CHAPTER 7

BASIC METHODS OF INTEGRATION

7.1 Calculating Integrals

PREREQUISITES
1. Recall how to integrate polynomials (Sections 2.5, 4.4, and 4.5).
2. Recall integration formulas involving exponentials and logarithms

(Section 6.3).
3. Recall integration forwmulas involving trigonometric functions and
their inverses (Section 5.2 and 5.4).

4. Recall the relationship between the integral and area (Section 4.6).

PREREQUISITE QUIZ
1. Perform the following integrations:
(a) fé(x3 + x)dx
M [ - 1A - xDyax
2
(c) f(cos x ~ 1/x + 2/x7)dx
2. Suppose g{(x) 2 f(x) on [0,2] and f(x) = g(x) on 1[2,3] . Write
an expression for the area between the graphs of g(x) and f(x) on

[0, 3}
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314 Section 7.1

GOALS

1. Be able to evaluate integrals involving sums of polynomials, trigonometric
functions, exponentials, and inverse trigonometric functions.

2. Be able to use integration for solving area and total change problems.

STUDY HINTS

1. Definite integrals. In the box preceding Example 2, restrictions are

placed on a and b . Can you explain why? If n= -2, -3, -4
a and b must have the same sign to avoid the discontinuity in the
integrand at x = 0 . If n 1is not an integer, one must impose condition
that avoid roots of negative numbers. Finally, recall that In x is
undefined for x <0

2. Checking answers. Remember that integration is the inverse of differentia-
tion. Thus, you should always check your answer by differentiating it to
get the integrand. Differentiation can often detect a wrong sign or a
wrong factor.

3. Word problems. Be sure all quantities are expressed in compatible units.

(See Example 9.)

4. Review of integration methods. The material in this section is review.

1f any of the examples didn't make sense, go back to the appropriate sec-

tions in Chapters 1-6 and review until you understand the examples.

SOLUTIONS TO EVERY OTHER ODD EXERCISE
1. By combining the sum rule, the constant multiple rule, and the power rule
2 - 3 2
for antidifferentiation, we get f(3x + 2x + X 3)dx = 3x"/3 + 2x°/2 +

- 2
x 2/(—2) +C = x3 + xz - 1/2x" + C .
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5. We guess that the antiderivative of sin 2x 1is a cos 2x . Differentia~
tion gives -~2a sin 2x , so a should be =-1/2 . Thus,
%
J(sin 2% + 3x)dx = -cos 2x/2 + 3272 + € .
9. Using the sum rule, the constant multiple rule, and the power rule for
s A 8 2 9 3
antidifferentiation, we get F(x) = f(x + 2x° - 1)dx = x7/9 + 2x° /3 -

x + C . Note that F(-a) = ~F(a) , so TF(a) - F(-a)
2

2F(a) . There~-

fore, [2,G5 + 2x - Dax = 2F(2) = 2(512/9 + 16/3 - 2) = 1084/9 .
13. Using the power rule for antidifferentiationm, f81 %P‘ds = f?ésl/Ads =
[55/4/<5/4)]1fé = (4/5) [(81)(3) - (16)(2)] = 844/5
17. Jiﬂcos x dx = sin x ;iﬂ =0 .
21. By the constant multiple rule, f [3/G2 + 1la 3[1[1/(x + Dldx =

3 tan—lxié = 3n/4 .,
. , . s . nlh 2
25. From the basic trigonometric antidifferentiation formulas, jO sec x dx =
tan x\g/4 =1

29. By the logarithm differentiation formula, fi(dt/t) = 1In tﬂi =1n 5 -

Inl=1n5
33. By the sum rule, the integral is j2200 9Ox21 - 8Ox33 + 5580x97)dx +
%280 1 dx . Since the first integrand is an odd function, the anti-
derivative will be an even function, F(x) ; therefore F(200) = F(-200)
and the integral is O . Thus, we are left with IZZOO 1 dx = xlfggo =
400 .

37. (a) According to the fundamental theorem of calculus, the derivative of
the integral is the integrand. Using the chain rule, we have
) o2 )
(d/dx) e /2 + Cl = 2xe /2 = xe . Therefore, the formula

is correct.

*Throughout the student guide, we take cos 2x/2 to mean (1/2)cos 2x, not
cos (2x/2)
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316 Section 7.1

37. (b) According to Example 7, [ln x d¥x = x In x - x + C . Thus,

2 \ 2 2
jf [ZXE(X ) 43 1n x de = {e(x ) 4 3% 1n x - 3x];T NG R

)
Je —e -0+ 3= e(e ) e+ 3 . P
41. We may write g(t) = ng /2;—; sin sz dx==—JtVeX + sin SXZ dx as
t 4
f(tz) , where f(u) = fz - /éx + sin 5x2 dx . By the fundamental
theorem of calculus (alternative versiom), £ (u)= /e + sin 5u2 .
By the chain rule, g'(t) = f'(tz)-(d/dt)tz = -2¢ e<t2) + sin 567 .
45. Property 4 of the definite integral, the endpoint additivity rule, is
used in this exercise.
/2

(a) fiﬁiZ f(x)g(x)dx = jiﬁ?z sin x = -cos X(~r/2 =0 .

#l

(b) f? g(x)h(x)dx = ff dx/x2 + f; 2 dx/x2 (-l/X)I% + (-Z/X)Ig =

-1/2 +1-2/3+1=5/6

(e) . If 0<x<2, then ff/z f(g(t)dt =
1. 584 f?/Z sin t dt = -cos tﬂi/z = -cos x . 1If
. 2<x <7, then f:/z f(t)g(t)dt =
0-416 L/////: 5 %A ; Ii/Z sin t dt + JE(Z sin t)dt = -cos t‘i/z +
-1 (-2 cos t)\; = ~cos(2) - 2 cos x + 2 cos(2) =
l cos{2) - 2 cos x . Therefore,
-cos x if 0<x<x2

j};/z f(e)g(t)de ={

cos(2) - 2 cos x if 2<x <7

49. Since the function is positive on [1,4] , the area is fz f(x)dx .

Fed « ke = 167 4 P F O TV R M TV N
16.4 .

53. The y-intercept of y =1 - x2/4 is 1, so the white area in the
center is a circle of radius 1 . We will find the area in the first

gquadrant and then multiply by & to find the total area. The x-intercept
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(continued)

of y=1- x2/4 is 2 . The area of the white quarter circle is u/4 ,
so the area of the entire shaded region is 4[]3(1 - x2/4)dx - ﬂ/&] =
Bl = N2y |5 - /6] = 443 - /ey = 1673 - w

Integrating the identity sinzx + coszx =1 from 0 to /2 and using

/2 2 = fg/z 1 dx . The two

the sum rule gives fg/z sinzxdx + jO cos dx

integrals on the left-hand side are equal by assumption and the right-

hand side is 1/2 , so sinzxdx =n/4 . (Note that we did this

(/2
‘0
problem without ever finding fsinZX dx .)

The area is given by the integral fz[dx/(l + xz)] = tan_1x§2 = tan—lb -

-1 s . .
tan "a . By the definition of the inverse tangent function, the value

of tan_lx always lies in the interval (-u/2,7/2) , so the difference
between two values must be less than 7 , vregardless of the length of

the interval [a,b] .

