process of H2 production from H i. Quantitatively, the H2-
to-H i mass ratio (Rmol) can be written as a function of pressure
with a power index of γ :

Rmol = H2/H i ∝ P
γ
ext. (11)

Blitz & Rosolowsky (2004) estimate the external pressure Pext
as the mid-plane pressure in an infinite two-fluid isothermal disk
where the gas scale height is much less than the stellar height:

Pext = (2G)0.5Σgasvgas

[
ρ0.5

star +
(π

4
ρgas

)0.5
]

= 0.84(GΣstar)
0.5Σgas

vgas

h0.5
star

= (272 cm−3 K)

(
Σgas

M� pc−2

) (
Σstar

M� pc−2

)0.5

×
( vgas

km s−1

) (
hstar

pc

)−0.5

(k), (12)

where Σgas is the mid-plane gas surface density, vgas is the
vertical velocity dispersion of the gas disk, ρstar is the mid-plane
stellar volume density, ρgas is the mid-plane gas volume density,
Σstar is the mid-plane stellar surface density, hstar is the stellar
scale height, and k is the Boltzmann constant. By assuming
constant vgas for the gas disk and constant hstar for the stellar
disk, Equation (11) has been demonstrated observationally with
γ around 1.0 (Blitz & Rosolowsky 2006). Under this assumption
and that stars form from molecular gas, the star formation
prescription can be written as

ΣSFR = ηH2 ΣH2

τ
= ηH2

τ

Rmol

1 + Rmol
Σgas = ηH2

τ

(Pext/P0)γ

1 + (Pext/P0)γ
Σgas,

(13)

where ηH2 is the fraction of the molecular gas that ends up in
stars, τ is the timescale for the collapse of molecular clouds to
stars, γ= 0.92, and P0/k is 4.3 × 104 cm−3 K as given by
observation in Blitz & Rosolowsky (2006). The

ηH2
τ

is observed
to be a constant (e.g., Gao & Solomon 2004; Wu et al. 2005;
Leroy et al. 2008; Genzel et al. 2010). We now discuss ΣSFR in
two extreme pressure regimes.

1. H i-dominated galaxies (Pext/P0 
 1, Rmol 
 1): the above
equation gives

ΣSFR ∝ (Pext/P0)γ Σgas ∝ Σ0.5γ
star Σ1.0+γ

gas (14)

for constant hstar and vgas. At γ = 0.92, the above equation
predicts roughly the same power index for the Σstar as we
observe but almost two times larger for that of Σgas.

2. H2-dominated galaxies (Pext/P0 	 1, Rmol 	 1): it is
obvious in this regime there is no dependence of ΣSFR on
Σstar, inconsistent with the extended Schmidt law for H2-
dominated circumnuclear star-forming regions and LIRGs.

4.1.4. Pressure-supported Star Formation

The scenario of pressure-supported star formation assumes
that star formation is regulated by the pressure balance between
gas collapse and feedback from stars (Thompson et al. 2005),
i.e., weak stellar feedback leaves the gas collapse unimpeded,
resulting in enhanced star formation, which in turn increases the
feedback to prevent the further gas collapse; strong feedback
prevents the efficient gas collapse, which lowers the amount of
newly formed stars and thus decreases the feedback strength.
Quantitatively, we have

Pext = PSFR. (15)

Thompson et al. (2005) estimate the total pressure from star
formation as a sum of the supernovae feedback and radiation
pressure:

PSFR ≈ (PSN + PRP) ≈ (
5n

−1/4
1 E

13/14
51 + 1

)
PRP

≈ (
5n

−1/4
1 E

13/14
51 + 1

)
εcΣSFR, (16)

where PSN is the pressure from supernova, PRP is the radiation
pressure from massive stars, n1 is the density of the ISM in
the unit of 1 cm−3, E51 is the supernova energy in units of
1051 erg, ε is the conversion efficiency from the stellar mass
into radiation (ε ∼ 10−3 for a Salpeter IMF), and c is the speed
of light. In general quiescent galaxies, the ISM density is low
and the pressure is dominated by supernova, while in LIRGs the
radiation pressure starts to become important or even dominates.
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Using the Equation (12) for Pext, we have

ΣSFR

M� yr−1 pc−2
= 1.9 × 10−10(

5n
−1/4
1 E

13/14
51 + 1

) (
Σgas

M� pc−2

)

×
(

Σstar

M� pc−2

)0.5 ( vgas

km s−1

) (
hstar

pc

)−0.5

.

