
CHAPTER R 

REVIEW OF FUNDAMENTALS 

R.l Basic Algebra: Real Numbers and Inequalities 

PREREQUISITES 

1. Thereareno prerequisites for this section other than some high school 

algebra and geometry; however, if the material presented in this section 

is new to you, it would be a good idea to enroll in a precalculus course. 

This section is intended to be a review. 

PREREQUISITE QUIZ 

1. Orientation quizzes A and B in the text will help you evaluate your 

preparation for this section and this course. 

GOALS 

1. Be able to factor and expand common mathematical expressions. 

2. Be able to complete a square. 

3. Be able to use the quadratic formula. 

4. Be able to solve equations and inequalities. 
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2 Section R.l 

STUDY HINTS 

1. Common identities. Know how to factor a2 - b2 . It is a good idea to 

memorize the expansion of (a + b)2 and (a + b13 . Note that (a - b) 2 

can be obtained by substituting -b for b . (a - b13 can be similarly 

expanded. These identities are useful for computing limits in Section 1.2 

and Chapter 11 . 
2. Factoring. This is a technique that is learned best through practice. A 

good starting point is to find all integer factors of the last term (the 

constant term). Once you find a factor for the original polynomial, use 

long division to find a simpler polynomial to factor. This will be impor- 

tant for partial fractions in Chapter 10 and for computing limits. 

3. Completing the square. Don't memorize the formula. Practice until you 

learn the technique. Note that adding (b/~a)~ to x2 + bx/a forms a 

perfect square. This technique will be very important for integration 

techniques introduced in Chapter 10. 

4 .  Quadratic formula. - It is recommended that you memorize this formula. It. 

is used in many applications in various disciplines such as engineering, 

economics, medicine, etc. This formula may also be used to solve equa- 

4 2 
tions of the form Ax + Bx + C = 0 by solving for y = x2 and taking 

square roots to get x . 
5. Square roots. Note that, unless otherwise stated, square roots are under- 

stood to be nonnegative. J?j is equal to zero. 

6. Inequalities. It is essential to have a good handle on manipulating 

inequalities. Without this, you will not have a good understanding of 

some of the basic theory of calculus. Don't forget to reverse the direc- 

tion of the inequality sign when you multiply by a negative number. 
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Sect ion  R.1 3 

SOLUTIONS TO EVERY OTHER ODD EXERCISE 

1 .  816 - 914 = -11112 i s  a r a t i o n a l  number. Since t he  denominator cannot 

be reduced t o  one, i t  is n e i t h e r  a n a t u r a l  number nor  an i n t e g e r .  

5. ( a - 3 ) ( b + c )  - ( a c + 2 b )  = ( a b - 3 b + a c - 3 c )  - ( a c + 2 b )  = a b - 5 b - 3 c .  

2 
9. We can  use  Example 2 wi th  b replaced  by -b t o  g e t  a3 + 3a (-b) + 

2 2 
3a(-b) + (-b)3 = a3  - 3a b + 3ab2 - b3 . A l t e r n a t i v e l y ,  w r i t e  (a - b)  = 

2 2 
( a  - b) ( a  - b) = (a2 -2ab + b ) ( a  - b) = a3 - 3a2b + 3ab2 - b3 . 

13. We know t h a t  (x + a )  (x + b) = x2 + ( a  + b)x  + ab . The f a c t o r s  of 6 

a r e  '1 , Q , +3 , and '6 . By choosing a = 2 and b = 3 , we 

g e t  a + b = 5 .  Thus, x 2 + 5 x + 6 =  ( x + 2 ) ( x + 3 )  . 
17. F i r s t  we f a c t o r  out  3 t o  g e t  3(x2 - 2x - 8)  . We know t h a t  t h e  fac-  

t o r s  of -8 a r e  +1 , +2 , 54 , and 28 . As i n  Exerc ise  13, we 

look f o r  a and b so  t h a t  ( a  + b)x  i s  t h e  middle term. I n  t h i s  c a se ,  

a = -4 and b = 2 . Thus, 3x2 - 6x - 24 = 3(x  - 4 ) ( x + 2 )  . 
21. 2(3x - 7) - (4x - 10) = 0 s i m p l i f i e s  t o  (6x - 14) - (4x - 10) = 

2x - 4 = 0 , i . e . ,  2x = 4 . Dividing by 2 y i e l d s  x = 2 . 
2 

25. The right-hand s i d e  i s  (x  - 1) (x  + x + 1) = x(x2 + x + 1) - 1 (x2 + x + 1) = 

2 
x3 + x  + X  - x2 - x - 1 = x3 - 1 , which i s  t he  left-hand s i d e .  

29. (a )  By f a c t o r i n g ,  we g e t  x2 + 5x + 4 = (x + 4) (x + 1) = 0 . I f  any 

f a c t o r  equals  zero ,  t h e  equat ion  i s  solved.  Thus, x = -4 o r  x = -1 . 
2 

(b) By us ing  t he  method of completing t he  square ,  we g e t  0 = x + 5x + 4 = 

(x2 + 5x + 2514) + (4 - 2514) = (x  + 5 1 2 ) ~  - 914 . Rearrangement 

y i e l d s  (x  + 512) = 914 , and t ak ing  square r o o t s  g ives  x + 5 12 = 

2312 . Again, x = -4 o r  -1 . 
(c)  a = 1 , b = 5 , and c = 4 , so  t h e  quad ra t i c  formula g ives  
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4 Section R.l 

33. We use the quadratic formula with a = -1 , b = 5 , and c = 0.3 . 
This gives x = (-52425 + 1.2) / (-2) = (5 + m) /2 . These are the 

two solutions for x . 
2 

37. x2 + 4 = 3x - x is equivalent to 0 = 2x2 - x - 4 . Using the quadratic 

formula with a = 2 , b = -1 , and c = -4 , we get x = (1 + m ) / 4  

(1 lt 43314 . 
41. We apply the quadratic formula with a = 2 , b = 2 6  , and c = 712 to 

get x = ( 2 n  + -114 = 4712 . Thus, the only solution is x = Jf/2 

45. We add b to both sides to obtain a + c > 2c . Then we subtract c to 

get a > c . 
2 

49. b(b + 2) > (b + 1) (b + 2) is equivalent to b2 + 2b > b + 3b + 2 . 
2 

Subtracting b + 2b from both sides leaves 0 > b + 2 . Subtracting 2 

yields - 2 > b .  

