
2 .  Hamiltonian Systems. 

This  l e c t u r e  conta ins  some of the  b a s i c  f a c t s  about 

Hamiltonian systems. Some a d d i t i o n a l  m a t e r i a l  w i l l  be brought i n  

l a t e r  a s  i t  i s  needed. 

Motivat ion.  

To motivate  the development, l e t  us b r i e f l y  cons ider  

Hamil ton 's  equat ions .  The s t a r t i n g  po in t  i s  Newton's second law 

which s t a t e s  t h a t  a  p a r t i c l e  of mass m > 0 moving i n  a  p o t e n t i a l  

V(x) , x E R~ moves along a  curve x ( t )  such t h a t  = -grad V(x) . 

I f  we in t roduce  the  momentum p = m& and the energy H(x, p) = 

1 
- / p 1 2  + V(n) then Newton's law becomes Hamil ton ' s  Equations 
2m 

One now i s  i n t e r e s t e d  i n  s tudying t h i s  system of f i r s t  o rder  equat ions  

f o r  given H . To do t h i s ,  we in t roduce  the  mat r ix  J = - @ where 

I i s  t h e  n x n i d e n t i t y  and no te  t h a t  the  equat ions  become 

5 = J grad H(5) where 5 = ( x ,  p) . ( I n  complex n o t a t i o n ,  s e t t i n g  

z = x + i p  , they may be w r i t t e n  a s  = 2iaHfa;). 

Suppose we make a  change of coord ina tes  w = f (1 )  where 

2n 2n 
f : R R i s  smooth. If < ( t )  s a t i s f i e s  Hamil ton 's  equat ions ,  

the equat ions s a t i s f i e d  by w(t) a r e  25 = AP = AJ grad H ( < )  = 
5 

ki* tgradw~(S(w))  where A = (awi/aE') i s  the  Jacobian of f  . The 



equat ions  f o r  w w i l l  be Hamiltonian with energy K(w) = H(?(w)) i f  
-1. 

MA'' = J . A t ransformat ion  s a t i s f y i n g  t h i s  cond i t i on  i s  c a l l e d  

canonica l  o r  symp l e c  t i c .  

3  
The space R x R3 of t he  5 ' s  i s  c a l l e d  the  phase space.  

For a  system of N p a r t i c l e s  we would use R3N X R3N . 

We wish t o  po in t  ou t  t h a t  f o r  many fundamental phys i ca l  

systems, t he  phase space i s  a  manifold r a t h e r  than Eucl idean space.  

These a r i z e  when c o n s t r a i n t s  a r e  p r e s e n t .  For example the  phase 

space f o r  the motion of the  r i g i d  body i s  t he  tangent  bundle of t he  

group SO(3) of 3  x 3 orthogonal  ma t r i ce s  with determinant  +1 . 

To gene ra l i z e  t he  no t i on  of a  Hamiltonian system, we f i r s t  

need t o  geometrize t he  symplect ic  mat r ix  J above. I n  i n f i n i t e  

dimensions t h e r e  i s  a  t e chn i ca l  p o i n t  however which i s  important .  We 

qive a  d i s cus s ion  of t h i s  i n  the  fo l lowing .  

S t rong  and Weak Nondegenerate B i l i n e a r  Forms. 

Le t  E be a  Banach space and B : E x E 4 R a  cont inuous 

b  .T4 

b i l i n e a r  mapping. Then B induces a  cont inuous map B : E -+ E", 

b b  
e  @ B ( e )  def ined  through B ( e ) f  = B(e,  f )  . We c a l l  B weakly 

b  
nondegenerate i f  B i s  i n j e c t i v e ;  i . e .  B(e ,  f )  = 0 f o r  a l l  f  E E 

impl ies  e  = 0 . We call B x n d e g e n e r 9  o r  s t r o n g l y  nondegenerate 

b  
i f  B i s  an isomorphism. By the  open mapping theorem i t  fo l lows  

t h a t  B i s  nondegenerate i f f  B i s  weakly nondegenerate and B~ i s  

on to .  



I f  E i s  f i n i t e  dimensional t he r e  i s  no d i f f e r e n c e  between 

s t rong  and weak nondegeneracy. However i n  i n f i n i t e  dimensions t he  

d i s t i n c t i o n  i s  important  t o  bear i n  mind. 

Le t  M be a  Banach manifold.  By a  weak Riemannian s t r u c t u r e  

we mean a  smooth assignment x H <, >x of a  weakly nondegenerate 

inner  product ( n o t  n e c e s s a r i l y  complete) t o  each tangent  space TxM . 
Here smooth means t h a t  i n  l o c a l  c h a r t s  x E U c E k <, >x E L 2 ( E  x E ,  R) 

i s  smooth where L 2 ( E  x E ,  R) denotes  t he  Banach space of b i l i n e a r  

maps of E x E t o  R . Equiva len t ly  <, >x i s  a  smooth s e c t i o n  of 

the  vec to r  bundle whose f i b e r  a t  x E M i s  L2(TxM x TxM, R) . 

