
MATHEMATICAL 
FOUNDATIONS 

I OF ELASTICITY 

Jerrold E. Marsden and 
Thomas J. R. Hughes 



DOVER BOOKS ON MATHEMATICS 
HANDBOOK OF MATHEMATICAL FUNCTIONS, Milton Abramowitz and Irene A. 

Stegun. (61272-4) 
THEORY OF ApPROXIMATION, N. I. Achieser. (67129-1) 
TENSOR ANALYSIS ON MANIFOLDS, Richard L. Bishop and Samuel I. Goldberg. 

(64039-6) 
TABLES OF INDEFINITE INTEGRALS, G. Petit Bois. (60225-7) 
VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A. I. Borisenko and I. E. 

Tarapov. (63833-2) 
THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOPMENT, Carl B. 

Boyer. (60509-4) 
THE QUALITATIVE THEORY OF ORDINARY DIFFERENTIAL EQUATIONS: AN 

INTRODUCTION, Fred Brauer and John A. Nohe!. (65846-5) 
PRINCIPLES OF STATISTICS, M. G. Bulmer. (63760-3) 
THE THEORY OF SPINORS, Elie Cartan. (64070-1) 
ADVANCED NUMBER THEORY, Harvey Cohn. (64023-X) 
STATISTICS MANUAL, Edwin L. Crow, Francis Davis, and Margaret Maxfield. 

(60599-X) 
FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. (65973-9) 
COMPUTABILITY AND UNSOLVABILlTY, Martin Davis. (61471-9) 
AsYMPTOTIC METHODS IN ANALYSIS, N. G. de Bruijn. (64221-6) 
PROBLEMS IN GROUP THEORY, John D. Dixon. (61574-X) 
THE MATHEMATICS OF GAMES OF STRATEGY, Melvin Dresher. (64216-X) 
AsYMPTOTIC EXPANSIONS, A. Erdelyi. (60318-0) 
COMPLEX VARIABLES: HARMONIC AND ANALYTIC FUNCTIONS, Francis J. Flanigan. 

(61388-7) 
ON FORMALLY UNDECIDABLE PROPOSITIONS OF PRINCIPIA MATHEMATICA AND 

RELATED SYSTEMS, Kurt G6de!. (66980-7) 
A HISTORY OF GREEK MATHEMATICS, Sir Thomas Heath. (24073-8, 24074-6) 

Two-volume set 

PROBABILITY: ELEMENTS OF THE MATHEMATICAL THEORY, C. R. Heathcote. 
(41149-4) 

INTRODUCTION TO NUMERICAL ANALYSIS, Francis B. Hildebrand. (65363-3) 
METHODS OF APPLIED MATHEMATICS, Francis B. Hildebrand. (67002-3) 
TOPOLOGY, John G. Hocking and Gail S. Young. (65676-4) 
MATHEMATICS AND LOGIC, Mark Kac and Stanislaw M. Ulam. (67085-6) 
MATHEMATICAL METHODS AND THEORY IN GAMES, PROGRAMMING, AND ECONOMICS, 

Samuel Karlin. (67020-1) 
MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. (60434-9) 
ARITHMETIC REFRESHER, A. Albert Kia!. (21241-6) 
CALCULUS REFRESHER, A. Albert Kia!. (20370-0) 
PROBLEM BOOK IN THE THEORY OF FUNCTIONS, Konrad Knopp. (41451-5) 
INTRODUCTORY REAL ANALYSIS, A. N. Kolmogorov and S. V. Fomin. (61226-0) 

(continued on back flap) 



MATHEMATICAL 
FOUNDATIONS 
OF ELASTICITY 

JERROLD E. MARSDEN 
Department of Mathematics 

University of California, Berkeley 

THOMAS 1. R. HUGHES 
Division of Applied Mechanics 

Stanford University 

DOVER PUBLICATIONS, INC. 
New York 



Copyright 

Copyright © 1983 by Jerrold E. Marsden and Thomas 1. R. Hughes. 
All rights reserved under Pan American and International Copyright Conventions. 

Bibliographical Note 

This Dover edition, first published in 1994, is an unabridged, corrected republica
tion of the work first published by Prentice-Hall, Inc., Englewood Cliffs, N.J., 1983. 

