
5. Turbulence and Chorin's Formula. 

This lecture is concerned with some aspects of the Navier 

stokes equations which are connected with turbulence. We shall be 

beginning with a representation theorem for the solution of the Navier- 

stokes equations which was discovered by A. Chorin in an attempt to 

find a good numerical scheme to calculate solutions. This scheme is 

important in that it allows good calculations at interesting Reynolds 

numbers. One writes the Navier-Stokes equations as 

and calls R = l/(viscosity) the Reynolds number; if one rescales v 

to Vv , distances by a factor d and time by d / ~  we get a new 

solution with R = ~ d / v  . Most numerical schemes break down with R 

a few hundred, but Chorin's scheme is valid far beyond that, possibly 

up to R = 50,000 . Our goal is to present the formula and to discuss 

where it comes from and its plausibility. The second part of the 

lecture will discuss some aspects of turbulence theory. This subject 

is basically concerned with qualitative features of the solutions as 

R + m  . The approach here follows that of Ruelle-Takens [I]. 

Statement of Chorin' s Formula. 

Let us write the Navier-Stokes equations as follows: 



- 1 
where A = -PaA and Z(v) = - ~ ( ( v . 3 ~ )  . Here P  i s  t h e  p r o j e c t i o n  R 

o n t o  t h e  d i v e r g e n c e  f r e e  p a r t  d i s c u s s e d  i n  t h e  l a s t  l e c t u r e  (Av i s  

d i v e r g e n c e  f r e e ,  b u t  need n o t  be p a r a l l e l  t o  a M  , s o  one s t i l l  r e q u i r e s  

a  P  i n  f r o n t  of Av) . 

L e t  Ht deno te  t h e  e v o l u t i o n  o p e r a t o r  o r  semi-group d e f i n e d  

by . I t  e x i s t s  because  i t  i s  an e lementa ry  e x e r c i s e  t o  show t h a t  

,-.d 

A i s  s e l f  a d j o i n t  and _< 0  on t h e  H i l b e r t  space  L2(M) w i t h  domain 

2 
HO(M) . (See t h e  p a r a b o l i c  form of t h e  H i l l e - Y o s i d a  theorem d i s c u s s e d  

i n  l e c t u r e  I ) .  Thus H t  i s  d e f i n e d  f o r  t 2 0  , and s o l v e s  a v l a t  = h . 

( T h i s  i s  c a l l e d  t h e  "Stokes" e q u a t i o n  .) 

L e t  Et deno te  t h e  e v o l u t i o n  o p e r a t o r  f o r  t h e  E u l e r  e q u a t i o n s  

which was o b t a i n e d  i n  t h e  l a s t  l e c t u r e .  

L e t  F t  deno te  t h e  f u l l  s o l u t i o n  t o  t h e  Nav ie r -S tokes  

e q u a t i o n s  . 

- 1 
L e t  cp(v) b e  a  p o t e n t i a l  f o r  v  ; e . g . :  ~ ( v )  = dA (v)  , 

s o  v  = 6 ( r ~ ( v ) )  . Here 6  i s  t h e  d ive rgence  o p e r a t o r  d i s c u s s e d  i n  

l e c t u r e  3.  (More c o n c r e t e l y  i n  t h r e e  d imens ions ,  v  = 8 x ~ ( v )  .) 

L e t  d(R) be a  f u n c t i o n  of R E R , R 2 0  w i t h  d(R) = 6 where 

v = 1 / R  is the viscosity of t he  fluid. I t  w i l l  t u r n  o u t  t h a t  

d(R) w i l l  be a  measure of t h e  t h i c k n e s s  of t h e  boundary l a y e r .  

L e t  g be  a  cm f u n c t i o n  e q u a l  t o  one a  d i s t a n c e  > d(R) 
R - 

from a M  and g = 0  on a  neighborhood of a M  . R 

Def ine  t h e  o p e r a t o r  



we c a l l  6 t h e  v o r t i c i t y  c r e a t i o n  o p e r a t o r .  The r e a s o n  f o r  t h i s  i s  
R 

cha t  @,(v) e q u a l s  v  away from a M  , b u t  i f  v  i s  o n l y  I ~ M  , 
@,(v) w i l l  be z e r o  on a M  s o  h a s  t h e  e f f e c t  of "chopping o f f "  v  

w i t h i n  t h e  boundary l a y e r  (we do n o t  u s e  g J m v  s i n c e  t h a t  i s  n o t  

d ive rgence  f r e e ) .  Such a  chopping o f f  e f f e c t i v e l y  c r e a t e s  v o r t i c i t y .  

(See t h e  f i g u r e  f o l l o w i n g . )  

The fo rmula  now r e a d s  a s  f o l l o w s :  

F ( v )  = s o l u t i o n  of Nav ie r -S tokes  e q u a t i o n  
t 

I n  t h i s  formula  t h e  power means i t e r a t i o n .  For example: 

Thus one d i v i d e s  t h e  t ime s c a l e  i n t o  n  p a r t s  and then  i t e r a t e s  t h e  



t h e  p rocedure :  s o l v e  E u l e r ' s  e q u a t i o n s  t h e n  c r e a t e  v o r t i c i t y ,  then  

s o l v e  t h e  S tokes  e q u a t i o n  t h e n  t h e  E u l e r  e q u a t i o n ,  e t c .  

T h i s  i s  t h e  b a s i c  method u n d e r l y i n g  C h o r i n ' s  t e c h n i q u e .  

However p a r t  of t h e  beau ty  of t h e  method i s  t h e  way i n  which h e  s o l v e s  

n u m e r i c a l l y  f o r  Et and H  He u s e s  v o r t i c i t y  methods f o r  Et and 
t 

p r o b a b i l i s t i c  methods f o r  Ht . See Chor in  [ Z ]  f o r  d e t a i l s .  

I n  the  f o l l o w i n g  f  igure'cwe reproduce one of C h o r i n ' s  o u t p u t s .  

The 0 ' s  mark n e g a t i v e  v o r t i c i t y  and * ' s  mark p o s i t i v e  v o r t i c i t y .  

T h i s  r e p r e s e n t a t i o n  i s  f o r  f l o w  p a s t  a  c y l i n d e r  wi th  R and t a s  

marked and i n i t i a l  v cor responding  t o  p a r a l l e l  f l o w .  I t  i s  a  remark- 

a b l e  achievement t o  o b t a i n  on t h e  computer something resembl ing  t h e  

famous "Karmen v o r t e x  s t r e e t " .  (For  a  s p e c t a c u l a r  pho tograph ,  s e e  

S c i e n t i f i c  American, January  1970, p .  40; t h i s  i s  reproduced on t h e  

cover  of "Basic Complex A n a l y s i s s ' ,  W .  H .  Freeman Co. (1973) .) Below 

we s h a l l  d i s c u s s  f u r t h e r  t h e  q u a l i t a t i v e  f e a t u r e s  of why and how such 

p e r i o d i c  phenomena can  g e t  g e n e r a t e d .  