-kt .
(a) Guess that the antiderivative thas the form ae . We differenti-

- - -kt T
ate to get =-ake ke , so a==R/k. A= fg Re ktdt = (-R/k)e t\o =

R0ET - D = ®AOA - e85

(b) For this problem, k = 0.0825 ; R = 4(12)(230) = 11040 ; T =5

e-(0.0825)(5))

Therefore, A = (11040/0.0825)(1 - = $45,231.46

Using the identity, f?[dt/t(t + ] = fi(dt/t) - f?[dt/(t + D] =
In ti? - 1In(c + 1)5? =1 -0~ 1n(e + 1) + In(2) = 0.380 . (The second

integral was found by guessing that f[dt/(t + D} =aln |+ 1] +cC.

Then differentiation showed that a = 1 .)
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318 Section 7.1

SECTION QUIZ

1. Evaluate the following integrals:

3

(a) }'{(xA + 3% - 1)/xldx

(b) j?33<x5 + 8% - 27x + 1)ax

@ [ 4 s+ eyax

(d) IE/Z(Z sin 8 + cos 8)de

(e) ]1/3{dt/ft + t? l

1/31
£ [G/u 02 - Ddu R

u > 0
(g) f[(tA + 22 4 2)/(t2 +1) - e" + csc v cot tlde

2. f[dt/(l + tz)] = tanvlt + C and f[dt/(l + t2)] = —cot_lt + C . Since

the integrals are equal, we have tan "t + C = —cot-lt +C . The C's

1 1

-1 - ) -1 -
t = -cot "t . Obviously, tan t # -cot t

cancel, leaving tan
What is the fallacy in this argument?

3. Show that fex sin % dx # (1/2)ex(sin x + cos x) + C

4. Once again, Guilty Gary had borrowed his neighbor's tools without asking.
This time, he was spray painting his house when a friendly policeman
stopped to compliment Guilty Gary on the fine job he was doing. Startled,
Guilty Gary forgot to turn off the spray before turning around. When he
realized he was spraying the policeman, he accidentally increased the

spray rate. For 15 seconds, paint was coming out at (0.25 + t)

liters/min., where t is in minutes. How much paint did Guilty Gary
x

spray on the policeman?

*Dear Reader: I realize that many of you hate math but are forced to com-
plete this course for graduation. Thus, I have attempted to maintain in-~
terest with "entertaining" word problems. They are not meant to be insul-
ting to your intelligence. Obviously, most of the situations will never
happen; however, calculus has several practical uses and such examples are

found throughout Marsden and Weinstein's text. I would appreciate vour
comments on whether my "unusual' word problems should be kept for the next
edition.
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ANSWERS TO PREREQUISITE QUIZ
1. (ay 72
X . -1
(b) e - sin "x + C
(¢) sin x - In|x| - 2/x + C

2. fé[g(x) - f(x)ldx + f;[f(x) - g(x))dx

ANSWERS TO SECTION QUIZ

1. (@) x'/4 +x° - Inlx| + ¢
(b) 186
(© 227%5 4 25+ X+ e
(d) -1
(e) ©

(f) 3 sec—lu + C

(g) t3/3 + t + tannlt —et - cscttC
2. The arbitrary constants have different values.
3. Differentiate the right-hand side.

4. 3/32 liters
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7.2 Integration by Substitution

PREREQUISITES

1. Recall how to differentiate rational, trigonometric, logarithmic, and
exponential functions (Sections 1.5, 5.2, and 6.3).

2. Recall how to differentiate by the chain rule (Section 2.2).

3. Recall how to integrate basic functions (Section 7.1).

PREREQUISITE QUIZ
1. Differentiate the following expressions:
(a) cos x + sec 2x + 1/2x

(b) esin X, 3x/Z n X~3

(c) x6 + 3X2 ~ 1n(x3 + 4x)
2. Evaluate j(x6 + cos x + 1/x)dx

3. Evaluate f[l/(l + X2) +e® - 3]dx

GOALS

1. Be able to recognize the types of integrals which may be evaluated by
substitution.

2. Be able to evaluate integrals using the technique of substitution.

STUDY HINTS

1. Integration by substitution. Be sure you understand this technique

well. Tt is one of the most important techniques of integration.

2. Choosing a substitution. Practice and study the examples. Note that

in the first three examples, u 1is an expression which is raised to

a power.
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. : n . n-1
3. More common substitutions. If x appears, see if x also appears

in the integrand, where n again does not have to be an integer. If
so, try substituting u = x" . Two other good choices for wu are used
to derive the shifting and scaling rules.

4, Shifting rule. Do not memorize the rule. It is simply a substitution
of u=x+a

5. Scaling rule. Do not memorize the rule. Tt is simply a substitution
of u = bx

6. Differential notation. As an alternative, you may differentiate both

sides of u = g(x) to get du = g’(x)dx , and then solving to get
du/g'(x) = dx . All of the methods presented are the same., Use the
one which vou feel most comfortable with.

7. Giving an answer. Remember to express your answer in terms of the

original variable. And don't forget the arbitrary constant.

SOLUTIONS TO EVERY OTHER ODD EXERCISE

1. Let u=x"+ 4, so du = 2x dx . Then IZX(XZ + A)B/de = fug/zdu =
w2502 + 0= 2025 0= 2%+ 025+ C
. o 2 52, )
Differentiating, we get (d/dx)([2(x" + &) /5 + cl =

3/2 3/2

(2/5)(5/2)(x2 + 4) (2x) = Zx(x2 + 4) Differentiation yields the
integrand, so the answer is verified.
2, 2 3.1 2n
5. Let u = tan 6 , so du = sec’ 6 46 . Then f(sec 8/tan”6)de =
[(du/u®y = w"2/(=2) + C = <1/2 tan’8 + C
Upon differentiating, we get (d/de)[-1/2 tanze +c] =

2(2) tan © secze/(Z tanze)2 = secZG/tan3E . Differentiation yields the

integrand, so the answer is verified.
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9. Let u = x4 + 2, so du-= 4X3dx . Then f(x3/1/x4 + 2)adx

u

[y urey = o 2au = sy W2 002)) 1o

X4 +2/2 +C .

\

1/2/2 +

Differentiating the answer gives (d/dx)[(x4 + 2)
(1/2)(1/2)(x4 + 2)_1/2(4x3) = x3/‘/x4 + 2 , which is the integrand.
Thus, the answer is verified.

2 . 2 X 2
13. Let wu = cos{y") , so du = -sin(r }+2r dr . Then f2r sin(r7)x
cos3(r2)dr = f—u3du = -ué/a + C = —cosb(rz)/4 + C .
Differentiating the answer gives (d/dr)[—cosa(rz)/h +C] =
3,2 . 2 . 2 3,2 . .
(~1/4)(4)(cos ™ (r7))(~sin(r ")) (2r) = 2r sin(r Jcos (r ) , which is the
integrand. Thus, the answer is verified.

