
6 Graphing

In this chapter we continue our development of differential calculus by ana
lyzing the shape of graphs. For extensive examples, consult your regular calculus
text. We will give an example not usually found in calculus texts: how to graph a
general cubic or quartic.

Turning Points

Points where the derivative I' changes sign are called turning points of I; they
separate the intervals on which/is increasing and decreasing.

Definition If I is differentiable at Xo and I'(xo) = 0, we call Xo a critical
point off.

If / is defined and differentiable throughout an open interval con
tainingxo, we callxo a turning point ofliff' changes sign at xo.

If I' is continuous at Xo, then a turning point is also a critical point
(why?). A critical point need not be a turning point, however, as the function
y =x3 shows.

To investigate the behavior of the graph ofI at a turning point, it is useful
to treat separately the two possible kinds of sign change. Suppose first that I'
changes sign from negative to positive at xo. Then there is.an open interval (a, b)
about Xo such that I'(x) < 0 on (a,xo) and I'(x) > 0 on (xo, b). Applying the
remark following the corollary to Theorem 5 of Chapter 5, we find that f is
decreasing on (a,xol and increasing on [xo,b). It follows that I(x) > I(xo) for
x in (a,xo) andl(x) > f(xo) for x in (xo, b). (See Fig. 6-1.)
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V = f(xo)
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f decreasing
on (a,xo]

/
f increasing
on [xo,b)

\
y = f(x)

Fig. 6-1 f has a local
minimum point at xo'
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Notice that for all x =J= Xo in (a, b),f(xo) </(x); that is, the smallest value
taken on by f in (a, b) is achieved at xo. For this reason, we call Xo a local mini
mum point for f

In case t' changes from positive to negative at xo, a similar argument
shows that f behaves as shown in Fig. 6-2 with f(xo) > f(x) for all x =J= Xo in an
open interval (a, b) around xo. In this case, Xo is called a local maximum point
forf·

f increasing
Y on (a,xo]----\-

a'--._-....v~---')b
I

x Fig. 6-2 f has a local
maximum point atxo.

Worked Example 1 Find and classify the turning points of the functionf(x) =
x 3 + 3x2

- 6x.

Solution The derivative f'(x) = 3x2 + 6x - 6 has roots at -1 ±...[3; it is posi-
'. tive on (-co, -1 - v'3) and (-1 + ~;oo) and is negative on (-1 - v'3;-1 +
~. Changes of sign occur at -1 - v'3 (positive to negative) and -1 + Y3
(negative to positive), so -1 - ,,13"'is a local maximum point and -1 +v'3 is a
local minimum point.

We can summarize the results we have obtained as follows.

Theorem 1 Suppose that f' is continuous in an open interval containing
xo·

1. If the sign change of f' is from negative to positive, then Xo is a
local minimum point.

2. If the sign change oft' is from positive to negative, then Xo is a
local maximum point.

3. If t' is continuous, then every turning point is a critical point,
but a criticial point is not necessarily a turning point.

Solved Exercises

1. Find the turning points of the function f(x) = 3x4
- 8x3 + 6x2

- 1. Are
they local maximum or minimum points?
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2. Find the turning points of x n for n= 0, 1,2, .' ..

3. Doesg(x) = II/(x) have the same turning points as/ex)?

Exercises

1. For each of the functions in Fig. 6-3, tell whether Xo is a turning point, a
local minimum point, or a local maximum point.

y

;Y
y

!T\
I I
I I

Xo x Xo x

la) Ibl

Fig.6-3 Identify the turning points.

y

Xo

Ie)

x

(d)

x

2. Find the turning points of each of the following functions and tell whether
they are local maximum or minimum points:

(a) lex) = tx3
- tx2 + 4x + 1 (b) I(x) = llx 2

(c) f(x) = ax2 +bx + c (a '* 0) (d) f(x) = Ij(x4
- 2x2

- 5)

3. Find a function/with turning points at x = -1 and x = t.
4. Can a function be increasing at a turning point? Explain.

ATest for Turning Points

If g is a function such that g(xo) """ 0 and g'(xo) > 0, then g is increasing at xo, so
g changes sign from negative to positive at xo. Similarly, if g(xo) = 0 and
g'(xo) < 0, then g changes sign from positive to negative at xo. Applying these
assertions to g= I', we obtain the following useful result.