By a Riemannian manifold we mean a  weak Riemannian manifold 

i n  which <, >* i s  nondegenerate.  Equ iva l en t l y ,  t he  topology of 

<, >x i s  complete on TxM , so t h a t  t he  model space E must be 

isomorphic t o  a  H i l b e r t  space.  

For example the  1 
L2 inner  product  <£, g, = r O  f ( n ) g ( x ) d x  

on E = ~ ( [ 0 , 1 ] ,  R) i s  a  weak Riemannian me t r i c  on E bu t  no t  a  

Riemannian me t r i c .  

Symp l e c  t i c  Forms. 

L e t  P be a  manifold modelled on a  Banach space E . 

By a symplect ic  form we mean a  two form w on P such t h a t  

( a )  w i s  c l o sed ;  d w  = 0 

(b)  f o r  each x E P , wx : TxP X TxP - t R  i s  nondegenerate.  



I f  wx 
i n  (b) i s  weakly nondegenerate ,  we speak of a  weak - 

symplec t i c  form. 

The need f o r  weak symplectic forms w i l l  be c l e a r  from 

examples given below. For the  moment the r eade r  may wish t o  assume 

p i s  f i n i t e  dimensional i n  which case  the  d i s t i n c t i o n  vanishes .  

I f  (b) i s  dropped we r e f e r  t o  w a s  a  nresyrnDlect ic  

form. This  case  w i l l  be r e f e r r e d  t o  l a t e r .  The f i r s t  r e s u l t  i s  

r e f e r r e d  t o  a s  Darboux's theorem. Our proof fo l lows  Weinstein [ I ] .  

The method i s  a l s o  u se fu l  i n  Morse theory ;  s e e  P a l a i s  [5]  . 

Theorem. Let w be a symplectic form on the Ranach manifold p . -- 2 - 
For each x E P there  i s  a-local c p o r d i n a t c h a r t  about x i n  Which 

w i s  cons t an t .  - 

Proof.  We can assume P = E and x = 0 E E . 1,et w be the 
1 - - 

cons t an t  form equa l l i ng  w = w(0) . Le t  w = wl - w and w = w -t t w  , 
0 t 

0 - < t - < 1 . For each t , w t ( 0 )  = w(0) i s  nondegenerate. Hence by 

-7- 

openness of the  s e t  of l i n e a r  isomorphisms of E t o  E"  , t he re  i s  a 

neighborhood of 0 on which w i s  nondegenerate f o r  a l l  0 < t < 1 . 
t - - 

We can assume t h a t  t h i s  neighborhood i s  a  b a l l .  Thus by the  ~ o i n c a r ;  

r-4 

lemma (appendix 1) w = da, f o r  some one form a, . We can suppose 

~ ( 0 )  = 0 . 

Define a  vec tor  f i e l d  X by i 
t wt = -a which i s  pos s ib l e  

t 
s ince  w i s  nondegenerate. Moreover, X t  w i l l  be smooth. Since 

t 



x (0)  = 0 we can ,  from the  l o c a l  ex i s t ence  theory r e s t r i c t  t o  a  
t 

s u f f i c i e n t l y  small b a l l  on which the  i n t e g r a l  curves w i l l  be def ined  

f o r  a  time a t  l e a s t  one. 

Now l e t  F be the  flow of X t  . The connect ion between 
t 

L ie  d e r i v a t i v e s  and flows s t i l l  ho lds  f o r  time dependent vec tor  f i e l d s ,  

so  we have 

.L .?A 

Therefore,  ~ " w  = F"w = oi , so Fl provides the  c h a r t  t ransforming 
1 1  0 0  

u t o  the  cons tan t  form w 
1 ' 

Of course such a  r e s u l t  cannot be t r u e  f o r  riemannian 

s t r u c t u r e s  (o therwise  they would be f l a t ) .  Darboux's theorem i s  no t  

t r u e  f o r  weak symplectic forms. See Marsden [ 4 ] .  Recently A .  Tromba 

has found some use fu l  s u f f i c i e n t  cond i t i ons  t o  cover the  weak case .  

Corol la ry .  I f  P - i s  --. f i n i t e  dimensional and w i s  a - s ~ m & e _ c ~ c  .f'rx 

then - 

( a )  p i s  even dimensional ,  say dim P = m = 2n 

(b)  l o c a l l y  about each po in t  t he re  a r e  cqord ina tes  --.-- 



n 
i i 

u = C d x  A d y  . 

such coo rd ina t e s  a r e  c a l l e d  canonica l .  

p roof .  By elementary l i n e a r  a lgeb ra ,  any skew symmetric b i l i n e a r  form - 
which i s  nondegenerate h a s  t he  canonica l  form 1 I)  where T i s  

\ - I  0 

the n X n i d e n t i t y .  This i s  t he  mat r ix  ve r s ion  of (b)  pointwise on 

M . The r e s u l t  now fo l lows  from Darboux's theorem. 