(17)

Comparing to the observed correlation (Equation (22)), the
above equation produces not only the exact power indices for
both Σstar and Σgas but also a similar constant. The caveat to
this explanation is again offered by the LSB galaxies where the
gas gravity cannot be neglected compared to the stellar term as
shown in Figure 6 and as discussed above.

4.1.5. Summary: Causal or Casual?

We compared the extended Schmidt law to some physical star
formation models including gas free fall in the stellar potential,
pressure-regulated H2 formation, and pressure-supported star
formation. All of the models invoke roles of the existing stars
in star formation through stellar gravity on gas, and the first
and third ones predict not only the same power indices but also
similar normalizations to the data. However, the assumption
that stars dominate the mass seems unreasonable for the LSB
galaxies, at least in the case of hydrostatic equilibrium. On the
other hand, the stellar gravity can affect gas motion critically in
configurations where stars show spatial and velocity differences
from gas, such as stellar bars. An example of this may be seen
in the numerical simulation of gas-dominated merging galaxies
(Hopkins et al. 2009a, 2009b). Springel & Hernquist (2005) and
Robertson et al. (2006) have shown that gas-rich mergers result
in disk galaxies instead of elliptical galaxies. The reason for this
is not just that gas-rich mergers have too much gas to consume
but also that they lack existing stars. Stars are collisionless and
can relax their orbits violently during merging. Gas, on the other
hand, is collisional and cannot relax rapidly, requiring angular
momentum to be removed in order to form stars (Hopkins et al.
2009b). With non-axisymmetric distortion as induced by the
secondary galaxy, the gravity of these stars thus provides the
most efficient way to remove the gaseous angular momentum.
Its efficiency far exceeds those of shock compression, gravity of
the secondary galaxy, and self-gravity of the gas itself. Hopkins
et al. (2009a) have derived an analytic expression that captures
the role of existing stars: fstarburst/fgas ∝ fstar, where fstarburst is the
fraction of the total mass that forms stars, fgas is initial gas mass
fraction, and fstar is initial stellar mass fraction. Determining
whether a similarly critical influence of stars on gas flow and
processing is also obtained in LSB and normal galaxies will
probably require extensive simulations.

Since the physical models of star formation do not translate
directly into the extended Schmidt law, one is not free to interpret
the latter as a causal formula implying that stellar gravity
regulates SFE. Instead, Σstar may be a proxy for other physical
parameters or a combination thereof, signifying regulation by
more subtle or complex physics. Σstar may represent the total
kinetic and/or radiation energy dumped into the ISM by stars
or the total metal enrichment over the galaxy’s history. For
example, the metal abundance is critical in ISM cooling and
formation of dust grains on which H2 can form efficiently.
Theoretical models do confirm the significant deviation of the
KS law in the low-metallicity environment (Krumholz et al.
2009; Gnedin & Kravtsov 2010; Papadopoulos & Pelupessy
2010).

Figure 7. Upper: the evolution of SFR(z) (dotted lines) as predicted by the
KS law for given gas accretion histories (solid lines with the same colors) in
four different halo masses where mhalo,12 is the halo mass at z = 0 in units of
1012M�. Lower: the SFR histories with the extended Schmidt law.

(A color version of this figure is available in the online journal.)