Theorem 2 Second Derivative Test Let f be a differentiable function,
let Xo be a critical point of[(that is, f'(xo) = 0), and assume that ["(xa)
exists.

1. Iff"(xo) > 0, then Xo is a local minimum point for f
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2. 1If"(xo) < 0, then Xo is a local maximum point for f.

3. If f"(xo) = 0, then Xo may be a local maximum or minimum
point. or it may not be a turning point at all.

Proof For parts 1 and 2, we use the definition of turning point as a point
where the derivative changes sign. For part 3, we observe that the func
tions x 4

, _x4
, and x 3 all have f'(O) = f" (0) = 0, but zero is a local mini

mum point for x4
, a local maximum point for _x4

, and not a turning
point for x 3

•

Worked Example 2 Use the second derIvative test to analyze the crItical points
of f(x) = x 3 - 6x2 + 10.

Solution Since f'(x) = 3x2 - 12x = 3x(x - 4), the critical points are at 0 and
4. Since f"(x) = 6x - 12, we fmd that f"(O) = -12 < 0 andf"(4) = 12> O.
By Theorem 2, zero is a local maximum point and 4 is a local minimum point.

When f"(xo) = 0 the second derivative test is inconclusive. We may still
use the first derivative test to analyze the critical points, however.

Worked Example 3 Analyze the critical point Xo = -1 of f(x) = 2x4 + 8x3 +
I2x2 + 8x +7.

Solution The derivative is f'(x) = 8x3 + 24x2 + 24x + 8, and f'(-I) = -8 +
24 - 24 + 8 = 0, so -1 is a critical point. Now f"(x) = 24x2 + 48x + 24, so
["(""':1) = 24 - 48 + 24 = 0, and the second derivative test is inconclusive. If we
factor f', we findt'(x) = 8(x3 + 3x2 + 3x + 1) = 8 (x + 1)3. Thus -1 is the only
root of t', t'(""':2) = -8, andf'(O) = 8, sot' changes sign from negative to posi
tive at -1; hence -1 is a local minimum point for f.

Solved Exercises

4. Analyze the critical points of[(x) =x3 -x.

5. Show that if f'(xo) = f"(xo) = 0 and f"'(xo) > 0, then Xo is not a turning
point off.

Exercises

5. Analyze the critical points of the following functions:

(a) [ex) =x 4
- x 2

(b) g(s) = s/(1 + S2)
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(c) h(P) = P +(lIp)

6. Show that if f'(xo) = I"(xo) = 0 and I"'(xo) < 0, then Xo is not a turning
point for f.

Concavity

The sign of I"(xo) has a useful interpretation, even ifI'(xo) is not zero, in terms
of the way in which the graph of f is "bending" at xo. We first make a prelimi
nary defInition.

Definition If I and g are functions defmed on'a set D containing xo, we
say that the graph 011 lies above the graph olg near Xo if there is an open
interval! about Xo such that, for all x '* Xo which lie in I and D, I(x) >
gOO· .

The concepts of continuity, local maximum, and local minimum can be
expressed in terms of the notion just dermed, where one of the graphs is a
horizontal line, as follows:

1. lis continuous atxo if

(a) For every c > f(xo), the graph of I lies below the line y = c near
xo, and

(b) For every c </(xo), the graph ofI lies above the liney = c near Xo.

2. Xo is a local maximum point for f if the graph of f lies below the line
y =f(xo) at xi>.

3. Xo is a local minimum point for I if the graph of I lies above the line
Y = f(xo) at Xo·

Now we use the notion of lying above and below to define upward and
downward concavity.

Definition Let I be defined in an open interval containing Xo. We say
that f is concave upward at Xo if, near xo, the graph of f lies above some
line through (xo,f(xo», and that f is concave downward at Xo if, near xo,
the graph ufflies below some line through (xo,/(xo».

