
11 The Integral
In this chapter we defme the integral in terms of tranSitions; i.e., by the method
of exhaustion. The reader is assumed to be familiar with the summation notation
and its basic properties, as presented in most calculus texts.

Piecewise Constant Functions

In the theory 'of differentiation, the simplest functions were the linear functions
f(x) = ax + b. We knew that the derivative ofax +b should be a, and we defined
the derivative for more general functions by comparison with the linear
functions, using the notion of overtaking to make the comparisons.

For integration theory, the comparison functions are the piecewise
constant functions. Roughly speaking, a function f on [a, b] is piecewise
constant if [a, b] can be broken into a fmite number of subintervals such that f
is constant on each subinterval.

Definition A partition of the interval [a, b] is a sequence of numbers
(to,t], ... ,tn) such that

a = to < t 1 < ... < tn-l < tn = b

We think of the numbers to, t], ... , tn as dividing [a, b] into the subinter
vals [to,td, [tJ,t2J, .,. , [tn-l,tnJ. (See Fig. II-I.) The number n of intervals
can be as small as 1 or as large as we wish.

First Second ith nth
inteNal inteNal inteNal inteNal

,..---A----..--"---. ----"--- ~
• • • • • • •

a = to t, t2 t j _, t j . .. t ll - 1 t" = b

Fig. 11-1 A partition of [a, b] .

Definition A function f defined on an interval [a, b] is called piecewise
constant if there is a partition (to,.· _,if!) of [a, b] and real numbers

k 1, ••• ,kn such that

147



148 CHAPTER 11: THE INTEGRAL

f(t) = ki for all tin (ti-l,ti)

The partition (to, ... , tn) is then said to be adapted to the piecewise con
stant function f.

Notice that we put no condition on the value of f at the points to, f l , ••. ,

tn, but we require that f be constant on each of the open intervals between
successive points of the partition. As we will see in Worked Examplel, more
than one partition may be adapted to a given piecewise constant function. Piece
wise constant functions are sometimes called step functions because their graphs
often resemble staircases (see Fig. 11-2).

y
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Fig. 11-2 A step function.

Worked Example 1 Draw a graph of the piecewise constant function f on [0,1]
defmed by

-2 ifO~t<t

3 if.!..~ t <.!..3 2
[(t)=

ift:S;;;; f'!~ t3

1 if!-<t<;l

Give three different partitions which are adapted to f and one partition which is
not adapted to f.

Solution The graph is shown in Fig. 11-3. As usual, an open circle indicates a
point which is not on the graph. (The resemblance of this graph to a staircase is
rather faint.)

One partition adapted to f is (0, t, }, t, 1). (That is, to = 0, t 1 = t.
t2 =}, t 3 =t, t4 = 1. Here k 1 = -2,k2 =k 3 =3, k4 = 1.) If we delete t, the
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Fig. 11-3 Another step
function.

partition (0, t, t, 1) is still adapted to fbecause fis constant on (t, t). Finally,
we can always add extra points to an adapted partition and it will still be
adapted. For example, (0, t, t, t, ~, t, 1) is an adapted partition.

r

A partition which is not adapted to fis (0, 0.1,0.2,0.3,004,0.5,0.6,0.7,
0.8, 0.9, 1). Even though the intervals in this partition are very short, it is not
adapted to f because [ is not constant on (0.7, 0.8). (Can you fmd another open
interval in the partition on which f is not constant?)

Motivated by our physical example, we defme the integral of a piecewise
constant function as a sum.

Definition Let f be a piecewise constant function on [a, b] • Let (to, ... ,
tn) he a partition of [a, h] which i~ adapted to f and let ki be the value of
f on (ti-l, ti)' The sum

is called the integral of f on [a, b] and is denoted by f~ [(t)dt; that is,

b nI [(t)dt= ~1 ki~ti
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We shall verify shortly that the definition is independent of the choice
of adapted partition.

If all the kls are nonnegative, the integral f~ f(t)dt is precisely the area
''under'' the graph of f-that is, the area of the set of points (x,y) such that
a <; x <; b and 0 <;y <;f(x). The region under the graph in Fig~ 11-2 is shaded in
Fig. 11-4.

y

k 4 = ks

k3

k6

k7

k2

k,

Fig.11-4 The shaded area is the sum of the areas of the rectangles Ri.

The notation f~ f(t)dt for the integral is due to Leibniz. The symbol f,
called an integral sign, is an elongated Swhich replaces the Greek ~ of ordinary
summation. Similarly, the dt replaces the A.t/s in the summation formula. The
function f(t) which is being integrated is called the integrand. The endpoints a
and b are also called limits of integration.