53. (a) Dividing through by a in the general quadratic equation yields 

x2 + (b/a)x + c/a = 0 . Add and subtract (b12a)~ to get 

2 
(4ac/4a2 - b2/4a2) , i. e., (x + b/2a) = (b2 - 4ac) /4a . Taking 

square roots gives x + b/2a = ?-/2a , and finally 

(b) From the quadratic formula, we see that there are no solutions if 

b2 - 4ac < 0 . If b2 - 4ac > 0 , there are two distinct roots. 

However, if b2 - 4ac = 0 , there are two roots, which both equal 

-b/2a . This only occurs if b2 = 4ac . 
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SECTION QUIZ 

2  
1 .  F a c t o r :  ( a )  x 4 + 2 x  + 1  

(b) zx4 - x2 - 
( c )  X6 - 1  

3  
2. Apply t h e  expans ion  of  (a + b j 3  t o  expand (3x - 2) . 
3 .  Use t h e  q u a d r a t i c  fo rmula  t o  s o l v e  x5 + 3x3 - 5x = 0 . 
4. S k e t c h  t h e  s o l u t i o n  of  ( a )  x 2  + 3x + 2  < 0 

(b) x2  + 3x + 2  , 0 

3  
5 .  F ind  t h e  s o l u t i o n  s e t  of  x  2 x  . 
6 .  The f i r s t  King of  t h e  Royal Land o f  Mathernatica h a s  d e c r e e d  t h a t  t h e  

f i r s t  young l a d y  t o  answer t h e  f o l l o w i n g  p u z z l e  s h a l l  r u l e  a t  h i s  s i d e .  

The p u z z l e  i s  t o  compute t h e  p r o d u c t  of a l l  s o l u t i o n s  t o  

X3 + 2X2 - x - 2  = 0 . Then, d i v i d e  by t h e  l e n g t h  of t h e  f i n i t e  i n t e r v a l  

f o r  which x3 + 2x2 - x  - 2  1 0 . What answer would make a  l a d y  Queen 

ANSWERS TO SECTION QUIZ 

1 .  ( a )  ( x ' + ~ ) ~  

( b )  (2x2 + 1 )  (n + 1 )  ( x  - 1) 

2  
( c )  (x3 + 1 )  ( x  + x  + 1) (x - 1 )  

2  
2.  27x3 - 54x + 36x - 8 

*Dear Reader: I r e a l i z e  t h a t  many of  you h a t e  math b u t  a r e  f o r c e d  t o  com- 
p l e t e  t h i s  c o u r s e  f o r  g r a d u a t i o n ,  Thus, I have  a t t e m p t e d  t o  m a i n t a i n  i n -  
t e r e s t  w i t h  " e n t e r t a i n i n g "  word problems.  They a r e  n o t  meant t o  be i n s u l -  
t i n g  t o  your  i n t e l l i g e n c e .  Obvious ly ,  most of t h e  s i t u a t i o n s  w i l l  n e v e r  
happen; however, c a l c u l u s  h a s  s e v e r a l  p r a c t i c a l  u s e s  and such  examples a r e  
found th roughout  Marsden and W e i n s t e i n ' s  t e x t .  I would a p p r e c i a t e  your  
comments on whether  my "unusual"  word problems should  be k e p t  f o r  t h e  n e x t  
e d i t i o n .  
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6 Sect ion  R . l  

5 .  -1 2 x 5 0  and x ~ 1  

6 .  2 
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Section R.2 7 

R.2 Intervals and Absolute Values 

PREREQUISITES 

1. Recall how to solve inequalities. (Section R.l) 

PREREQUISITE QUIZ 

1. Solve the following inequalities: 

(a) -x < 1 

(b) 5x + 2 > x  - 3 
GOALS 

1. Be able to express intervals using symbols. 

2. Be able to manipulate absolute values in equations and inequalities. 

STUDY HINTS 

1. Notation. A black dot means that the endpoint is included in the 

interval. In symbols, a square bracket like this "[It or like this "1" 

is used. A white circle means that the endpoint is not included in the 

interval; it is represented by a parenthesis like this "(" or this ")". 

2. More notation. In the solution to Example 3, some students will get lazy 

and write the solution as -1 > x > 3 . This gives the implication that 

-1 > 3 , which is false. 

3. Inequalities involving absolute values. Study Example 5 carefully. 

Such inequalities are often used in Chapter 11. Note that Ix - 81 ( 3 

is the same as -3 < x - 8 5 3 . 
4. Triangle inequality. Ix + 1 5 I x 1 + 1 1 will be useful in proving limit 

theorems in Chapter 11. The name is derived from the fact that two sides 

of a triangle are always longer than the third side. 
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8 Sec t ion  ~ . 2  

SOLUTIONS TO EVERY OTHER ODD EXERCISE 

1. (a)  This i s  t r u e  because - 8 < -7 < 1 . 
(b) This  i s  f a l s e  because 5  < 1112 . 
( c )  This  is  t r u e  because -4 < 4 < 6 . 
(d) This  i s  f a l s e  because 4 < 4 < 6 i s  f a l s e .  4 i s  no t  l e s s  than  4 . 
(e)  This  i s  t r u e  because 312 + 712 = 5 , which i s  an i n t e g e r .  

5 .  x  + 4 2  7 impl ies  x Z  3  . I n  terms of i n t e r v a l s ,  x E [ 3 , m ) .  

9.  x 2 +  2 x -  3  > 0 impl ies  ( x + 3 ) ( x  - 1) > 0 . I n  one ca se ,  weneed  

x  > -3 and x > 1 , i . e . ,  x  > 1 . On t h e  o t h e r  hand, we can a l s o  

have x  < -3 and x  < 1 , i . e . ,  x  < -3 . In  terms of i n t e r v a l s ,  

x  E (-my-3) o r  x  E ( 1 , ~ )  . 
13. The abso lu t e  va lue  i s  t h e  d i s t a n c e  from t h e  o r i g i n .  13 - 5 1 = 1-21 . 