Study Fig. 6-4. The curve "hold:s water" where it is concave upward and
"sheds water" where it is concave downward. Notice that the curve may lie
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y

)

x,

Fig.6-4 f is concave upward at Xl, X:z, X4, downward atx3, xs, neither at X6-

above or below several different lines at a given point (like X4 or xs); however,
if the function is differentiable at xo, the line must be the tangent line, since the
graph either overtakes or is overtaken by every other line.

It appears from Fig. 6-4 that I is concave upward at points where I' is in
creasing and concave downward at points where f' is decreasing. This is true in
general.

Theorem 3 Suppose that f is differentiable on an open interval about xo.
II f'(x) is increasing at xo, then I is concave upward at xo. III'(x) is de
creasing at xo, then [is concave downward at x o.

Proof We reduce the problem to the case where the derivative is zero by
looking at the difference between [(x) and its first-order approximation.
Let lex) =[(xo) +['(xoXx - xo), and let rex) =[(x) -lex). (See Fig. 6-5.)
Differentiating, we fmd l'(x) = f'(xo), and lex) =['(x) -['(x) =f'(x) 
['(xo). In particular, r'(xo) = ['(xo) - ['(xo) = o.

y

x

Fig. 6-5 r(xl is the differ
ence between f(xl and its
linear approximation.

Suppose that [' is increasing at xo. Then r', which differs from [' by
the constant ['(xc), is also increasing at xo. Since r'(xo) = 0, r' must
change sign from negative to positive at xo. Thus, Xo is a turning point
for r; in fact, it is a local minimum point. This means that, for x =F Xo in
some open interval I about xo, rex) > r(xo). But r(xo) = [(xo) - [(xo) =
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f(xo) - f(xo) = 0, so rex) > 0 for all x::/= Xo inI;i.e.,f(x) -lex»~ 0 for
all x ::/= Xo in I; i.e., f(x) > lex) for all x =1= Xo in I; i.e., the graph of flies
above the tangent line atxo, sofis concave upward atxo.

The case where f' is decreasing at Xo is treated identically; just
reverse all the inequality signs above.

Since f' is increasing at Xo when f"(xo) > 0, and f' is decreasing at Xo
whenf"(xo) < 0, we obtain the following test. (See Fig. 6-6.)

y

f"(x)<O

f concave upward f concave downward
atallx < a at all x > a

a x

Fig. 6-6 f is concave up
ward (holds water) when
fit > 0 and is concave
downward (sheds water)
when fIt <0.

Corollary Let f be a differentiable function and suppose that f" (xo)
exists.

1. Iff"(xo) > 0, then/is concave upward at xo.

2. Iff"(xo) < 0, then f is concave downward at Xo.

3. If f"(xo) = 0, then fat Xo may be concave upward, concave
downward7ornefthe~

The functions x4
, _x4

, x 3
, and _x3 provide examples of all the possibil

ities in case 3.

Solved Exercises

6. Show:

(a) x 4 is concave upward at zero;

(b) x 4 is concave downward at zero ;

(c) x 3 is neither concave upward nor concave downward at zero.

7. Find the points at which/(x) = 3x3 - 8x + 12 is concave upward and those

at which it is concave downward. Make a rough sketch of the graph.
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8. (a) Relate the sign of the error made in the linear approximation to I with
the second derivative off.

(b) Apply your conclusion to the linear approximation of l/x at Xo = 1.

Exercises

7. Find the intervals on which each of the following functions is concave up
ward or downward. Sketch their graphs.

(a) l/x (b) 1/{1 +x 2
) (c) x 3 +4x2

- 8x + I

8. (a) Use the second derivative to compare x 2 with 9 + 6(~ - 3) for x near 3.

(b) Show by algebra thatx2 > 9 + 6(x - 3) for allx.

Inflection Points

We just saw that a function f is concave upward where f"(x) > 0 and concave
downward where f"(x) < O. Points which separate intervals where [has the two
types of concavity are of special interest and are called inflection points. An
example is shown in Fig. 6-7. The following is the most useful technical defini"
tion.

