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We employ an analogy to traditional dynamic light scattering to describe the inhomogeneous and
anisotropic diffusion of colloid particles near a solid boundary measured via evanescent wave dy-
namic light scattering. Following this approach, we generate new expressions for the short-time
self- and collective diffusivities of colloidal dispersions with arbitrary volume fraction. We use these
expressions in combination with accelerated Stokesian dynamics simulations to calculate the diffu-
sivities in the limit of large and small scattering wave numbers for evanescent penetration depths
ranging from four particle radii to one-fifth of a particle radius and volume fractions from 10% to
40%. We show that at high volume fractions, and larger penetration depths, the boundaries have lit-
tle effect on the dynamics of the suspension parallel to the wall since, to a first approximation, the
boundary acts hydrodynamically much as another nearby particle. However, near and normal to the
wall, the diffusivity shows a strong dependence on penetration depth for all volume fractions. This is
due to the lubrication interactions between the particles and the boundary as the particle moves rela-
tive to the wall. These results are novel and comprehensive with respect to the range of penetration
depth and volume fraction and provide a complete determination of the effect of hydrodynamic in-
teractions on colloidal diffusion adjacent to a rigid boundary. © 2011 American Institute of Physics.
[doi:10.1063/1.3604530]

I. INTRODUCTION

Dynamic light scattering (DLS) is one of the principle
means of measuring the diffusivity of colloidal dispersions.1, 2

In cases where particles are too small to observe via optical
microscopy and diffuse too quickly to track the trajectory ac-
curately, fluctuations in the density of the dispersion provide
another means of directly observing the particle dynamics.
In a light scattering experiment, one measures the time au-
tocorrelation of the intensity of laser light scattered from the
suspension. The zero-time, small scattering angle limit of the
autocorrelation function is proportional to fluctuations in
number density within the scattering volume, while the full
time-dependent autocorrelation function is termed the inter-
mediate scattering function. The time rate of change of this
quantity is related to the diffusion of the scattering particles
as the rate at which the intensity de-correlates is a measure of
how fast the particles are moving.

This diffusivity is characterized by the time and length
scales inherent to both the scattering experiment and the sys-
tem under study. The scattering angle, related directly to the
wavenumber of the scattered light (denoted q), sets the length
scale over which density fluctuations are probed. Over short
times and a length scale small relative to the particle size, it-
self denoted a, (this is the limit qa → ∞, t → 0), motion of
a single particle is probed, and the short-time self-diffusivity
is measured. Over short-time scales and large length scales
indicative of small angle scattering (qa → 0, t → 0), the

a)Author to whom correspondence should be addressed. Electronic mail:
jswan@caltech.edu.

fluctuations in density are macro-scale and due to the col-
lective motion of particles within the scattering volume. The
measured dynamics are those characterized by the collec-
tive or gradient diffusivity which reflects the Fickian flux
due to a macroscopic gradient in the suspension density. For
long-times and over large length scales (qa → 0, t → ∞),
the long-time collective diffusivity is measured, whereas for
small length scales (qa → ∞, t → ∞) the long-time self-
diffusivity is measured. A comprehensive study of the re-
lationship between fluctuations in the local density of the
suspension and its short-time dynamics was performed by
Rallison and Hinch.3 Similarly, Brady4 continued this line
of investigation in pursuit of the long-time dynamics of the
suspension. The key result for hard-sphere suspensions be-
ing that while the short-time correlation of the fluctuations in
suspension density measure the short-time self-diffusivity, the
long-time correlation is approximately the same rescaled by a
factor related to the suspension microstructure, i.e.,

DS
∞(φ) ≈ DS

0 (φ)

1 + 2φg(2, φ)
, (1)

where DS
∞(φ) and DS

0 (φ) are the long- and short-time
self-diffusivities, φ is the suspension volume fraction, and
φg(2, φ) is a measure of the mean number of neighbors
contacting a particular particle. Experiments employing this
type of light scattering measure the hydrodynamic and struc-
tural properties isotropically and homogenously. Within a par-
ticular scattering volume, there is no mechanism to distin-
guish directionality or spatial variation in the hydrodynamic
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interactions or mean structure—two essential traits of col-
loidal dispersions in confined geometries.

Light scattered by evanescent waves, in contrast, samples
a scattering volume heterogenously because the intensity of
the evanescent wave (before it is scattered) decays exponen-
tially fast with respect to distance from its origin.5 The de-
cay rate is controlled by the so-called evanescent penetration
depth, which parameterizes the measured light scattering in-
tensity autocorrelation while distinguishing inhomogeneities
in the suspension structure and hydrodynamic interactions.
The illumination of the scattering volume is not uniform as
with traditional light scattering but decays exponentially the
deeper the volume penetrates the fluid.

It was Holmqvist et al.6 who showed experimentally
that for very dilute suspensions (less that one-tenth of a per-
cent volume fraction) the scattering due to evanescent waves
also reveals the hydrodynamic anisotropy long anticipated
theoretically.7–11 And indeed, we proposed a more general
theory for the scattering of evanescent waves by Brownian
particles in the short-time regime for suspensions of all vol-
ume fractions which exposes these same features.12 We used
this general theory to predict the dynamics of dilute suspen-
sions and confirmed the predictions by independent experi-
mentation for volume fractions up to 1%. Recent work has
re-derived these same expressions and extended a virial ex-
pansion for the evanescent diffusivity to higher order.13 Fur-
ther comparison between Stokesian Dynamics simulations
and experiments has been made for volume fractions up to
42%,14 though the complete details of the theory appear for
the first time in the subsequent text. It was reserved until a
comprehensive set of data for the short-time self- and collec-
tive diffusivities for a wide range of volume fractions and pen-
etration depths was prepared.

The article proceeds in the following manner. In
Sec. II, we derive expressions for the evanescent wave dy-
namic light scattering (EWDLS) diffusivities using an ele-
mentary approach derived from traditional light scattering
analysis. In Sec. III, we describe the simulation methods
implemented for modeling the hydrodynamic interactions
among the particles using the Stokesian Dynamics method
for suspensions bound within a channel. We also explain how
both the static and dynamic measurements of the evanescent
wave diffusivities may be made, though only the static ap-
proach is employed presently. In Secs. IV and V, we present
the results of our simulations (the short-time self- and collec-
tive diffusivities) as a function of volume fraction and evanes-
cent penetration depth and offer some physical interpreta-
tions of these results while concluding with a discussion of
the applications for and experimental implications of this new
technique.