A s  i s  w e l l  known  elso son [ 3 ] )  p r o d u c t  f o r m u l a s  a r e  

c l o s e l y  r e l a t e d  t o  W i e n e r  i n t e g r a l s .  C h o r i n  h a s  r e c e n t l y  

u s e d  t h i s  i d e a  t o  i m p r o v e  t h e  s c h e m e  s t i l l  f u r t h e r ,  a s  f a r  

as  c o m p u t e r  e f f i c i e n c y  g o e s ,  s o  t h e  m e t h o d  i s  v a l i d  i n t o  

t h e  f u l l y  t u r b u l e n t  r e g i o n .  

+ The computer has  d i s t o r t e d  t h e  c y l i n d e r  somewhat i n t o  an e l l i p s e .  





The i n t e r e s t i n g  f e a t u r e  of t h e  above formula  i s  t h a t  t h e  

e r r o r  f o r  l a r g e  n  is O(l /n )  independent  of R . Furthermore u s i n g  

t h e  formula  a s  an e x i s t e n c e  theorem we f i n d  t h a t  smooth s o l u t i o n s  t o  

t h e  Navier-Stokes  e q u a t i o n s  e x i s t  f o r  a  t ime i n t e r v a l  T > 0 independent  

of R R + m  and converge i n  L t o  s o l u t i o n s  o f  t h e  E u l e r  e q u a t i o n s .  - P 

T h i s  i s  an impor tan t  r e s u l t ,  f o r  i t  g u a r a n t e e s  a s  p o s i t i v e  

t ime of e x i s t e n c e  f o r  g iven  i n i t i a l  d a t a ,  no m a t t e r  how smal l  t h e  

v i s c o s i t y .  T h i s  i s  s t r o n g  ev idence  f o r  t h e  e x i s t e n c e  of smooth 

t u r b u l e n t  s o l u t i o n s .  (See below.) 

I n  c a s e  aM = @ ( f o r  example u s i n g  p e r i o d i c  boundary 

c o n d i t i o n s )  t h e  formula  r e a d s  

F  v  = l i m i t  (H 0E )nv  . 
t 

n  --fa 
t / n  t / n  

T h i s  formula was proven i n  Ebin-Marsden [ I ]  and Marsden 151. I t  

enab led  us  t o  show t h a t  a s  v -t O ( o r  R + m) t h e  s o l u t i o n s  converge i n  H' 

t o  s o l u t i o n s  of t h e  E u l e r  e q u a t i o n s .  (See a l s o  Swann [ I ] ,  Kato [ Z ] . )  

B a s i c a l l y  t h i s  means t h a t  t u r b u l e n c e  canno t  occur  i f  no boundar ies  a r e  

p r e s e n t .  Such convergence w i l l  n o t  occur  i f  aM # f~ i n  t o p o l o g i e s  

s t r o n g e r  t h a n  L because  t h e  boundary c o n d i t i o n s  and t h e  v o r t i c i t y  
P 

c a r r i e d  i n t o  t h e  mainst ream f low w i l l  n o t  a l l o w  i t .  

The complete  p r o o f s  of t h e s e  r e s u l t s  a r e  t o o  t e c h n i c a l  f o r  us  

t o  go i n t o  h e r e .  R a t h e r  we s h a l l  c o n f i n e  o u r s e l v e s ,  i n  t h e  n e x t  

s e c t i o n ,  t o  an e lementa ry  e x p o s i t i o n  of where t h e s e  fo rmulas  come from. 

We s h a l l  a l s o  i n c l u d e  some a d d i t i o n a l  i n t u i t i o n  below, 



The L i e - T r o t t e r  Formula.  

L e t  X and Y be v e c t o r  f i e l d s  w i t h  f l o w s  Ht and Et . 

Then t h e  f l o w  F t  of X f Y i s  g i v e n  by 

F~ = l i m i t  (H oEt/n)n . 
n  -+ m  

t / n  

Theorem. T h i s  i s  v a l i d  i f  X , Y are cr v e c t o r  f i e l d s  f o r  t h o s e  t f o r  

which Ft  i s  d e f i n e d .  

L e t  u s  g i v e  t h e  i d e a  ( f o r  d e t a i l s ,  s e e  e . g . ,  Nelson [ I ] ) .  

We f i r s t  show F t  d e f i n e d  by t h e  l i m i t  i s  a f l o w .  One shows 

F t+s  = F t o F s  
f i r s t  i f  s , t a r e  r a t i o n a l l y  r e l a t e d  and t a k e s  l i m i t s .  

C o n s i d e r ,  e .  g .  : t = s . 

F2t = l i m i t  (H 
n  3 m  

2 t / n o E 2 t / n  > 

= l i m i t  (H 
n 3 m  

2 t / 2 n o E 2 t / 2 n  > 2n 

= l i m i t  
0E ) 2 n  

n 3 m ( H t / n  t / n  

= l i m i t  (H t / n  0E t / n  ) n  (Ht lnOEt/n)n  
n  -4 m  

d  
Next one shows -F ( x )  t=O = X(x) + Y(x) . I n d e e d ,  f o r m a l l y ,  

d t  t 



1 l 
= l i m i t  [--(x(x)+Y(x)>+. . .+ --(x(x)+Y(x)) ] 

n  + m  

I t  f o l l o w s  now t h a t  Ft i s  the  f low of  X+Y s i n c e  

The above formula  a r o s e  h i s t o r i c a l l y  i n  L i e  group t h e o r y .  

I t  t e l l s  u s  how t o  e x p o n e n t i a t e  the  sum of two e lements  i n  t h e  L i e  

a l g e b r a .  I n  t h e  c a s e  of m a t r i x  groups i t  i s  t h e  c l a s s i c a l  formula:  

O f  c o u r s e  i f  [X, Y ]  = 0 t h e  formula  r e a d s  Ft = H t 0 E t  b u t  

i t  r e a l l y  i s  t h e  c a s e  i n  which X , Y do n o t  commute t h a t  i s  of i n t e r e s t .  

The above formula  h a s  been g e n e r a l i z e d  t o  l i n e a r  e v o l u t i o n  

e q u a t i o n s ,  a s  i n  t h e  R i l l e - Y o s i d a  theorem by T r o t t e r  [ l ]  , and t o  c e r t a i n  

n o n - l i n e a r  semi-groups by Brez i s -Pazy  [ I ]  and Marsden [ 5 ] .  These 

r e s u l t s  c a n  be used t o  e s t a b l i s h  the  c l a i m s  made abou t  the  Navier  S tokes  



- 
e q u a t i o n  i f  84 = g . Indeed one t a k e s  X = A and Y = Z . 