Definition The point Xo is called an inflection point for the function [if
t' is dermed and differentiable near Xo and t" changes sign at Xo'

y

1
I

I I
I I

Concave I Concave 1 Concave
upward Idownward \ upward

y = f(xl

x
Fig. 6-7 Xl and X2 are
inflection points.

Comparing the preceding definition with the one on p. 74, we find that
inflection points lor f are just turning points for t'; therefore we can use all our
techniques for finding turning points in order to locate inflection points. We
summarize these tests in the following theorem.
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Theorem 4

1. I[xo ts an tnflecrton potm [or f, chen f"(xo) =o.
2. If f"(xo) = 0 and f "'(ia) * 0, then Xo is an inflection point for f.

If you draw in the tangent line to the graph of f(x) at x = a in Fig. 6-6,
you will fmd that the line overtakes the graph of[ata. The opposite can occur,
too; in fact, we have the following theorem, which is useful for graphing.

Theorem 5 Suppose that Xo is an inflection point for f.

1. If f" changes from negative to positive at x 0, in particular, if
f"(xo) = 0 and f"'(i a) > 0, then the graph offovertakes its tan
gent line at xo.

2. If fIr changes from positive to negative at xo, in particular, if
f"(xa) = 0 and f"'(xo) < 0, then the graph oftis overtaken by
its tangent line at Xo.

We invite you to try writing out the proof of Theorem 5 (see Solved Exer
cise 10). The two cases are illustrated in Fig. 6-8.

Recall that in defIning the derivative we stipulated that all lines other than
the tangent line must cross the graph of the function. We can now give a fairly

Y

d
Y=f(Xl

Y = I(x)

I
1
I
I
I Y = fIx) - {(xl

x

(8) f'''(xo) > 0

y

Fig. 6-8 The tangen"t line
crosses the graph when
fIx) - I(x) changes sign.

x
y = ((x) - ((x)

y= fIx)

~Y~I(XI
I
I

(b) f"'(xo) <0
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complete answer to the question of how the tangent line itself behaves with re
spect to the graph. Near a pointxo wheref"(xo) '* 0, the tangent line lies above
or below the graph and does not cross it. If f"(xo) = 0 but f"'(xo) '* 0, the tan
gent line does cross the graph. If f"(xo) and f"'(xo) are both zero, one must
examinef" on both sides of. Xo (or usef""(xo» to analyze the situation.

Solved Exercises

9. Discuss the behavior of[ex) at x = 0 for [ex) = x 4
, _x4

, x', -x' .

10. Prove Theorem 5. [Hint: See Solved Exercise 5.]

11. Find the inflection points of the functionf(X) =24x4 - 32x3 +9xz + 1.

Exercises

9. Find the inflection points for x n , n a positive integer. How does the answer
depend upon n?

10_ Find the inflection points for the following functions. In each case, tell how
the tangent line behaves with respect to the graph.

(a) x 3 -x (b) x4 _xz + 1

(c) (x - 1)4 (d) 1/(1 + X Z)

11. Suppose that ['(xo) = ["(x~) = ["'(xo) = O. but [f"'(xo) '* O. Is Xo a
turning point or an inflection point? Give examples to show that anything
can happen if f""(xo) = o.

The General Cubic

Analytic geometry teaches us how to plot the general linear function, [(x) =
ax + b, and the general quadratic function [(x) = ax2 + bx + c (a,* 0). The
methods of this section yield the same results; the graph of ax + b is a straight
line, while the graph of [(x) = ax2 + bx + c is a parabola, concave upward if
a> 0 and concave downward if a < O. Moreover, the turning point of the para
bola occurs whenf'(x) = 2ax + b= 0; that is, x = -(b/2a).

A more ambitious task is to determine the shape of the graph of the gen
eral cubic [(x) = ax3 + bxz + ex + .d. (ytIe assume that a '* 0; otherwise, we are
dealing with a quadratic or linear function.) Of course, any specific cubic can be
plotted by techniques already developed, but we wish to get an idea of what all
possible cubics look like and how their shapes. depend on a, b, c, and d.