17. Let u=98+4, so du

it

do . Then fsin(e + 4)de = fsin u du =
-cos u + C = -cos(8& + 4) + C . (The shifting rule may have been
applied to this integral.)
Differentiating the answer yields (d/d6){-cos(s + 4) + ¢] =
sin(9 + 4) , so the answer is verified.
21. Let u = t2 + 2t + 3, so du= (2t + 2)dt = 2(t + 1)dt .
Then [1(t + /Y2 + 2¢ + 3lae = [u M %aw/2) = a2y w?/ar2) +c =
ul/2 + C = t2 + Zt-:_; + C
Differentiating the answer gives (d/dt)(\/t2 + 2t +3+C) =
/% + e+ D V200 12y = (0 + DI + 26 43, which is the
integrand. Thus, the answer is verified.
25. Use the hint to get jcos39d6 = f(cos @)(cosze)de = f(cos 8y {1 - sinze)dﬁ

3 2
Now let u = sin 8 , so du =.cos 6 d9 . Then fcos g de = f(l - u)du =

u - u3/3 + C = sin 8 - sin3e/3 +C .
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Let x =2 sinu, so dx = 2 cos u du ;
2 .
X therefore, JVA - x2 dx = JMA -4 sinzu x
(2cosu du) =4 coszu du = Zf(l + cos 2u)du
Z _ XZ J

(using the half-angle formula) = 2(u + sin 2u/2) + € = 2u + 2 sin u x
cosu+ C . Since u = sin~1(x/2) (See the figure), the integral is

2 sin‘l(x/Z) + xv4 - X2/2 +C .

Let u=1nt , so du = dt/t ; therefore, f[sin(ln t)/t]ldt =
fsin udau=-cesu+C=-cos(int) +C
(a) Let u = sin x , s0 cos x dx = du . Then fsin x cos X dx =

Ju du = u2/2 + C = sinzx/Z +C

(b) Let u =cos x, so sin x dx = -du . Then fsin X cos % dx =
fu(—du) =—u2/2 +C = —coszx/Z + C .

(¢) From sin 2x = 2 sin x cos X , we get sin x cos x = sin 2x/2
Hence fsin X cos X dx = (l/Z)Isin 2% dx = (1/2) {-cos 2x/2) + C =
-cos 2x/4 + C by the scaling rule.

To show that the three answers we got are really the same, we
need to show that they differ from one another by constants.
sin2x/2 - (~cos2x/2) = 1/2 , which is a constant. Also,
—coszx/2 - {-cos 2x/4) = —cos2x/2 + (2 coszx - 1)/4 = -1/4

which is a constant. Thus, we have shown that all three answers

are eqguivalent.
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SECTION QUIZ
1. Evaluate the following integrals:

(@ [(t+ &+ 5%

(b) ;[ZeBX/{l + eéx]}dx
(c) J %/JAu - uz}du [Hint: Complete the square.]

t [Hint: Let u=t + 5 .]

(d) fsecst tan t dt

(e) Jx(ehx}xdx
{
2. What is wrong with the following statements?

@ G- 032 )5/2

x = 2(3 - x /5 + C .
) fx - HNx = (x - N/ e
(c) fcos 5x dx = 5 sin 5x + C .

(@ [[G0% + o+ 1hdx = (/0 160373 + /2 + ()

3. The rate at which Schizophrenic Sam spends listening to voices t months
after his psychiatric visit is given by tz/(t +4) , 0 t<2.,5
Find a formula describing the amount of time spent in auditory hallu-~

cination since his last psychiatric appointment. (Hint: Let u =t + 4

ANSWERS TO PREREQUISITE QUIZ

1. (a) =-sin x + 2 sec 2x tan 2x - 1/2x2

x/2 -4

sin x
3x

(b)Y (cos x)e + (1/2)(1n 3)3
(0) 6 + bx - (3x%+ 4)/ (x> + bx)
2. X7/7 + sin x + 1n lx} + C

- X
3. tan lx +e - 3x+C
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ANSWERS TO SECTION QUIZ

7/2 /

/7 -2t +5°%/5 4¢3 let u=rt+5 .

N
L e3X1 +C; let u-= 63X .

1. (a) 2(r +5)
(b) (2/3) ten”
(c) 5 sin—l[(u -2y/2 +¢c; let v=u-2.,
(d) secst/S +C ;3 let u = sec X .
(e) exp(AxZ)/8 + C; let u-= sz .

2. (a) Minus sign is missing.
(b) Exponent and denominator should be -1 rather than =3 .
(c) Answer should be sin 5x/5 + C .
(d) Arbitrary constant is missing.

3. (e 4 W)%/2 -8t 4+ 4) +16 In'e + 4
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7.3 Changing Variables in the Definite Integral

PREREQUISITES
1. Recall how to integrate by the method of substitution (Section 7.2).
2. Recall the fundamental theorem of calculus (Section 4.4).

PREREQUISITE QUIZ
1. Express the integral fz F'(x)dx in terms of F .
2. Perform the following integrations:

(a) fcos x sin x dx

() 0=/ + xMlax

(c) f(Zx - 3)4dx

GOALS

1. Be able to change the limits of integration while integrating by

substitution.

STUDY HINTS

1. Changing limits. Once you have learnmed integration by substitution for
indefinite integrals, definite integrals can easily be computed by chang-
ing the limits every time you change variables. Simply choose u = g(x)
and then change the limits from x = a and b to u = g(a) and g(b)

2. Substitution may not work. If the integral becomes harder, try a different

substitution or maybe integration by substitution is not the correct method
to be used for solving the integral. When you are proficient, going

through a mental checklist shouldn't take long.
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Use of tables. Don't rely on tables. By the time you finish this
course, you should be able to derive the integration formulas found in
the tables. They are provided for your convenience , Check with vour

instructor regarding access to a table during an exam.

SOLUTIONS TO EVERY OTHER ODD EXERCISE

1.

13.

17.

21.

25.

Let u=x+2, so du=dx ; therefore, f vV -+ dx = 3 du =

1
[( 3/2)/(3/2)]\1 = 2(V27 - 1)/3 = 2/3 - 2/3 .

Let u = x2 +2x 4+ 1, so du= (2x + 2)dx = 2(x + 1)dx ; therefore,
6+ DG+ 2+ D ax = /[P0 fau = Tar® a2 -
212574 = (%419
Let u = x2 , so du = 2xdx ; therefore, fé X exp(xz)dx =
(1/2) [gelau = /D[] = (e - 1)/2
Let u = cos x , so du = -sin x dx ; therefore, jii?z 5 coszx sin x dx
—jg suldu = 0 .
Let u =vcos 8, so du= -sin & d68 ; therefore, (ﬁ;g tan & d& =
ﬁjA(51n 6/cos 6)de = - v2/2 (dufu) = "1n§U\‘/-/2 =
} cos(n/8) lcos(n/8)

ln{cos(n/8)) - 1n(V2/2) = 1n(/2Z cos(w/8)) . We used the identity tan & =

sin 6/cos 6 to solve this problem.