The c o r o l l a r y  a c t u a l l y  has  a  g e n e r a l i z a t i o n  t o  i n f i n i t e  

dimensions. C l ea r ly  i t  i s  j u s t  a  r e s u l t  on t he  canon ica l  form of a  

skew symmetric b i l i n e a r  mapping. F i r s t  some n o t a t i o n .  Le t  E be a  

r e a l  vec to r  space.  By a  complex s t r u c t u r e  On E we mean a  l i n e a r  map 

2 J  : E 4 E  such t h a t  J  = -I . Ey s e t t i n g  i e  = J f e )  one then g ives  

E t he  s t r u c t u r e  of a  complex vec tor  space.  We now show t h a t  a  

symplect ic  form i s  t he  imaginary p a r t  of an i nne r  product .  ( c f .  Cook [ I ] ) .  

P ropos i t i on .  bet H be a  r e a l  H i l b e r t  space and R a skew symmetric 

weakly nondegenerate b i l i n e a r  form on H . Then t h e r e  e x i s t s  a  complex 

s t r u c t u r e  J H and a  r e a l  i nne r  product  s  such t h a t  

S e t t i n g  

h i s  a  hermetian i nne r  product .  F i n a l l y ,  h  s  i s  complete on 



H iff B i s  nondegenerate.  

Proof .  Le t  <, > be t he  given complete i nne r  product  on H . By 

the  Riesz theorem, B(x, y) = <Ax, y> f o r  a  bounded l i n e a r  opera tor  
.,A 

A : H + H  . Since B i s  skew, we f i n d  A '  = -A  . 

Since  B i s  weakly nondegenerate ,  A i s  i n j e c t i v e .  Now 

2 rl- 

-A 2 O , and from A = -A" we s ee  t h a t  i s  i n j e c t i v e .  L e t  P  

2 
be a  symmetric non-negat ive square r o o t  of -A . Hence P i s  i n j e c -  

-7- - 1 
t i v e .  Since P  = P" , P has  dense range.  Thus P i s  a  well 

- 1 def ined  unbounded o p e r a t o r ,  Set  J = Ap , so  t h a t  
-9- 

A = J P  . From A = -A^ and p2 = - A ~  , we f i n d  t h a t  J i s  or thogonal  

and .JL = -1 . Thus we may assume J  i s  a  bounded ope ra to r .  Moreover 

J i s  symplect ic  i n  t he  sense t h a t  B(Jx, Jy)  = B(x, y) . Define 

s ( x ,  y)  = B(Jx,  y) = a x ,  y> s ince  A = JP = PJ . Thus s  i s  an 

i nne r  product  on H . F i n a l l y ,  i t  i s  a  s t r a igh t fo rward  check t o  see  

t h a t  h  i s  a  hermetian inner  product .  For example; h ( i x ,  y) = s ( Jx ,  y) 

+ iB(Jx ,  y) = -B(x, y) + i s ( x ,  y) = i h ( x ,  y) . The p ropos i t i on  

fo l lows .  

Canonical Symplectic Forms. 

We r e c a l l  t h a t  a  Banach space E i s  r e f l e x i v e  i f f  t he  
-,-.I_ 

canonica l  i n j e c t i o n  E + E"" i s  on to .  For i n s t ance  any f i n i t e  

dimensional o r  H i l b e r t  space i s  r e f l e x i v e .  The L  spaces ,  1 < p < m 
P 

a r e  r e f l e x i v e ,  bu t  C(  [ 0 ,  11 , R )  with t he  sup norm i s  n o t .  

L e t  M be a  manifold modelled on a  Banach space E . L e t  



;': 
T"'M be i t s  cotangent  bundle, and T : T M  4 M the  p r o j e c t i o n .  

 fine the  canonical  one form 8  on T"M by 

where a m E T ~ M  and WETm(T7"~)  . I n a c h a r t  U c E  , t h i s  

formula i s  the  same a s  saying 

-?- -,A 

where (x, a )  E U X E"  , ( e ,  8 )  E E X E" . If M i s  f i n i t e  dimensional ,  

t h i s  says 

1 -1- n 
where q , . . . , q  , p l , .  . . ,pn a r e  coord ina tes  f o r  T"M . 

The canonical  two form i s  defined by w = dB . Loca l ly ,  

us ing  the  formula f o r  d  from t a b l e  one, p. 19 ,  

o r ,  i n  the  f i n i t e  dimensional c a s e ,  

Propos i t ion  ( a )  The form w i s  a  weak symplectic form on p  = T ' ' ~  

(b)  w i s  syrnplectic i f f  E i s  r e f l e x i v e  . 

Proof .  ( a )  Suppose w(x, a ) ( ( e l ,  a l )  ' ( e2 ,  a 2 ) )  = 0 a l l  ( e 2 ,  a 2 )  . 