Worked Example 2 Compute f~ f(t)dt for the function in Worked Example 1,
first using the partition (0, t, to ~, 1) and then using the partition (O,t, to 1).

Solution With the fIrst partition, we have

k 1 =-2

k z = 3

k 3 = 3

k4 = 1

Thus,

Using the second partition, we have
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k 1 ~ -2 At1 = t 1 - to .. t - 0 - ~

k 2 = 3 Atz = t2 - t 1 = t - t = 1~

k 3 = 1 At3 = t 3 - t'2 = 1 - t = t
and

which is the same answer we obtained from the fIrst partition.

Theorem 1 Let f ~e a piecewise constant function on [a, b] . Suppose that

(to, t 1,·.·, tn) and (SO,Sl, ... , sm) are adapted partitions, with f(t) == ki on
(ti-l, ti) and f(t) = h on (si-l> s~. Then

n m

~ kiAti = L hAsi
i=l i=l

Proof The idea is. to reduce the problem to the simplest case, where the
second partition is obtained from the fIrst by the addition of a, single
point. Let us begin by proving the proposition for this case. Assume, then,
that m = n + 1, and that (so,SI, ... ,sm) = (to,tI, ... ,tz,t*,tZ+l, ... ,tn);
i.e., the s-partition is obtained from the t-partition by inserting an extra
point t* between tz and tz+ 1. The relation between s's, ['s, j's, and k's is
illustrated in Fig. 11-5. The sum obtained from the s-partition is

m

L h Asi = h (S1 - so) + ••• +h+l (Sl+l - sf)
i=l

a I I I I b
\\ • A • .,....---J '---v---'-' //

to i t, r t2 t l t. i t l +,l·,·tn _, i t n

f = k, f = k2 f = k,+, f = kn

Fig. 11·5 The s-partition is finer than the t-partition.
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Substituting the appropriate k's and t's for the j's and s's converts the sum
to

We can combine the two middle terms:

kZ+1(t .. - tz) + kZ+1(tZ+1 - t ...) = kZ+1 (t... - tz + tZ+1 - t.)

=k1+1 (t1+1 - t1)

The sum is now

n
k1(t1 - to) + ••• + kZ":I(tZ+I - tz) + •.• + knCtn - tn-I) = ~ kiA.ti

i=1

which is the sum obtained from the t-partition. (For a numerical illustra
tion, see Worked Example 2.) This completes the proof for the special
case.

To handle the general case, we observe fIrst that, given two parti
tio~s (to, ... ,t".) and (so, ... ,sm), we can find a partition (uo, ... ,up)
which contains both of them taking all the points to, ... ,tn,so"" ,sm, elim
inating duplications, and putting the points in the correct order. (See
Solved Exercise I, immediately follOwing the end of the proof.) Adding
points to an adapted partition produces another adapted partition, since if
a function is constant on an interval, it is certainly constant on any subin
terval. It follows that the u-partition is adapted to f if the s- and t-parti
tions are. Now we can get from the t-partition to the u-partition by adding
points one at a time. By the special case above, we see that the sum is un
changed each time we add a point, so the sum obtained from the u-parti
tion equals the sum obtained from the t-partition. In a similar way, we can
get from the s-partition to the u-partition by adding one point at a time, so
the sum from the u-purtition equnls the sum from the s-partition. Since the
sums from the t- and s-partitions are both equal to the sum from the u-par
tition, they are equal to each other, which is what we wanted to prove.

Solved Exercises

1. Consider s- and t-partitions of [1,8] as follows. Let the s-partition be
(1, 2, 3,4, 7,8), and let the t -partition be (1,4,5,6,8). Find the correspond
ing u-partition, and show that you can get from the s- and t-partitions to the
u-partition by adding one point at a time.
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2. Lel f(t) be defined by

f(t) = { ~
-1

ifO~t<1

ifl~t<3

if3~t~4

For any number x in (0,4] ,f(t) is piecewise constant on [O,x].

(a) Find J~f(t)dt as a function of x. (You will need to use different
formulas on different intervals.)

(b) Let F(x) = f~ f(t)dt, for x E(0,4]. Draw a graph of F.

(c) At which points is F differentiable? Find a formula for F'(x).

Exercises

1. Let f(t) be the greatest integer function: f(t) = n on (n, n+l), where n is
any integer. Compute fg f(t)dt using each of the partitions (l ,2,3,4,5,6,7,8)
and (1,2,2.5,3,3.5,4,5,6,7,8). Sketch.