4.2. Implications for the Star-forming Main Sequence

We now discuss the implication of the extended Schmidt
law for galaxy formation and evolution with focus on the main
sequence of star-forming galaxies. Studies have shown that stars
form mainly in the blue star-forming galaxies while there is little
star formation in red galaxies. Such a bi-modality has been well
established through various observations (e.g., Blanton et al.
2003). While red galaxies show a relation between the UV/
optical color and luminosity, the SFRs of blue galaxies are found
to correlate with stellar masses, a relationship with a slope a bit
below unity and a small dispersion of �0.3 dex (Brinchmann
et al. 2004; Elbaz et al. 2007; Daddi et al. 2007; Zheng et al.
2007; Noeske et al. 2007a; Chen et al. 2009; Oliver et al. 2010;
Rodighiero et al. 2010). This so-called main sequence of star-
forming galaxies and its evolution have provided important
constraints on the mechanism driving the rapid evolution of
the cosmic SFR density. For example, an evolving stellar IMF is
able to explain the evolution of the main sequence as proposed
by Davé (2008). A more general interpretation would attempt
to quantify the star formation history (SFH), since

Mstar(z0) ∝
∫ z0

zform

SFR(z)dz = SFR(z0)
∫ z0

zform

SFR(z)

SFR(z0)
dz

= SFR(z0)
∫ z0

zform

SFH(z)dz, (18)

where z0 is the observed redshift of a galaxy, zform is the
redshift where the galaxy starts to form, and SFH is the star
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Figure 8. Observed star-forming main sequence from z = 0 to z = 2 compared to the predictions of implementing either the extended Schmidt law (dashed lines) or
the KS law (dot-dashed lines) into the analytic model of gas accretion in the ΛCDM cosmology.

(A color version of this figure is available in the online journal.)

formation history normalized by the current SFR. Current
numerical simulations and analytic models have difficulties in
producing the observed slope below unity without invoking ad
hoc mechanisms to delay star formation in low mass systems
(Noeske et al. 2007b; Davé 2008; Bouché et al. 2010). This
can be seen from Equation (18). If all galaxies have a similar
smooth shape of SFH and form at the same redshift, then
Equation (18) gives a slope of unity. To have a shallower slope,
the integral of the SFH normalized by the current SFR needs to
be smaller for a lower mass galaxy (see Equation (18)), for
example, zform can be lower for a lower mass galaxy. This
can be also rephrased as shorter characteristic star-formation
timescale or late onset of star formation in a lower mass galaxy.
However, in numerical simulations and semi-analytic models,
the gas accretion is determined by the well-known dark matter
halo growth in ΛCDM cosmology. Thus, SFH is not a free
parameter to adjust (Davé 2008). The growth of the dark matter
halo follows Ṁhalo ∝ Ms

halo with s above unity (e.g., Neistein
& Dekel 2008), which would result in a slope of the main
sequence above unity if the SFR follows that of the dark matter
halo growth. In current models, ad hoc mechanisms are thus
proposed to delay star formation in low-mass galaxies, such as a
very strong feedback or a mass floor below which the gas cannot
be accreted (e.g., Davé 2008; Bouché et al. 2010). Compared to
the KS law that is now widely invoked in numerical simulations
and semi-analytic models, the extended Schmidt law indicates a
slow SFR increase at early times due to the lack of existing stars
and fast evolution at late times for a given gas accretion history.
This naturally introduces a delayed onset of star formation in a
low-mass galaxy, which is the key to explaining the star-forming
main sequence with a slope below unity. In the following, we
show quantitatively that the delayed star formation in a low mass

system is a natural result of star formation that is governed by
the extended Schmidt law.