-L 

S e t t i n g  e  = 0 we ge t  a2 (e l )  = 0 f o r  a l l  w2 E E . By the  
2  

Hahn-Banach theorem, t h i s  implies  e  = 0 . S e t t i n g  a, = 0 we ge t  
1 2  

w1(e2) = 0 f o r  a l l  e  E E , so D = 0 . 
2  1 

(b)  Suppose E i s  r e f l e x i v e .  We must show t h a t  the  map 

b  9: .I. J- -T- -1. 1. .. 7. b  
of : E x E + (E  x E")"  = E" x E , rn ( e l ,  cul)*(c2, a 2 )  = 

J- 

(cr2(el) - o1(e2)) i s  onto.  Let  (B , f )  E E* x E'?* x E" x E . We can 

take e  = f  , al = -e  ; then ( e l ,  a l )  i s  mapped t o  (@,  f )  under 1 
(@,  E9: E9:;': , 

2wb . Conversely i f  wb i s  on to ,  then f o r  

t he re  i s  ( e l ,  cul) such t h a t  f ( a 2 )  + @ ( e 2 )  = ~ ~ ( e ~ )  - a ( e  ) f o r  
1 2  

-,.-l. ,. ,. 
a l l  e 2  , u2 . S e t t i n g  e  = 0 we see £ ( a ,  ) = a, ( e  ) , so 2 E  -t E 

2  2  2  1 

i s  on to .  

Symplectic Forms induced by Metr ics .  

I f  <, >x i s  a  weak Riemannian met r ic  on M , we have a  
-1- 

smooth map cp : M T"M defined by cp(vx)wx = <v w > , x  E M . 
X '  X X 

I f  <, > i s  a  ( s t rong)  Riemannian met r ic  i t  fol lows from the  i m p l i c i t  
J. 

func t ion  theorem t h a t  cp i s  a diffeomorphism of TM onto T"M . I n  
-1. ..- 

any c a s e ,  s e t  CI = y"(w) where w i s  t he  canonica l  form on T"M . 

Clea r ly  a i s  exact  s ince  (1 = d(cp9'(0)) . 

Propos i t ion .  ( a )  If <, >x i s  a weak m e t r i c ,  then fl i s  a  weak 

syrnplectic form. I n  a c h a r t  U for M we have 

where Dx denotes the de r iva t ive  with r e spec t  t o  x  . 



(b)  If <, >x i s  a  s t rong  met r ic  and M i s  modelled on 

a  r e f l e x i v e  space,  then R i s  a  symplectic form. 

( c )  R  = de where, l o c a l l y ,  0 ( x ,  e ) ( e l ,  e2)  = -<e, e  l x '  > 

Note. I n  the  f i n i t e  dimensional c a s e ,  t he  formula f o r  CI becomes - 

1 n  * 1  where q  , . , q  , q , . a r e  coord ina tes  f o r  TM . 

proof.  By d e f i n i t i o n  of pu l l -back ,  R(x, e)  ( ( e l  , e2)  , ( e3 ,  e4) )  = 

u(x ,  e ) ( h p ( x , e ) ( e l ,  5 ) '  Dv(x,e)(e3,  e4) )  But c l e a r l y  q (x ,e>  ( e l ,  e2) = 

( e l ,  Dx<e, .>,el + <e2, *>,) , SO the  formula f o r  0 fol lows from 

t h a t  f o r  w . To check weak nondegeneracy, suppose R 
(x ,e> 

( ( e l ,  e2)  , ( e3 ,  9 )  = 0  

f o r  a l l  ( e  3 ,  e4) . S e t t i n g  e  = O  we f i n d  <e e >  = O  f o r  a l l  
3  4 '  1 x  

e4 , whence e  = 0  . Then we ob ta in  <e e > = 0  , so e  = 0  . 
1 2' 3  x  2 

P a r t  (b)  fol lows from the  easy f a c t  t h a t  the  t ransform of a  symplectic 

form by a  diffeomorphism i s  s t i l l  symplect ic .  

The above r e s u l t  ho lds  equal ly  wel l  f o r  pseudo-Riemannian 

manifolds.  

Note t h a t  i f  M = H i s  a  H i l b e r t  space with the  cons tan t  

inner  product ,  then w i s ,  on H x H which we may i d e n t i f y  with - 

t he  complexified H i l b e r t  space,  equal  to  the imaginary p a r t  of the  

i nne r  product :  L e t  e = e + i e 2  , f = f  + i f  
1 1 . Then 



Canonical Transformations. 

Le t  P , w be a  weak symplectic manifold; i . e .  w i s  a  

weak symplectic form on P . A (smooth) map f  : P 4 P i s  c a l l e d  

.l. -Ir 

canonica l  or  symplectic when f"w = w . I t  fol lows t h a t  f"(m A . . . A w) = 

o A . . . A w ( k  t imes) .  I f  P i s  2n dimensional ,  IJ, = w A . . . A w 

( n  times) i s  nowhere vanishing;  by a  computation one f i n d s  t o  be 

a  mu l t i p l e  of the  Lebesgue measure i n  canonica l  coo rd ina t e s .  We c a l l  

p the  phase volume or the  L i o u v i l l e  form. Thus a  symplectic map 

preserves  the  phase volume, and i s  n e c e s s a r i l y  a  l o c a l  diffeomorphism. 

We b r i e f l y  d i s cus s  symplectic maps induced by maps on the  

base space of a  cotangent  bundle. 