II. ANALYTICAL TECHNIQUES

When a laser strikes the interface between a glass plane
with refractive index n1 and a solution with refractive index
n2 at a sufficiently high angle (measured with respect to the
surface normal) such that it is totally reflected, an evanes-
cent wave is formed on the solution side of the interface (see
Fig. 1). This evanescent wave decays exponentially with

FIG. 1. An example of an EWDLS cell with the incident and scattering an-
gles specifically labeled.

distance from the interface and scatters off the particles in the
solution. The intensity of the scattered electric field due to a
particle α is

Eα(q, t ; κ) = I0e− κ
2 e3·xt

α+iq·xt
α , (2)

where I0 is the intensity of the unscattered field, κ/2 is the in-
verse penetration depth of the evanescent wave governing the
rate of exponential decay, e3 is the unit vector normal to the
reflecting boundary, xt

α is the position of particle α relative to
the wall at time t, and q is the difference between the incident
and scattered beams. The penetration depth of the evanescent
wave is a well-defined quantity that depends on the angle at
which the incident beam strikes the interface, θi , the vacuum
wavelength of the laser, λ0, and the refractive indices of the
materials, viz.,

κ

2
= 2π

λ0

√
(n1 sin θi )2 − n2

2. (3)

Again, an evanescent wave is only emitted when the angle
of incidence is greater than the critical angle, denoted θc and
given by

θi > θc = arcsin

(
n1

n2

)
. (4)

One example of this process in a hemispherical experimental
cell is illustrated in Fig. 1.

Because of the coherence of laser light, and in the limit
that there is no multiple scattering, we can write the intensity
of the beam scattered by many particles, E(q, t ; κ), as a linear
superposition of that scattered by each individual particle,

E(q, t ; κ) =
N∑

α=1

I0e− κ
2 e3·xt

α+iq·xt
α =

N∑
i=1

I0eik·xt
α , (5)

where we have defined an effective, complex wave vector k,

such that

k = q + i
κ

2
e3. (6)

This effective wave vector will prove especially convenient
in connecting the light scattering experiments to the dynam-
ics of the suspension. It also corresponds to one particu-
larly interesting interpretation of evanescent waves. Rather
than having a real-valued wave vector, such as a typical
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electromagnetic wave, an evanescent wave has a complex-
valued wave vector. This view is useful in that the conven-
tional light scattering prescription1 for measuring particle
dynamics can be followed with virtually no deviation. We
derive the dynamics measured by evanescent waves in detail
anyhow.

As in many light scattering experiments, the connection
to the dynamics of the scattering medium is made through the
time autocorrelation of the intensity of the scattered beam.
The conjugate of the electric field intensity, Ē(q, t ; κ), is
simply

Ē(q, t ; κ) =
N∑

i=1

I0e− κ
2 e3·xt

α−iq·xt
α =

N∑
α=1

I0e−i k̄·xt
α , (7)

and depends on the conjugate of the evanescent wave vector
(k̄) instead of the wave vector itself as in conventional light
scattering: k̄ = q − iκ/2e3.

We now concern ourselves with the correlation of the
scattered electric field with its complex conjugate averaged
over a large number of particle configurations or realizations.
This is often called the intermediate scattering function and
we denote it as F(q, t ; κ), viz.,

F(q, t ; κ) = 〈[E(q, t ; κ) − 〈E(q, t ; κ)〉]
× [Ē(q, 0; κ) − 〈Ē(q, 0; κ)〉]〉/I 2

0

=
〈

N∑
α,β=1

eik·xt
β−i k̄·x0

α

〉
−

〈
N∑

α=1

eik·xt
α

〉〈
N∑

β=1

e−i k̄·x0
β

〉
.

(8)

The angular brackets denote an average over a large number
of configurations of scattering particles in solution. This may
be represented mathematically as an integral over the quan-
tity in the brackets multiplied by the probability of finding the
particles in that configuration. We make one additional sim-
plification by noting that the particles in the solution are not
tagged and may be thought of as identical. With this, we write
the intermediate scattering function as

F(q, t ; κ) = 1

(N − 1)!

∫
[eik·xt

1 + (N − 1)eik·xt
2 ]

× e−i k̄·x0
1 Pt,0

N dxN ,t dxN ,0

− δ [(I − e3e3) · k] G(q⊥, t ; κ)Ḡ(q⊥, 0; κ), (9)

where Pt,0
N is the joint probability of finding all N particles in

the configuration denoted xN ,t at time t and in configuration
denoted xN ,0 initially and q⊥ = e3 · q. The factor proportional
to δ [(I − e3e3) · k], a delta function, is the square of

G(q⊥, t ; κ) =
∫

eiq⊥z−κzn(z, t)dz, (10)

where n(z, t) is the density distribution of the suspension as
a function of the coordinate normal to the wall (z). We as-
sume for the remainder of the article that the process being
probed is stationary so that n(z, t) is constant in time. The
same factor, |G(q⊥, t ; κ)|2δ [(I − e3e3) · k], arises in conven-
tional light scattering theory as 〈N 〉2 δ(q) and is here gen-
eralized to EWDLS. We will investigate the peculiarities of

its form as well as its significance after developing the full
theory. For convenience, we define a new probability distri-
bution P̂ t

N , such that

P̂ t
N =

∫
Pt |0

N e−i k̄·x0
1 P0

N dxN ,0, (11)

where Pt |0
N is the conditional probability of finding the parti-

cles in configuration xN ,t at time t given they began in config-
uration xN ,0, and P0

N is the probability of finding the particles
in configuration xN ,0 initially. Using this, we rewrite the in-
termediate scattering function as

F(q, t ; κ)= 1

(N − 1)!

∫
[eik·xt

1 + (N − 1)eik·xt
2 ]P̂ t

N dxN ,t

− δ [(I − e3e3) · k] G(q⊥, t ; κ)Ḡ(q⊥, 0; κ).