Since  -2 < 0 , we change t h e  s i g n  t o  g e t  1-21 = 2 . 
17. The abso lu t e  va lue  of 1x1 = x i f  x  > 0 . Thus, 13-51 = 1151 = 15 . 
21. Using t h e  i dea  of Example 4 ( d ) ,  t h e  only  two s o l u t i o n s  a r e  x  = t8 . 

2 
25. x  - x - 2 > 0 imp l i e s  (x - 2) (x  + 1 )  > 0 . I n  one ca se ,  we have 

x > 2 and x  > -1 , i . e . ,  x  > 2 . On t h e  o t h e r  hand, we can have 

x < 2 and x  < -1 , i . e . ,  x < -1 . The s o l u t i o n  i s  a l l  x  except 

f o r  x  i n  [ -1,2] . Using t h e  i dea  of Example 6 ,  we want t o  e l im ina t e  

I X  - 1/21 < 3/2 . Therefore ,  t h e  s o l u t i o n  i s  Ix - 1/21 > 312 . 
29. I X  I < 5 imp l i e s  -5 < x < 5 , so  x  belongs t o  t h e  i n t e r v a l  (-5,5) . 
33. The midpoint of (-3,3) i s  0 and t h e  l eng th  of ha l f  of t h e  i n t e r v a l  

i s  3 . Therefore ,  by t h e  method of Example 6 ,  we g e t  / x  - O ]  = 1x1 < 3 . 
37. The midpoint of [ -8,12 1 i s  2  and t h e  l eng th  of ha l f  of t h e  i n t e r v a l  

i s  10 . Therefore,  by t h e  method of Example 6 ,  we g e t  Ix - 21 10 . 
Equa l i t y  is  allowed a s  a  p o s s i b i l i t y  s i n c e  t h e  endpoints  a r e  inc luded.  
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Section R.2 9 

41. If x 2 0 , then x3 2 0 . In this case, the cube root of x3 is still 

positive and equals x . If x < 0 , then x3 < 0 . In this case, the 

cube root of x3 is negative and equals x . Thus, independent of the 

sign of x , we have x = 3~X3 . 

SECTION QUIZ 

1. Express the possible solutions of x3 - x 2 0 in terms of intervals. 

2. Which of the following is true? 

(a) = -1 . (b) fi = 0 . 
(c) Jz = x if x < 0 . (d) Ja= 1x1 for all x # 0 . 

3. Solve Ix-51 2 5  . 
4. The school bully has selected you to help him do his homework problem, 

which is to solve x2 - 6x + 5 2 0 . You determine that the solution 
is x < 1 or x 2 5  . The bully understands, but then you turn the 

tables on him and tell him, "Look, 1 2 x and x 2 5 , so 1 2 x 2 5 ." 
He turns in this answer. 

(a) Explain why 1 2 x 2 5 is incorrect. 

(b) Write the correct answer in terms of intervals. 

(c) Write your answer in the form Ix - a[ 2 b for constants a and b . 
5. An architect is building an arched doorway whose height at x feet from the 

2 
left base is x - 0 . 1 ~  . 
(a) How wide is the doorway at position x = 1.5 ? 

(b) Express the width at x = 1.5 in terms of absolute values. 
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10 Section R.2 

ANSWERS TO PREREQUISITE QUIZ 

1. (a) x  > -1 

(b) x 2 - 5 / 4  

ANSWERS TO SECTION QUIZ 

1. C-1,Ol and [ 1 , ~ )  

2. b and d 

3. x  < 0 and x  > 10 
4. (a) The implication is that 5  < 1 . 

(b) (--,I1 and [5,m) 

(c) I x -  31 2 2  

5. (a) 7 

(b) I X  - 51 < 7 / 2  
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Section R.3 11 

R.3 Laws of Exponents 

PREREQUISITIES 

1. There are no prerequisites for this section beyond some high school algebra; 

however, if the material presented in this section is new to you, it would 

be a good idea to enroll in a precalculus course. This section is intended 

to be a review. 

GOALS 

1. Be able to simplify expressions involving exponents. 

STUDY HINTS 

1. Integer exponents. The laws of exponents should be memorized. The 

"common sense" method preceding Example 1 serves as a useful check if 

you are unsure of your answer; however, it can slow you down during an 

exam. 

2. Definitions. Know that b-n = l/bn , bO = 1 , and b1ln = n& . 
3. Rational exponents. These laws are the same as those for integer powers. 

4. Rationalization. Example 6 demonstrates a technique which is useful in 

the study of limits. The idea is to use the fact that (a + b)(a - b) = 

a2 - b2 to eliminate radicals from the denominator. 

SOLUTIONS TO EVERY OTHER ODD EXERCISE 

2 
1. By the law ( b ~ ) ~  = bncn , we have 32(1/3)2 = (3.113) = (112 = 1 . 

9 12 5. [ (4*3)-6*8]/93 = 8 1 4 ~ * 3 ~ *  (32)3 = 23/(22)6-36*36 = 23/212*312 = 112 93 . 
9. 9lI2 = & =  3 . 
13. 25/3/47/3 = 25/3/(22)7/3 = 25/3/214/3 = 2513 - 1413 = 2-3 = 1/23 = 118 . 
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12 Section R.3 

17. Apply to distributive law to get (x3I2 + x512)x-3/2 = + 
(x5/2)(x-3/2) = x3/2 - 3/2 + x5/2 - 312 = xO + = + . 

21. By using the laws of rational exponents, we get = ( b ~ )  'la = 

(,lib) lla = xilab = 
, 

25. Since the price doubles in 10 years, it will double again after 20 

years and the factor is 2.2 = 4 . In thirty years, the factor is 

202.2 = 8 , and in 50 years, the factor of increase is 2.2-2.202 = 32 . 
29. The first term factors into &*& and (& + a)(& + b) = x2 + 

(a + b)& + ab . The last term has factors tl , t2 , t4 , and t8 . 
We want factors a and b such that ab = -8 and a + b = -2 . Thus 

a = -4 and b = 2 . Therefore, the solution is (& - 4) (& + 2) = 

(X1I2 - 4) (X1l2 + 2) . 
33. We will use the corresponding rule for integer powers several times. 

mklnl = nl&iyiq , 
let p = mln and q = k/l , so bPq = b(m/n) (k/l) = 

Thus, rasing the equation to the nl power gives (bPq)nl = bmk . 
Now, (bP) = (bmln) k/l = , so ( (bP) q)nl = (I/=) ln = 

((nm)k)n = (nm)nk = ((nm)n)k = (bm)k = bmk . Therefore, (bPq)*l = 

((bP)q)nl , and taking the nlth root of both sides gives Rule 2. 