2. Show that, given any two piecewise constant functions on the same interval,
there is a partition which is adapted to both of them.

Upper and Lower Sums and the Definition

Having defined the integral for piecewise constant functions, we will now defme
the integral for more general functions. You should compare the defmition with
the way in which we passed from linear functions to general functions when
we defmed the derivative in Chapters 1 and 2. We begin with a preliminary
defmition.

Definition Let fbe a function defmed on [a, b]. Ifg is any piecewise con
stant function on [a, b] such that get) :::;;; f(t) for all t in the open interval
(a, b), we call the number f~ g(t)dt a lower sum for f on [a, b]. If h is a
piecewise constant function and f(t) ~ h(t) for all t in (a, b), the number
f~ h(t) dt is called an upper sum for f on [a, b] .
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Worked Example 3 Letf(t) = t 2 + 1 for O::;;;;t::;;;; 2. Let

get) ={ ~
{

2
O~t~

""" """ 1 and h(t) = 4
1 <t::;;;;2 5

Draw a graph showing f(t), get), and her). What upper and lower sums for f can
be obtained from g and h?

Solution The graph is shown in Fig. 11-6.
Since get) 0::::;; f(t) for all t in the open interval (0,2) (the graph of g lies

below that ofn, we have a lower sum

2l g(t)dt = 0 . 1 +2 . 1 = 2

Since the graph of h lies above that of f, h(t)~ f(t) for all t in the interval
(0,2), so we have the upper sum

2
~ () 2 2 2 22 1J0 h r dr = 2 • 3'" 4 • 3'" 5 • 3 = 3" = 73

The integral of a function should lie between the lower sums and the
upper sums. For instance, the integral of the function in Worked Example 3
should lie in the interval [2, 7t] . If we could fmd upper and lower sums which
are arbitrarily close together, then the integral would be pinned down to a single
point. This idea leads to the formal defmition of the integral.

y

y=h(t)

Fig. 11-6 g(tl ::;;;; fltl ::;;;; hltl.
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Definition Let f be a function defined on [a, b] , and let Lf and Uf be the
sets of lower and upper sums for f, as defined above. If there is a transition
point from Lf to Uf, then we say thatjis integrable on [a.b] . The transi
tion point is called the integral offon [a, bland is denoted by

I b

f(t)dt

Remark The letter t is called the variable of integration; it is a dummy
variable in that we can replace it by any other letter without changing the
value of the integral; a and b are called the endpoints for the integral.

The next theorem contains some important facts about upper and lower

sums.

Theorem 2

1. Every lower sum for f is less than or equal to every upper sum.

2. Every number less than a lower sum is a lower sum; every number
greater than an upper sum is an upper sum.

Proof To prove part 1 we must show that, if g and h are piecewise con
stant functions on [a, bJ such that get) =::;,; f(t) =::;,; h(t) for all t in (a, b),
then

b bI g(t)dt"[ h(t)dt

The function f will play no role in this proof; all we use is the fact that
get) =::;,; h(t) for all t E (a, b).

By Theorem 1 we ean use any adapted partition we want to com
pute the integrals of g and h. In particular, we can combine partitions
which are adapted to g and h to obtain a partition which is adapted to
both g and h. See Exercise 2. Let (to,tto ... , tn ) be such a partition. Then
we have constants ki and h such that get) = ki and h(t) = Ii for tin (ti-l,
ti). By hypothesis, we have ki =::;,; h for each i. (See Fig. 11-7.) Now, each
b.ti = ti - ti-l is positive, so ki b.ti =::;,; Ii b.ti for each i. Therefore,

n n

~ki6.ti~ ~h6.ti
i=l i=l
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t s = b t
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Fig. 11·7 Upper sums are larger than lower .sums.

But these sums are just the integrals of g and h, so we are done with part 1.
We will now prove the first half of part 2, that every number lower

than a luwer sum is a lower SUfi. (The other half is virtually identical; we
leave it to the reader as an exercise.) Let {3 be a lower sum and let c < {3 be
any number. (3 is the integral J~g(t) dt of a piecewise constant function
g with get) ~ f(t) for all t E (a, b); we wish to show that c is such an
integral as well. To do this, we choose an adapted partition (to, tl> ... , t-n)
for g and create a new function e by lowering g on the interval (to, tl)'
Specifically, we let eet) = get) for all t not in (to, tl), and we put
eet) = get) - p for tin (to,tl), where p is a positive constant to be chosen
in such a way that the integral comes out right. Specifically, if get) = k i
for t in (ti-b ti), then e(t) = k 1 - p for t in (to,tl), and e(t) = kj for t in
(ti-l, ti), i;?:: 2. We have