(12)

Consider first the contribution to the intermediate scatter-
ing function due only to the correlation of scattering from a
single particle, called the self-intermediate scattering function

FS(q, t ; κ) = 1

(N − 1)!

∫
eik·xt

1 P̂ t
N dxN ,t

−δ [(I − e3e3) · k] G(q⊥, t ; κ)Ḡ(q⊥, 0; κ). (13)

The intermediate scattering function then can be written as

F(q, t ; κ) = FS(q, t ; κ) + 1

(N − 2)!

∫
eik·xt

2 P̂ t
N dxN ,t .

(14)
In the limit that t → 0, the probability density P̂ t

N becomes

P̂ t
N =

∫
δ(xN ,t − xN ,0)e−i k̄·x0

1 P0
N dxN ,0, (15)

where we have made the substitution Pt |0
N = δ(xN ,t − xN ,0) as

t approaches zero. Therefore, we write the self-intermediate
scattering function at t = 0 as

FS(q, 0; κ) = 1

(N − 1)!

∫
e−κe3·x0

1 P0
N dxN ,0 (16)

− δ [(I − e3e3) · k] G(q⊥, 0; κ)Ḡ(q⊥, 0; κ),

and the intermediate scattering function at t = 0 as

F(q, 0; κ) = FS(q, 0; κ) (17)

+ 1

(N − 2)!

∫
eik·(x0

2−x0
1)−κe3·x0

1 P0
N dxN ,0.

Recognize that the integrand of the zero-time self-
intermediate scattering function is a probability density
weighted by the exponential decay of the evanescent wave.
We can see this more clearly by rewriting it as

FS(q, 0; κ) =
∫

e−κe3·x0
1 P0

1 dx0
1 (18)

− δ [(I − e3e3) · k] G(q⊥, 0; κ)Ḡ(q⊥, 0; κ),

where P0
1 is the probability of finding a particle at location x0

1
initially. This is calculated by averaging the initial probability
density over the positions of the other N − 1 particles, viz.,

P0
1 = 1

(N − 1)!

∫
P0

N dxN−1,0. (19)
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Similarly, the zero-time intermediate scattering function is

F(q, 0; κ) = FS(q, 0; κ) +
∫

eik·(x0
2−x0

1)−κe3·x0
1 P0

2 dx0
1 dx0

2,

(20)

where P0
2 is the probability of finding a pair of particles at

positions x0
1 and x0

2 initially such that

P0
2 = 1

(N − 2)!

∫
P0

N dxN−2,0. (21)

Were this conventional light scattering (κ → 0), we
would recognize the quantity F(q, 0; 0) as the static structure
factor (S(q)); however, because this is the correlation of scat-
tering by an evanescent wave, the integrand of the static struc-
ture factor is modulated by an exponential decay. These static
quantities are measurements of the configuration of the scat-
tering particles only and contain no information about their
dynamic behavior. Here, we redesignate the zero-time inter-
mediate scattering function as the evanescent static structure
factor and denote it S(q, κ).

Consider now, the time derivative of the self-intermediate
scattering function

∂

∂t
FS(q, t ; κ) = 1

(N − 1)!

∫
eik·xt

1
∂ P̂ t

N

∂t
dxN ,t . (22)

To describe this quantity further, we require information about
how the conditional probability density changes as a func-
tion of time. This can be obtained from the N -particle Smolu-
chowski equation

∂ Pt |0
N

∂t
+

N∑
α=1

∇xt
α
· jα = 0, (23)

where jα is the flux of probability density associated with the
inter-particle and thermal forces on particle α given by

jα =
N∑

β=1

Mαβ · (
FP

β − kT ∇xt
β

log Pt |0
N

)
Pt |0

N . (24)

Here, Mαβ is the hydrodynamic mobility tensor coupling
forces on particle β to the velocity of particle α in the pres-
ence of the wall, FP

β is the inter-particle force on particle
β due to non-hydrodynamic interactions with other particles
and with the wall, and kT is the thermal energy (an external
force or a shearing motion could also be added to FP

β ). The
mobility tensor is a purely geometric quantity that describes
the motion of the particles in the fluid domain bounded by
the wall. The additional resistance and hydrodynamic screen-
ing associated with particle motion in bounded geometries is
included explicitly in these terms. Multiplying these expres-
sions by exp(−i k̄ · x0

1)P0
N and integrating over the initial con-

figuration allows us to write a differential equation for the
modified probability density

∂ P̂ t
N

∂t
= −

N∑
α=1

∇xt
α
· ĵα, (25)

where ĵα is defined by analogy with P̂ t
N (see Eq. (15)). Sub-

stituting this into Eq. (22), integrating by parts and noting that

the flux of particles decays to zero far away (and at particle-
particle or particle-wall contact) yields

∂

∂t
FS(q, t ; κ) = 1

(N − 1)!

∫
eik·xt

1 ik · ĵ1 dxN ,t . (26)

A similar set of manipulations allows us to write the time
derivative of the intermediate scattering function as

∂

∂t
F(q, t ; κ)= ∂

∂t
FS(q, t ; κ)+ 1

(N − 2)!

∫
eik·xt

2 ik · ĵ2 dxN ,t .

(27)

If we assert that the suspension was initially in equilib-
rium such that

P0
N ∼ Peq

N ∼ e−V/kT , (28)

where Peq
N is the equilibrium probability density (adjacent to

the wall) and FP
β = −∇xβ

V , then the zero-time fluxes are

ĵ1

∣∣∣
t=0

= ikT M11 · k̄P̂ t
N

∣∣
t=0 (29)

and

ĵ2

∣∣∣
t=0

= ikT M21 · k̄P̂ t
N

∣∣
t=0 . (30)

Implicit in the definition of the inter-particle force above is the
fact that a shearing motion cannot be admitted. There are ap-
proaches to including this physical behavior in the light scat-
tering construction though we do not take them up here.19, 20

Therefore, by writing the usual zero-time scattering function
operation—the time derivative of the logarithm of the scat-
tering autocorrelation—we find that for the self-intermediate
scattering function

∂

∂t
log FS(q, 0; κ) = −

∫
k · D11 · k̄e−κe3·x0

1 P0
N dxN ,0∫

e−κe3·x0
1 P0

N dxN ,0
, (31)

where we have substituted the diffusivity for the mobility:
D = kT M. The denominator of Eq. (31) does not contain
any factors proportional to the mean scattering intensity G
because we have implicitly taken the q → ∞ limit (self-
diffusion). By the Riemann-Lebesgue lemma, the Fourier
transformation of a square integrable function in the high fre-
quency limit is zero. This is the form of the single particle
diffusivity measured in the dilute limit by Holmqvist et al.6

via a cumulant expansion. However, our general expression
(Eq. (31)) applies for all volume fractions, φ. Equation (31)
gives an “evanescent-mean” short-time self-diffusivity that
depends on the volume fraction of the particles, the orienta-
tion of the scattering wave vector and the penetration depth.