For Rule 3, let p = m/n . Then (bc)' = (b~)~'~ = nw = 

"m , so ((b~)~)" = bmcm . Now, bPcP = bmlncm'" = ("@)("G) , 

so (bPcP)" = ( (n@) (nJc?ii) ) = (n@)n(nv@)n = bmcm . Hence (bc) 

and bPcP have the same nth power, so they are equal. 
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Section R.3 13 

SECTION QUIZ 

1. Eliminate the radicals from the denominator: 

(a) ( 3 6  + 2)l(6 - 1) 

(b) l/ (& + &) , a is a constant. 

(c) 11(~&- 3 ~ )  

2. Simplify: 

(a) 363'26-312/6-112fi 

(I,) 9-233/2/(m)2 

3. As part of the class assignment, a young couple was asked to simplify 

2 2 3 
[(x + 2) (y + x) 1 /(x2 + xy + 2x + 2y15 . The young man suggests 

expanding the entire expression and then using long division. However, 

unknown to him, his girlfriend is secretly disguised as Super-Brain and 

shows him a much easier method. Explain the easier method and find the 

answer. 

ANSWERS TO SECTION QUIZ 

1. (a) (17 + 56114 
(b) (& - 6 1 1  (x - a) 

( c )  (34z +3& + 3m)/(x - 4) 

2. (a) 12 

(b) 3-l3I2 3 
2 2 3 =  

3. Use the laws of exponents. The numerator is [ (x + 2) (y + x) ] 

2 6 [((x + 2)(~ +x))2~3 = ((x +xy + 2~ + 2y)2)3 = (x2 +xy + 2~ + 2 ~ )  . 
2 Alternatively, you can factor the denominator: (x + xy + 2x + zyI5 = 

Ix(x + Y) 2(x + y)I5 = I(x + y)(x + 2)15 . The answer is (x + y)(x + 2) . 
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14 Section R.4 

R.4 Straight Lines 

PREREQUISITES 

1. There are no prerequisites for this section other than some high school 

analytic geometry; however, if the material presented in this section 

is new to you, it would be a good idea to enroll in a precalculus course. 

This section is intended to be a review. 

GOALS 

1. Be able to find the distance between two points. 

2. Be able to write and manipulate equations of the line in its various 

f oms. 

3 .  Be able to write the equation for perpendicular lines. 

STUDY HINTS 

1. Distance formula. Don't be concerned about which point is (xl,yl) 

and which is (x2,y2) . The squaring process eliminates the need to 

make such a distinction. Remembering that the formula is derived 

from the Pythagorean theorem makes it easier to recall. 

2. Slope formula. As with the distance formula, don't be concerned 

about which point is (xl ,yl) and which is (x2, y2) . The sign will 

correct itself when the division is performed. 

3. Point-slope form. Replacing (x2,y2) by (x,y) gives the slope as 

m = (y - yl)/(x - xl) . Rearrangement yields y = yl + m(x - xl). 
4. Slope- intercept form. Choosing (xl,yl) = (0,b) in the point-slope 

form of the line yields y = mx + b . 
5. Point-point form. Substituting m = (y2 - y1)/(x2 - x1) yields 

Y = Y1 + [(y2 - y1)I(x2 - xl)l(x - xl). 
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Section R.4 15 

6. Perpendicular lines. Many instructors try to write harder exam 

problems by asking for equations of lines perpendicular to a given 

line, so you will benefit by remembering that slopes of perpendicular 

lines are negative reciprocals of each other, i.e., if a line has 

slope m , then the perpendicular line has slope -l/m . 

SOLUTIONS TO EVERY OTHER ODD EXERCISE 

1. Y 
3 0 

For each point (x,y) , go x units 
e 

20t along the x-axis and the go y units 

along the y-axis. 

5. The distance from p1 to p2 is /(xl - x2)2 + (yl - Y2)2 . 1n 

this case, the distance is /(1 - 1)2 + (1 - (-1))2 = a = 2 . 
9. The distance from P, to P2 is J(xl - x2)2 + ( Y ~  - y2)2 . In 

this case, the distance is /(43721 - 3)2 + (56841 - 56841)2 = 

13. The distance from P1 to P2 is /(x1 - x2)2 + (yl - y2)2 . In 

this case, the distance is /(x - 3x)2 + (y - (y + 10))2 = 

17. The slope of a line through (xl,yl) and (x2,y2) is 

m = (y2 - y1)/(x2 - xl) . In this case, m = (6 - 3)/(2 - 1) = 3 . 
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25. The e q u a t i o n  of  t h e  l i n e  t h r o u g h  ( x l , y l )  and (x2, y2)  i s  

y  = y1 + [ ( y 2  - y1)/(x2 - x 1 ) ] ( x  - x l )  . I n  t h i s  c a s e ,  y  = 7  + 
[ (4 - 7 ) / ( - 1  - 5 ) ] ( x  - 5 )  = 7  + ( 1 / 2 ) ( x  - 5 )  = x12 + 912 o r  

2 y = x + 9 .  

29. We want t o  w r i t e  t h e  l i n e  i n  t h e  form y  = mx + b  . Then m i s  t h e  

s l o p e  and b  is  t h e  y - i n t e r c e p t .  x  + 2y + 4  = 0 i s  t h e  same a s  

2y = -x - 4  o r  y  = -x/2 - 2  . Thus, t h e  s l o p e  i s  -112 and t h e  

y - i n t e r c e p t  is  -2 . 
33. W r i t e  t h e  l i n e  i n  t h e  form y  = nx + b  . Then m i s  t h e  s l o p e  and 

b i s  t h e  y - i n t e r c e p t .  1 3  - 4x = 7 ( x  + y)  = 7x + 7y i s  e q u i v a l e n t  

t o  13 - l l x  = 7y o r  y  = - (11 /7)x  + 1317 . Thus, t h e  s l o p e  is  

-1117 and t h e  y - i n t e r c e p t  i s  1317 . 
37. ( a )  4x + 5y  - 9  = 0 i m p l i e s  5y = -4x + 9  , i . e . ,  y  = - (4 /5)x  + 915 . 