For a M  @ t h e  compos i t ion  HtoEt d o e s n ' t  even make 

sense  ( e x c e p t  perhaps  i n  L2(M) , b u t  t h a t  i s  n o t  too  u s e f u l )  because 

E t (v )  , even i f  v  = 0 on aM , w i l l  n o t  be 0 on aM , but  w i l l  

o n l y  be p a r a l l e l  t o  aM . The purpose of t h e  v o r t i c i t y  c r e a t i o n  

o p e r a t o r  i s  t o  c o r r e c t  f o r  t h i s  f a i l u r e  of t h e  boundary c o n d i t i o n s .  

Some a d d i t i o n a l  i n t u i t i o n  on C h o r i n ' s  Formula.  

Consider  a g a i n  t h e  formula  

F t ( v )  = l i m i t  (H a @  o E  l n v  . 
n  

t / n  t / n  t / n  

The term 
t / n v  

g i v e s  t h e  main o v e r a l l  f e a t u r e s  of t h e  f low p a s t  t h e  

boundary. L e t  u s  c a l l  i t  t h e  downstream d r i f t .  Consider  t h e  e f f e c t :  

E d r i f t s  u s  downstream, t h e n  d 
t / n  

c r e a t e s  v o r t i c i t y  nea r  a M  , 
- t / n  

then  H  h a s  t h e  e f f e c t  of d i f f u s i n g  t h i s  v o r t i c i t y  away from a M  
t / n  

then  E 
t / n  

t ends  t o  sweep t h i s  v o r t i c i t y  downstream e t c .  The n e t  

e f f e c t  i s  a  l o t  of v o r t i c i t y  swept downstream. T h i s  i s  e x a c t l y  what 

happens i n  examples such a s  t h e  von Karmen v o r t e x  s t r e e t .  

The proof of C h o r i n ' s  formula  i s  based on a  g e n e r a l i z a t i o n  of 

the  L i e  T r o t t e r  p roduc t  formula  due t o  Chernoff [ I ]  i n  t h e  l i n e a r  c a s e  

and Brez i s -Pazy  [ I ]  and Marsden [5 ]  i n  t h e  n o n - l i n e a r  c a s e .  We d i s c u s s  

t h i s  formula  n e x t .  

C h e r n o f f ' s  Formula.  

Suppose K ( t )  i s  a  f a m i l y  of o p e r a t o r s ,  t - > 0 ( s a t i s f y i n g  



s u i t a b l e  h y p o t h e s e s ) .  L e t  X = K 1 ( 0 )  . Then t h e  f low of X i s  

F t ( x )  = l i m i t  [ ~ ( t / n ) ] ~  ( x ) ,  
n ~ m  

T h i s  i s  C h e r n o f f ' s  g e n e r a l i z a t i o n  of t h e  L i e - T r o t t e r  fo rmula .  We 

o b t a i n  t h e  p r e v i o u s  formula  f o r  X+Y u s i n g  1<(t)  = H OE 
t t '  

For  d e t a i l s  on t h e  h y p o t h e s e s ,  s e e  t h e  aforment ioned r e f e r e n c e s  

and Chernoff-Marsden [ I ]  and Nelson [ I ] .  

I n  a p p l i c a t i o n s  t o  hydrodynamics i t  i s  impor tan t  t o  use  

Lagrangian c o o r d i n a t e s ,  f o r  a s  we have s t r e s s e d  i n  t h e  p r e v i o u s  l e c t u r e ,  

the  E u l e r  e q u a t i o n s  then  become a  cm v e c t o r  f i e l d .  T h i s  i s  a  g r e a t  

advantage i n  d e a l i n g  wi th  t h e s e  p roduc t  fo rmulas  ( i n  t h e  l i n e a r  c a s e  i t  

cor responds  t o  add ing  a  bounded o p e r a t o r  t o  an unbounded one - -  a  

r e l a t i v e l y  e a s y  p r o c e d u r e ) .  

For example one c a n  g i v e  an a lmos t  t r i v i a l  proof  of t h e  

formula  

Et = l i m i t  ( p i  ) n  
n  + a  t / n  

where a u g t  i s  the  e v o l u t i o n  o p e r a t o r  f o r  t + (u*V)u = 0  whose 

s o l u t i o n  i s  known e x p l i c i t l y .  A s imFlar  theorem proved u s i n g  E u l e r  

c o o r d i n a t e s  and wi th  more e f f o r t  was done by Chor in  [ I ] .  

To o b t a i n  C h o r i n ' s  formula  a s  p r e v i o u s l y  d e s c r i b e d ,  one 

chooses  ~ ( t )  = H t o @  OE 
t t '  



c a l c u l a t i o n  of t h e  G e n e r a t o r .  

P robab ly  t h e  most c r u c i a l  t h i n g  i n  C h o r i n ' s  formula  i s  t h e  

- 
formal  r e a s o n  why K ' ( 0 )  = A  + Z  . Indeed  we c l a i m  t h a t  6 c o n t r i b u t e s  

- t  

n o t h i n g  t o  K ' ( 0 )  . T h i s  i s ,  of c o u r s e ,  c r u c i a l  i f  ou r  r e s u l t i n g  f l o w  

i s  t o  be a s s o c i a t e d  wi th  t h e  Nav ie r -S tokes  e q u a t i o n s .  I n  t h e  f o l l o w i n g  

we a t t e m p t  t o  show why K T ( 0 )  = + Z w i t h  K ( t )  a s  above.  

I n  o r d e r  t o  s e e  t h i s ,  w r i t e  

1 1 
, ( H ~ @ ~ E ~ ~  - V )  =-([El @ E v  - H @ V]  

t t t t  t t  

- 
The f i r s t  and l a s t  terms converge ,  r e s p e c t i v e l y  t o  Z(v) and Av 

(one needs  t o  know Htdt i s  t - c o n t i n u o u s  f o r  t h i s ) .  Thus t h e  v a l i d i t y  

i s  a s s u r e d  by t h e  f o l l o w i n g  key lemma: i f  v  i s  s u i t a b l y  smooth,  

v  = 0  on a M  , t hen  i n  L , 
P  

1 
l i m i t  - [H @ v  - H v ]  = 0  . 

t t t  t 
t 4 0  

rV 

i n d e e d ,  i f  K ( t ,  x ,  y)  i s  a  G r e e n ' s  f u n c t i o n  f o r  A on M 

then  



where Bt = { X  E ~ l d ( x ,  aM) ( d ( t ) )  . Taking i n t o  a c c o u n t  t h e  n a t u r e  

of t h e  s i n g u l a r i t y  of K and t h e  c h o i c e  of d ( t )  i t  i s  e a s y  t o  s e e  

t h a t  i n  L norm, t h e  above i s  majo r i zed  by 
P  

where c , t h e  L norm of d K ( t 2  X ,  y )dy  goes  t o  z e r o  a s  
P  t * 

Bt  

t + 0 on accoun t  of t h e  r a p i d i t y  wi th  which t h e  volume of B t  goes  

t o  z e r o  a s  t + 0 . T h i s  g i v e s  t h e  f o r m u l a .  