It is more natural to express this mean diffusivity in terms
of parallel and perpendicular diffusivities

DS
0 (φ, q, κ) = − 1

k · k̄

∂

∂t
log FS(q, 0; κ)

=
q2

‖
〈
DS

‖
〉 + (

q2
⊥ + κ2

4

) 〈
DS

⊥
〉

q2
‖ + q2

⊥ + κ2

4

, (32)

where q · q = q2
‖ + q2

⊥, q⊥ = q · e3,

DS
‖ (φ, κ) =

∫
D11 : (I − e3e3)e−κe3·x0

1 P0
N dxN ,0∫

e−κe3·x0
1 P0

N dxN ,0
(33)
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and

DS
⊥(φ, κ) =

∫
D11 : e3e3e−κe3·x0

1 P0
N dxN ,0∫

e−κe3·x0
1 P0

N dxN ,0
. (34)

The component of the parallel diffusivity is written in terms
of the parallel dyads of D11 (proportional to I − e3e3), which
assumes that the suspension structure and hydrodynamics are
transversely isotropic. This result again matches with that of
Holmqvist et al.,6 but the diffusivities parallel and perpendic-
ular to the wall are now averaged over the positions of all the
particles and not just the scattering test particle. In the dilute
limit, φ → 0, the initial probability density P0

N is such that
the positions of all the particles are completely uncorrelated,
subject to the requirement that the particles must reside above
the plane wall. We are hardly restricted to this limit however,
and the above expression is valid over the entire range of vol-
ume fractions. Thus, we can probe not just the single particle
diffusivity, but the short-time self-diffusivity of one particle
immersed in a sea of other particles at any concentration.

Similarly, the time derivative of the logarithm of the in-
termediate scattering function becomes

∂

∂t
log F(q, 0; κ)

= − 1

(N − 1)!F(q, 0; κ)

×
∫

k · [
D11 + (N − 1)D21eik·(x0

2−x0
1)

] · k̄e−κe3·x0
1 P0

N dxN ,0.

(35)

This is a natural description of what is termed the wave vector
dependent diffusivity, D(φ, q, κ), which is a function of the
wave vector, the volume fraction and the penetration depth.
Again, this differs from conventional light scattering in the
sense that this is an “evanescent-mean” diffusivity, which
is an exponentially weighted average of the self- and inter-
particle mobilities of particles at different distances from the
wall. We write this diffusivity explicitly as

D(φ, q, κ) = − 1

k · k̄

∂

∂t
log F(q, 0; κ)

=
q2

‖ 〈D∗〉 +
(

q2
⊥ + κ2

4

)
〈D⊥〉

q2
‖ + q2

⊥ + κ2

4

, (36)

where
D∗(φ, q, κ) (37)

= 1

(N − 1)!F(q, 0; κ)

∫ [
D11 + (N − 1)D21eik·(x0

2−x0
1)

]

:

(
kk̄ −

(
q2

⊥ + κ2

4

)
e3e3

)
1

q2
‖

e−κe3·x0
1 P0

N dxN ,0

and

D⊥(φ, q, κ) (38)

= 1

(N − 1)!F(q, 0; κ)

∫ [
D11 + (N − 1)D21eik·(x0

2−x0
1)

]
: e3e3e−κe3·x0

1 P0
N dxN ,0.

In conventional light scattering, the collective diffusivity
is recovered in the limit that q → 0. Applying the same limit
here forces D∗(φ, q; κ) to zero leaving the near-wall collec-
tive diffusivity

DC
0 (φ, κ) =

∫ [
D11e−κe3·x0

1 + (N − 1)D21e− κ
2 e3·(x0

2+x0
1)

]

: e3e3 P0
N dxN ,0

/{∫ [
e−κe3·x0

1 + (N − 1)

× e− κ
2 e3·(x0

2+x0
1)

]
P0

N dxN ,0

− G (0, 0; κ) Ḡ (0, 0; κ)

}
, (39)

which measures the collective hydrodynamics of a suspen-
sion but only in the direction normal to the wall. The evanes-
cent wave is unable to recover information about the paral-
lel wall dynamics in the zero scattering angle limit because
the decaying intensity of the scattered wave screens out the
correlation of any in-plane density fluctuations. Effectively,
the averaged hydrodynamics parallel to the wall are O(q)
and small. They make no measurable contribution as they
are overwhelmed by perpendicular fluctuations. The collec-
tive diffusivity measured by evanescent wave spectroscopy is
a sum of the self-diffusivity contribution (D11) weighted ex-
ponentially by the distance of a single particle from the wall
and the inter-particle contribution (D21) weighted exponen-
tially by the mean distance of any two particles from the wall.
In the limit that κ → 0 we see that indeed, the typical collec-
tive diffusivity is recovered.

Equations (33), (34), and (39) are new statistical descrip-
tions of what is measured in dynamic light scattering ex-
periments utilizing evanescent waves. These expressions also
have the same form as those introduced by Brady4 for con-
ventional dynamic light scattering. Namely, they represent the
ratio of a hydrodynamic quantity (a weighted average of D) to
a thermodynamic quantity (a structure factor). These expres-
sions are valid over the whole range of volume fractions and
can be used to interrogate directly the results of EWDLS ex-
periments on bounded particles for near-wall diffusivities as
well as the results of computational simulations of systems
with analogous particles and geometries. Of course, the ideal
system for study would be an infinite suspension above a sin-
gle solid wall. However, this is impossible to realize both ex-
perimentally and computationally. Instead, we simulate parti-
cles in a parallel wall channel knowing that in the limit that
the separation between the channel walls becomes large this
approximates the single wall system.