T h i s  i s  i n  t h e  form y  = mx + b  , s o  t h e  s l o p e  i s  -415 . 
(b)  A p e r p e n d i c u l a r  l i n e  h a s  s l o p e  514 . When t h i s  l i n e  p a s s e s  

th rough  ( 1 , l )  , i t s  e q u a t i o n  i s  y  = 1  + ( 5 / 4 ) ( x  - 1 )  = (5x - 1 ) / 4  

o r  4y = 5x - 1  . 
41. Using t h e  p o i n t - p o i n t  form of  t h e  l i n e ,  we g e t  t h e  e q u a t i o n  

y  = 2  + [ ( 4  - 2 ) / ( 2  - 4 ) ] ( x  - 4) = 2  + ( - l ) ( x  - 4) = -X + 6 . 

21. Y A  The e q u a t i o n  of  t h e  l i n e  w i t h  s l o p e  m 

3 -- 
p a s s i n g  th rough  ( x l , y l )  i s  

y  = y1 + m(x - x l )  . In t h i s  c a s e ,  

1 is- y = 3 + 2 ( x - 2 ) = 2 x - 1 .  

- 1  2 
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SECTION QUIZ 

1. Sketch the line 3x + 2y = 1 . 
2. What is the slope of the line 5x - 8y = 4 ? 

3 
3. Find the equation of line passing through (3,112) and perpendicular 

to the line going through (98,3) and (98,-10) . 
4 .  One of your psychotic math friends has seen a little green space ship 

and a little red one land in her sink. According to her estimation, 

the green ship landed at (-3,l) and the red one landed at (2,4) . 
She sees the aliens attacking each other with toothbrushes. The 

sink is divided by the perpendicular passing through the midpoint 

between the spacecrafts. What is the equation of the line? What is 

the distance between the two ships? 

ANSWERS TO SECTION QUIZ 

2. 518 

3. y = 112 

4. Line: 3y + 5x + 5 ; distance: 66- . 
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R.5 Circles and Parabolas 

PREREQUISITES 

1. There are no prerequisites for this section other than some high school 

analytic geometry; however, if the material presented in this section 

is new to you, it would be a good idea to enroll in a precalculus course. 

This section is intended to be a review. 

GOALS 

1. Be able to recognize equations for circles and parabolas, and be able 

to describe their graphs. 

2. Be able to solve simultaneous equations to find intersection points. 

STUDY HINTS 

1. Circles. The general equation is (x - a)' + (y - b)' = r2 , where 

(a,b) is the center of the circle and r is the radius. Any equation 

2 
of the form Ax + ~y~ + Bx + Cy + D = 0 may be written in the general 

form of a circle by completing the square. If r2 > 0 , then the 

equation describes a circle. The coefficient of x2 and y2 must be 

the same. 

2. Parabolas. The general equation is y - q = a(x - p12 , where (p,q) 

is the vertex. The parabola opens upward if a > 0 , downward if 

a < 0 . The graphs of all quadratic equations of the form y = ax2 + 

bx + c are parabolas. 

3. Simultaneous equations. The solutions represent points of intersection. 

One method of solution is to multiply equations by a constant factor and 

then subtract equationstoeliminate a variable as in Example 6 . The 

other method uses substitution to eliminate a variable as in Example 7. 
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SOLUTIONS TO EVERY OTHER ODD EXERCISE 

A circle with center at (a,b) and radius 

r has the equation (x - a12 + (y .- b12 = 

r2 . With center (1,l) and radius 3 , 
2 

the equation is (x - 1) + (y - 1)' = 9 

or x2 - 2x + y2 - 2y = 7 . 

A A circle with center at (a,b) and radius 
Y 

2 2 
r has the equation (x - a) + (y - b) = 

r2 . With center at (-1,4) , the equation 

is (X +112 + (y - 412 = r2 . Substituting 

2 
in (0,l) yields 1 + (-3)2 = r2 = 10, 

+ so the desired equation is (x + 112 + 
2 

( ~ - 4 ) ~ = 1 0  or x + 2 x + y 2 - 8 y + 7 = O .  

Y+ 
We complete the square to find the center and 

radius. -x2 - y 2 + 8 x - 4 y  - 1 1 = O  is 

2 
equivalent to x + y2 - 8x + 4y + 11 = 0 , 

2 
i.e., (x2 - ex + 16) + (y + 4y + 4) = 

2 2 
-11 + 16 + 4 = 9 = (X - 4) + ( y  + 2) . 
Thus, the center is (4,-2) and the radius 

is 3 . 
The parabola with vertex at (p,q) has the general equation y - q = 

a(x - p)2 . In this case, y - 5 = a(x - 5)2 . Substituting (0,O) 

yields -5 = a(-512 , so a = -115 and the equation becomes y = 

2 
-(x - 512/5 + 5 = -x /5 + 2x . 
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We complete the square to get the form 

y - q = a(x - p)2 , where (p,q) is 

2 
the vertex. y = -2x + 8x - 5 implies 

2 
(y + 5) - 8 = -2(x2 - 4x + 4) = -2(x - 2) = 

y - 3 . Thus, the vertex is (2,3) and 

since a = -2 < 0 , the parabola opens 

downward. 

2 
y 6 -6x + 8 is the same as y - 8 = 

-6 (x - o ) ~  . This has the form y - q = 

a(x - p) * , so the vertex is (p ,q) or 

(0,8) . Since a = -6 < 0 , the parabola 

opens downward. 