We follow exactly Bouché et al. (2010) to construct the
growth of the dark matter halo and gas accretion. For a given
gas accretion history, star formation occurs following either the
extended Schmidt law or the KS law. To apply these two laws,
we assume the evolution of the half-light radius (R1/2) from
Papovich et al. (2011). The numerical calculations include four
elements:

1. The dark matter halo growth rate follows:

Ṁhalo = 510Ms
halo,12((1 + z)/3.2)tM� yr−1, (19)

where Mhalo,12 = Mhalo/1012 M�, s = 1.1, and t = 2.2.
2. The gas accretion rate is given by

Ṁgas,in = εinfbṀhalo. (20)

Similar to Bouché et al. (2010), fb is the baryonic fraction
of 0.18. εin is the accretion efficiency that is equal to 0.7
at z > 2.2 where cold accretion mode dominates. Due to
accumulation of stars and hot gas, the accretion efficiency
must decrease with time. For z < 2.2, Bouché et al. (2010)
simply assumed εin = f (z) × 0.7 where f (z) is a linear
function of time with f(2.2) = 1 and f(0) = 0.5. For Mhalo
above 1012 M� where the cold mode accretion is not
important, εin = 0 as discussed by Bouché et al. (2010).
However, we do not introduce a low-mass floor (Mhalo =
1011 M�) below which εin = 0, which is used to fit the
observed main sequence as shown by Bouché et al. (2010).
This is the main difference of our model besides adopting
the extended Schmidt law.
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3. At each redshift, the net gas accretion is given by

Ṁgas = Ṁgas,in − (1 − R) × SFR − Ṁgas,out, (21)

where R is the recycled gas fraction and equal to 0.52 for a
Chabrier IMF in this study. Ṁgas,out = a × SFR is the gas
outflow where a is set to be zero by assuming the outflow
eventually falls back to form stars. Unlike the above two
(Equations (19) and (20)) that are solely determined by the
dark matter growth, this equation will produce different
results for different star formation laws.

4. Star formation follows either the extended Schmidt law:

SFE

yr−1 = 10−10.28

(
Σstar

M� pc−2

)0.48

(22)

or the KS law (using the exponent from the fit in this study):

ΣSFR

M� yr−1pc−2
= 10−9.90

(
Σgas

M� pc−2

)1.38

, (23)

where Σ = 0.5M

πR2
1/2

. Following Papovich et al. (2011), the

half-light radius R1/2(z) is given by

R1/2

kpc
= 1.7

H (z = 4)

H (z)
, (24)

where H (z = 4) = 430 km s−1 Mpc−1.

The above six equations are solved numerically with the
formation zform = 9, where the initial gas and stellar mass are set
to zero, and a series of initial dark matter masses are assumed.
Examples of gas accretion and SFR histories are shown in
Figure 7 for both KS and extended Schmidt laws. With the
KS law, star formation responds only to the accumulated gas
and thus quickly reaches the state where the SFR follows more
or less the gas accretion history at later times (e.g., Papovich
et al. 2011). As shown in Figure 7, the SFHs of different mass
systems are quite similar at z < 7 with similar peak redshift and
slopes on both sides of the peak. This implies a unit slope for
the star-forming main sequence as indicated by Equation (18).
On the other hand, the SFH given by the extended Schmidt
law slowly increases at early time and increases more slowly
for lower mass systems simply as a result of smaller existing
stellar populations. The SFHs peak at lower redshift for lower
mass systems as shown in Figure 7, which naturally introduces a
delay mechanism that is required to explain the main sequence.
The quantitative comparisons to the observed main sequences
in term of SSFR (specific star formation rate) versus Mstar are
shown in Figure 8. While both relations produce more or less the
correct normalizations, the KS law never produces a negative
slope, while the prediction by the extended Schmidt law is
consistent with the observed data from z = 0 all the way up to
z = 2. Such a consistency is reached without introducing ad hoc
mechanisms to delay star formation in low mass systems, unlike
other studies based on the KS law (Noeske et al. 2007b; Davé
2008; Bouché et al. 2010). Figure 9 collects current studies of the
SSFR evolution including both normalization at logMstar/M� =
10 and the slope. In general, these two relations (extended
Schmidt and KS laws), as well as the numerical simulations, all
predict the rapid evolution of the SSFR, which reflects the gas
accretion history. Among them, however, the extended Schmidt
law produces the best match to the observed data, although
a discrepancy still exists at high-z (z > 3). As shown in the