III. SIMULATION METHODS

A. Stokesian dynamics

In the following, we briefly describe the Stokesian dy-
namics method and refer the reader to more detailed ar-
ticles when the computational material is beyond the cur-
rent purview. For a collection of small colloidal particles of
negligible Stokes number (St = Reρp/ρ f ), where Re is the
Reynolds number, ρp is the density of the particles, and ρ f is
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the density of the fluid), the sum of the forces on the particles
are approximately equal to zero, viz.,

0 = FH + FO , (40)

where FH is the hydrodynamic force on the particles and FO

is any other force on the particles (e.g., Brownian forces and
gravitation). As the hydrodynamic force on the particles is re-
lated linearly to the particle velocities, the key element of all
low-Reynolds-number hydrodynamic simulations is the cal-
culation of this linear couple—the resistance tensor: RFU , or
its inverse, the diffusivity: D = kT R−1

FU . One method of cal-
culating this, the Stokesian dynamics technique,15 separates
the hydrodynamic interactions into two classes: near-field and
far-field. In the near-field, the hydrodynamic forces required
for relative motion of particles in the fluid are asymptotically
large and therefore, the interactions can be treated as pairwise.
In the far-field, however, the hydrodynamic interactions are
long-ranged (scaling as r−2 in the presence of a macroscopic
boundary, where r is the distance between particles). As such,
the far-field hydrodynamic interactions are many bodied.

The Stokesian dynamics technique determines two sets
of forces due to the near- and far-fields, respectively, sub-
ject to the constraint that the resulting rigid-body motion of
the particles is consistent with both sets of forces. The de-
tails are beyond the purview of this article; however, the
work by Sierou and Brady16 is comprehensive in its devel-
opment of the method for unbounded systems. Similarly, we
refer the reader to the article by Swan and Brady18 and the
dissertation17 which describe in detail the modeling of the
hydrodynamic interactions among many particles in a sus-
pension between macroscopic boundaries. Additionally, it
describes an accelerated Stokesian dynamics technique for
computing these interactions with O(N log N ) computational
operations. This is quite rapid given the long-ranged nature of
hydrodynamic interactions.

With this approach, we are free to explore the diffusive
motion of particles confined between parallel walls in the
short-time limit (or at any time via dynamic simulations).
We intend to use EWDLS to measure the dynamics of the
suspension between the walls, and the full range of penetra-
tion depths may be explored. However, for practical reasons it
makes sense to only consider penetration depths smaller than
H/2, where H is the width of the channel so that we probe
the dynamics near the walls and over half the channel. This
provides an opportunity to actually multiplex the data by con-
sidering the hypothetical situation, where evanescent waves
originate from both the top and bottom walls of the channel.

B. Measurement techniques

Using the simulation techniques described in the previ-
ous subsection, we seek to determine the evanescent short-
time self- and collective diffusivities of a dispersion bound
between a pair of walls. This can be accomplished us-
ing both static and dynamic measurements. We describe in
Sec. III B 2 the dynamic measurement technique though we
do not employ it here as it measures the same quantities but is
more computationally intensive than the static approach.

1. Static measurements

A static measurement of the evanescent short-time diffu-
sivity is made by considering the averages in Eqs. (33), (34),
and (39) as ensemble averages of the particle velocities due to
forces proportional to the evanescent exponential in each re-
spective case. For instance, DS

‖ (φ, κ) is the ensemble average
of the velocity of one particle parallel to the wall due to a force
on that particle only, in that same direction and of magnitude
exp(−κz)/ 〈exp(−κz)〉, where z is the height of the particle
above the wall, viz.,

DS
‖ (φ, κ) = kT e1 ·

〈
M11 · e1

e−κz

〈e−κz〉
〉
. (41)

A similar physical interpretation can be developed for
DS

⊥(φ, κ), such that

DS
⊥(φ, κ) = kT e3 ·

〈
M11 · e3

e−κz

〈e−κz〉
〉
. (42)

The products M11 · e1 exp(−κz) and M11 · e3 exp(−κz) are
easy to simulate using the methods we described above. One
simply proposes that a particle in a particular configuration
is forced either parallel or perpendicular to the wall with the
appropriate magnitude and then measures the velocity of that
particle in the same direction. This calculation is repeated for
all the particles in the configuration and the results are av-
eraged. Multiple configurations are generated since the sim-
ulations are finite in size, and the same results for all con-
figurations are combined to form the ensemble average. The
particles are never moved: however, as the ensemble average
is calculated in this strictly static manner.

This approach requires N inversions of RFU per config-
uration and is quite slow. However, we can multiply the data
recovered from a single inversion by appealing to a stochas-
tic technique similar to the one developed by Sierou and
Brady.16 Let ξi be a random, N -dimensional vector such that
〈ξiξ j 〉 = δi j and apply a force to each particle such that parti-
cle i is forced with magnitude ξi exp(−κzi/2) in the e1 direc-
tion. We denote this force on the particles as S and recognize
that the parallel short-time self-diffusivity is simply

DS
‖ (φ, κ) = kT

〈
S · R−1

FU · S
〉

〈S · S〉 , (43)

where the ensemble average is now over configurations and
instantiations of the randomly distributed forces. A similar ex-
pression for DS

⊥(φ, κ) can be developed if all the forces are in
the e3 direction.

By analogy with the previous expression, consider what
happens when the forces on the particles have deterministic
magnitude exp(−κzi/2). If the forces all point in the e3 direc-
tion, then the short-time collective diffusivity may be written
in exactly the same manner, viz.,

DC
0 (φ, κ) = kT

〈
C · R−1

FU · C
〉

〈C · C 〉 − 〈C 〉 · 〈C 〉 , (44)

where C is the collection of the forces on all the particles.
These results demonstrate how flexible the light scattering
approach to colloid dynamics can be. The evanescent wave
samples the suspension as though it were a series of forces
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proportional to S,C and of precisely the right magnitude to
yield these particular self- and collective motions of particles.
This physical interpretation can be applied to DLS as well,
but it is surprising that it translates so directly to EWDLS.
Interestingly, the radiation pressure exerted by the scattered
light is proportional to q exp(ik · x). Therefore, while this ap-
proach has decomposed the directionality of the scattering, it
can be interpreted as measuring the response of the particle to
the forcing from radiation pressure. While the scattering may
be isotropic so that no net force is imposed on the particle,
from a ray-optic perspective, there is indeed a force and the
correlated response to that force is the diffusivity. In that way,
light-scattering may be thought of as an experimental asser-
tion of the fluctuation-dissipation theorem and realization of
the linear response regime.