The Hopf B i f u r c a t i o n .  

We now t u r n  our  a t t e n t i o n  t o  t h e  q u a l i t a t i v e  n a t u r e  of 

t u r b u l e n c e .  A c t u a l l y  t h e  l i t e r a t u r e  i s  v e r y  c o n f u s i n g  - -  a  few 

r e p r e s e n t a t i v e  works a r e  l i s t e d  i n  t h e  b i b l i o g r a p h y .  However we wish 

t o  d e s c r i b e  a  t h e o r y  due t o  Ruel le-Takens  ( I ]  which h a s  s e v e r a l  v e r y  

a t t r a c t i v e  f e a t u r e s .  

B a s i c a l l y  we want t o  s t u d y  t h e  Nav ie r -S tokes  e q u a t i o n s  and 

l e t  R . Thus we a r e  i n t e r e s t e d  i n  s t u d y i n g  dynamical  sys tems 

depending on a  p a r a m e t e r .  One of t h e  most b a s i c  r e s u l t s  i n  t h i s  r e g a r d  

i s  a  theorem of Hopf from 1942 (Hopf [ I ] ) .  

I n  o r d e r  t o  u n d e r s t a n d  H o p f P s  theorem,  l e t  u s  r ev iew some 

s t a n d a r d  m a t e r i a l  i n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  For a  complete  

d i s c u s s i o n  of t h i s  m a t e r i a l ,  s e e  Coddington-Levinson [ I ]  and Abraham- 

Robbin [ I ] .  L e t  X : R~ + Rn be a  l i n e a r  map. Then r e g a r d i n g  X a s  

n  tX 
a  v e c t o r  f i e l d  on R  , i t s  f l o w  i s  g i v e n  by F ( a )  = e  ( a )  , where 

t 



m 
0  

a  E R~ and etX = Z ( t t n / n ! )  ; i n  t h i s  e x p r e s s i o n  X = I and 
n=O 

m u l t i p l i c a t i o n  i s  a s  m a t r i c e s .  L e t  XI, . . . , X k  be t h e  ( p o s s i b l y  

complex) e i g e n v a l u e s  of X . S i n c e  X h a s  o n l y  r e a l  e n t r i e s  when 

c o n s i d e r e d  a s  a  m a t r i x ,  t h e  k i  appear  i n  c o n j u g a t e  p a i r s .  C l e a r l y  
t h  

e , y e  
tXk 

a r e  t h e  e i g e n v a l u e s  of 
Ft  - 

Now suppose t h a t  f o r  a l l  i , we have Re(ki)  < 0  . Then a s  
X . t  

t i n c r e a s e s  J e  I i s  d e c r e a s i n g  and hence  t h e  o r b i t  of a  p o i n t  

a  E R" i . e . ,  t h e  c u r v e  t b F t ( a )  , i s  approach ing  z e r o .  ( T h i s  i s  

c l e a r  i f  X i s  d i a g o n a l i z a b l e ;  f o r  t h e  g e n e r a l  c a s e  one u s e s  t h e  Jo rdan  

c a n o n i c a l  form .) S i n c e  Ft  i s  l i n e a r ,  f o r  each t we have F t (0 )  = 0  . 

I n  t h i s  s i t u a t i o n ,  we say  0  i s  an  a t t r a c t i n g  o r  s t a b l e  f i x e d  p o i n t .  

t X  
Now i f  a l l  Re(hi)  > 0  , i t  i s  c l e a r  t h a t  each l e  1 i s  

i n c r e a s i n g  w i t h  t , and s o  t h e  o r b i t  of a  p o i n t  under  t h e  f l o w  i s  

away from 0  . H e r e ,  we s a y  0  i s  a  r e p e l l i n g  o r  u n s t a b l e  f i x e d  p o i n t .  

For t h e  n o n l i n e a r  c a s e ,  we l i n e a r i z e  and a p p l y  t h e  above 

r e s u l t s  a s  f o l l o w s .  L e t  X be a  v e c t o r  f i e l d  on some maniEold M . 

Suppose t h e r e  i s  a  p o i n t  m E M such t h a t  X(mo) = 0 . Then Ft  , 
0  

t h e  f l o w  of X l e a v e s  m f i x e d ;  F (m ) = m 
0  0 "  

I t  makes s e n s e  t o  
t 0  

c o n s i d e r  DX(mO) : Tm M 4 T M . I f  y l ,  . . . , yn i s  a  c o o r d i n a t e  
0 mo 

system f o r  M a t  m , t h e  c o o r d i n a t e  m a t r i x  e x p r e s s i o n  f o r  DX(mO) 
0  
i j 

i s  j u s t  Dx(mO) = ( a x  / a y  >(mO) . Now, DX(mO) can  be t r e a t e d  a s  a  

l i n e a r  map on R~ and t h e  same a n a l y s i s  a s  above a p p l i e s .  Hence 
"'0 

i s  a n  a t t r a c t i n g  o r  r e p e l l i n g  f i x e d  p o i n t  ( o r  n e i t h e r )  f o r  t h e  f l o w  of 

X depending on t h e  s i g n  of t h e  r e a l  p a r t  of t h e  e i g e n v a l u e s  of 



( ax i / ay j ) (mo)  . However i f  m i s  a t t r a c t i n g  (when t h e  r e a l  p a r t s  
0  

of t h e  e i g e n v a l u e s  a r e  < 0) , i t  i s  o n l y  n e a r b y  p o i n t s  which 
j m 0  a s  

t + a .  

To b e g i n  our  s t u d y  of t h e  Hopf theorem,  l e t  u s  c o n s i d e r  a 

p h y s i c a l  example of t h e  g e n e r a l  phenomenon o f  b i f u r c a t i o n .  The i d e a  

i n  each c a s e  i s  t h a t  t h e  sys tem depends on some r e a l  p a r a m e t e r ,  and 

t h e  sys tem undergoes  a  sudden q u a l i t a t i v e  change a s  t h e  pa ramete r  

c r o s s e s  some c r i t i c a l  p o i n t .  (For  r e s e a r c h  i n  a  s l i g h t l y  d i f f e r e n t  

d i r e c t i o n  and f o r  more examples ,  c o n s u l t  t h e  p a p e r s  i n  Antman-Keller 

[ I ]  and Z a r a n t o n e l l o  [ I ]  .) 