84 CHAPTER 6: GRAPHING

We begin our analysis with some simplifying transformations. First of all,
we can factor out a and obtain a new polynomial/lex) as follows:

The graphs of f and fl have the same basic shape; if a> 0, the y axis is just re
scaled by multiplying all y values by a; if a < 0, the y axis is rescaled and the
graph is flipped about the x axis. It follows that we do not lose any generality by
assuming that the coefficient ofx 3 is 1.

Consider therefore the simpler form

where b l = bla, Cl = cia, and d t = d/a. In trying to solve cubic equations,
mathematicians of the early Renaissance noticed a useful trick: if we replace x
by x - (btf3), then the quadratic term drops out; that is,

where Cz and dz are new constants, depending on bl> CI> and d t . (yie leave to
the reader the task of verifying this last statement and expressing Cz and dz in
terms of bl> Cl, and dd

The graph of fleX - b II3) = /z(x) is the same as that of ft(x) except that
it is shifted by b t /3 units along the x axis. This means that we lose no generality
by assuming that the coefficient of x Z is zero-that is, we only need to graph

fz(x) = x3+czx + dz· Finally, replacing fz(x) by f3(X) = fz(x) - dz just corre
sponds to shifting the graph dz units parallel to the y axis.

We have now reduced the graphing of the general cubic to the case of
graphingf3(X) =x3 + CzX. For simplicity let uswritef(x)forf3(x)andcforcz.
To plotf(x) = x 3 +CX, we make the following remarks:

1. fis odd.

2. f is defined everywhere. Sin~e f(x) = x~(l - cfx2 ),/(x) is large positive
[negative] when x is large positive [negative].

3. f'ex) = 3x2 + c. If c > 0, f'(x) > 0 for allx,andfis increasing every
where. If c = O,f'(x) > 0 except at x = 0, so fis increasing everywhere.
If c < 0, (x) has roots at~; f is increasing on (-00, -V-c/3]
and [V-c/3, 00) and decreasing on [-V-cf3,V-c/3] . Thus -V-cf3
is a local maximum point and V-c/3 is a local minimum point.

4. f"(x) = 6x, so f is concave downward for x < 0 and concave upward
for x> O. Zero is an inflection point.
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5. [(0) = 0,/'(0) = c

[(±v'-c) = 0, f'(±vC7) = -2c

( B) 2 FC ' (., FC)[ \/ 3" =±3c v' 3' [ '\!:v' 3" = 0

(if c< 0)

(if c< 0)

Using this information, we draw the final graphs (Fig. 6-9).

(al Type I

y

c>o

x

c<o

y

(b) Type II

(e) Type III

Fig. 6-9 The three types
of cubics.

Thus there are three types of cubics (with a > 0);

Type I: [is increasing at all points.;!' > 0 everywhere.

Type II: [is increasing at all points;!' = 0 at one point.

Type III: [has two turning points.

Type II is the transition type between types I and III. You may imagine
the graph changing as c begins with a negative value and then moves toward zero.
As c gets smaller and smaller, the turning points move in toward the origin, the
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bumps in the graph becoming smaller and smaller until, when c= 0, the bumps
merge at the point where f'(x) = O. As e passes zero to become positive, the
bumps disappear completely.

Solved Exercises

12. Convert 2x3 + 3x2 + X + I to the form x 3 +ex and determine whether the
cubic is of type I, II, or III.

Exercises

12. Convert x 3 + x 2 + 3x + 1 to the form x 3 + ex and determine whether the

cubic is of type I, II, or III.

13. Convert x 3
- 3x2 + 3x + 1 to the form x 3 +ex and determine whether the

cubic is of type I, II, or III.

14. (a) Find an explicit formula for the coefficient C2 infl(x - (btl3» in terms
of b I> el> and a1> and thereby give- a siniple rule for determin-mg
whether the cubic x3 +bx2 +ex +a is of type I, II, or III.

(b) Give a rule, in terms of a, b, c, d, for determining the type of the gen
eral cubic ax3 + bx2 + ex + a.

(c) Use the quadratic formula on the derivative ofax3 + bx2 + ex + a to
determine, in terms of a, b, e, and a, how many turning points there
are. Compare with the result in (b).