2. Dynamic measurements

Given that the Brownian trajectories of the particles may
be computed via dynamic simulation, we seek to measure the
intermediate scattering function for a given penetration depth
and through that, the evanescent diffusivities. To that end, we
are free to choose an evanescent wave vector that will suit our
purposes, and because the intermediate scattering function at
short times is a convolution of the parallel and perpendicu-
lar diffusivities, we must select two independent wave vec-
tors. Since the collective diffusivity comes from the q → 0
limit of the scattering function, we choose q = 0. This also
allows for the direct computation of DS

⊥(φ, κ). To measure
DS

‖ (φ, κ), any other non-zero value of q‖ will suffice. There-
fore, we choose q‖ = 1 and q⊥ = 0. With these particular val-
ues for the wave vector, one may perform dynamic simula-
tions or experiments and compute the following averages us-
ing the known trajectories of particles α and β, xt

α and xt
β ,

respectively,

FS(0, t ; κ) =
〈

N∑
α=1

e− κ
2 e3·[xt

α+x0
α ]

〉
, (45)

FS(e1, t ; κ) =
〈

N∑
α=1

eie1·[xt
α−x0

α ]− κ
2 e3·[xt

α+x0
α ]

〉
, (46)

and

F(0, t ; κ) =
〈

N∑
α,β=1

e− κ
2 e3·[xt

α+x0
β ]

〉
−

〈
N∑

α=1

e− κ
2 e3·x0

α

〉2

. (47)

Clearly the time derivative of the logarithm of these func-
tions at t = 0 are the evanescent diffusivities (perpendicular,
Eq. (45); parallel plus the perpendicular component which is
independently determined, Eq. (46) and collective, Eq. (47)).
For conventional light scattering, the same procedures apply,
though only one scattering wave vector is needed since the
hydrodynamics and structure of a bulk suspension with vol-
ume fraction less than 0.494 are isotropic. For unbounded sys-
tems, the long-ranged hydrodynamic interactions are not con-
vergent (D12 ∼ r−1), so that the collective diffusivity (q = 0)
cannot be determined directly. Rather, the zero-wave-vector-
limit is extrapolated from the wave vector dependent diffu-

sivity for several small, non-zero values of the wave vector.20

In the bounded geometry, the hydrodynamic interactions are
convergent (e3 · D12 · e3 ∼ r−3), so that no extrapolation is
necessary. The collective diffusivity is directly measurable.

IV. RESULTS

Simulations for suspensions of volume fractions between
10% and 40% were performed in a channel of 12 particle radii
in width. Equilibrium, hard-sphere configurations of particles
were generated via a Monte Carlo method for volume frac-
tions up to 30% and via a molecular dynamics algorithm for
more dense systems.21 In the region near the walls, the dy-
namics of a suspension are largely governed by lubrication
interactions corresponding to the drag induced by the wall it-
self. These hinder the suspension asymptotically such that the
self-diffusivity of a particle near a wall scales at its slowest
such as z − a (the nearest distance between the particle’s sur-
face and the wall). In this range, there is a weak dependence
of the hydrodynamics on the channel width. In the results fol-
lowing, the penetration depth is such that the bulk of the sus-
pension sampled is in this near-wall region (i.e., κ H/2 > 1).
Therefore, the effect of the channel width on the hydrodynam-
ics is minimal (no more than 10% as determined by compar-
ison with results from larger channels, not shown). Similarly,
the near-wall structure has a weak dependence on the chan-
nel width for the volume fractions studied. We avoided vol-
ume fractions larger than 40% because in unbounded colloidal
dispersions there is a phase boundary at which the suspen-
sion would crystallize were it only 10% more concentrated.
The confinement introduces ordering which may propagate
via this same mechanism throughout the channel. While the
theory and simulations may be used for any channel width and
volume fraction, those chosen for this study are appropriate as
a model of the single wall system.

The diffusivity computed via simulation of periodic sus-
pensions (bounded or unbounded) has a strong dependence on
the size of the periodic simulation cell. It was observed that in
channels an aspect ratio of at least two-to-one periodic length
to channel width is necessary to get within 5% of the diffusiv-
ity in an aperiodic suspension.18 As such, the number of par-
ticles simulated (between 300 and 800) is such that the sim-
ulation cell always exceeds this aspect ratio. For reference, at
least 200 realizations of the equilibrium suspension configu-
ration were used in computing the hydrodynamic contribution
to the self- and collective diffusivities. Meanwhile, the struc-
ture factors were calculated using more than 3000 realizations
of the equilibrium microstructure. The 95% confidence inter-
val associated with these samples was always smaller than 8%
of the measured value. Error bars are omitted from the figures
for clarity, though a confidence interval of 8% defines a nar-
row envelope around each data set.

In the limit of large scattering wave vector, the initial
slope of the intermediate scattering function is the short-time
self-diffusivity. In Fig. 2, this is plotted for various values of
penetration depth and volume fraction. Because of the nearby
wall, the diffusivity is anisotropic, and the components par-
allel and perpendicular to the channel wall are distinct. In
this case, and for all volume fractions, the near-wall region is
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FIG. 2. The evanescent short-time self-diffusivity parallel and normal to the
bounding wall plotted as a function of the penetration depth and bulk suspen-
sion volume fraction. These are the result of simulations in a channel which
is 12 radii in width. It has been shown that the effect of a finite channel width
on both the structure and the self-diffusivity is minimal for this range of vol-
ume fractions [see, e.g., Ref. 18]. The error is estimated to be less than 8% of
the reported value.

dominated by the lubrication interactions between the parti-
cle and the walls. Therefore, the expectation is that the short-
time self diffusivity will scale as log(κa)−1 and (κa)−1 in the
limit that κa → ∞, for the parallel and perpendicular compo-
nents, respectively. This holds for all volume fractions studied
though the coefficient of proportionality varies as the particles
surrounding the near-wall region, though not directly probed,
act as an effective, extra viscous medium.