Division yields f?[(x3 + x - l)/(x + 1)ldx = f3 [x - 1/(x2 + D]dx =

(272 - tan ') |3 = 4 - tan(3) + n/4

1
: . 3 2
If we make the substitution u = x~ + 3x + 1 , we have du =

1 3 5
(3x2 + 6x)dx , so J ((x2 + 3x)/ ¢X3 + 3x2 + 1} dx = J [(x2 + 3x)/
ol u=1

5
4;(3X2 + 6x)] du = J [ (x + 3)/ %Gk3x + 6)] du . There is no simple
u=1

way to express the quantity (x + 3)/(3x +6) in terms of u . (We
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25. (continued)
. 3 2 .
would have to solve the equation u = x~ + 3x~ + 1 for x in terms of
u .) We conclude that the substitution was not effective in this case.

29. We use the first half of formula 65 because a = 3 >0 and b =2
¢ =1 . Therefore, fé bx/VBXZ + 2x + 1} = (1/V3) 1n [2(3)x + 2 +
2/§¢3x2 + 2x + 1

4 + 3/2) /(1 + V3)]

3

\é = (1/V3)[1n |8 + 6VZ |- 1n |2 + 2/3 |1 = (1//3) *

2
33. Let u=zx +2x+ 2, so du= (2Zx 4+ 2)dx = 2(x + 1)dx . Thus, the

3/2 1/2/

area is LG+ D/G5 + 2 + 23 ax = [Sau/20>’® = (/230

LDV = G = -1/V5 + 1/V2 = =/5/5 + ¥3/2 = (5V2 - 2/5)/10 .
37. (a) By substituting u = cos x , we have du = -sin x dx , u(w/2) =
0, and w0 =1 . Thus, [p/%cos’s sin x ax = - u’du =
(—u3/3)‘? =1/3 .

(b) Let F be the antiderivative of £ . Then, IZf(g(x))g/(x)dx =

g(b)

g(a)f(u)du =

F(g(X))‘Z = F(g(b)) - F(g(a)) . This is the same as f

§g(b)
‘g(a)

ship between g(a) and g(b)

F(u) Thus, the formula is valid independent of the relation

SECTION QUIZ

1. Evaluate the following integrals:
(a) ffl(x + 1)5x dx [Hint: Let uv=x+1 .]
(b) f33 X exp (_X2>dx

(c) fé[ts/(l + t3)3]dt [Hint: Let u =1+ t~.

~172 4.1/2" 2
(@) [Zy/(l -y dy [Hint: Let u =y .}
o -
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2. Consider the integral fiﬂ3x2 sin(xB)[exp(cos(x3))]2
(a) Rewrite the integral by substituting u = x
(b) Rewrite the integral in (a) by substituting v = cos u .
(c) Rewrite the integral in (b) by substituting w = 2v .
(d) Evaluate the integral.
(e) What substitution can be used to evaluate the integral in one

step?

3. Lost in a magic cave, you read, scribbled on the wall, "RIGHT

1/2
-1/2

2
[2dx/(1 + 4x")]"™ . From that sign, an arrow points to a combination

[174 72 sin x ax , verr [O6( + 9%ar , mrear U7 o)
lock marked "EXIT." What combination will probably bring you back to

the outside world?

ANSWERS TO PREREQUISITE QUIZ
1. F(b) - F(a)
.2 2
2. (a) sin"x/2 + C or =~cos x/2 + C
(b  (3/2) tan ' (x%) + C

(c) (2x - 3)5/10 + C

ANSWERS TO SECTION QUIZ

1. (a) 128/7 - 32/3

() 0
(c) 1/24
(dy /6
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3
2. (a) f_lB sin u lexp(cos u)}zdu

’

b) _Jcos(ﬂa)

-cos(n7)

[exp v]z dv
3
(¢) -|2(eos(x)) (e” aw/2)
—2(cos(ﬂ3))
(@) H{expl-2 Cos(ﬂ3)] - exp|2 COS(W3)]}/2
(e) Let u =2 cos(xB) .

3. 36 RIGHT, 24 LEFT, 35 RIGHT (Apologies to the female readers!)
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7.4 Integration by Parts

PREREQUISITES
1. Recall the product rule for differentiation (Section 1.5).

2. Recall the definition of an inverse function (Section 5.3).

PREREQUISITE QUIZ
1. Differentiate the following expressions:
(a) x 1n x
2
(b) (5% - 3)(x" - 4x + 1)
(c) x2 tan x

2. If f(x) = 2x + 3, find a formula for f_l(x)

GOALS

1. Be able to use the technique of integration by parts.

2. Be able to integrate inverse functions.

STUDY HINTS

1. Integration by parts. Memorize the formula fu dv = uv - fv du and

don't forget the minus sign. The formula will be used quite often during

your studies of mathematics. Learn the formula well emough so that it
becomes second nature to you.

2. Choice of u. When integrating by parts, the factor xn , Wwhere n

is a positive integer, is often chosen to be u . After n repetiftions

of integration by parts, this factor will be eliminated. Another com-
mon situation is when one of the factors is 1n x , in which case we

let u = 1n x . Note the choice of u in Examples 1 , 2 , and 3 .
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3. I method. Example 4 demonstrates a technique which is useful for
integrals involving exponentials and trigonometric functions. The
method works because repeated differentiation of the factors yields
the original factors.

4. "Other" I méthods. Try Example 4 again by letting u = e both
times. Now, try again with u = sin x in the first step and then
letting u = e® in the second step. The last method demonstrates
that you must let u be the exponential or the trigonometric func-
tions throughout the integration. Don't change in the middle.

5. Integrating inverse functions. Once you learn the formula fu dv =

uv -~ fv du , simply rename the variables to get fy dx = xy - fx dy .

All we did was replace u with y and v with x . Finally, remem-
ber to express your answer to fy dx 1in terms of x , not vy
SOLUTIONS TO EVERY OTHER ODD EXERCISE
1. Let u=x+1 and dv = cos x dx , so du = dx and v = sin % ;

therefore, f(x + 1)cos x dx = (x + I)sin x - fsin x dx = (x + 1)sin x +
cos x + C .

5. Let u = xz and dv = cos x dx , so du = 2x dx and v = sin x ;
therefore, fxz cos x dx = xz sin x - fo sin x dx . For the integral
f2x sin x dx , apply integration by parts again with u = 2x , so
dv = sin x dx , du =2 dx and v = -cos x ; therefore fo sin x dx =
-2%X coS X - f—cos x (2 dx) = -2x cos x + 2 sin x + C . Hence
fxz cos x dx = x2 sin X - [-2x cos x + 2 sin x| + C = (x2 ~ 2)sin x +

2% cos x + C
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Let u = In(l0x) , so dv =dx , du = (10/10x)dx = dx/x , and v =

x 3 therefore, jln(le)dx

x 1In(10x) - fx(dx/x) = x In(l0x) - x + C .

Let u = 52 s, so dv = eBSds , du=2sds , and v= 38/3 ;5 there-
fore, fszeBSds = 52e3s/3 - f25€35d5/3 . Apply parts again: Let u =
2s , so0 dv = e3sds/3 , du=24ds, and v = 638/9 ;  therefore,

[s2e3%ds = 52753 - 25e°%/9 + [267%/9 = $%e7%/3 ~ 287979 + 20°°/27 +

e3%9s% — 6s + 2)/27 + C .