Example -. ( C o u e t t e  Flow).  Suppose we have a v i s c o u s  f l u i d  between 

two c o n c e n t r i c  c y l i n d e r s  ( s e e  t h e  f o l l o w i n g  f i g u r e ) .  Suppose f u r t h e r  

we f o r c i b l y  r o t a t e  t h e  c y l i n d e r s  i n  o p p o s i t e  d i r e c t i o n s  a t  some c o n s t a n t  

a n g u l a r  v e l o c i t y  p which i s  o u r  p a r a m e t e r .  For  p n e a r  0  , we g e t  

a  s t e a d y  h o r i z o n t a l  l aminar  f l o w  i n  t h e  f l u i d .  However a s  p r e a c h e s  

some c r i t i c a l  p o i n t ,  t h e  f l u i d  b r e a k s  up i n t o  what a r e  c a l l e d  Tay lo r  

c e l l s  and t h e  f l u i d  moves r a d i a l l y  i n  c e l l s  from t h e  i n n e r  c y l i n d e r  t o  

t h e  o u t e r  one and v i c e  v e r s a .  Note ,  t h a t  t h e  d i r e c t i o n s  of f l o w  a r e  

such t h a t  f l o w  i s  c o n t i n u o u s .  

Coue t t e  Flow 
( top view 

Taylor  C e l l s  



I n  t h e  above example,  we have a  s i t u a t i o n  d e s c r i b e d  by 

d i f f e r e n t i a l  e q u a t i o n s  and a t  some c r i t i c a l  p o i n t  of t h e  p a r a m e t e r ,  

t h e  g i v e n  s o l u t i o n  becomes u n s t a b l e  and t h e  sys tem s h i f t s  t o  a  " s t a b l e "  

s o l u t i o n .  T h i s  sha rp  d i v i s i o n  of s o l u t i o n s  i s  t h e  s o r t  of b i f u r c a t i o n  

we s h a l l  encoun te r  i n  H o p f ' s  theorem. 

For s i m p l i c i t y ,  l e t  u s  c o n s i d e r  t h e  c a s e  where t h e  u n d e r l y i n g  

space i s  s imply R2 . L e t  X be a  v e c t o r  f i e l d  on R2 depending 
P 

smoothly on some r e a l  pa ramete r  p  . A c t u a l l y  i t  i s  c o n v e n i e n t  t o  

3 w 

p u t  X i n  R by c o n s i d e r i n g  t h e  map X : ( x ,  y ,  p )  (3 (Xp ( x ,  y)  , 0 )  . 
I-L 

T h i s  way we can  graph t h e  f low of X and keep t r a c k  of t h e  
t i-1 - 

paramete r  p  . The f l o w  G of X i s  G t ( x ,  y ,  p )  = ( e ( x  , y)  , p,) . 
t 

S i m i l a r l y ,  we c o n s i d e r  X a c t i n g  on t h e  p l a n e  p  = c o n s t .  
i-1 

Now suppose X ( 0 ,  0 )  = ( 0 ,  0 )  f o r  each w ; more g e n e r a l l y  
P  

one c o u l d  c o n s i d e r  a  c u r v e  ( x p ,  y  ) of c r i t i c a l  p o i n t s  of X . We 
P  CL 

c a n  a p p l y  t h e  a n a l y s i s  we developed f o r  v e c t o r  f i e l d s ,  i . e . ,  f o r  each 

- 
p , we look  a t  t h e  e i g e n v a l u e s  of DX ( 0 ,  0 )  say  X(p) and h ( p )  . 

P  

(They a r e  complex c o n j u g a t e . )  Note t h a t  t h e  e i g e n v a l u e s  depend on p, 

and by our  e a r l i e r  a n a l y s i s  of f l o w s ,  we know t h e  q u a l i t a t i v e  behav iour  

- 
of t h e  f low depends on t h e  s i g n  of Re(h ( p ) )  and Re(h ( p ) )  (which a r e  

e q u a l  i n  c a s e  X(p) i t s e l f  i s  n o t  r e a l ) .  So i f  we know how X(p) 

depends on then  we can  hope t o  e x t r a c t  some i n f o r m a t i o n  a b o u t  t h e  

f l o w  n e a r  ( 0 ,  0) a s  p  i n c r e a s e s .  We make t h e s e  h y p o t h e s e s :  

Suppose Re(h(b ) )  < 0  - f o r  p  < 0  Re(A(0))  = 0  - and R e ( h ( p ) )  

i s  i n c r e a s i n g  a s  p  i n c r e a s e s  a c r o s s  0  . Also  assume t h a t  



X(p) i s  n o t  r e a l  and t h a t  f o r  y = 0  , ( 0 ,  0 )  i s  an a t t r a c t i n g  

f i x e d  p o i n t  f o r  X 

(pe rhaps  wi th  a  weaker o r  s lower  a t t r a c t i o n  than  when R e ( h ( w ) )  < 0  ) . 

Now f o r  p. < 0  , we know from t h e  above t h a t  t h e  f low i s  

" s t a b l e  ," i . e . ,  p o i n t s  n e a r  ( 0 ,  0)  a r e  c a r r i e d  towards ( 0 ,  0) by 

t h e  f l o w ,  a s  i s  t h e  c a s e  f o r  p. = 0  ( o n l y  s lower )  by assumption.  

The s u r p r i s i n g  c a s e  i s  the  behav ior  f o r  p > 0  . 

-9- 

  he or em." ( E  . Hopf) . I n  the  s i t u a t i o n  d e s c r i b e d  above,  t h e r e  i s  a 

s t a b l e  p e r i o d i c  o r b i t  f o r  X when 0  < p. < e, f o r  some s > 0  . 
C 1 -  

( S t a b l e  h e r e  means p o i n t s  n e a r  t h e  p e r i o d i c  o r b i t  w i l l  remain n e a r  

and e v e n t u a l l y  be c a r r i e d  c l o s e r  t o  t h e  o r b i t  by the  f l o w . )  

So a s  i n  t h e  example we g e t  a  q u a l i t a t i v e  change i n  t h e  

s t a b l e  s o l u t i o n s  a s  c r o s s e s  0  , from an a t t r a c t i n g  f i x e d  p o i n t  

( 0 ,  0 )  t o  a  p e r i o d i c  s o l u t i o n  away from (0 ,  0) - 

~ 7 0  

T h i s  theorem does g e n e r a l i z e  t o  

_CLOSED 
ORBIT 

R~ where c a n  g e t  t o r i  

forming a s  t h e  s t a b l e  s o l u t i o n s  ( i n s t e a d  of c l o s e d  o r b i t s )  a s  f u r t h e r  

b i f u r c a t i o n s  t a k e  p l a c e ;  s e e  Ruel le-Takens [ I ]  f o r  d e t a i l s .  

The proof of t h e  theorem o c c u r s  i n  many p l a c e s  b e s i d e s  

Hopf [ I ] .  S e e ,  f o r  i n s t a n c e  Andronov and Cha ik in  [ l ] ,  o r  B r u s l i n s k a y a  

* See R u e l l e  [ 4 ]  f o r  a  v e r s i o n  s u i t a b l e  f o r  systems w i t h  symmetry, 

such  a s  Couet te  f low.  