bi e(t)dt = (k l -p)D.t l + k 2 D.t2 + ••• + kn D.tn

=k1 D.t l + ••• +kn D.tn -pD.t l

b

=1 g(t)dt - P D.t l

a

Setting this equal to c and solving for p gives

p ~ <1~1 [t g(t)dt - cJ

which is positive, since we assumed c < (3 =J~g(t)dt. With this value of p,
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we defme e as we just described (it is important that p be positive, so that
eet) ~ Jet) for all t in (a, b», and so we have f~ e(t) dt = c, as desited~

It follows from the completeness axiom in Chapter 4 that Lf and Uf are
intervals which, if nonempty , are infinite in opposite directions.

In Fig. 11-8 we show the possible configurations for Lfand Ufo If there is
a transition point from Lf to Uf, there is exactly one, so the integral, if it exists,
is well defined.

~E7""f7:""~>"",),,,,?.'~sf""',i7f-i""':>7""77~>'7"5.""'''>--------7) (51 (no upper sums)
Lower sums

Integral

j
07fffff?7f77??7ffMf",'?:.?:.~<2:.~~'.<;~~<'<'~<'? (1 I

Lower sums Upper sums

Gap
r--"--,

0H5?7>??75ff>577?7 ~~<;~"~<;<.<.<:~\z<:'l (2)
Lower sums Upper sums

<);(.f5H755;"Uffffffff»?f?75i/W .. 5 » (3) (no upper sums)
Lower sums

~'<~~( ,~m»,~'<~\'<,\<:<:'<B~'<<:~>~~:::")':::'<0) (41 (no lower sums)
Upper sums

Integrable

Ql
::i5
~ar-.~
(5
z

( ~,~>,<,<\<>.,<,>,<,<>' "» (6) (no lower sums)
Upper sums

~(----------------7) (7) (no upper or lower sums)

Fig. 11-8 Possible configurations of lower and upper sums.

Do not conclude from Fig. 11-8 that most functions are nonintegrable. In
fact, cases (3), (4), (5), (6), and (7) can occur only whenfis unbounded (see
Worked Example 4). The functions for which Lf and Uf has a gap between them
(case (2» are quite "pathological" (see Solved Exercise 3). In fact, Theorem 3
in the next section tells us that integrability is even more common than
differentiability.

Worked Example 4 Show that the set of upper sums for f is nonempty if and
only if f is bounded above on [a, b] ; Le., if and only if there is a number M such
that I(t) <.M for all t in [a, b] .

Solution Suppose first that f(t) ~ M for all t in [a, b] . Then we can consider
the piecewise constant function g defined by get) = M for all t in [a, b] . We have
I(t) ~g(t) for all t in [a, b], so
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jbhCt)dt=M(b -a)
a

is an upper sum for f.
The converse is a little more difficult. Suppose that there exists an upper

sum for f This upper sum is the integral ofa piecewise constant function h on
[a, b] such that f(t) ~ h(t) for all t in [a, b] . It suffices to show that the piece
wise constant function h is bounded above on [a, b] . To do this, we choose a
partition (to,t}, ... , tn) for h. For every t in [a, b], the value of h(t) belongs to
the fmite list

where k i is the value of h on (ti-l,tj). If we let M be the largest number in the
list above, we may conclude that h(t), and hence f(t) , is less than or equal to
M for all t E [a. b] . (See Fig. 11-9.)

y

y=M
- - - - -----.- - - - --

y= hIt)

Fig. 11·9 The piecewise
constant function h is
bounded above by A4 on
[a,b] , so f is bounded
above too.

Solved Exercises

3. Let

fCt)=C

if t is irrational

if t is rational

for 0";;;; t <: 1. Show that f is not integrable.

4. Show that every piecewise constant function is integrable and that its
integral as defmed on p. 155 is the same as its integral as originally defmed
on p. 149.
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Exercises

3. Letfbe defmed on [0,1] by

{

I if t is rational

f(t) =

o if t is irrational

Find the sets of upper and lower sums for f and show that f is not
integrable.