C =
Let u = t2 , so dv = 2t cos(tz)dt , du = 2t dt, and v = sin t2 (v is
found by substituting w = tz) . Thus, f2t3 cos t2 dt = t2 sin tz -
th sin t2dt . Again, we substitute w = tz to get the answer
t2 sin t2 + cos t2 +C .
Let u = In(cos x) , so du = (-sin %/cos x)dx = ~tan x dx ; therefore,
ftan x ln(cos x) dx = —fu du = -u2/2 + C = ~[1n(cos x)]2/2 + C .
We will use formula (8) with the role of x and y reversed. Let
x=V1/y <1, y= l/(xz + 1) ; therefore, qu7§_:kTrdy = fx dy =
Xy - fy dx = /T7§_:~T/(x2 + 1) - f[dx/(x2 + 1] =y/1/y -1 - tan_lx +
C=yi/y =T - tan Wiy =T + ¢
1f we choose f(x) = x and G(x) = sin x , then F(x) = x2/2 and
g(x) = cos x . We obtain Jx sin x dx = (x2/2)sin X - (1/2)fx2 cos x dx
The new integral on the right is more complicated than the one we started
with, so this choice of f and G 1is not suitable.
Note that In x3 =31nx, solet u=1nx, dv=dx , du-=dx/x,

3

and v =x . We get fi in x~ dx = 3]% ln x dx = 3[x 1n X:B

i1 - j? 1dx] =

3(3 1In 3 - 2)
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37. Use the formula for integrating inverse functions, so y = cos—l(Ax)

and dy = (-4/V1 - 16x2)dx . Therefore, ji;g cos—l(Ax)dx

4
L/4 + 4[1/4 //1 - 16x7)dx . Let u=1 - 16x° 50

1/8 1/8 ’
_ 1/4
du = -32x dx or -du/32 = x dx . Hence j1/8 [

(1/8) (n/3) - 4]2/4 o M24u/32 = —n/24 - Va/s)

X cos—l(éx)‘
os Haxyax = (1/4)(0) -

0 ~
34 = V3/8 - w/24 = 0,09 .,

41. TFirst, substitute § = 2x , so fiTexp(Zx) sin (2x) dx becomes

(1/2)fzﬂﬂeesin 6 d8 . From Example 4, fexsin x dx = ex(sin.x - cos x)/

2n [_eZﬂ

-2
Com = +e /4.

2 +C . Thus; we get (1/2){(1/2)e6(sin 6 - cos 8)]|

45. Use the formula for inverse functions with vy = sin_12x and dy =

(7 3 5 -
{2/ 1 - Ax”}dx . Thus, 1/2%2sin l2x dx = x sin 12)(11/2‘/E - jé/z/i 2%/

0 0
/1 - sz]dx . Substitute u = 1 - 4x° to get (1/2/2)(w/4) + (1/4) x
Y2y = w8 + P < wevT 4 172/ < 12 = (om0 /8V7 -
/2 .
49, Let u=x, so dv = sinax dx , du=4dx , and v = -cos ax/a ;
therefore, féﬂ X sin ax dx = -x cos ax/aléTT + f cos ax dx/a = - x cos ax/

27 2 .
a[oqr + sin ax/az\é“ = (=27 cos 2ma)/a + (sin 2ma)/a” . Since the terms in
27 .
the numerator are finite as a tends to infinity, IOW X sin ax dx
approaches 0 as a approaches = .
Geometrically, sin ax oscillates more as a approaches <« , Note
that the area of edch hump gets smaller as a gets larger. Finally,
the area of one hump above the x-axis almost cancels the area of the next
hump below the x-axis; therefore, the total area approaches O .
n n-1 . ;
53. (a) f cos x dx = f(cos x) (cos x)dx . We apply integration by parts
- -2
with u = cos" 1x , and dv = cos x dx , so du = (n - l)cosn X X
. . n n-1 .
(-sin x)dx and v = sin x . Therefore, [cos x dx = cos x sin x -
- -1 . 14 -2 ‘
[-(n - l)f cos” 2x(sin x dx) (sin x)] = cos™ 'x sin x + (n—l)}cosn X X

n-1 -
(1 coszx)dx = cos x sin x + (n - 1)fcos n2y - (n - l)fcosnx dx .

Copyright 1985 Springer-Verlag. All rights reserved.



Section 7.4 335

53. (a) (continued)
. n n-1 X
Rearrangement yields nfcos x dx = cos X sin x + (n -~ 1) x
fcosn_zx dx . Division by n yields the desired result.
. 2 2-1 .
(b) Letting n = 2 , we have fcos x dx = cos” "x sin x/2 +
[ - l)/2]fcos2-2x dx = cos x sin x/2 + (1/2)fax = (1/2) =
(cos x sin x + x) + C . Letting n = 4 , we have fcosax dx =
(0053x sin x)/4 + (3/4)fcoszx dx = (Cos3x sin x)/4 + (3/4) x
(cos x sin %x/2 + x/2) + C = (1/4)[c053x sin x + (3/2) cos x sin x +
3x/2] + ¢ .

57. (a) By the fundamental theorem of calculus, Q = [(dg/dt)dt = (i dt =

fEC(uz/w + w)ye *Fsin(wt)de .

(b) Let A = EC(aZ/w + w) and let u = 0t , then dv = sin(wt) dt ,
du = —ee %fdt , and v = -cos(wt)/w ; therefore, Q = A‘/’e'OLt x
sin(wt) de = A[—e~Utcos(mt)/m - fue‘atcos(mt) dt/w] . Now, let
u = ae-ut/w , so dv = cos(wt) dt , du = —uze—&t/w , and v =

sin(wt)/w ; therefore, Q = Afe_utsin(wt) dt = A[-e—atcos(wt)/m -
ue-atsin(mt)/w2 - faze_atsin(wt) dt/wz] . Rearrangement yields

A(L + az/wz)fe_utsin(wt) dt = A[—e—atcos(wt)/w - aeﬁutsin(mt)/mz] +
C . Division by 1 + az/mz = (w2 + a2)/w2 gives us Q =

EC[(az + mz)/w][wz/(wz + uz)][~e_gtCos(mt)/m - ue—gtsin(,t)/hzi +

C = —ECe—at[cOS(wt) + asin(ut)/w] + C . Q(0) = -=EC+ C =0, so
C = EC . Therefore, Q{t) = EC{l - e_at[cos(wt) + asin(wt)/wl !
61. In each case, wemust consider the case n = 0 separately because an n

will appear in the denominator. It is always the case that bO =

(1/71)_{37T f(x)+0 dx = 0 .