The self-diffusivity can be computed via direct simula-
tion or observed via optical microscopy as a function of the
distance from a wall by measuring the mean force required
to move any particle in the suspension of a short distance.
The ratio of the particle velocity to the force applied is the
short-time self-diffusivity which must be averaged condition-
ally with respect to that particle’s position in the channel and
is denoted D̄S

0 (φ, z). The evanescent diffusivity is then

DS
0 (φ, κ)=

∫
D̄S

0 (φ, z) exp(−κz)n(z) dz

/∫
exp(−κz)n(z) dz,

(48)

such that this transformation allows for the direct comparison
of short-time self-diffusivities measured via evanescent wave
dynamic light scattering and optical microscopy. Note that ex-
tremes in the number density have a deceiving effect on the
evanescent wave short-time self-diffusivity as it is in the nu-
merator and denominator of the above expression and would
appear to be irrelevant. Instead, extremum in the density (for
instance at higher volume fractions) heavily weight the diffu-
sivity with respect to the layering of particles known to oc-
cur near a wall. That is, the diffusivity is sampled preferen-
tially at positions very near contact with the wall, in the region
where the second layer of particles forms, etc. The extremum

retard the self-diffusion at high volume fractions because of
the larger numbers of particles in the near-wall region.

It is important to note that the conventional means of
determining the short-time self-diffusivity via dynamic light
scattering: evaluating the wave vector dependent diffusivity
at qa ∼ 4 for hard-spheres, may not apply.22 In particular, the
perpendicular component of the short-time self-diffusivity is
determined by setting, q‖ = 0. The static structure factor in
this case, FS(q, 0; κ), is

〈exp(−κz)〉 − 〈exp[−(iq⊥ + κ/2)z]〉2 . (49)

In the limit of large q⊥, the contribution due to the mean scat-
tering intensity (second term in Eq. (49)) tends to zero so that
the structure factor becomes 〈exp(−κz)〉 (the limiting value
desired for computing the self-diffusivity, Eq. (34)). However,
the contribution due to the square of the mean scattering in-
tensity decays as (q2

⊥ + κ2/4)−1. This slow decay may be un-
desirable experimentally where the maximum scattering an-
gle is limited by practical considerations. The conventional,
q⊥a = 4, may not be large enough for the structure factor to
reach its limiting value.

Introducing a small but finite q‖ reduces the value of the
mean scattering intensity. This additional parallel component
to the scattering wave vector acts as a Fourier transformation
of the particle number density transverse to the boundary. If
the suspension is transversely isotropic, there are no spatial
variations in the number density in the parallel direction so
that this transformation is zero. This eliminates any contri-
bution to the static structure factor belonging to the mean
scattering intensity. There are two limitations that bound the
value of q‖, such that an accurate measurement of the per-
pendicular self-diffusivity can be made. First, in the limit that
q‖ � q⊥ the hydrodynamic contribution to the diffusivity is
dominated by the perpendicular component. Second, in or-
der for the mean scattering intensity to go to zero, q‖L must
be at least of order unity, where L is the lateral extent of
the scattering volume. That is, the scattered wave must fluc-
tuate several times across the scattering volume to give the
zero average, we anticipate from a Fourier transformation of
the transversely isotropic number density. If the wave oscil-
lates less than once transversely across the volume, then there
will be a finite contribution due to the mean volume fraction.
This is exactly what happens when q‖ is identically zero. A
more detailed study is required to determine if the heuristic,
qa ∼ 4, for finding the self-diffusivity from experimental data
still holds for EWDLS. Recent simulations and measurements
of the wave-vector-dependent, evanescent diffusivity suggest
this heuristic does not generalize.14

In the limit of small scattering wave-vector, the evanes-
cent short-time collective diffusivity is measured—it is plot-
ted in Fig. 3. The evanescent collective diffusivity is a bit pe-
culiar when compared with that for the bulk as it only has
components normal to the nearby wall. The evanescent wave
selectively weights the probability distribution along that di-
mension. The hydrodynamic contribution to the collective dif-
fusivity (the sedimentation rate toward the wall weighted by
the evanescent decay, or the EWDLS collective diffusivity
multiplied by the static structure factor) decreases with in-
creasing volume fraction for κa < 2.5, while the opposite
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FIG. 3. The evanescent collective self-diffusivity plotted as a function of the
penetration depth and bulk suspension volume fraction. These are the result
of simulations in a channel which is 12 radii in width. It has been shown that
the effect of a finite channel width on both the structure and the sedimentation
rate in the channel is minimal for this range of volume fractions [see, e.g.,
Ref. 18].

trend is observed for smaller penetration depths (not shown).
This is contrary to the trend for the sedimentation rate itself,
which decreases uniformly with increasing volume fraction.
Therefore, structure plays an important role even in the hy-
drodynamic contribution to the collective diffusivity.

The self-contribution (D11) to the collective diffusivity is
weighted by the factor exp(−κz1) while the pair contribution
(D12) is weighted by exp[−κ(z1 + z2)/2]. In the limit of small
penetration depths (κa → ∞), the ratio of the latter to the
former weight is exponentially small for all particle pairs but
those with z1 ≈ z2 and z1 ∼ a (i.e., pairs in which both par-
ticles nearly touch the wall). The hydrodynamic interaction
between these particular pairs is vanishingly small because
of the hydrodynamic screening due to the no-slip condition
on the wall. Consequently, in this limit, only D11 contributes
to the collective diffusivity, and the evanescent collective
diffusivity is proportional to the evanescent self-diffusivity
(i.e., κ−1).