4. Let f be a function defmed on [a, b] and let So be a real number. Show
that So is the integral offon [a, b] if and only if:

1. Every number S <So is a lower sum for f on [a, b] .

2. Every number S>So is an upper sum for f on [a, b].

The Integrability of Continuous Functions

We will now prove that a continuous function on a closed interval is integrable.
Since every differentiable function is continuous, we conclude that every differ
entiable function is integrable; however, some noncontinuous functions can be
integrable. For instance, piecewise constant functions are integrable (see Solved
Exercise 4), but they are not continuous. On the other hand, the wild function
described in Solved Exercise 3 shows that there is really something to prove.
Since the proof is similar in spirit to those in Chapter 5, it may be useful to
review that section before proceeding.

Theorem 3 Iff is continuous on [a, b], then f is integrable on [a, b] .

PrOOf Since the continuous function f is bounded, it has both upper and
lower sums. To show that there is no gap between the upper and lower
sums, we will prove that, for any positive number e, there are lower and
upper sums within € of one another. (The result of Problem 13, Chapter 4
implies that f is integrable.) To facilitate the proof, if [a, x] is any sub
interval of [a, b], and e is a positive real number, we will say that fis e
integrable on [a,x] if there are piecewise constant functions g and h on
[a, x] with get) < f(t) < h(t) for all t in (a,x), such that J~h(t)dt J: get) dt < €. What we wish to show, then, is that the continuous function
f is e-integrable on [a, b] , for any positive €.
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We defme the set Se (for any €> 0) to consist of those x in (a, b] for
which f is €-integrable on [a, x] . We wish to show that b E Sf'

We will use the completeness axiom, so we begin by showing that Sf is
convex. If Xl < x < X2, and Xi and X2 are in Se, then x is certainly in
(a, b] . To show that f is €-integrable on (a, x] , we take the piecewise con
stant functions which do the job on [a,x2] (Since Xz E Sf) and restrict
them to [a, x] . The completeness axiom implies that Se is an interval. We
analyze the interval Sf in two lemmas, after which we Will end the proof
of Theorem 3.

Lemma 1 Se contains all x in (a, c) for some c >a.

Proof We use the continuity of fat a. Let <5 =€/[2(b - a)] . Since f(a)
8 <f(a) < f(a) + 5, there is an interval [a, c) such that f(a) - <5 <f(t) <
[(a) + 8 for all t in [a, c)_ Now for x in [a, c], if we restrictfto [a, x] ,we
can contain it between the constant function get) = f(a) - <5 and h(t) =
[(a) + 5. Therefore,

f x h(t) dt -jXget) dt = (f(a) +5)(x - a) - (f(a) - 5)(x - a)
a a

= ([(a) + <5 -[(a) +8Xx -a)

€
= 20 (x - a) = 2 • (x - a)

2(b -a)
x -a=€ -b-- < € since x <c~ b,-a

and we have shown that [is €-integrable on [a, x] . Therefore, x belongs to
Se as required.

Lemma 2 1[ Xo < a, and Xo belongs to Se, then Se contains all x in
(xu, c] [or some c >xo.

Proof This is a slightly more complicated variation of the previous proof.
By the hypothesis concerning x0, there are piecewise constant functions go
and ho on [a, xo] with go(t) ~f(t) ~ ho(t) for all t in (a, xo), such that the
difference 0 = ~o ho(t) dt - ~ go(t)dt is less than E. By the continuity of
[atxo there is a number c >xo such that

€-o. €-o
f(xo) - 2(b -a) <f(t) <[(x0) + 2(b -a)
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y

a Xo C

E - 8
y = ((xo) - 2(b - a)

Fig. 11-10 Extending go
and ho from [a,xo] to

b t [a,c] .

for all tin [xo, c).
Now we extend the functions go and ho to the interval [a, c] by

defIning g and h as follows (Fig. 11-10):

{

gO(t)

get) =
€-8

[(]co) - 2(b -a)

{

ho(t)

h(t) =
e-o

[(xo) + 2(b -a)

Xo < t <:. c

Xo <t<c

Clearly, we have get) ~ f(t) ~ h(t) .for all t in [a, c] , We claim now that
r~h(t)dt- ~g(t)dt <E. To show this, we observe fIrst that

(In fact, the sum for ~ g(t)dt is just that for J:o g(t)dt with one more
term added for the interval [xo, c] .) Similarly, J~h(t)dt = J;o h(t)dt T

[f(xo) + (€ - 6)/2(b - a)](c - xo). Subtracting the last two integrals
gives

I e Ie jXO fX O

a h(t)dt - a g(t)dt= a h(t)dt - a g(t)dt
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e-5 e-o
+ [f(XO) +2(b _ a)](C -Xo) - [/(xo) - 2(b _a)](C -Xo)

=fXO
h(t)dt _jXO

g(t)dt +(e - 5)(c -X{I)
(!? -a)

a a .