Theorem. Let  M be a  manifold and f  : M + M a  diffeomorphism, - 
de f ine  the  L i f t  of f % 

-9- -9- ;'i 

Then T"f i s  symplectic and i n  f a c t  ( ~ " f )  8 = 8 , where 8 i s  the  

canonica l  one form. (We cou ld ,  equal ly  we l l  consider  diffeomorphisms 

from one manifold t o  ano the r . )  



-9- 

proof. By definition, (T"~)*@(w) = 0(~~"'fa W) = - 
-9. -I. -v. -.- -1. -*+ 

-~"f(a~)- (TT"TT"~ W) = -T"~(W~)* (T(<'.T''~). W) 
.!- .#. 

= -a ( ~ f -  T(T"~T"~)*w) 
m 

-1. 

= -a (~(f OT"OT"~)* W) 
m 

- - 
- am *(TT *w) = e(w) 

-9- ,, ;'c 
since, by construction, f o ~  OT f = T ' . I7 

9c 
One can show conversely that any diffeomorphism of P = T M 

which preserves 0 is the lift of some diffeomorphism of M . But, 

on the other hand, there are many other symplectic maps of P which 

are not lifts. 

Corollary. Let M be a weak Riemannian manifold and the 

corresponding weak symplectic form. Let f : M 4 M be a diffeomorphism - 

which is an isometry: <%, w>~ = a f *  V, Tfaw> . Then 
f(x) - 

Tf : TM 4 TM is symplectic. 

Proof. The result is immediate from the above and the fact that 
-9- .L 

~ " f  cp 0 Tf = c p  where cp : T M ~ T " M  is as on p . 3 4 .  

Hamiltonian Vector Fields and Poisson Brackets. 

Definition. Let P , w be a weak symplectic manifold. A vector 

field X : D 4 TP with manifold domain D is called Hamiltonian if 

there is a C' function H : D 4 R such that 



a s  1-forms on D . We say X i s  l o c a l l y  Hamiltonian i f  i w i s  X 

c losed .  

We w r i t e  X = 5 because u sua l ly  i n  examples one i s  given 

H and then one c o n s t r u c t s  t h e  Hamiltonian vec to r  f i e l d  
53 * 

Because w i s  only weak, given H : D 4 R , XH need no t  

e x i s t .  Also,  even i f  H i s  smooth on a l l  of P w i l l  i n  genera l  

be defined only on a c e r t a i n  subse t  of P , bu t  where i t  i s  de f ined ,  

i t  i s  unique. 

The condi t ion  
= dH reads 

x  E D , v  E TxD C TxM . From t h i s  we note  t h a t ,  n e c e s s a r i l y ,  f o r  

each x f D , dH(x) : TxD 4 R i s  extendable t o  a  bounded l i n e a r  

func t iona l  on TxP . 

The r e l a c i o n  w(s, v> = dHav i s  the  geometr ical  formulat ion 

of the same cond i t i on  XH(<) = Jegrad H(F;) with which we motivated 

the  d i scus s ion .  

Some P r o p e r t i e s  of Hamiltonian Systems. 

We now give a  couple of simple p r o p e r t i e s  of Hamiltonian 

systems. The proofs  a r e  a  b i t  more t echn ica l  f o r  densely defined 

r 
vec tor  f i e l d s  so f o r  purposes of t he se  theorems we work with C vector  

f i e l d s  . 



Theorem. Let % be a Kamiltonian vector field on the symDlectic 

P , w and let Ft 
be the flow of . Then 

(i) Ft is symplectic, F'kw=w t 

and (ii) energy is conserved; H o F = H . t 

proof. (i) Since F = identity, it suffices to show that -- 0 

d - Ftw = 0 . But by lecture 1, 
at 

= ~*[di w] (x) + ~:[i dul (x) 
51 5 

The first term is zero because it is ddH and the second is zero 

because dw = O . 

(ii) By the chain rule, 

but this is zero in view of the skew symmetry of w.  17 

An immediate corollary of (i) is Liouville's theorem: 
Ft 

preserves the phase volume. I t  seems likely that a version of 

Liouvillek theorem holds in infinite dimensions as well. The phase 

volume would be a Wiener measure induced by the symplectic form. 

More generally than (ti) one can show that for any function 

f : P - > R ,  



where [ f ,  g )  = w(Xf, Xg) i s  the Poisson bracket ;  i n  f a c t  i t  i s  easy 

t o  see t h a t  

I f ,  81 = f . 
g 

-9. 

(Note t h a t  ~ " f  = f  OF f o r  func t ions . )  
t t 

The Wave Equation a s  a  Hamiltonian System. 

The wave equat ion f o r  a  func t ion  u (x ,  t )  , x E R~ , t E R 

i s  given by 

with u  given a t  t = O  , We consider  

where H1 c o n s i s t s  of func t ions  i n  L 2  whose f i r s t  d e r i v a t i v e s  a r e  

a l s o  i n  L Le t  

and 

with symplec t i c  form t h a t  a s soc i a t ed  with the  L2 met r ic  



r e  
W((U,  b). ( v ,  G ) )  = L u  - j uv . 