[ 3 ]  , o r  Ruel le-Takens [ I ]  . 

H o p f ' s  theorem i s  c l o s e l y  r e l a t e d  t o  a  l i n e a r  model used i n  

p h y s i c s  known a s  t h e  "Turing model ." As D .  R u e l l e ,  S .  Smale,  N .  

Kope l l  and H .  Hartman have remarked,  t h e s e  s o r t  of phenomena may be 

b a s i c  f o r  u n d e r s t a n d i n g  a  l a r g e  v a r i e t y  of q u a l i t a t i v e  changes  which 

occur  i n  n a t u r e ,  i n c l u d i n g  b i o l o g i c a l  and chemical  systems.  See f o r  

i n s t a n c e  Tur ing  [ I ] ,  Selkov [ I ] .  We have examined h e r e  o n l y  one of 

many t y p e s  of p o s s i b l e  b i f u r c a t i o n s .  There  a r e  many o t h e r s  which 

occur  i n  Thom' s  theory  of morphogenesis ( s e e  a r t i c l e s  i n  C h i l l i n g w o r t h  

[ I ]  and Abraham [ 4 ]  f o r  more d e t a i l s  and b i b l i o g r a p h y ) .  Meyer [ I ]  and 

Abraham [5 ]  a r e  r e p r e s e n t a t i v e  of t h e  Hamil tonian c a s e .  

For a p p l i c a t i o n s  t o  f l u i d  mechanics one wishes  t h e  v e c t o r  

f i e l d  X t o  be t h e  Navier-Stokes  e q u a t i o n s  and p t o  be t h e  Reynolds 
IJ. 

number. One i s  hampered by t h e  f a c t  t h a t  X i n  t h i s  c a s e  i s  n o t  a 
IJ. 

cr  v e c t o r  f i e l d  (even i n  Lagrang ian  c o o r d i n a t e s ) .  However t h i s  

d i f f i c u l t y  can  be overcome and indeed  t h e  Hopf theorem i s  v a l i d .  For 

d e t a i l s  s e e  Marsden [ 3 ]  , J o s e p h - S a t t i n g e r  [ I ]  , I o o s s  [ I ,  21 , ~ u d o v i c h  

[ 3 ,  41 ,  B r u s l i n s k a y a  [ I ]  e t c .  

Moreover,  a n  i m p o r t a n t  f e a t u r e  i s  t h a t  one can  show t h a t  

when a  b i f u r c a t i o n  does occur  one r e t a i n s  g l o b a l  e x i s t e n c e  of smooth 

s o l u t i o n s  n e a r  t h e  c l o s e d  o r b i t .  T h i s  i s  i n  f a c t  good ev idence  i n  t h e  

d i r e c t i o n  of  v e r i f y i n g  t h a t  t h e  Navier-Stokes  e q u a t i o n s  do not b r e a k  

down when t u r b u l e n c e  deve lops .  



S t a b i l i t y  and Turbu lence .  

S h o r t l y  we s h a l l  e x p l a i n  more f u l l y  t h e  Rucl le-Takens theory  

of t u r b u l e n c e .  For  now we j u s t  wisll t o  s t r e s s  t h e  p o i n t  t h a t  t u r b u l e n c e  

a p p e a r s  t o  be some cornpliccitcd 510%~ which s e t s  i.11 a f t e r  s u c c e s s i v e  

b i f u r c a t i o n s  have o c c u r r e d .  I n  t h i s  p r o c e s s ,  s t a b l e  s o l u t i o n s  

become u n s t a b l e ,  a s  t h e  Reynolds number i s  i n c r c a s e d .  Hence t u r b u l e n c e  

i s  supposed t o  be a  n e c e s s a r y  consequence of t h e  e q u a t i o n s  a n t  i n  f a c t  

of t h e  "generic case"  and j u s t  r e p r e s e n t s  a complicated s o l u t i o n .  For 

example i n  Coue t te  f low a s  one i n c r e a s e s  t h e  a n g u l a r  v e l o c i k y  of 
h L l  

t h e  i n n e r  c y l i n d e r  one f i n d s  a s h i f t  from laminar  f l o w  t o  Tay lor  c e l l s  

o r  r e l a t e d  p a t t e r n s  a t  some b i f u r c a t i o n  v a l u e  of C Z l  . E v e n t u a l i y  

t u r b u l c n c  s e t s  i n .  111 t h i s  scheme, a s  h a s  been r e a i i z e d  f o r  a  long  

t ime ,  one f i r s t  looks  f o r  a s t a b i l i t y  t!~eorrm a n i  f o r  when s t a b i l i t y  

fai1.s (Hupf [ I - ] ,  Cl~andresekar  [ I ] ,  Lin  [ I ]  e t c . ) .  For example,  i f  one 

s t a y e d  c l o s e d  enough t o  l a x i n a s  f l o w ,  one woulc. e x p e c t  t h e  flow t o  

remain z p p r o x i n a t e l y  l a m i n a r .  S c r r i n  [ Z ]  has  a  theorem o f  t h i s  s o r t  

which w e  ? r e s e n t  a s  an i l . l u s t r a t i o n :  

S t a b i l i t y  Theorem. L e t  D R 3  he  2 bouncied domaix and ilsppose t h e  - 

f low vV i s  pr tascr ibed on AD ( t h i s  cor responds  t o  hav ing  a  moving 
- t  

1 'J  boundary,  a s  i n  CocctLe f l o w ) .  L e t  B = m n a ~ ! , v ~ ( a ) ' ~  , d = diamete r  of 
XED 
t > O  - 

D - a n d  .J e q u a l  the  v i s c o s i t y .  Then i f  the Reynolds number 

v 
3 = (Vd/v )  5 5.71 , v i s  u i ~ i v c r s z l l y  L2 s t a b l e .  

t 

. . -v 
~ n i v e r s a l l y  L 2  s t a h l e  means t h a t  il' v i s  3 o f h e r  r 



s o l u t i o n  t o  t h e  e q u a t i o n s  and w i t h  t h e  same boundary c o n d i t i o n s ,  t h e n  

t h e  L2 norm ( o r  ene rgy)  of iV - vV goes  t o  z e r o  a s  t 4 0 . 
t t  

The p roof  i s  r e a l l y  v e r y  s i m p l e  and we recommend r e a d i n g  

S e r r i n  [ 2 ]  f o r  t h e  argument .  

Chandresekar  [ I ] ,  S e r r i n  [ 2 ] ,  and V e l t e  [ I ]  have  ana lyzed  

c r i t e r i a  of t h i s  s o r t  i n  some d e t a i l  f o r  C o u e t t e  f l o w .  