Since (c - xo)/(b - a) < 1, the last expression is less than I~o h(t)dt 
J;o get) dt + e - 0 = {) + e - {) = e. and we have shown that I is e-inte
grable on [a, c], so c belongs to Se. Since Se is an interval, Se contains all
of (a, c] .

PrOOf of Theorem 3 (completed) By Lemma 1, Se is nonempty for every
e. By Lemma 2, the right-hand endpoint of Se cannot be less than b, so
Se = [a, b) or [a, b] for every e> O. To show that Se is actually [a, b] and
not [a, b) we use once more an argument like that in the lemmas. By con
tinuity ofI at b, we can find a number c < b such that feb) - f/2(b - a) <
I(t) < f(b) + el2(h - a) for all t in [e, b] . Now we use the fact that
c E 8e/2, Le., fis e/2-integrable on [a, c]. (Remember, we have established
that f is €-integrable on [a, c] for all numbers €, so we can use el2for E.)

. As we did in Lemma 2, we can put together piecewise constant functions
go and ho for f on [a, cl with the constant functionsf(b) ± el2(h - 0) on
(c, b] to establish thatfis €.integrable on [a, b], Le_, that Sf; = [a, b]_

We have shown that I has lower and upper sums on [a, b] which
are arbitrarily close together, so there is no gap between the intervals Lf
and Uf and f is integrable on [a, b] .

Solved Exercises

5. Show that, if lis e-integrable on [o,xoJ, and a < x < xo, then fis e-inte-
grable on [a, x] ,

6. Show that every monotonic function is integrable.

7. Find J; (IIt) dt to within an error of no more than ;0 .
8. If you used a method analogous to that in Solved Exercise 7, how many

steps would it take to calculate Ii (11t) dt to within 1~?

Exercises

5. Let fbe the nonintegrable function of Solved Exercise 3.

(a) For which values of €is f €-integrable on [0,1]?

(b) Let x belong to [0,1]. For which values of e isle-integrable on [O,x]?
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6. Prove that if g is piecewise constant on [a, c] , and b E (a, c), then

l'g(t)dt =1b

g(t)dt +1'g(t)dt
a a b

[Hint: Choose a partition which includes c as one of its points.]

7. Prove that ifgland gz are piecewise constant on [a, b] , and s 1 and Sz are
constants, then Slgl +szgz is also piecewise constant, and

[Hint: Choose a partition adapted to both gl and gz, and write out all the
sums.]

8. Letfbe defined on [0,1] by

{

o ift=O

f(t) =

} ifO<t~ 1

Isfintegrable on [0,1]? On [t,l]?

Properties of the IntegraI

We now establish some basic properties of the integral. These properties imply,
for example, that the integral of a piecewise constant function must be defined
as we did.

Theorem 4

1. If a < b < c and f is integrable on (a, b] and [b, c], then f is
integrable on [a, c] and
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2. II I and g are integrable on [a, b] and if f(t) ~ h(t) for all t E
(a, b), then

b b1 f(t)dt~ h(t)dt
a a

3. If f(t) = k for all t E (a. b). then

fb f(t)dt = k(b - a)
a

Proof We want to show that the sum

fb I(t)dt+l c
f(t)dt = I

a b

is a transition point between the lower and upper sums for f on [a, b] . Let
m < I; we will show that m is a lower sum for f on la, b] . Since m <I, we
can write m = mt ;t- m2, where mt < J~f(t)dt and m2 < fiJ(t)dt. (See
Solved Exercise 9.) Thus mt and m2 are lower sums for f on [a, bl and
[b, c] , respectively. Thus, there is a piecewise constant function gl on
[a, b] with gt(t) <f(t) for all t in (a, b), such that I~gl(t)dt = ~1, and
there is a piecewise constant function g2 on [a, b] with g2(t) < fet) for
all t in (b, c) such that Ig g2(t) = m2. Put together gland g2 to obtain a
function g on [a, c] by the defmition

{

81(t)

get) = feb) - 1

g2(t)

a~t<Q

t=b

b<t<;,c

The function g is piecewise constant on [a, c] , with get) <f(t) for all tin
(a, c). The sum which represents the integral for g on [a, c] is the sum of
the sums representing the integrals ofgland g2, so we have

and m is a lower sum. Similarly, any number M greater than I is an upper
sum, so I is the integral off on [a, b] .
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We leave the proof of part 2 for the reader (Exercise 9). Part 3
follows from Solved Exercise 4.