The static structure factor in the small wave vector limit
is a measure of the number density fluctuations within the
scattering volume. Consider a suspension in which the par-
ticles are subject to the potential V (z) = −κz/2 in addition
to a hard-sphere potential. This is equivalent to a suspension
resting in a gravitational potential. From equilibrium thermo-
dynamics, the static structure factor in the small wave-vector
limit, F(0, 0; κ) or S(0; κ), is equivalent to the number density
fluctuations in the settled suspension. The structure factor for
the settled suspension and the structure factor from EWDLS
are the same, and the thermodynamic properties of the settled
suspension may be used to infer EWDLS behavior. The grand
canonical partition function can be used to show that

F(0, 0; κ) ∼ kT φ̄χ̄T , (50)

where φ̄ and χ̄T are the mean volume fraction and
mean isothermal compressibility of the settled suspension,
respectively.1 In the limit that κa → 0, this quantity is O(1)
for φ̄ � 1. If we approximate the isothermal compressibility
with the Carnahan-Starling equation of state (the first order
contribution for large penetration depths/weak gravitational
force), then the static structure factor is proportional to

(1 − φ̄)4

1 + 4φ̄ − 2φ̄2 + φ̄3
. (51)

The magnitude of the collective diffusivity is set by the in-
verse of this quantity in the large penetration depth limit. As
concentrated suspensions are only weakly compressible, the
static structure factor is typically small. Hence, the large value
of the collective diffusivity. Conversely, imposing a concen-
tration gradient in the direction normal to the wall yields a
large flux of particles because at and near the wall the sus-
pension is effectively incompressible (the wall being unable
to deform or move). This drives the particle flux to a degree
inversely proportional to the local isothermal compressibility.

Consider a suspension of neutrally buoyant, index of
refraction matched colloidal particles seeded dilutely with
heavy and optically active particles. The distribution of par-
ticles in the suspension, denoted P̃0

N will be Boltzmann such
that

P̃0
N = exp

[
−

(
4

3
πa3

) (
�ρg

kT

) ∑
h

e3 · x0
h

]
P0

N , (52)

where 4/3πa3�ρg is the buoyant force on the heavy parti-
cles and the summation over h denotes the heavy particles
only. Interestingly, this pre-factor weighting the equilibrium
distribution for neutrally buoyant particles, P0

N , introduces an
effective penetration depth kT/(4/3πa3�ρg). In this way,
evanescent-wave-light-scattering-type measurements can be
made via a conventional light scattering apparatus. The ef-
fect of buoyancy on the dilute, heavy particles is to weight
the equilibrium probability distribution with respect to the
distance from the boundary where the suspension settles. A
scattering volume near that boundary will probe this weighted
equilibrium distribution without altering the hydrodynamics.
The short-time self-diffusivity of the heavy particles observed
via optical microscopy in this suspension and averaged uni-
formly across the imaged frame measures this same quantity.

A typical penetration depth arising from the buoyancy
imbalance for one micron particles with a density differ-
ence of 193 kg/m3 (PMMA in water) at room temperature is
519 nm, which is of the same magnitude as those accessed
in evanescent light scattering experiments.6, 12, 14 This value is
set experimentally by the low angle of incidence of the inter-
nally reflected wave. In the buoyant configuration, κ scales
as the cube of the particle radius, so that increasing the par-
ticle size shifts the diffusivity curves presented in this paper
(with respect to the dimensionless independent variable κa)
as a4. This is a high degree of sensitivity and can allow easy
access to the entire range of penetration depths. One caveat
is necessary, however. This method of modeling the evanes-
cent wave light scattering experiment is applicable for com-
parison of the self-diffusivity only. The reason being that the
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collective diffusivity weights the self-component of the mo-
bility by an exponential decay with respect to the distance of
a single particle from the wall, while the pair component is
weighted by the average distance of those two particles from
the wall. The buoyant distribution does not capture the appro-
priate weighting for the pair contribution.

The long-time self-diffusion is measured in the limit that
the scattering wave vector is small and the correlation time
is long. In the limit that the penetration depth approaches in-
finity, this is simply the bulk long-time self-diffusivity. How-
ever, for finite penetration depths, the scattering signal decor-
relates rapidly as the fraction of time a particle spends within
the scattering volume is small. The measurability of long-time
diffusivity is then dictated by the factor (κ H )−1, where H is
the channel width. This reflects the fraction of time the parti-
cle spends in the scattering volume and sets the magnitude of
the correlated intensity at long times. For κ H  1, the cor-
relation of the scattering intensity is exponentially small and
may be difficult to resolve experimentally. This is an impor-
tant consideration when studying the long-time dynamics near
a boundary.

V. CONCLUSIONS

Propagating evanescent waves through a dispersion of
optically active colloidal particles probes the particle dynam-
ics much as expected from conventional light scattering. As
such, it is not so surprising that analysis of the intensity cor-
relation in terms of the intermediate scattering function can
by mapped directly on the classical interpretation3 by rec-
ognizing that the evanescent scattering wave vector is com-
plex (the imaginary component being linearly proportional
to the penetration depth of the wave). Performing an anal-
ysis which respects the algebraic characteristics of the scat-
tering correlation produces a startlingly simple and power-
ful result. The time rate of change of the intermediate scat-
tering function is a diffusivity that depends on the scattering
wave vector in exactly the same way as in conventional light
scattering, with the caveat that the conjugate of the complex
wave vector is needed in some places. In the limits of large
and small scattering angle, respectively, this diffusivity mea-
sures the average short-time self- and collective diffusivities
where the average is weighted to decay exponentially with the
distance of the scattering particles from the boundary emitting
the evanescent wave. This explicit dependence on position is
key as it allows the measurement of both the inhomogenous
and the anisotropic nature of the hydrodynamic interactions
among particles in the presence of a macroscopic boundary.
The former task is affected by the penetration depth of the

evanescent wave which itself is controlled by the angle of in-
cidence between the scattered wave and the boundary. The lat-
ter measurement is affected by the scattering angle itself and
in principle the two can be controlled independently. How-
ever, this can prove difficult to accomplish with some ex-
perimental apparatuses. Fortunately, no such limitation exists
computationally and in this article we have determined the
self- and collective diffusivities for a variety of penetration
depths and volume fractions. In the limit of small penetration
depths, the lubrication interactions with the wall dominate
both the self- and collective diffusivities while for larger pene-
tration depths, the bulk properties of the suspension can be re-
covered. The relative influence of interparticle hydrodynamic
interactions, hydrodynamic interactions with the boundaries
and the influence of the suspension’s structure are not eas-
ily separable, however. The work presented here provides the
necessary foundation for interpreting experimental data and
the first predictions of the behavior for hard-sphere colloidal
suspensions near a rigid boundary.
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