Figure 9. Upper panel: the observed evolution of the specific star formation
rate (SSFR) for Mstar = 1010M� compared to the predictions by the extended
Schmidt (solid lines) and KS laws (dashed lines). The data are taken directly
from the literature except for Stark et al. (2009) where we further correct
the extinction according to the luminosity- and redshift-dependent extinction
correction curve of Bouwens et al. (2009). “SMA” stands for the semi-analytic
model. Lower panel: the evolution of the observed slope (specific SFR ∝ M

slope
star )

as a function of the redshift from different studies. The solid and dashed lines
show the result for the extended and KS laws, respectively, while the blue and
black colors indicate the galaxy size evolution of ∝ (H (z = 4)/H (z)) and ∝
(H (z = 4)/H (z))0.4, respectively. The data points correspond to the following
references described in the legend: Daddi et al. 2007, 2009; Elbaz et al. 2007;
González et al. 2010; Karim et al. 2011; Noeske et al. 2007a; Rodighiero et
al. 2010; Schaerer & de Barros 2010; Stark et al. 2009; Yabe et al. 2009; and
Dunne et al. 2009.

(A color version of this figure is available in the online journal.)

lower panel of Figure 9, although different slopes of the main
sequence have been observed by different studies, all of them
are negative. It is clearly shown that the extended Schmidt law
produces much more consistent values with the observed data
compared with the KS law. The above result about the predicted
slope by the KS law depends little on the numerical values of the
physical parameters invoked in Equations (19)–(24), except for
the s parameter that is unlikely to be below unity. A steeper slope
by the extended Schmidt law can be produced if the galaxy size
evolves slower (∝ (H (z = 4)/H (z))0.4) shown as black lines in
the figure.
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Recently, Dutton et al. (2010) have reproduced the observed
main sequence through the semi-analytical model with the star
formation recipe of the pressure-regulated H2 formation. The
resulting two-power-law star formation relation has the same
slope as the KS one at the high density regime but a much
steeper slope (2.84) at the low density end. This further indicates
that the pure KS law overpredicts the SFR at the early stage of
galaxy evolution. Without imposing ad hoc mechanisms to delay
star formation in a low mass system, the extended Schmidt law
does provide a new way to understand the star-forming main
sequence and its evolution.

5. CONCLUSIONS

1. We demonstrate empirically the existence of a tight corre-
lation between the star formation efficiency (SFE = ΣSFR/
Σgas) and the stellar mass density (Σstar), referred as the ex-
tended Schmidt law. The correlation was derived by looking
for the dependence of ΣSFR on Σgas and Σstar. It has a power
index of 0.48 ± 0.04 and holds over five orders of magni-
tude in the stellar mass density for various types of galaxies
including the LSB ones that deviate significantly from the
KS law.

2. We further show that the extended Schmidt law also applies
to spatially resolved regions at sub-kiloparsec resolution. In
a sample of 12 spiral galaxies, the extended Schmidt law
not only holds for LSB regions but also shows significantly
smaller scatters, a factor of 1.5 and 3 smaller within and
across galaxies, respectively, compared to the KS law.

3. The extended Schmidt law may suggest a critical role
for existing stellar populations in ongoing star formation
activity. Alternatively, it may be a manifestation of more
complex physics where Σstar is a proxy for other variables
or processes. The comparison of the extended Schmidt law
to several simple physical models indicates that models of
gas free fall in stellar gravitational potential and pressure-
supported star formation produce not only the same power
index but also a similar normalization. However, this
success is limited to some cases, and the exact physical
interpretation of the extended Schmidt law needs further
exploration.

4. By applying this extended Schmidt law to an analytic model
of gas accretion in ΛCDM cosmology, the observed main
sequence of star-forming galaxies is well reproduced in the
model without the need for ad hoc mechanisms to delay
star formation in low mass systems.
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