Library of Congress Cataloging in Publication Data 

Marsden, Jerrold E. 
Mathematical foundations of elasticity / Jerrold E. Marsden, Thomas 

J. R. Hughes. 
p. cm. 

Originally published: Englewood Cliffs, N.J. : Prentice-Hall, c1983. 
Includes bibliographical references and index. 
ISBN 0-486-67865-2 (pbk.) 
I. Elasticity. I. Hughes, Thomas J. R. II. Title. 

QA93I. M42 1993 
53I'.382'0I51-dc20 93-42631 

CIP 

Manufactured in the United States of America 
Dover Publications, Inc., 31 East 2nd Street, Mineola, N. Y. 11501 



To Nancy, Susan, Chris, Emily, Alison, Ian, and Elizabeth 





CONTENTS 

PREFACE xi 

BRIEF GLOSSARY OF CONVENTIONS AND NOTATIONS xvii 

A POINT OF DEPARTURE 1 

1. Kinematics 1 
2. Balance Laws 4 
3. Elastic Materials 8 
4. Boundary Value Problems 11 
5. Constitutive Inequalities 16 
6. The Role of Geometry and Functional Analysis 21 

1 GEOMETRY AND KINEMATICS OF BODIES 

1.1. Motions of Simple Bodies 25 
1.2. Vector Fields, One-Forms, and Pull-Backs 35 
1.3. The Deformation Gradient 47 
1.4. Tensors, Two-Point Tensors, and the Covariant 

Derivative 65 
1.5. Conservation of Mass 85 
1.6. Flows and Lie Derivatives 93 
1.7. Differential Forms and the Piola Transformation 104 

2S 

.. :: 



viii CONTENTS 

2 BALANCE PRINCIPLES 

2.1. The Master Balance Law 120 
2.2. The Stress Tensor and Balance of Momentum 132 
2.3. Balance of Energy 142 
2.4. Classical Spacetimes, Covariant Balance of Energy, and 

the Principle of Virtual Work 154 
2.5. Thermodynamics II; The Second Law 176 

3 CONSTITUTIVE THEORY 

3.1. The Constitutive Hypothesis 181 
3.2. Consequences of Thermodynamics, Locality, and Material 

Frame Indifference 189 
3.3. Covariant Constitutive Theory 199 
3.4. The Elasticity Tensor and Thermoelastic Solids 208 
3.5. Material Symmetries and Isotropic Elasticity 217 

120 

180 

4 LINEARIZATION 226 

4.1. The Implicit Function Theorem 226 
4.2. Linearization of Nonlinear Elasticity 232 
4.3. Linear Elasticity 238 
4.4. Linearization Stability 243 

5 HAMILTONIAN AND VARIATIONAL PRINCIPLES 

5.1. The Formal Variational Structure of Elasticity 247 
5.2. Linear Hamiltonian Systems and Classical Elasticity 252 
5.3. Abstract Hamiltonian and Lagrangian Systems 262 
5.4. Lagrangian Field Theory and Nonlinear Elasticity 275 
5.5. Conservation Laws 281 
5.6. Reciprocity 288 
5.7. Relativistic Elasticity 298 

6 METHODS OF FUNCTIONAL ANALYSIS IN ELASTICITY 

6.1. Elliptic Operators and Linear Elastostatics 315 
6.2. Abstract Semigroup Theory 332 
6.3. Linear Elastodynamics 345 
6.4. Nonlinear Elastostatics 370 
6.5. Nonlinear Elastodynamics 386 

247 

315 



6.6. The Energy Criterion 411 
6.7. A Control Problem for a Beam Equation 421 

7 SELECTED TOPICS IN BIFURCATION THEORY 

7.1. Basic Ideas of Static Bifurcation Theory 427 
7.2. A Survey of Some Applications to Elastostatics 447 
7.3. The Traction Problem Near a Natural State (Signorini's 

Problem) 462 
7.4. Basic Ideas of Dynamic Bifurcation Theory 481 
7.5. A Survey of Some Applications to Elastodynamics 493 
7.6. Bifurcations in the Forced Oscillations of a Beam 504 

BIBLIOGRAPHY 

INDEX 

CONTENTS ix 

427 

517 

545 





PREFACE 

This book treats parts of the mathematical foundations of three-dimensional 
elasticity using modern differential geometry and functional analysis. It is 
intended for mathematicians, engineers, and physicists who wish to s~e this 
classical subject in a modern setting and to see some examples of what newer 
mathematical tools have to contribute. 