I}

(a) ag = (l/n)féTI cos 0 dx = (1/ﬂ)féﬂ dx = (l/ﬂ)xfém = 2 a_ (1/7) =

féﬂ cos nx dx = (1/7)(sin nx)/nfgw =0 ; bn = (l/v)fg” sin nx dx =
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61. (a) (continued)

(1/7) (-eos me)/ n |2

1

0 . Thus, a, = 2 and all other Fourier
coefficients are O .
2 2 W . .
(b) ay = (l/ﬂ)fo x dx = (1/m)(x /2)‘O =27 . a 1s determined by
letting u=x, dv =cosnx dx , du=dx , and v = sin nx/n ,
so a_ = (l/v)fzW x cos nx dx = (1/7)(x sin nx/n\ZT - fzv sin nx dx/
bat 0 0 0
n) = (1/7)(0 + cos nx/nziéﬂ) =0 . bn is determined by letting u =

X, dv = sinnx dx , du =dx , and v = -cos nx/n , 8O bn =

(l/n)jé? % sin nx dx = (1/7)(~x cos nx/n\éT - fé; cos nx 4x/n)

(1/7)(-27/n - sin nx/nzlé) = (1/m)(-2%/n - 0) = -2/n . Thus, a,. =

0
21, bn = -2/n if n # 0, and all other Fourier coefficients
are 0 .
(c) ay = (l/n)fém X2 dx = (1/1)(x3/3)§ét = 8n2/3 <oa is determined
by letting wu = X2 , dv =cos nx dx , du=2xdx , and v =

sin nx/n , so a, = (l/v)féﬂxz cos nx dx = (l/w)(x2 sin nx/n‘,éTr -

e2T
o

) = (1/m2/n)[37 x sin nx dx = ~(2/n) (-2/n) = 4/n° . b is
determined by letting u = X2 , dv = sin nx dx , du = 2x dx ,

2x sin nx dx/n) . Using the result from part (b) , a, = (1/m) x

and v = -cos nx/n , so bn = (l/v)f(z)ﬁ x2 sin nx dx = (1/7m) x
(—x2 cos nx/nléT + féﬂ 2x cos nx dx/n) . Using the result from
part (b), bn = (l/v)(—éﬁz/n) + (l/n)(2/n)f§W x cos nx dx = ~4u/n .
Thus, a, = 8w2/3 , a_ = A/n2 if n#0, b,=0, and b =

0 n 0 n
~4u/n 1if n # 0 .

(d) This problem requires using Ién sin mx sin nx dx , fér cos mx X
cos nx dx , and fév sin mx cos nx dx . By Exercise 50(a),
féﬁ sin mx cos nx dx = (n sin mx sin nx + m cos mx cos nx)/
(n2 - mz)?én =0 if n’ # n’ . If o - n’ s féﬂ sin mx cos nx dx =
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(continued)
(-cos 2mx)/4m\(2)ﬁ = 0 . Using the product formula, fgﬂ sin mx X
sin nx dx = (l/2)f§“ [ cos(mx -~ nx) - cos{mx + nx)] dx = (1/2) x
{sin{mx - nx)/(m - n) - sin(mx + nx)/(m + n)HéTT = 0 provided
m#n . If m=n, then we apply the half-angle formula:
jéﬂ sinzmx dx = fé“[(l - cos 2mx)/2ldx = (x - sin 2mx/2m)/21§ﬂ =
m . Applying the product formula, we get féﬂ[cos(mx + nx) +
cos(mx - nx)}dx = [sin(mx + nx)/(m + n) + sin(mx - nx)/
(m - n)]]é” =0 provided m#n . If m=n, then the half-
angle formula implies f%ﬂ costmx dx = fé“[(l + cos 2mx)/2)dx =
[(x + sin 2mx/2m)/2]\3ﬂ =,

a, = (»l/ﬂ)j(z;'Y (sin 2x + sin 3x 4+ cos 4x)dx = (1/7)(-cos 2x/2 -
cos 3x/3 + sin 4x/4)[(2)TY =0 . a = (l/ﬂ)[féﬂ(sin 2x + sin 3x +
cos 4x)(cos nx dx)] = (1/%)(7) =1 if n =4 , and a = 0 4if
n+# 4. bn = (l/ﬂ)[fgﬂ(sin 2% + sin 3x + cos 4x)(sin nx dx)} =1

if n=2 or 3, and bn = 0 otherwise. Therefore, a, = b2 =

b, =1 and all other Fourier coefficients are 0 .

SECTION QUIZ

1.

Which statement is the formula for integration by parts?

(a)
(b)
(c)

{uv dx = uv - vju dx

I

jy dx = xy - fx dy

Ju dv = uv - vfdu
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2. Evaluate the following integrals:
(a) fxsln x dx
®) [xcos(xP)dx
(c) foede
(d) fehxsin 4x dx
(e) fSin—1(3x)dx
3. Comment on the following: Differentiation of both sides shows that
fln x dx = x Inx - x + C . Thus, fx In x dx = x(x In x - %) -
f(x In x ~ x)dx .
(a) Is integration by parts used correctly? Explain.
(b) Evaluate fx In x dx .
4, Jumping Janet's new inheritance is a porcupine farm with an odd-shaped
plot of land. A new fence is needed, so Janet decides to make the holes
for the posts. In preparation to hop away from flying quills, Janet

jumps along the boundary on a pogo stick. The land is bounded by y =

2
X cos x and y = ~(x - 3ﬂ/4)2 + 9w2/16 . If one unit equals 10 meters

how much land area is allotted to each of Jumping Janet's 25 porcupines?

(Hint: Draw a graph to determine the limits of integration.)

ANSWERS TO PREREQUISITE QUIZ
1. (a) 1+ In x
(b) 15x2 - 46x + 17
(¢) 2x tan x + xzseczx

2. (x -~ 3)/2
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ANSWERS TQ SECTION QUIZ
1, b
6 6
2. (a) x 1ln x/6 - x /36 + C
(b) (x4/2)sin(x2) + xzcos(x2) - sin(xz) + C
4 x 3 x
x"e

2
() xe -4 + 125 e - 2xe® 4+ 246t 4 C

(d) (eaxsin 4x - eaxcos 4x)/8 + C
(e) x sin‘l(Sx) - /1l - 9x2/3 + C
3. (a) The integration is being performed correctly; however, it is more
useful to let u=1Inx and dv = x dx .
(b) x2 In x/2 - x2/4 +C

4. (9ﬂ3/4 + 9w2 - 8) mz/porcupine
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7.R Review Exercises for Chapter 7

SOLUTIONS TO EVERY OTHER ODD EXERCISE
1. By the sum rule, power rule, and the basic trigonometric rules for

2
antidifferentiation, we have j(x + sin x)dx = x /2 - cos x + C.

5. Using integration formulas for sums, exponentials, logarithms, rational
‘ bid 2
powers, and trigonometric functions, we get f(e - x - 1/x + cos x)dx =
b4 3 .
e” - x7/3 - 1In |x| + sin x + C .
. . 3 2
9. Integrate by substitution. Let u =%, then du = 3x"dx or du/3 =

xzdx ;  therefore, fxz sin x3 dx = fsin u du/3 = -cos u/3 + C =
-cos X3/3 +C .

13. 1Integrate by substitution. Let u=3x+ 2 , so du = dx ; therefore,
=+ 2)%ax = ju5du =i b

17. Substitute u = cos 2x , so du = -2 sin 2x dx ; therefore,

fZ c0522x gin 2x dx = —fuZdu = -u3/3 + C = —c0532x +C .