As a  s p e c i a l  c a s e ,  we r e c o v e r  something t h a t  we e x p e c t .  

v  
Namely i f  vV = 0 on a M  i s  any s o l u t i o n  f o r  v > 0 t h e n  v  4 0 

t t 
2  

a s  t + m  i n  L  norm, s i n c e  t h e  z e r o  s o l u t i o n  i s  u n i v e r s a l l y  s t a b l e .  

C o u e t t e  f l o w  i s  n o t  t h e  o n l y  s i t u a t i o n  where t h i s  T a y l o r  

c e l l  t y p e  of phenomenon o c c u r s  and where t h e  above a n a l y s i s  i s  p o s s i b l e .  

For example ,  i n  t h e  ~ 6 n a r d  Problem one h a s  a  v e s s e l  of  w a t e r  h e a t e d  

from below.  A t  a  c r i t i c a l  v a l u e  of t h e  t e m p e r a t u r e  g r a d i e n t ,  one 

o b s e r v e s  c o n v e c t i o n  c u r r e n t s ,  which behave l i k e  T a y l o r  c e l l s ;  c f .  

Rab inowi tz  [ I ]  . 

T h i s  t r a n s i t i o n  from lamina r  t o  p e r i o d i c  mot ion ( t h e  Hop£ 

b i f u r c a t i o n )  o c c u r s  i n  many o t h e r  p h y s i c a l  s i t u a t i o n s  such a s  f l o w  

beh ind  a n  o b s t a b l e .  

A D e f i n i t i o n  of Turbu lence .  

A t r a d i t i o n a l  d e f i n i t i o n  ( a s  i n  Hopf [ 2 ] ,  L a n d a u - L i f s c h i t z  

[ I ] )  s a y s  t h a t  t u r b u l e n c e  deve lops  when t h e  v e c t o r  f i e l d  v  can  be 
t 

d e s c r i b e d  a s  v t (wl ,  . . . , wn) = f ( t w l ,  . . . , twn) where f i s  a  



q u a s i - p e r i o d i c  f u n c t i o n ,  i . e . ,  f i s  p e r i o d i c  i n  each c o o r d i n a t e ,  

b u t  t h e  p e r i o d s  a r e  n o t  r a t i o n a l l y  r e l a t e d .  For  example ,  i f  t h e  o r b i t s  

of t h e  
v t  

on t h e  t o r i  g iven  by t h e  Hopf theorem c a n  be d e s c r i b e d  by 

s p i r a l s  wi th  i r r a t i o n a l l y  r e l a t e d  a n g l e s ,  t h e n  v  would such a  f l o w .  
t 

C o n s i d e r i n g  t h e  above example a  b i t  f u r t h e r ,  i t  shou ld  be 

c l e a r  t h e r e  a r e  many o r b i t s  t h a t  t h e  v  c o u l d  f o l l o w  which a r e  
t 

q u a l i t a t i v e l y  l i k e  t h e  q u a s i - p e r i o d i c  ones  b u t  which f a i l  themselves  

t o  be q u a s i - p e r i o d i c .  I n  f a c t  a  smal l  neighborhood of a  q u a s i - p e r i o d i c  

f u n c t i o n  may f a i l  t o  c o n t a i n  many o t h e r  such f u n c t i o n s .  One might  

d e s i r e  t h e  f u n c t i o n s  d e s c r i b i n g  t u r b u l e n c e  t o  c o n t a i n  most f u n c t i o n s  

and n o t  o n l y  a  s p a r s e  s u b s e t .  More p r e c i s e l y ,  s a y  a  s u b s e t  U of a  

t o p o l o g i c a l  space  S i s  g e n e r i c  i f  i t  i s  a  B a i r e  s e t  ( i . e . ,  t h e  

c o u n t a b l e  i n t e r s e c t i o n  o f  open dense  s u b s e t s ) .  I t  seems r e a s o n a b l e  

t o  e x p e c t  t h a t  t h e  f u n c t i o n s  d e s c r i b i n g  t u r b u l e n c e  shou ld  be g e n e r i c ,  

s i n c e  t u r b u l e n c e  i s  a  common phenomena and t h e  e q u a t i o n s  of f low a r e  

never  e x a c t .  Thus we would want a  t h e o r y  of t u r b u l e n c e  t h a t  would n o t  

be d e s t r o y e d  by add ing  on s m a l l  p e r t u r b a t i o n s  t o  t h e  e q u a t i o n s  of mot ion 

The above s o r t  of r e a s o n i n g  l e a d  Rue l l e -Takens  [ I ]  t o  p o i n t  

o u t  t h a t  s i n c e  q u a s i - p e r i o d i c  f u n c t i o n s  a r e  n o t  g e n e r i c ,  i t  i s  u n l i k e l y  

-J. 

t hey  " r e a l l y "  d e s c r i b e  turbulence. ' '  I n  i t s  p l a c e ,  t h e y  propose  t h e  use  

of " s t r a n g e  a t t r a c t o r s . "  (See  Smale [ 2 ]  and Wi l l i ams  [I] .) These 

e x h i b i t  much of t h e  q u a l i t a t i v e  behav io r  one would e x p e c t  from ' s t u r b u l e n t "  

s o l u t i o n s  t o  t h e  Nav ie r -S tokes  e q u a t i o n s  and they  a r e  s t a b l e  under  

p e r t u r b a t i o n s .  

* See a l s o  J o s e p h - S a t t i n g e r  [ I ] .  



Here i s  a n  example of a  s t r a n g e  a t t r a c t o r .  L e t  U c R~ be 

open and o . U 4 U some f low;  suppose f u r t h e r  f o r  x  E U , t h e r e  i s  
t ' 

an  s  E R such t h a t  U ~ + ~ ( X )  = o t ( x )  , i . e  . , x  be longs  t o  a  p e r i o d i c  

o r b i t  of t h e  f l o w .  L e t  ( d / d t ) a t ( x )  I t Z 0  = 
Yx 

and l e t  V be t h e  

a f f i n e  h y p e r s u r f a c e  i n  U o r t h o g o n a l  t o  Yx . For a  s m a l l  neighborhood 

S  of x  i n  V , t h e r e  i s  a  map P : S -, V c a l l e d  t h e  poincar ;  map, 

d e f i n e d  a s  f o l l o w s :  For w E S , i t  i s  e a s y  t o  show t h e r e  i s  a  s m a l l e s t  

Pw E R such t h a t  5 (w) E V . C a l l  P(w) = o (w) . Now of c o u r s e  
Pw Pw 

one can  do t h i s  f o r  each p o i n t  of t h e  p e r i o d i c  o r b i t .  By do ing  t h i s  

one g e t s  a  map on a  smal l  " t u b u l a r "  neighborhood of t h e  p e r i o d i c  o r b i t  

i n  U . (Here  one must check t h a t  t h e r e  i s  a  neighborhood N o s  t h e  

o r b i t  such t h a t  i f  x  E N then  x be longs  t o  a  unique h y p e r s u r f a c e  

o r t h o g o n a l  t o  t h e  o r b i t . )  A l so  one can  drop t h e  c o n d i t i o n  t h a t  P  be 

d e f i n e d  a b o u t  a  c l o s e d  o r b i t  by r e q u i r i n g  t h a t  t h e  v e c t o r  f i e l d  be 

a lmos t  p a r a l l e l  and everywhere t r a n s v e r s a l  t o  a  h y p e r s u r f a c e  V . I n  

t h i s  c a s e  one can d e f i n e  a  poincar ;  map P  over  t h e  e n t i r e  space  U 

by l e t t i n g  P(x)  be t h e  f i r s t  i n t e r s e c t i o n  o f  t h e  i n t e g r a l  c u r v e  

through x  w i t h  V . 