Disclaimer There are three things that every beginner in elasticity theory 
should know. The first is that "Kirchhoff" has two h's in it. The second is that 
Hooke's law will not be found as a basic axiom (it "really" means you are 
working with the linearized theory). The third is that rese?rchers in elasticity 
theory are very opinionated, even when they are wrong. During our own work 
in this field we have refused to fight, and in keeping with this pacifist approach, 
we now issue these general disclaimers: This book is neither complete nor 
unbiased. Furthermore, we have not mentioned many deep and highly erudite 
works, nor have we elucidated alternative approaches to the subject. Any his
torical comments we make on subjects prior to 1960 are probably wrong, and 
credits to some theorems may be incorrectly assigned. Excellent historical 
sketches are available in the works of Truesdell [1968], Sokolnikoff [1956], and 
Sneddon [1980] cited in the bibliography. 

The Two-Track and Box Approach To a mathematician, a tensor t is a section 
of a certain bundle over a manifold. To an engineer or physicist, a tensor t ijk is 
an object dressed in indices. This is one of many unfortunate paper barriers that 
have retarded the growth of, and interest in, mathematical elasticity. The 
beginner should learn to speak both languages and to ignore notational disputes. 

xi 
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For example, beginners who are already trained in some geometry and whc 
realize that V f is a vector, while df is a one-form, will recognize at once that the 
deformation gradient F is not a gradient at all, but is simply the derivative oj 
the deformation. They may also recognize that the rate of deformation tensor 
is just the Lie derivative of the Riemannian metric on space, and that the 
Cauchy-Green tensor is the pull-back of the Riemannian metric on space by 
the deformation. 

To aid the reader in this linguistic endeavor we have tried to present as many 
formulas as possible in both languages. This is done through numerous boxes 
that summarize the important formulas both ways. These boxes are also used to 
isolate more advanced or optional material. 

Subjects Covered The first two chapters cover the background geometry
which is developed as it is needed-and use this discussion to obtain the basic 
results on kinematics and dynamics of continuous media. Chapter 3 narrows 
the discussion to elastic materials. Chapter 4 on linearization gives a systematic 
way to linearize a nonlinear field theory along with a basic mathematical tool
the inverse function theorem. Chapter 5 deals with variational principles. 
Chapter 6 presents a relatively self-contained account of the use of functional 
analysis (such as elliptic theory and semigroups) in elasticity. Chapter 7 intro
duces bifurcation theory. We originally planned to include a chapter on numer
ical methods as well, but space and timeliness did not allow us to do so. 

Level and Background The book is written at the beginning graduate level, 
with occasional excursions to the research frontier. Some parts, such as the first 
five chapters and parts of the remainder, are accessible to good undergraduates. 
To read this book one should have a solid background in advanced calculus 
(for example, J. Marsden [I974aJ is adequate). One should also be prepared to 
invest considerable time in learning geometry and functional analysis as the 
book is read. Most of what is needed is in this book, but it may be useful to 
consult some of the references that follow. 

The Use of Geometry and Functional Analysis We have found differential 
geometry helpful in sorting out the foundations of the subject. Deeper analytical 
facts about elasticity require a serious knowledge offunctional analysis, including 
partial differential equations. The reader should realize that many researchers 
understand one or the other of these subjects, but very few understand both 
because of the large investment of time and effort involved. Therefore, one 
should adjust one's aspirations and depth of reading accordingly. For example, 
if one's goal is t6 get to modern research in the buckling of shells as fast as pos
sible, it may be a mistake to start on page I. It is obvious that a large part of any 
book is irrelevant to such a specific endeavor. Rather, one should jump directly 
into the current literature (for example, see Section 7.2) and use this book to 
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complete the necessary background. On the other hand, if one has the time to go 
through the requisite geometry, the insights gained into nonlinear elasticity will 
be worthwhile. Examples of how geometry is used in elasticity are discussed in 
Section 6 of the introductory chapter. Likewise, abstract functional analysis is 
often accused of not shedding any light on "practical" problems of elasticity. 
Recent progress in constitutive inequalities and numerical methods demon
strates that this view is incorrect. 