21. Factor out 1/v4 = 1/2 and substitute u = t/2 , so du = dt/2 . Thus,
I
[ - %+ Byae = (1/2){[&/ 1 - (t/2)2]+ [t%ar = (1/2)”12 du/

V1l - uz] + t3/3 = sin”lu + t3/3 +C = sin_l(t/Z) + t3/3 + C

z5. Integrate by parts. Let wu = X2 , then dv = cos x dx , du = 2x dx ,

and v = gin x ;. therefore, fo cos X dx = x2 sin x - f2x sin x dx .
Now, repeat the integration by parts with u = 2x , dv = sin x dx ,
2 2 .
du = 2dx , and v = -cos ¥ ; therefore, fx cos x dx = x  sin x +
2X cos X - fZ cos x dx = x2 sin x + 2x cos x — 2 sin x + C
2
29. Integrate by parts. Let wu = 1ln 3x , then dv = x'dx , du = 3dx/3x =

3 2 3 2

dx/x , and v = x/3 ; therefore, fx in 3x dx = x° 1n 3x/3 - fx dx/3 =

x3 in 3x/3 - x3/9 +C .
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41,

45,
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53.
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Integrate by parts with u = x , dv = cos 3x dx , du = dx , and v =

sin 3x/3 ; therefore, fx cos 3x dx = x sin 3x/3 - fsin 3x dx/3

x sin 3x/3 + cos 3x/9 + C .
2
Substitute w = X2 , then dw = 2x dx ; therefore, JX3E(X >dx =
2
2
Jx {e(x )](X dx) = fwewdw/z . Now, integrate by parts with u = w ,
) 3 (x

- w [ )
so dv=edw/2, du=dw, and v =-e /2 ; therefore, jX e dx =
C

w w W W 2 ( 2) ( 2)
we /2 ~ [eVaw/2 = we"/2 - e/ 4 ¢ = xe 2 - e 0y

Substitute w = vx , then dw = (1/2/X)dx = dx/2w ; therefore,
i Vx
e

dx = few(Zw dw) . Now, integrate by parts with u = 2w , so dv =

w Vx

e"dw , du =2 dw and v = e . Thus, Je ax = 2we” - fZewdw =

=
2we” - 2" 1 Cc=e"w -2 +C=2F0F - 1) +C .

Using the formula for integrating inverse func-

tions, we have vy = tan x , and x = tan y .

Thus, ftanmlx dx = tan y(tannlx) - ftan y dy =

tan(tan"lx)(tan—lx) - f(sin y/cos y)dy . Let u =

cos y , so du= -sin y dy ; thercfore, ftanulx dx = x tan—lx + f(du/u) =

-1 -1 - | -1
x tan x + 1n[u{ +C=x tan x + ln}cos(tan lx)i + C = x tan x +

ln{l/VXz + 1} +C = x tan~lx - 1n(l + xz)/Z + C .

Let u=%x, so0o dv = sin 5x dx , du =dx , and v = -cos 5%/5

T /5 /5
therefore, B/SX sin 5x dx = -x cos SX/S‘B/ + JO cos 5x dx/5

~(n/5)(~1/5) + sin sx/251g/5 = 7/25
2

- 2
Let u = tan 1x , then dv=xdx , du=1/(1 +x) , and v =x /2

-1
f /Ax tan x dx =

m
Integrating by parts and using long division, we have o

P _ w /b
2 tan—lx/ﬂﬂ/4 - fg/A[xzdx/Z(l + XZ)] = (r2/32)tan 1<n/4) - jO/ (dx/2) +

0
. - - (/4
jé/a[dx/z(l + x5 = (2732 can” H(a/4) + (x/2 + tan 1x/2>;o/ -

X

((ﬁ2 + 16)/32)tan—1(ﬁ/4) - /8 .
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57. Integrate by parts with u=x, dv=+v2x+3, du=dx, and v =

3/2
(2x + 3) / /3 (using integration by substitution); therefore,

févaX + 3 dx = x(2x + 3)3/2/3lé - fé(Zx + 3)3/2dx/3 = 53/2/3 ~
(2x + 3)5/2/15§é = 5/5/3 - 25V/5/15 + 9/3/15 = 3/3/5 .
61. v The area under the curve of f(x) on
2.4 [a,b] 1is fzf(x)dx . Let u = x2 + 9,
so du = 2x dx ; therefore, IA{BX dx/
1 ) 0{
VA 9} - j95(3 du/2/5) = (3/2)/&2);55 -
) 1 2 3 4 * 3G5-3)=6.
65. The area under the curve of f(x) on
[a,b] 1is fo(x)dx . Thus, the area is
[36ax/x) = 1n x|3 = In 4 - In 2 = ln(4/2) =
In 2 .
X 3 ) /27, X
69. In [0,%/2] , e 4+ cosx > -x~ - 2x - 6 , so the area is IO [(e™ +
cos x) - (—x3 - 2x - 6)]ldx = (eF + sin x + XA/A + x4 6x)lg/2 - M2

L+ 1+ /6h + 124 + 31 =e/2 4 (¢% 4+ 167° + 1920) /64 ~ 18.225

73. In the first method, let u = sin(#x/2) , then dv = cos(rx)dx , du =
(n/2)cos(nx/2)dx , and v = sin(wx)/m ; therefore, fsin(ﬁx/2)cos(vx)dx =
sin(mx/2)sin(rx)/n - fsin(vx)cos(nx/Z)dx/2 . Now, let u = cos(mx/2) ,
so dv = sin(rx)dx/2 , du = -(n/2)sin(wx/2)dx , v = -cos(wx)/27 ;

therefore, [sin(nx/2)cos(nx)dx = sin(mx/2)sin(wx)/m + cos(wx/2)cos{(wx) /2™ -

(l/a)fsin(vx/Z)cos(vX)dx . Rearrangement yields fsin(vx/Z)cos(ﬁx)dx =

4{sin(wx/2)sin(ax)/n + cos(wx/2)cos(wx) /2wl /3 + C .

By the second method, let wu = cos(wx) , then dv = sin(rx/2)dx ,
du = -1 sin(rx)dx , and v = -2 cos(vx/2)/7m ; therefore, fsin(fx/Z) %
cos(wx)dx = 2 cos(nx)cos(wx/2)/m - fZ cos(rx/Z)sin(ﬂX)dx . Now, let
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(continued)

u = sin(mx) , then dv = 2 cos(mx/2)dx , du = 7 cos(mx)dx , and v =

4 sin(mx/2)/m ; therefore, ;fSin(ﬂX/z)COS(ﬂX)dx = -2 cos(mx)cos(mx/2) /% -
4 sin(rx)sin(nx/2)/7 + Afsin(wx/Z)cos(ﬂx)dx . Rearrangement yields
fsin(WX/Z)cos(ﬂx)dx = {4 sin(mx)sin(mx/2)/m + 2 cos(nx)cos(wx/2)/n1/3 + C .
77. (a) Let u=1nx, then du = dx/x ; therefore, f(ln x/x)dx =

fu du = u2/2 + C = (in x)2/2 +C .