To find the point of intersection, solve 

the equations simultaneously. -2x + 7 = 

y = 5x + 1 implies 6 = 7x , i.e., x = 617 . 
Substituting back into one of the equations, 

+ 
x we get y = 5(6/7) + 1 = 3717 , so the point 

of intersection is (617,3717) . 
To graph the equations, we see that 

y = -2x + 7 is a line with slope -2 and y-intercept 7. y = 5x + 1 has 
slope 5 and y-intercept 1. 
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To f i n d  t h e  po in t  of i n t e r s e c t i o n ,  so lve  t h e  

equat ions  simultaneously.  Thus, y - x + 1 = 

0 becomes 3x2 - x + 1 = 0 . The quad ra t i c  

formula y i e l d s  x = (1  + -116 . There- 

f o r e ,  t he  parabola  and t h e  l i n e  do not  

To graph the  equat ions ,  we s ee  t h a t  

y = 3x2 i s  an  upward opening parabola  wi th  v e r t e x  a t  (0,O) . y - x + 

1 = 0 i s  equ iva l en t  t o  y = x - 1 ,, which is  a l i n e  w i th  s l ope  1 and 

y - in t e r cep t  -1 . 
We so lve  t h e  equat ions  simultaneously.  

2 y = 4x2 becomes y/4 = x , so  x2 + 2y + 
2 y 2 - 3 = o = y / 4 + 2 y + y 2 - 3 = y  + 9 y / 4 -  

b 3 . By t h e  quad ra t i c  formula,  
X 

y = (-9/4 + &1/6 + 12) /2  = (-9 + LET . 
From y = 4x2 , we have x = tm , and 

y must be non-negative. Thus, t h e  i n t e r -  

s e c t i o n  p o i n t s  a r e  ([ (-9 + m ) / 3 2 ]  'I2, (-9 + J273)/8) and 

(-1 (-9 + m ) / 3 2 ]  1/2,(-9 + m ) 1 8 )  . 
y = 4x2 i s  a parabola  opening upward wi th  v e r t e x  a t  t h e  o r i g i n .  

2 2 
x + 2~ +y2- 3 = 0 i s  equ iva l en t  t o  x2 + (y + 2y + 1)  = 4 o r  x2 + 

(y + 112 = 22 . This  i s  a c i r c l e  centered  a t  (0,-1) w i th  r a d i u s  2 . 
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37. 
2  

9x < x + 1 impl ies  9x2 - x - 1 < 0 . 
The s o l u t i o n  of 9x2 - x - 1 = 0 i s  

(1  + -)I18 . 1/18 s a t i s f i e s  

2  
9x < x + 1 , and s i n c e  1/18 l i e s  

between t h e  s o l u t i o n s  of 9x2 - x - 1 = 0 , 

t h e  s o l u t i o n  of t h e  i n e q u a l i t y  i s  

x E ( ( 1  - &7)/18,(1 + &)/18) . 
Geometrically,  t h e  s o l u t i o n  i n t e r v a l  i s  where t h e  l i n e  x  + 1 l i e s  

2  
above t h e  parabola  9x . 

SECTION Q U I Z  

1. The curves  y  - 1 = x4 and y  = 2x2 i n t e r s e c t  a t  two p o i n t s .  Find them. 

2. They c a l l e d  h e r  Melody t h e  Marcher because she  always got  he r  employees 

t o  march o f f  t o  work. Af t e r  working a  day f o r  t h e  Marcher, you no longer  

needed t o  be t o l d ,  "Get t o  work!" Her g l a r i n g  eyes  t o l d  you, "You b e t t e r  

march back t o  work!" She wanted a  c i r c u l a r  fence  of r a d i u s  7  t o  p r o t e c t  

a  p r i zed  t r e e  a t  (2,3) . One of t h e  h i r e d  hands came up wi th  a  devious 

p lan .  He decided t o  make a  pa rabo l i c  fence  pass ing  through (9 ,3) , ( -5 ,3)  

and ( 2 , - 4 ) .  Af t e r  t h e  fence  was h a l f  f i n i s h e d ,  he  asked h e r  t o  s t and  a t  

t h e  focus  ( s ee  Fig .  R.5.4). When t h e  Marcher a r r i v e d ,  t h e  o the r  employees 

threw garbage a t  t h e  w a l l  t o  r e f l e c t  back a t  t h e  focus .  

(a) What i s  t h e  equat ion  of t h e  parabola?  

(b) What i s  t h e  equat ion  of t h e  c i r c l e ?  

( c )  Sketch both  curves  on t h e  same s e t  of axes .  
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ANSWERS TO SECTION Q U I Z  

1. (-192)9(1,2) 

2. (a) 7y = x2 - 4x - 24 
2 (b) x2 - 4x + y - 6y = 36 

Copyright 1985 Springer-Verlag. All rights reserved.



24 Section R.6 

R.6 Functions and Graphs 

PREREQUISITES 

1. There are no special prerequisites for this section; however,if the 

material presented in this section is new to you, it would be a good 

idea to enroll in a precalculus course. This section is intended to 

be a review. 

GOALS 

1. Be able to evaluate a function at a given point. 

2. Be able to sketch a graph by plotting. 

3. Be able to recognize the graph of a function. 

STUDY HINTS 

1. Teminology. Sometimes, x and y are referred to as the independent 

and dependent variables, respectively. A good way to remember this is 

that normally x is chosen independently and then, the value of y 

de~ends on x . 
2. Calculator errors. A calculator is accurate only up to a certain 

number of digits. Round-off errors may accumulate, so be careful! 

Calculators do not always give the correct answer. 

3. Domain. The domain of a function f is simply all of the x values 

for which f(x) is defined. Note the emphasis on 3; it is not can be . - 
4. More on terminology. Although many of us may get sloppy with the 

useage of f , f(x) , and the graph of f , you should know their 

distinctions. f is the function itself. f(x) refers to the func- 

tion value when the variable is x; the variable may just as well be any 

other letter. Finally, the graph of f is a drawing which depicts f . 
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5. Graphing. For now, just be aware that plotting points at smaller 

intervals gives a more accurate drawing. 

6. Calculator plotting. A programmable calculator can be very useful 

for plotting Fig. R.6.8. Depending on your calculator, a variation 

of the following program may be used. 1- a 
i - J j T J I J ~ @ ~ @ / - ' J @ / = J ~ ~ ~ ~ .  x2 is 

used twice to represent x4 because most calculators will not raise 

negative numbers to a power other than two. 