J 

(Reca l l  t h a t  there  i s  always an a s soc i a t ed  complex s t r u c t u r e  -- i n  

t h i s  ca se  t h a t  of L2(R, C)  ; i n  f a c t  t h e r e  i s  a l s o  one making the  

flow of 5 u n i t a r y  a s  i n  Cook [ I ] ,  a t  l e a s t  i f  m >  0) . Define 

~t i s  an easy v e r i f i c a t i o n  ( i n t e g r a t i o n  by p a r t s )  t h a t  X 
H Y W  

and H 

a r e  i n  the  proper r e l a t i o n ,  so i n  t h i s  sense the wave equat ion i s  

Hamiltonian. 

That t h i s  equat ion has  a  flow on P fol lows from the  

hyperbol ic  vers ion  of t he  Hil le-Yosida theorem s t a t e d  i n  l e c t u r e  1. 

The Schrodinger Equation. 

Le t  P = H a  complex H i l b e r t  space with w = I m  <,> . Let  

H be a  s e l f  a d j o i n t  opera tor  with domain D and l e t  

and 

Again i t  i s  easy t o  check t h a t  w , % and H a r e  i n  t he  c o r r e c t  

r e l a t i o n .  

I n  t h i s  sense 5 i s  Hamiltonian. Note t h a t  $ ( t )  i s  an 

i n t e g r a l  curve of 5 i f  



t he  a b s t r a c t  Schrodinger equa t ion  of quantum mechanics.  

That 5 has  a  f low i s  another  case  of t he  Hil le-Yosida 

theorem c a l l e d  S tone ' s  theorem; i . e .  i f  H i s  s e l f  a d j o i n t ,  then in - 

i t H  
g e n e r a t e s  a  one parameter u n i t a r y  group, denoted e  . 

We know from genera l  p r i n c i p l e s  t h a t  t he  f low e  itH 
w i l l  be 

symplect ic .  The a d d i t i o n a l  s t r u c t u r e  needed f o r  u n i t a r i t y  i s  exac t l y  

complex l i n e a r i t y .  

We s h a l l  r e t u r n  t o  quantum mechanical systems i n  a  l a t e r  

l e c t u r e  . 

We next  t u r n  our a t t e n t i o n  t o  geodesics  and more gene ra l l y  

t o  Lagrangian sys tems. 

The Spray of a  Met r ic .  

L e t  M be a weak Riemannian manifold with met r ic  <, >x 

on t he  tangent  space TxM . We now wish t o  de f ine  t he  spray S  of 

t he  me t r i c  <, >x . This  should be a  vec to r  f i e l d  on TM ; S  : M + T% 

whose i n t e g r a l  curves  p r o j e c t  on to  geodes ics .  Loca l l y ,  i f  ( x ,  v) E TxM , 

w r i t e  S (x ,  v) = ( ( x ,  v ) ,  ( v ,  y ( x ,  v ) )  . I f  M i s  f i n i t e  dimensional ,  

i i i k  the  geodesic  spray i s  given by p u t t i n g  y  ( x ,  v) = - r .  ( x ) v  v  . I n  
~k 

t he  genera l  c a s e ,  t he  c o r r e c t  d e f i n i t i o n  f o r  y i s  



where D <v, v> . w means the  d e r i v a t i v e  of <v, v > ~  with r e spec t  t o  
X X 

x i n  the  d i r e c t i o n  of w . I n  the  f i n i t e -d imens iona l  c a s e ,  t he  

r i g h t  hand s ide  of (1) i s  given by 

i j k  
which i s  the  same a s  - f .  v  v  w 

J k  
So with t h i s  d e f i n i t i o n  of y , 

i 

s i s  taken t o  be the  spray.  The v e r i f i c a t i o n  t h a t  S i s  well-defined 

independent of t he  c h a r t s  i s  no t  too d i f f i c u l t .  Notice t h a t  y i s  

quadra t ic  i n  v . One can a l s o  show t h a t  S i s  j u s t  the  Hamiltonian 

vec tor  f i e l d  on TM as soc i a t ed  with t he  k i n e t i c  energy k<v, v> . 
This w i l l  a c t u a l l y  be done below; c f .  Abraham [ 2 ]  and Chernoff- 

Marsden [ l ] .  

The po in t  i s  t h a t  the d e f i n i t i o n  of y i n  (1) makes sense 

i n  the i n f i n i t e  a s  wel l  a s  the f i n i t e  dimensional c a s e ,  whereas the  

u sua l  d e f i n i t i o n  of ri makes sense only i n  f i n i t e  dimensions. This 
jk 

then g ives  u s  a  way t o  dea l  with geodesics  i n  i n f i n i t e  dimensional 

spaces.  

Equations of Motion i n  a  P o t e n t i a l .  

Le t  t tt ( x ( t )  , v ( t ) )  be an i n t e g r a l  curve of S . That i s :  

These a r e  the equat ions of motion i n  the  absence of a  p o t e n t i a l .  Now 

l e t  V : M + R ( t h e  p o t e n t i a l  energy) be given.  A t  each x , we have 



J- 

t he  d i f f e r e n t i a l  OE V , dV(x) E T ~ M  , and we de f ine  grad V(x) by: 

( 3 )  <grad V(x),  w > ~  3 dV(x)*w . 