(b) Letting x = 3 tan u , we have dx = 3 seczu du and u =

tan-l(x/3) ;  therefore, JB/? [ dx/xzv'x2 + 9 ]= JW/B[(3 seczu du)/

/3 /6
9 tan2u19 tanzu + 9 ]= j:;g[B seczu du/(9 tanzu)(3 sec u)] =
(l/9)j;;g(sec u du/tanzu) = (l/9)jz§g (cos u du/sinzu) . let

—

/ 3
v = sinu, so dv = cos u du ; therefore, J3/§{dx/xz x2 + 9J =
V3

(1/9)J§§2(dv/v2> = W CLm B - sy s o -

(2/9)(-V3/3 + 1)

2
(a) Let u = e25X , so dv = cos 5x dx , du = 25e % , and v =
sin 5x/5 ; therefore, fezsx cos 5% dx = eZSXsin 5x/5 -
SI(Sin SX)eZSde . Now, let u = eZSX ,o so dv = 5 sin 5z ,

du = ZSeZSXdX , and v = -cos 5x . Thus, fezsxcos 5x dx =

ezsxsin 5x/5 + ezsxcos 5x - ZSIeZSXcos 5x dx . Rearrangement

25

gives us fezsxcos 5% dx = ezsxsin 5%x/130 + e *cos 5%/26 .

25t .,
Evaluating at the limits, 0 and t , gives us e sin 5t/130 +

e25tcos 5¢/26 - 1/26 . Multiplying this by 100e—25t gives us
(100/26) (sin 5t/5 + cos 5t — e 2°0)
() Q(1.01) = (100/26) [(sin 5.05)/5 + cos 5.05 - e 2°°2°] ~ (3.8462) =

(-0.18871 + 0.33123 - 1.0816 x 10~11) ~ (3.8462)(0.14252) =

0.548 coulomb.
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85. Let u=x, then dv = eaxcos(bx) dx , du=4dx , and v =

feaxcos(bx) dx ., Now, let u = eaX , so dv = cos(bx) dx , du =

ae™ax , and v = sin(bx)/b ; therefore, feaxcos(bx) dx =

eaxsin(bx)/b - faeaxsin(bx)dx/b . Repeat integration by parts with

u = aeax , dv = sin(bx) dx/b , du = aZeade , and v = —cos(bx)/bz H

therefore, feaxcos(bx)dx = eaxsin(bx)/b + aeaxcos(bx)/b2 - fazeax x

cos(bx) dx/b2 . Rearrangement yields feaxcos(bx)dx = [eaXsin(bx)/b +

a.

aeaxcos(bx)/bz][bz/(a2 + bz)] = [be®sin(bx) + aeaxcos(bx)]/(a2 + bz)

Thus, fxeaxcos(bx) dx = x[beaxsin(bx) + aeaxcos(bx)]/(a2 + bz) -
f[beaxsin(bx) + aeaxcos(bx)]dx/(a2 + bz) . TFor fbeaxsin(bx)dx/

2 2

2
(a” + bz) , let u = beax/(a“ +b7), so dv = sin(bx) dx , du =

abeaxdx/(a2 + bz) , and v = -cos(bx)/b . Thus, fbeaxsin(bx)dx/
(a2 + bz) = —eaxcos(bx)/(a2 + bz) + faeaxcos(bx)dx/(a2 + bz)

Using the result for Ieaxcos(bx) dx din the first part of this
problem, we have fxeaxcos(bx) dx = x[beaxsin(bx) + aeaxcos(bx)]/
(a2 + bz) + [eaxcos(bx)/(a2 + bz)]faeaxcos(bx) dx/(a2 + bz) -
faeaxcos(bx) dx/(a2 + b2) = [bxeaxsin(bx) + axeaxcos(bx)]/(aZ + b2) +
eaxcos(bx)/(a2 + bz) - [Za/(a:2 + bz)][beaxsin(bx) + ae®eos(bx)1/
(a2 + bz) +C = xeax[b sin(bx) + a cos(bx)]/(a2 + bz) + eax[(b2 - a2) x

cos(bx) - 2 ab sin(bx)]/(a2 + b2)2 +C.
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TEST FOR CHAPTER 7
1. True or false:
2 -
(a) Substituting u = -x into féexp(—xz)dx yields foleudu .
(b) If f and g are integrable functions and a , b , ¢ are
real numbers such that a < b <c¢ , then fZ[f(x) + g(x)]dx =
fcf(x)dx + fbg(x)dx + fbf(x)dx + fcg(x)dx .
a c c a
féaxdx =a -1

(@ Jpldx/(1 +x)] = tan (1) - tan  (0) = 45 - 0 = 45

(¢) For any constant a > 0 ,

2
(e) The area of the region bounded by x = 2 - y and the y-axis is

TR P
)

2. Show that f[dx/(x3 - X2)] = 1/x ~ Inl|x| + ln[x’— il+c .

3. Substitute x = sin 6 into the integral f£1Vl - x2 dx and write the
integral as a definite integral in terms of © .

4. Evaluate the following by making a substitution:
(a) [l(x+ 23/ (x> + hx - DH]dx

2t

® [le/7a + e Hlar

(e) [lsin x/(1 + coszx)]dx

5. Evaluate the following integrals using integration by parts:
(a) ft2sin t dt
(b) fln(xA)dx

(c) Ixze'de

6. Let u = l/x and dv = dx , so integration by parts gives f(dx/x) =
2
(1/x)x - f(—l/x Yx dx = 1 + f(dx/x) . Subtracting f(dx/x) from both
sides yields 0 =1 . Explain what went wrong.
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7. Find the area under the graph of f(x) on [0,1] if f(x) is:
(a) x exp(—xz)

(b) xoexp(-x%)

8.  Evaluate ftan_1(3x)dx .

9, A particle's acceleration at time t is V(1 - t)/(t + 1) . If its
velocity at t =0 is 0 , what is the velocity as a function of t7?
(Bint: Y(I-x)/(1-%) = 1.)

10. An oddly dressed gentleman, nicknamed 0dd Ollie, came into the 0dd
Furniture Store. He bought a table top whose edges, according to
the salesman, are given by £(x) = x/(x + 1), and the lines x = 0,
x =1, and y = 0 . Each unit represents 1 meter. 0dd Ollie also
has a collection of "DO NOT REMOVE UNDER PENALTY OF LAW" tags, which
he wants to make into a tablecloth. The average tag measures 3 cm.
by 5 em. 0dd Ollie is willing to cut the tags to match the shape

of his table. How many tags does 0dd Ollie minimally need for his

tablecloth?

ANSWERS TO CHAPTER TEST

1. (a) TFalse; substitution yields fal(-eu/ZJTG)du .
(b) True
(¢c) False; it is (ln a)(a - 1)

(d) False; tan_l(l) - tanvl(O) = n/4

(e) True

2. Differentiate the right-hand side and simplify.
/2 2

3. f_ﬂ/zcos 6 do
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(a) 1an2 + 4x - 3+ C

) tan"l(e%) + ¢

(c) —tan—l(cos Xx) + C

(a) —tzcos t + 2t sin t + 2 cos t + C

(b) 4x 1In x - 4x + C

(e —(x2 + 2x + ?.)e—X + C

The integral f(dx/x) may have different additive constants on each
side.

(a) 1/2 - 1/2e

(b) 1/2 - 1/e

x tanul(Bx) + (1/6)1n(1 + 9x2) +C

sin—lt + vl - t2 -1

205 tags
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