Point of Departure and Interdependence of Chapters Because of the large 
amount of geometry involved in the first three chapters, we have written an 
introductory Chapter to enable readers to bypass parts of Chapters 1-3. After 
studying Sections 1-5 of the introductory chapter, such readers should be ready 
to undertake Chapters 4-7. These four chapters do contain some dependence 
on Chapters 1-3, but this dependence is minimal and may be bypassed if one has 
a background in elasticity obtained from other sources. We also recommend 
the introductory chapter for readers who intend to seriously study Chapters 
1-3 to keep their work in perspective. Chapters 4-7 are in logical order, but it is 
not necessary to have full mastery of one before proceeding. To this end, ample 
cross references are given. 

Notation We have adopted a reasonably simple system used by some current 
workers. This is summarized in a brief glossary. Readers should understand that 
if they hear a lecture on elasticity, the conventions will probably differ from 
those here or their own. Here boldface type is used to distinguish abstract tensors 
from their components. For example, (J means the abstract Cauchy stress tensor, 
while (Jab represents its components. The only other nonstandard notation is the 
use of block boldface for the fourth-order elasticity tensors, such as C, whose 
components are denoted CABeD, and A, whose components are denoted AaAbB. 

Occasionally the same symbol has two meanings in the book, when the intended 
meaning is clear from the context. We find this preferable to a multitudinous 
proliferation of alphabets and fonts that are impossible to reproduce in the 
classroom. 

Things We Fuss Over; Things We Don't Most mathematicians, physicists 
and engineers now agree that the distinction between a linear transformation 
and a matrix is worth fussing over. We believe that one should also distinguish 
tensors from tensor components. However, we do not fuss over whether 
Euclidean space should be written as 1R3 or not. To abstract 1R3 properly, we 
believe that manifolds should be used. They are unquestionably the appropriate 
setting for tensor analysis. 

Resistance to the use of abstract manifolds is frequently encountered, simply 
because most work in elasticity occurs in 1R3. In the literature, 1R3 is often replaced 
by abstract vector spaces. This arena is not suitable for general tensor analysis. 
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Indeed, as Einstein has so profoundly taught us, deep insights can be gained b 
removing one's blinders to see the theory in the grander time-proven conte) 
of covariant formulations. This is why we encourage the use of manifolds. 

We do not fuss over measure-theoretic questions that are often used t 
introduce mass and force densities, for example. If one understands the Radon 
Nikodym derivative, it takes only a few minutes to understand this even thoug: 
technical intricacies may be nontrivial. We chose not to go into measure 
theoretic formalism because it requires a lengthy exposition that would divert u 
from our main goal. 

Numbering Conventions Within Chapter I, the eleventh item of the thin 
section is referred to as 3.11 and the third section is referred to as Section 3 
In subsequent chapters this item is referred to as 3.11, Chapter I, and the thirc 
section is referred to as Section 1.3. Similar conventions apply to discussiom 
enclosed in boxes. Figures are given their full labels for editorial reasons. For
mulas are numbered within a section when it helps the exposition. 

References A relatively large bibliography is included at the back of this 
book. Specific references cited in the text are listed by author and year like this: 
Ball [l977b]. It is wise for beginning students to consult a few key books regu
larly. We recommend the following: 

(a) an introductory modern text on continuum mechanics, such as Malvern 
[1969] or Gurtin [198Ib]; 

(b) one of the classical texts on elasticity such as Love [1927], Sokolnikoff 
[1956], Landau and Lifshitz [1970], Green and Adkins [1970], or Green 
and Zerna [1968]; 

(c) the encyclopedic treatise of Truesdell and Noll [1965] (which has a 
massive bibliography); 

(d) a modern book on manifolds and tensor analysis, such as Abraham 
Marsden and Ratiu [1982], Bishop and Goldberg [1968], Schutz [1980], 
Spivak [1975J, or Warner [1971J, and a classical one such as Eisenhart 
[1926J, Schouten [1954), or Synge and Schild [1956); 

(e) a book on functional analysis such as Balakrishnan [1976), Oden [1979], 
or Yosida [1971). 