I t  i s  a  d e f i n i t e  assumption t h a t  grad V e x i s t s ,  s i nce  t he  map 

T M +T"M induced by t he  me t r i c  i s  no t  n e c e s s a r i l y  b i j e c t i v e .  
X X 

The equa t ion  of motion i n  t he  p o t e n t i a l  f i e l d  V i s  given 

by: 

The t o t a l  energy,  k i n e t i c  p l u s  p o t e n t i a l ,  i s  given by H(v ) = 
X 

v  1 1  + ( x )  . I t  i s  a c t u a l l y  t r u e  t h a t  the vec to r  f i e l d  
2 x XH 
determined by H and t he  symplect ic  s t r u c t u r e  on TM induced by t he  

met r ic  i s  given by ( 4 ) .  This  w i l l  be p a r t  of a more gene ra l  d e r i v a t i o n  

of Lagrange's equa t ions  below. 

Lagrangian Systems. 

We now want t o  gene ra l i z e  t he  idea  of motion i n  a  p o t e n t i a l  

t o  t h a t  of a  Lagrangian system; t he se  a r e ,  however, s t i l l  s p e c i a l  

types of Hamiltonian systems. See Abraham [ 2 ]  f o r  an a l t e r n a t i v e  

expos i t i on  of t he  f i n i t e  dimensional c a s e ,  and Marsden [ I ]  , and Chernof f -  

Marsden [ I ]  f o r  a d d i t i o n a l  r e s u l t s .  

We begin with a  manifold M and a  given f u n c t i o n  L : TM -,R 

c a l l e d  t he  Lagrangian. I n  case  of motion i n  a  p o t e n t i a l ,  one t akes  



which d i f f e r s  from the  energy i n  t h a t  we use  - V  r a t h e r  than +V . 

Now L  de f ine s  a  map, c a l l e d  t he  f i b e r  d e r i v a t i v e ,  
-9- 

FL : TM -t T"M a s  fol lows:  l e t  v ,  w E T  M . Then set 
X 

d  
FL(v)-w E -L(v + tw) I 

d t  t = O  

That i s ,  n ( V ) * w  i s  t he  d e r i v a t i v e  of L along t he  f i b e r  i n  

d i r e c t i o n  w . 

1 
I n  case  of ~ ( v  ) = --<v v  > - V(x) , we see  t h a t  

X 2 X Y X X  
-1. 

F L ( V ~ ) - W  = <v w > so we recover  t he  usua l  map of TM 4 T"M 
X x y  X X 

assoc ia ted  with t he  b i l i n e a r  form <, >x . 
-9- 

As we saw above, T"M c a r r i e s  a  canonica l  symplect ic  form 

w . Using FL we ob t a in  a  c lo sed  two form on TM by 
L  

.I- 

u = (FL) u . 
L 

I n  f a c t  a  s t r a igh t fo rward  computation y i e l d s  t he  fo l lowing  l o c a l  

formula f o r  w . i f  M i s  modeled on a  l i n e a r  space E , so l o c a l l y  
L ' 

TM looks l i k e  U x E where U c E i s  open, then le, ( u ,  e )  f o r  
L  

( u ,  e )  E U x E i s  the  skew symmetric b i l i n e a r  form on E X E given by 



where Dl D2 
denote  t h e  i n d i c a t e d  p a r t i a l  d e r i v a t i v e s  of L . 

I t  i s  easy  t o  s e e  t h a t  w i s  (weakly) nondegenerate  i f  
L 

D2D2L(u, e )  i s  (weakly) nondegenerate .  But we want t o  a l s o  a l l o w  degenerate  

c a s e s  f o r  l a t e r  purposes ,  I n  c a s e  of motion i n  a  p o t e n t i a l ,  nondegeneracy 

of m amounts t o  nondegeneracy of t h e  m e t r i c  <, >x . The a c t i o n  
L 

of L i s  de f ined  by A : TB + R , A(v) = F L ( v ) @ v  , and t h e  energy of 

L i s  E = A - L . In c h a r t s ,  

and i n  f i n i t e  dimensions i t  i s  t h e  e x p r e s s i o n  

( summation convent ion  P )  

Now given L , we say t h a t  a v e c t o r  f i e l d  Z on TM i s  a  

Lagrangian v e c t o r  f i e l d  o r  a  Lagrangian system f o r  L i f  the  Lagrangian 

c o n d i t i o n  h o l d s :  

f o r  a l l  v  E TbM , and w E TV(TM) . H e r e ,  dE denotes  t h e  d i f f e r e n t i a l  

of E a 

Below we s h a l l  s e e  t h a t  f o r  motion i n  a  p o t e n t i a l ,  t h i s  l e a d s  

t o  the  same e q u a t i o n s  of motion which we found above. 



I f  % were a  weak symplect ic  form t h e r e  would be a t  most 

one such Z . The f a c t  t h a t  w may be degenerate  however means 
L  

t h a t  Z i s  n o t  uniquely determined by L  so t h a t  t h e r e  i s  some 

a r b i t r a r i n e s s  i n  what we may choose f o r  Z . Also i f  i s  degen- 

e r a t e ,  Z may no t  even e x i s t .  I f  i t  does ,  we say t h a t  we can de f ine  

c o n s i s t e n t  equa t ions  of motion. These i dea s  have been d iscussed  i n  

t he  f i n i t e  dimensional case  by Dirac [ 1 ]  and Kunzle [ I ] .  