7. Graphs of functions. Another way of recognizing graphs of functions 

is to retrace the curve starting from the left. If you do not have 

to go straight up or down, or go backwards to the left, then the 

graph depicts a function. 

SOLUTIONS TO EVERY OTHER ODD EXERCISE 

1. f(-1) = 5(-112 - 2(-1) = 7 ; f(1) = 5(112 - 2(1) = 3 . 
3 3 

5. f(-1) = -(-I) + (-I)~ - (-1) + 1 = 4 ; f(1) = -(I) + (1l2 - (1) + 1 = 0 . 
9. The domain of a function are the x-values for which there exists y-values. 

In this case, we need the expression under the radical sign to be non- 

negative. We want 1 - x2 2 0 , so the domain is -1 < x < 1 . 
f (10) is not real. 

13. We complete the square as follows: 

y = 5x2 - 2x = 5(x2 - 2x15 + 1/25) - 115 = 

5 (x - 1/51 - 115 . This is a parabola 

opening upwards with vertex at (1/5,-115) . 
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17. 2 
y = (x - 1) + 3 is  a parabola  opening 

upwards w i th  v e r t e x  a t  (1 ,3)  . 

i . e . ,  i f  x 2 1 . Also, y = Ix - 11 i s  

y = -(x - 1)  = -x + 1 i f  x - 1 < 0 , i . e . ,  

i f  x < 1 . Thus, t h e  graph c o n s i s t s  of two 

l i n e  segments. 

1 X 

The e n t i r e  graph is  shown a t  t h e  l e f t .  The 

10 p o i n t s  should l i e  on t h e  graph. Some 

a r b i t r a r y  p o i n t s  inc lude:  (-10,-9.1), 

(-8,7.1),  (-6,-5.1), (-4,-3-21, ( -2 ,1-3) ,  

(-1, -0.5),  (O,O), (0.5,-0.51, (1 .5 ,4-5)  , 

(3 ,4 .5 ) ,  (5 ,6 .25) ,  and (6 ,7 .2)  . 

29. A graph of a func t ion  has  only one y-value f o r  any given x-value, i . e . ,  

each v e r t i c a l  l i n e  i n t e r s e c t s  t h e  graph a t  only one po in t .  Thus, only  

(a)  and (c)  r ep re sen t  func t ions .  (d) i s  not  a func t ion  due t o  t h e  

v e r t i c a l  l i n e  segment i n  t h e  graph. 

33. y = has  only  one va lue  f o r  any given x , so  i t  i s  a func t ion .  

We want x2 - 1 2  0 , i . e . ,  x < -1 and x 2 1 make up t h e  domain. 
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SECTION QUIZ 

1. Suppose g(x) = x3 - x + 1 . What is g(-1) ? g(0) ? g(y) ? 

2. What is the domain of f if f (x) = ? 
x z o  

( 1 - x )  x > o  
3. What is the domain of f if f (x) = ? 

x 2 0  

4. In Questions 2 and 3, which are functions? 

5. In the midst of a nightmare, your roommate believes a giant black 

mouse is chasing him. Sometimes, he tries to fool the mouse by 

running backwards. Thus, when he awakens in a cold sweat, his posi- 

2 
tion from the point of origin is given by f(x) = 36x - x . 
(a) If f (x) must be nonnegative, what is the domain of f ? 

(b) Sketch f (x) , given the domain in part (a). 

ANSWERS TO SECTION QUIZ 

1. 1,1, and y3 - y + 1 . 
2. ( - m , m ) .  

3. X P 1 .  

4. Both 

5. (a) xE[0,36] 
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R.R Review Exerc ises  f o r  C h a ~ t e r  R 

SOLUTIONS TO EVERY OTHER ODD EXERCISE 

1. Subt rac t  2 from both  s i d e s  t o  g e t  3x = -2 . Then d i v i d e  by 3 t o  

g e t  x = -213 . 
2 5. Expansion g ives  (x + 1 ) 2  - (x  - 112 = 2 = (x + 2x + 1) - (x2 - 2x + 1) = 

4x . Divide both  s i d e s  by 4 t o  g e t  x = 112 . 
9.  8x + 2 > 0 i s  equ iva l en t  i s  8x > -2 . Divide both  s i d e s  by 8 t o  ge t  

x > -114 . 
13. Expand t o g e t  x 2 -  ( x -  ~ ) ~ = x ~ -  ( x 2 - 2 x + l )  = 2 x -  1 > 2 .  Add 1 

t o  both  s i d e s  t o  g e t  2x > 3 and d i v i d e  by 2 t o  g e t  x > 312 . 
17. x2 < 1 i s  equ iva l en t  t o  x2 - 1 < 0 o r  (x + l ) ( x  - 1) < 0 . One p o s s i b l e  

s o l u t i o n  is  x < -1 and x > 1 , bu t  t h i s  i s  no t  pos s ib l e .  Another 

p o s s i b i l i t y  i s  x > -1 and x < 1 . Thus, t h e  s o l u t i o n  i s  -1 < x < 1 , 

i . e . ,  x € ( -1 , l )  . 
2 

21. I X  - 1 1  > 2 means Ix - 1 1  > J Z ,  i . e . ,  x - 1 2  V'T o r  x - 1 4  -JZ:. 

For x -  1 2 6 ,  w e g e t  x >  1 + a .  For x -  1 < - V ' T ,  we g e t  

x < -a + 1. Therefore ,  t h e  s o l u t i o n  i s  x > 1 + fi o r  x < 1 - fi , 

i . e . ,  x E (-a, 1 - 8 1  o r  x E C1 + JZ 
25. x3 € (-8,27) imp l i e s  x E (-2,3) , so  x < 10 and x E (-2,3) means 

-2 < x < 3 ; i . e . ,  x E ( - 2 , 3 )  . 
29. 2(7 - x)  >, 1 i s  equ iva l en t  t o  14 - 2x >, 1 o r  -2x >, -13 . Dividing 

by -2 r e v e r s e s  t h e  i n e q u a l i t y  and y i e l d s  x 4 1 3 1 2  . Also, 3x - 22 > 0 

is  equ iva l en t  t o  3x > 22 o r  x > 2213 . Thus, t h e  s o l u t i o n  i s  

x E ( - ~ , 1 3 / 2 ]  o r  x E ( 2 2 1 3 , ~ )  . 
33. 1-81 = 8 , so  1-81 + 5  = 13 . 
37. JZ 2- l I2  = JZ/21/2 = JS/& = 1 . 