Solved Exercises

9. If m < PI + Pz, prove that m =m I + mz for some numbers m I <P I and
mz <pz.

10. Let

[(x) ={O
x 2

Prove that [is integrable on [0,2].

Exercises

9. Prove that, ifI and g are integrable on [a, b), and if [(t) ~ h(t) for all tin
(a, b), then Jaf(t)dt ~ J~ h(t) dt. [Hint: Relate the lower and upper sums
for [and h.}

10. Let m, PI> and pz be positive numbers such that m < PIPZ. Prove that m
can be written as a product mlmZ, where 0 < ml <PI and 0 < mz <pz.

Calculating Integrals by Hand

We have just given an elaborate defmition of the integral and proved that con·
tinuous functions are integrable, but we have not yet computed the integral of
any functions except piecewise constant functions. You may recall that in our
treatment of differentiation it was quite difficult to compute derivatives by
using the definitions; instead, we used the algebraic rules of calculus to compute
most derivatives. The situation is much the same for integration. In Chapter 12
we will develop the machinery which makes the calculation of many integrals
quite simple. Before doing this, however, we will calculate one integral "by
hand" in order to illustrate the defmition.

After the constant functions, the simplest continuous function is/ell = r.
We know by Theorem 1 that the integral JZ t dt exists; to calculate this integral,
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we will fInd upper and lower sums which are closer and closer together, reducing
to zero the possible error in the estimate ofthe integral.

Let f(t) = t. We divide the interval [a, b] into n equal parts, using the
partition

_ ( b - a 2(b - a) (n -I)(b - a) )
(to, ... , tn) - a, a + ,a + ,... ,a + ,b

n n n

Note that Ati =(b - a)/n for each i.
Now we define the piecewise constant function g on [a, b] by setting

get) = ti-1 for ti-1 ~ t < ti- (See Fig. 11-11.)

v

! I I I I I I I I I I I > Fig. 11-11 Estimating
J~tdtfrom below.

Note that for ti-1 ~ t <.-tio we have get) = ti-1 ~ t = f(t), so J; get)dt
is a lower sum for f on [a, b] . The defmition of the integral of a piecewise con
stant function gives

b n n

j get) dt = ~ ki Ati =~ ti-1 Ati
a i=l i=l

since ti-1 is the constant value ofg on (ti-b ti). We know that Ati = (b -a)/n for
cllcll i. To find out what tt is, we note that to "'" a, t} "'" a + (b -a)fn, t 2 =
a + [2(b -a)/n] , and so on so the general fonnula is ti = a + [i(b - a)/n] . Sub
stituting for ti-1 and Afi gives
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We may rewrite this as:

n )( zn n( Z
~ ~a(~b_-~a +b -za) ~ i _~b -za)

n n n
i=1 i=1 i==1

The outer terms do not involve i, so each may be summed by adding the
summand to itself n times, i.e., by multiplying the summand by n. The middle

n
term is summed by the formula ~ i = n(n + 1)/2. The result is

i=1

(b )
(b _a)2 n(n + 1) (b _.a)z

a -a T - ~.-.;.;.;.'-

nZ 2 n

which simplifies to

bZ
- a2 I ( 2
2 - 2n b -a)

(You should carry out the simplification.) We have, therefore, shown that
[(b 2 - a2)/2] - (l/2n)(b - a)1. is a lower sum for f.

We now move on to the upper sums. Using the same partition as before,
but with the function her) defined by her) = ti for 1i-l :::::;; 1<li,f~ h(t)d1ls an
upper sum. Some algebra (see Solved Exercise 11) gives

f b 2 2 ( )2
h(t)dt=b -a + b-a

2 2n
a

Our calculations of upper and lower sums therefore show that

These inequalities, which hold for all n, show that the integral can be neither
larger nor smaller than (b1. - a1.)/2, so it must be equal to (b2

- a1.)/2.

Worked Example 5 Find nx dx.

Solution We first note that since the variable of integration is a "dummy
variable,"
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Using the formula just obtained, we can evaluate this integral as ~(3 2
- 0

2
) = t·

In the next chapter you will find, to your relief, a much easier way to
compute integrals. Evaluating integrals like J~ t2 dt or J~ t3 dt by hand is
possible but rather tedious, The methods of the next chapter will make these
integrals simple to evaluate.

Solved Exercises

11. Draw a ~raph of the function h(t) used above to find an upper sum for
f(t) = t and show that

j b 2 2 ( 2
h(t)dt = b -a + b -a)

2 2n
a

12. Using the definition of the integral, fmd J~ 5t dt.

13. (a) Sketch the region under the graph off(t) = t on [a, b), if 0 <a < b.