The General Quartic

Having given a complete description of all cubics, we turn now to quartics:

f(x) = ax4 +bx3 +ex2 +ax + e (a =F 0)

Exactly as we did with cubics, we can assume that a = 1, b = 0 (by the substi
tution of x - (b/4) for x), and can assume that e = 0 (by shifting the y-axis).
Thus our quartic becomes (with new coefficients!)

f~) =x4 +cx2 +dx

Note that

f'(x) = 4x3 + 2cx +a
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and

["(x) = 12x2 + 2c

From our study of cubics, we know that f'(x) has one of three shapes,
according to whether c > 0, C = 0, or c < 0 (types I, II, and III). It turns out
that there are 9 types of quartics, six of which may be divided into pairs which
are mirror images of one another.

Type Ie> O. In this case, ["(x) is everywhere positive, so [is concave
upward and f' is increasing on (-00,00). Thus, f' has one root, which must be a
local minimum point for f. The graph looks like type I in Fig. 6-11.

Type II c = O. Here the cubic f'(x) is of type II and is still increasing.
['(x) = 12x2 ~ 0, so there are no inflection points, and [is everywhere concave
upward. We can subdivide type II acording to the sign of d.

Type 111: d > U. Looks like type 1. (See Solved exercise 13.J

Type 112 : d = O. Looks like type I, except that the local minimum point
is flatter because f', f", and f'" an vanish there.

Type 113 : d < O. Looks like type I. (See Solved Exercise 13.)

The graphs are sketched in Fig. 6-11.
Type III c < O. This is the most interesting case. Here, the cubic ['(x)

has two turning points and has 1,2, or 3 roots depending upon its position with
respect to the x axis. (Fig. 6-10.)

To determine in terms of c and d which of the five possibilities in Fig. 6-10
holds for f'(x) = 4x3 + 2cx + d, we notice from the figure that it suffices to
determine the sign of['(x) at the turning point oft' (which are inflection points
of /). These points are obtained by solving 0 = ["(x) = 12x2 + 2e. They occur
when x = IV -c/6. Now f'(-v' -e/6) = ~ ey'-c/6 + d is the value at the local
minimum and f'("; -c/3) = -~ev'~e/6 + d is the value at the local maximum.

f'

y

One root

y

Two roots

Derivatives of type III quartics.

y

Three roots

x

Fig.6-10 Derivatives of type III quartics.
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Now let's look at all the possibilities.

Type III I : 0 < tC..J-c/6 + d. Here, f' is positive at its local minimum
point, so f' has one root (Fig. 6-10). From the form off', we
infer that f has the form indicated in Fig. 6-11, with one local
minimum point and two inflection points.

x

Type I

Type II,

x x
Type 11 2

x

x

Type Ills

Inflection -.t.:...----t?'\

pointsType 111 4

x x x
Inflection Inflection Inflection

Type Ill, points Type 111 2
points Type 111 3

points

y y

Inflection
points

Fig. 6-11 Classification of quartics.
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Type 1II2 : 0 = ~cV-c/6 + d. Here,i' has two roots, and the tangent to i
at one inflection point is horizontal. So i has one local mini
mum point and two inflection points, with horizontal tangent
at one of the inflection points.

Type 1II3 : tcv' -c/6 + d < 0 <t(-c)v'-c/6 +d. Here,[' has three roots
at which f'" is, from left to right, positive, negative, and posi
tive. Thus, i has a local maximum point between two local
minimum points. The three turning points are separated by
two inflection points.

Type 1II4 : 0 = r(-c)v' -c/6 + d. This is similar to type IH2 , except that
the inflection points are reversed.

Type Ills: The mirror image of type III1.

We may draw a graph in the c,d plane (Figure 6-12) to indicate which
values of c and d correspond to each type of quartic. The curve separating type I
from type III is the straight line c = a (type II), while the various sUbtypes of
type HI are separated by the curve satisfying the condition (types IH2 and I114):

Le.,

~ 2(C) -d2- C - -
3 6

Le.,

This curve has a sharp point called a cusp at the origin.

d

9
c3 = - -d2

2

III, II,

11 2

c

11 3

1115

9c3 = - -d2

2

Fig. 6-12 Location of the
types of quartics in the
c,d plane.
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Remark 1 If you rotate Fig. 6-12 90°counterclockwise, you will see that
the positioning of the types corresponds to that in Fig. 6-11.