The dynamics i s  obtained by f i n d i n g  t he  i n t e g r a l  curves  of 

z ; t h a t  i s  the  curves  v ( t )  such t h a t  v ( t )  E TM s a t i s f i e s  

(dv /d t )  ( t )  = Z ( v ( t ) )  . From the  Lagrangian cond i t i on  i t  i s  t r i v i a l  

t o  check t h a t  energy i s  conserved even though L may be degenerate:  

Propos i t ion .  Let Z be a  Lagrangian vec to r  f i e l d  f o r  L  and l e t  

v ( t )  E TM be an i n t e g r a l  curve of Z . Then E ( v ( t ) )  i s  cons t an t  

i n  t . - 

Proof .  By the  cha in  r u l e ,  

by t he  skew symmetry of m 
L * 

We now want t o  gene ra l i z e  our prev ious  l o c a l  express ion  f o r  

t he  spray of a  m e t r i c ,  and t he  equa t ions  of motion i n  t he  presence of 

a  p o t e n t i a l .  I n  t he  genera l  c a se  the  equa t ions  a r e  c a l l e d  "Lagrange's 

equat ions".  



P r o p o s i t i o n .  Let Z be a  Lagrang ian  sys tem f o r  L  and suppose Z 

i s  a  second o r d e r  e q u a t i o n  ( t h a t  i s ,  i n  a  c h a r t  U x E for TM , 

Z ( u ,  e )  = ( e ,  Z2(u ,  e ) )  f o r  some map Z 2  : U x E -+ E )  . Then i n  t h e  

c h a r t  U x E , a n  i n t e g r a l  c u r v e  ( u ( t ) ,  v ( t ) )  E U x E of Z s a t i s f i e s  

L a g r a n g e ' s  e q u a t i o n s :  

f o r  a l l  w E E . I n  c a s e  L  i s  nondegenera te  we have  

I n  c a s e  of motion i n  a  p o t e n t i a l ,  ( 2 )  r e d u c e s  r e a d i l y  t o  t h e  

e q u a t i o n s  we found p r e v i o u s l y  d e f i n i n g  t h e  s p r a y  and g r a d i e n t .  

P r o o f .  From t h e  d e f i n i t i o n  of t h e  ene rgy  E we have  

dE(u,  e ) * ( e l ,  e 2 )  = D  ( D L ( u ,  e ) ' e  + D D L ( u ,  e ) * e a e  - D L L ( u ,  e ) e e  
1 2  1 2 2  2  1 ' 

L o c a l l y  we may w r i t e  Z(u, e )  = ( e ,  Y(u ,  e ) )  a s  Z i s  a  second o r d e r  

e q u a t i o n .  Using t h e  formula  f o r  w , t h e  c o n d i t i o n  on Y may be 
L 

w r i t t e n ,  a f t e r  a  s h o r t  computat ion:  

DIL(u, e ) * e  = D (D L ( u ,  e ) e e l ) e e  f D (D L ( u ,  e ) * Y ( u ,  e ) ) *  e l  1 1 2  2  2  

f o r  a l l  e  E E . 
1 

T h i s  i s  t h e  formula  ( 2 )  above.  Then, i f  ( u ( t ) ,  v ( t ) )  i s  a n  i n t e g r a l  

c u r v e  of Z we o b t a i n ,  u s i n g  d o t s  t o  d e n o t e  t ime d i f f e r e n t i a t i o n ,  



.. 
DIL(u, e ) - e  = D ( D  L (u ,  ;)ee 0 ;  + D  D L (u ,  u ) * u * e  1 1 2  1 2  2 1 

d  
= -D ~ ( u ,  ;)* e  

d t  2  1 

by the cha in  r u l e .  

From these  c a l c u l a t i o n s  one s ee s  t h a t  i f  w i s  nondegenerate 
L  

z i s  au tomat ica l ly  a second o rde r  equa t ion  ( c f .  Abraham [ Z ] ) .  Also,  

the cond i t i on  of being second o rde r  i s  i n t r i n s i c ;  Z i s  second order  

i f  TnoZ = i d e n t i t y  , where n : TM 4 M  i s  the  p r o j e c t i o n .  See 

Abraham [ 2 ]  , or  Lang [ 11. 

Often L  i s  ob ta ined  i n  t he  form 

f o r  a  Lagrangian dens i t y  L and p some volume element on some 

manifold Q . Then M i s  a  space of func t i ons  on Q o r  more gene ra l l y  

s ec t i ons  of a  vec to r  bundle over Q . I n  t h i s  c a s e ,  Lagrange 's  

equa t ions  may be converted t o  the  u sua l  form of Lagrange ' s  equa t ions  

f o r  a  d e n s i t y  L . We s h a l l  see how t h i s  i s  done i n  a  couple of 

s p e c i a l  c a se s  i n  l a t e r  l e c t u r e s .  (See a l s o  Marsden [ I ] ) .  