(b) Compare the area of this region with J~ t dt.

Exercises

11. Using the defmition of the integral, find a formula for J~ (t + 3) dt.

12. Using the defmition ofthe integral, fmd a formula for J~ (-t)dt.

13. Explain the relation between J~2 tdt and an area.

Problems{or Chapter 11 _

1_ Let f be the function defined by

l~t<4

4~t<7

7 ~ t ~ 10

(a) Find J~o f(t) dt.

(b) Find f; f(t) dr.

(c) Suppose that g is a function on [1,10] such thatg(t) ~f(t) for all t in
[1, 10]. What inequality can you derive for f ~o get) dt?
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(d) With g(t) as in part (c), what inequalities can you obtain for
f~o 2g(t) dt and f~o -g(t) dt. [Hint: Find functions like f with which
you can compare g.]

2. Let f(t) be the "greatest integer function"; that is,f(t) is the greatest integer
which is less than or equal to t-for example, fen) = n for any integer,
fest) = s, f(-st) =-6, and so on.

(a) Draw a graph of f(t) on the interval [-4,4] .

(b) Find I~ f(t) dt, I~ f(t) dt, I:2f(t)dt, and f6.5 f(t) dt.

(c) Find a general formula for I~ f(t)dt, where n is any positive integer.

(d) Let F(x) = I~ f(t)dt, where x> O. Draw a graph of F for x E [0,4],
and find a formula for, F'(x), where it is defined.

3. Suppose thatf(t) is piecewise constant on la, b]. Let get) = f(t) + k, where
k is a constant.

(a) Show that g(t) is piecewise constant.

(b) Find I~ g(t)dt in terms of I~ f(t)dt.

4. For t E [0, 1] let f(t) be the first digit after the decimal point in the decimal
expansion of t.

(a) Draw a graph off. (b) Find f~ f(t) dt.

S. Using the definition of the integral, find J~ (I - x) dx.

6. Suppose that f(t) is piecewise constant on la, b]. Let F(x) = J: f(t) dt.
Prove that if f is continuous at Xo E la, b] , then F is differentiable at Xo and
F'(x) = f(x). (See Solved Exercise 2.)

7. Show that -3 ~ It (t3 - 4)dt ~ 4.

8. (a) Show that, if f is piecewise constant on [a, b] , then there is an adapted
partition for f which is "coarsest" in the sense that it is contained in
any other adapted partition.

(b) Use the result of (a) to give a new proof of Theorem 1.

9. Let F be defined on [0,1] by

itt) =[ . 1 l' 1 1
Ift=2",3",'4,s, .,.

otherwise

(a) Show that f is integrable on [0, I] .

(b) What isJ~ f(s)ds = F(t)?

(c) For which values of t is F'(t) = f(t)?

10. Show that if it and h are integrable on [a, b], and S1 and S2 are any real
numbers, then SIf1 + s2f2 is integrable on la, b], and
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11. (a) Show that, if f is continuous on [a, b] , where a < b, and f(t) > 0 for all
t in [a, b], and then J~ f(t)dt > O.

(b) Show that the result in (a) still holds if f is continuous, fU) ~ 0 for all t
in [a, b] , and f(t) > 0 for some t in [a, b] .

(c) Are the results in (a) and (b) still true if the hypothesis of continuity is
replaced by integrability?

12. Find functionsfl and 12, neither of which is integrable on [0,1] such that:

(a) fl +12 is integrable on [0, 1] .

(b) II -lz. is not integrable on [0, 1J.

13. Let fbe defined on [0,1] by

f(t) ={~
-It

t= 0

O<t~l

(a) Show that there are no upper sums for fan [0,1] and hence that 1 is
not integrable.

(b) Show that every number less than 2 is not lower sum. [Hint: Use step
functions which are zero on an interval [0, e) and approximate f very
closely on [e, I]. Take e small and use the integrability of f on [e, I] .]

(c) Show that no number greater than or equal to 2 is a lower sum. [Hint:

Show el(e) +J~ f(t)dt < 2 for all e in (0, 1).]

(d) If you had to assign a value to J~ f(t)dt, what value would you assign?

14. Modeling your discussion after Problem 13, find the upper and lower sums
for each of the "following functions on [0,1]. How would you define
J~ f(t) dt in each case?

{

o t= °
(a) fCt) = __1

t> °ffi

(bl r(tl ~C:::