More advanced readers should consult other contemporary works for com
parisons and other points of view. For example, we find the following additional 
references useful: 

(a) Kondo [1955) for an early attempt at the use of geometry in elasticity, 
(b) Truesdell and Toupin [1960), Rivlin [1966aJ, and Eringen [I975J on 

basic principles; 
(c) Gurtin [I972a] on linear elasticity; 
(d) Knops and Wilkes [I 973J on elastic stability; 
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(e) Fichera [1972a and b] and Knops and Payne [1971] on existence and 
uniq ueness theorems; 

(f) Bloom [1979] on the use of geometry in dislocation theory; 
(g) Naghdi [1972] on general shell theory and Ciarlet [1983] on the deriva

tion of plate theory from three dimensional elasticity; 
(h) Antman [1972a], [1983] on rod theory and bifurcations in elasticity. 
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A BRIEF GLOSSARY OF 
CONVENTIONS AND NOTATIONS 

CONVENTIONS: As far as possible, we shall use the following: 
(a) sets and manifolds-lightface script; examples: CB, S, mI 
(b) points, point mappings, scalars-lightface italic; examples: X E CB, 

ifJ:CB->S 
(c) vectors and vector fields, 2-tensors-boldface italic; examples: v, V, F, C, CJ 

P,S 
(d) higher-order tensors-boldface block letters; examples: A, C 
(e) material quantities-upper case 
(f) spatial quantities-lower case 

NOTATIONS 
IRn 

CB 
X 

S 
X 

{XA} 
{xa} 
ZI, zi 
GAB or G 
gab or g 
r~c 
l'~c 
TmI 
ifJa or ifJ: CB -> S 

Euclidean n-space 
reference configuration of a body 
point in CB 
the space in which the body moves (usually S = 1R3) 
point in S 
coordinates on (B 

coordinates on S 
Euclidean coordinates on (B c [R 3 , S = [R 3 

Riemannian metric on (B 

Riemannian metric on S 
Christoffel symbols for G 
Christoffel symbols for g 
tangent bundle of a manifold mI 
a configuration (or deformation) 

xvii 



xviii A BRIEF GLOSSARY OF CONVENTIONS AND NOTATIONS 

dV 
dV 
Ua or U 
ua or u: CB --> TS 
P A or F = Tcp 
va or v 
Va or V 
aa or a 
Aa or A 
CAB or C 
to or t 
(Jab or 0' 

paA or P 
paA or P 
SAB or S 
AaAbB or A 
CABeD or C 

Cabcd or c 
dab or d = Lug 
p(x) 
PRef(X) 
Wor E or e 
Wor E or e 
\{' or IJI 
.p or If! 
e,N 
¢*t 
~*t = (¢-I)*t 
t 

at 
Lut = at + .cut 

SO(3) 
II(C), 12(C), 13(C) 
f: X - -> 'Y 
Df(xo) 
etA 

AB 
Ax or A-x 
Df(x)·v 
O'.n = (Jabnb 

S: D = SABDAB 

fog 

material volume element as a measure 
material volume element as a tensor 
displacement 
linearization of a deformation 
deformation gradient = tangent of cp 
spatial velocity 
material velocity 
spatial acceleration 
material acceleration 
(left) Cauchy-Green or deformation tensor 
Cauchy stress vector 
Cauchy stress tensor 
first Piola-Kirchhoff stress tensor 
corresponding constitutive function 
second Piola-Kirchhoff stress tensor 
first elasticity tensor 
second elasticity tensor 
classical elasticity tensor (for the linearized theory) 
rate of deformation tensor 
mass density in the current configuration 
mass de~sity in the reference configuration 
stored energy function 
corresponding constitutive function 
free energy 
corresponding constitutive function 
temperature, entropy 
pull-back of a tensor t by the map ¢ 
push-forward by the map ¢ 
material derivative of a tensor t 

Lie derivative of a tensor t along a vector field v 

proper orthogonal transformations of IR 3 

invariants of a symmetric 3 X 3 matrix C 
map between Banach spaces 
derivative off at a point Xo EO X 
semigroup generated by an operator A 
multiplication of linear maps or matrices 
linear operator applied to x 
derivative off at x in direction v 
contraction of tensors 
double contraction of tensors 
composition of maps 