112 314 = x1/4+1/2-1/2 1-314 = x1/4 y114 = 4 6  . 
41. x1I4 & y l x  y Y 
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45. The d i s t a n c e  between P, and P? i s  V(x2 - + (y2 - y1)2 . - 
I n  t h i s  c a se ,  i t  i s  i ( 2  - (-1) 2  + (0 - 1) 2  = (z = fi . 

49. The poin t -poin t  form of a  l i n e  i s  y  = yl + [ (y2 - y1) / (x2  - xl)  (X - x l ) ] .  

I n  t h i s  case ,  t h e  l i n e  i s  y  = -1 + [ ( 3  - ( -1) ) / (7  - 1 / 2 ) ] ( x  - 112) = 

53. The poin t -s lope  form of a  l i n e  i s  y  = y + m(x - 1 x l )  . I n  t h i s  c a se ,  t h e  

l i n e  i s  y  = 13 + (-3)(x - 3/4)  = -3x + 6114 o r  4y + 3x = 61 . 
57. The s lope  of 5y + 8x = 3 i s  -815 . Thus, t h e  s l ope  of a  perpendicular  

l i n e  i s  518 , and t h e  l i n e  pass ing  through ( 1 , l )  i s  y  = 1 + (518) (x  - 1)  , 

using  poin t -s lope  form of t h e  l i n e .  The l i n e  i s  y  = 5x18 + 318 o r  

61. The equat ion  of t h e  c i r c l e  w i th  cen t e r  ( a , b )  and r a d i u s  r is  

2  
(X - a)' + (y - b)' = r2 . I n  t h i s  c a se ,  t h e  c i r c l e  is  (x  - 12) + 

(y - 5)' = 8' o r  (x2 - 24x + 144) + (y2 - 10y + 25) = 64 o r  

x2 - 24x + y2 - 1Oy + 105 = 0 . 
65. Complete t h e  square  t o  ge t  

2  
y  = 3(x  + 4x13 + 419) + 2 - 413 = 

3(x  + 2/312 + 213 . This i s  a  parabola  

opening upward wi th  v e r t e x  a t  (-213,213) . 

69. Solve t h e  equa t ions  s imul taneous ly .  S u b s t i t u t e  y  = x i n t o  x2 + y2 = 4 

t o  g e t  2x2 = 4 , i . e . ,  x2 = 2 o r  x  = fa. Thus, t h e  p o i n t s  of i n t e r -  

s e c t i o n  a r e  (-fi,-JZi and (&,m . 
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77.  (a )  

This  i s  t h e  graph of y = 3x i f  x 2 0  ; 

i t  i s  y = -3x i f  x < 0 . 

I n  a d d i t i o n  t o  t h e  po in t s  i n  

p a r t  ( a ) ,  we have f(-1.5) = 

-0.1875 ; f ( -1)  = 0 ; f(-0.5) = 

-1 t 0.0375 ; f (0 .5 )  = -0.0375 ; 

f ( 1 )  = 0 ; f (1 .5 )  = 0.1875 . 
81. I f  a  v e r t i c a l  l i n e  pa s se s  through two p o i n t s  of t h e  graph,  i t  i s  no t  a 

func t ion .  Thus, (a )  and (c)  a r e  func t ions .  

TEST FOR CHAPTER R 

1. True o r  f a l s e :  

(a)  I f  a > b > 0 , then  l / a  > l / b  . 
(b) The i n t e r v a l  (2,4) con t a in s  3  i n t e g e r s .  

( c )  I f  a  > b > 0 , then  a c  > bc f o r  cons t an t  c . 
(d) The domain of & is  x >  0 . 
(e)  The l i n e  x = 2 has  s l ope  zero .  
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Express the solution set of x2 + 3x + 2 2 0  in terms of absolute 

values. 

Write equations for the following lines: 

(a) The line going through (1,3) and (2,4) . 
(b) The line with slope 5 and passing through (-3,2) . 
(c) The line with slope -1 and y-intercept 112 . 
Sketch the graph of y = 1 1 2x1 - 2 1 . 
Do the following equations describe a circle or a parabola? 

2 
(a) x + y 2 + 5 ~ - 4 y  - 6 . 0 .  

(b) y = x2 - 2x + 3 . 
(c) X + Y2 = 0 . 
(a) Complete the square for the equation y2 + 4y + 3 = 0 . 
(b) Solve the equation in part (a) . 

2 
Sketch the graph of y = Ix - 1 I . 
(a) Find the points of intersection of the graphs of y = x2 and 

(b) Find the distance between the intersection points. 

Factor the following expressions. 

(a) x2 + 2x - 15 
3 2 

(b) x - XY 
Dumb Donald had heard how wonderful chocolate mousse tasted, so he 

decided to go on a hunting trip at Moose Valley. When he finally 

spotted a moose, he chased the moose in circles around a tree located 

at (-4,-2). Unfortunately for Dumb Donald, the moose ran much faster, 

caught up with Dumb Donald, and trampled him. Their path was radius 7 

from the tree. What is the equation of the circle? 
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ANSWERS TO CHAPTER TEST 

1. (a) False; l/a < l/b . 
(b) False; 2 and 4 are excluded from the interval. 

(c) False; c must be positive for ac > bc . 
(d) True. 

(e) False; vertical lines do not have slopes. 

3. (a) y = x + 2 .  

(b) y = 5x + 17 . 
(c) y = -x + 112 . 

5. (a) Circle 

(b) Parabola 

(c) Parabola 

6. (a) (y + 212 - 1 = 0 . 
(b) y = -3 or y = -1 . 
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8. (a) (2,4) and ( 3 , 9 )  

(b) rn 
9. (a) ( x + 5 ) ( x - 3 )  
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