I n  p a r t i c u l a r  c o n s i d e r  V t o  be a  s o l i d  t o r u s  i n  t h r e e  

space  and suppose we have a  f l o w  0 on U such t h a t  i t s  ~ o i n c a r ;  
t 

map wraps t h e  t o r u s  around t w i c e .  Then t h e  a t t r a c t i n g  s e t  of t h e  f low 

( i e . ,  ( X  E U I X  = l i m  o t ( y )  f o r  some y E U )  i s  l o c a l l y  a  Can to r  
t+ 

s e t  c r o s s  a  2-manifold  ( s e e  Smale [ Z ] ) .  T h i s  i s  c e r t a i n l y  a  s t r a n g e  

a t t r a c t o r !  Ruel le-Takens  [ 1 ]  have shown i f  we d e f i n e  a s t r a n g e  a t t r a c t o r  

t o  be one which i s  n e i t h e r  a  c l o s e d  o r b i t  o r  a  p o i n t ,  t h e n  t h e r e  a r e  



s t a b l e  s t r a n g e  a t t r a c t o r s  on T4 i n  t h e  s e n s e  t h a t  a  whole neighborhood 

of v e c t o r  f i e l d s  h a s  a  s t r a n g e  a t t r a c t o r  a s  w e l l .  

I f  t h e  a t t r a c t i n g  s e t  of t h e  f l o w ,  i n  t h e  space  of v e c t o r  

f i e l d s  , which i s  g e n e r a t e d  by Navier-S t o k e s  e q u a t i o n s  i s  s t r a n g e  , t hen  

a  s o l u t i o n  a t t r a c t e d  t o  t h i s  s e t  w i l l  c l e a r l y  behave i n  a c o m p l i c a t e d ,  

t u r b u l e n t  manner and s i n c e  s t r a n g e  a t t r a c t o r s  a r e  " g e n e r i c " ,  t h i s  s o r t  

of b e h a v i o r  should  n o t  be uncommon. Thus we have  t h e  f o l l o w i n g  

r e a s o n a b l e  d e f i n i t i o n  of t u r b u l e n c e  a s  proposed by Ruel le-Takens:  

"... t h e  motion of a  f l u i d  sys tem i s  t u r b u l e n t  when t h i s  

mot ion i s  d e s c r i b e d  by an  i n t e g r a l  c u r v e  of a  v e c t o r  f i e l d  X which 
1-1 

t e n d s  t o  a  s e t  A , and A i s  n e i t h e r  empty nor  a  f i x e d  p o i n t  nor  a  

c l o s e d  o r b i t  ." 

T h i s  t u r b u l e n t  mot ion i s  supposed t o  occur  on one of t h e  t o r i  

T~ t h a t  o c c u r s  i n  t h e  Hopf b i f u r c a t i o n .  T h i s  t a k e s  p l a c e  a f t e r  a  

f i n i t e  number of s u c c e s s i v e  b i f u r c a t i o n s  have  o c c u r r e d .  However a s  -- 

S .  Smale and C. Simon p o i n t e d  o u t  t o  u s ,  t h e r e  may be  a n  i n f i n i t e  number 

of o t h e r  q u a l i t a t i v e  changes  which occur  d u r i n g  t h i s  o n s e t  of t u r b u l e n c e  

( such  a s  s t a b l e  and u n s t a b l e  m a n i f o l d s  i n t e r s e c t i n g  i n  v a r i o u s  ways 

e t c )  . 

S i n c e  t h i s  s o r t  of phenomena i s  supposed t o  be " g e n e r i c , "  one 

would e x p e c t  i t  t o  occur  i n  o t h e r  s i m i l a r  phenomena such a s  t h e  Benard 

problem. (As t h e  t e m p e r a t u r e  g r a d i e n t  becomes v e r y  l a r g e ,  t h e  f l o w  

becomes " t u r b u l e n t  .") 



R e c e n t l y  R u e l l e  [ I ]  (and unpub l i shed  work) h a s  shown how t h e  

u s u a l  s t a t i s t i c a l  mechanics of e r g o d i c  sys tems can  be used t o  s t u d y  

t h e  c a s e  of s t r a n g e  a t t r a c t o r s ,  f o l l o w i n g  work of Bowen [ I ]  and S i n a i  

[ I ] .  I t  remains  t o  connec t  t h i s  up w i t h  observed s t a t i s t i c a l  p r o p e r t i e s  

of f l u i d s ,  l i k e  t h e  t ime average  of t h e  p r e s s u r e  i n  t u r b u l e n t  f l o w .  

For t h e  a n a l y t i c a l  n a t u r e  of t u r b u l e n t  s o l u t i o n s ,  t h e  work 

of Bass  [ I ,  21 seems t o  be i m p o r t a n t .  

I n  summary t h e n ,  t h i s  view of t u r b u l e n c e  may be phrased  a s  

f o l l o w s .  Our s o l u t i o n s  f o r  s m a l l  p (= Reynolds number i n  many f l u i d  

problems)  a r e  s t a b l e  and a s  p i n c r e a s e s ,  t h e s e  s o l u t i o n s  become 

u n s t a b l e  a t  c e r t a i n  c r i t i c a l  v a l u e s  of p and t h e  s o l u t i o n  f a l l s  t o  a  

more compl ica ted  s t a b l e  s o l u t i o n ;  e v e n t u a l l y ,  a f t e r  a  c e r t a i n  f i n i t e  

number of such b i f u r c a t i o n s ,  t h e  s o l u t i o n  f a l l s  t o  a  s t r a n g e  a t t r a c t o r  

( i n  t h e  space  of a l l  t ime dependent  s o l u t i o n s  t o  t h e  problem).  Such 

a  s o l u t i o n ,  which i s  wander ing c l o s e  t o  a  s t r a n g e  a t t r a c t o r ,  i s  c a l l e d  

t u r b u l e n t .  