Remark 2 We have here an example of transition curves, as opposed to
transition points. Types I, 1111, IIh, and Ills correspond to regions in the
c-d plane, which are separated by the transition types Ill> I13 , 1Hz, and
IlI4 lying along curves. The curves come together at the point corre
sponding to type H2 • In the language of catastrophe theory (see the foot·
note on p. 91), the function f(x) = x 4 of type Ih is called the organizing
center of the family of the quartics-in this single curve of type 112 , all the
other types of curves are latent; the slightest change in c or d will destroy
type Ih and one of the other types will make its appearance.

Remark 3 We can also cla,ssify the quartics according to the number of
points where the first der1vatlve Is zero and their behavior near these
points, Le., according to the number of turning points, inflection points,
etc. From this point of view, the two basic types are type I·H1-Ih·HI1-I1Is
(one turning point) and type III3 (three turning points), separated by the
curve of type IIh-III4 (one turning point and one inflection point with
horizontal tangent. in which two turning points are latent). The point of
type 112 , with a flat turning point, is still the organizing center.

Remark 4 Figure 6-13 shows the set of points (c, d, x) in space where x is
a critical point of I(x) = x4 +cx2 + dx. (See the reference in the footnote
on p. 91 for applications of this picture.)

Fig. 6-13 The cusp catas
trophe.

Solved Exercise

13. What geometric distinctions can you fmd between types I, II b and 113 ?
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Exercises

15. Classify the following quartics. Sketch their graphs.

(a) x 4
- 3x2 + 2-J2x (b) x 4

- 3x2
- 4x

(c) x 4 +4x2 + 6x (d) x 4 + 7x

(e) x 4
- 6x2 + 5x (f) x 4 +x 3

(g) x 4 _x3

16. If the equation x 4 + bx3 + cx2 + dx + e = 0 has three distinct solutions,
what type of quartic must we have?

Problem~ for Chapter 6

1. Let [be a nonconstant polynomial such that [(0) = [(1). Prove that fhas a
turning point somewhere in the interval (0, 1).

2. What does the graph of [ax/(bx + c)l + d look like, if a, b, c, and d are posi
tive constants?

3. Prove that the graph of any cubic f(x) = ax3 + bx 2 + ex + d (a =1= 0) is
symmetric about its inflection point in the sense that the function

g(X)=ft+:a) -[(-:a)
is odd" [Hint: g(x) is again a cubic; where is its inflection point?]

4. For the general quartic ax4 + bx 3 + cx2 + dx + e (a =1= 0), find conditions in
tenns of a, b, C, d, and e which detennine the type of the quartic.

5. Give a classification of general quintics q(x) =axs + bx4 + cx 3 + dx 2 + ex + f
(a =1= 0) analogous to the classification of quartics in the text. [Hint: reduce
to the case b = f = 0 and apply the classification of quartics to the derivative
q'(x).l *

6. Letf(x) = I/O + x 2
).

(a) For which values of c is the function f(x) + ex increasing· on the whole
real line? Sketch the graph of[(x) + ex for one such e.

(b) For which values of c is the function f(x) - ex decreasing on the whole
real line? Sketch the graph orf(x) - cx for one such c.

(c) How are your answers in (a) and (b) related to the inflection points of f?

7. (R. Rivlin) A rubber cube of incompressible material is pulled on all faces
with a force T. The material stretches by a factor v in two directions and

"'This is the "swallowtail catastrophe." The "butterfly catastrophe" is associated with the
general sixth-degree polynomial. See T. Poston and 1. Stewart, Catastrophe Theory and Its
Applications (Fearon-Pitman (1977) for details).
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contracts by a factor v-2 in the other. By balancing forces, one can show that

v3 _IV2+ 1 =0 (R)
20:

where a is a constant (analogous to the spring constant for a spring). Show
that (R) has one (real) solution if T <3~ and has three solutions if T>
3..y2a.


