
A POINT OF DEPARTURE 

This preliminary chapter provides a quick survey of a few standard topics in 
elasticity theory from a classical point of view. The treatment is exclusively in 
Euclidean space!R3, using standard Euclidean coordinates. One of the first tasks 
we face in the book is to repeat this material in a more general "intrinsic" context. 
The preview aims to be as elementary as possible, while still getting to a few 
issues of current interest. It can be read prior to, or in conjunction with, the 
main body of the text. The only background needed is calculus of several 
variables and linear algebra; some first-year physics is helpful for motivation.! 

Warning. This introductory material is not where the book actually starts. 
This is intended to give certain readers a quick overview of where we are going. 
It proceeds at a very different tempo from the text and is sometimes chatty and 
imprecise. The material presented may be good for some readers, especially 
mathematicians who wish to learn elasticity for the first time. Experienced readers 
may wish to omit this and turn directly to Chapter 1. 

1. KINEMATICS 

In continuum mechanics, kinematics refers to the mathematical description of 
the deformation and motion of a piece of material. For example, if the beam 
shown in (a) of Figure 1.1 is loaded, it will bend. This is an example of a deforma-

!We are indebted to John Ball, whose lectures "Elementary Elasticity from Scratch" at 
Berkeley inspired this preview. Parts of the exposition are taken directly from his lectures, but 
have been rewritten to conform to the notations of this book. Of course any inaccuracies are 
the responsibility of the authors. 
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2 A POINT OF DEPARTURE 

tion of a body (see Figure 1.1 (b». We describe the new static equilibrium state 
it assumes by mapping points in the unloaded (reference) state to their corre
sponding positions in the loaded (current) state. An example of a motion of a 
body is the oscillatory behavior of the same beam as it responds to the blow of 
a sledge hammer (Figure l.1(c». 
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(b) (c) 

Figure 1.1 (a) Beam (reference configuration). (b) Loaded beam 
(deformed configuration). (c) Oscillating beam (motion). 

Motions and Configurations Abstractly, let a reference configuration (B be 
chosen for our body. By this, we mean the closure of an open set in 1R3 with 
piecewise smooth boundary. A configuration of ffi is a mapping 4>: ffi ---> 1R3 that 
is sufficiently smooth, orientation preserving, and invertible. Points in ffi are 
denoted X = (Xl, X2, X3) EO ffi and are called material points, while points 
in 1R3 are denoted x = (Xl, x2, x 3) EO 1R3 and are called spatial points. We 
write x = 4>(X).2 The words "configuration" and "deformation" are used 
synonymously. 

A motion of ffi is a time-dependent family of configurations, written x = 4>(X, t). 
The velocity of the material point X is defined by VeX, t) = (ajat)4>(X, t) 
regarded as a vector emanating from the point x. The velocity viewed as a func
tion of (x, t), denoted vex, t), is called the spatial velocity. Thus vex, t) = vex, t), 
where x = 4>( X, t). See Figure 1.2. If 4> has components 4>1, 4>2, and 4>3-that is, 
if 4> = (4)1,4>2, 4>3)-then V = (VI, vz, V3), where Vi = a4>ijat (i = 1,2,3). 

Acceleration and Material Derivatives The material acceleration of a motion 
4>(X, t) is defined by 

a2 4> av A(X, t) = at2 (X, t) = TI(K, t). 

2In the main text, components relative to general coordinates are denoted with letters a, b, 
... or A, B, ... and Euclidean coordinates by i,j, ... or I, J, .... In this chapter, we employ 
only Euclidean coordinates and use i,j, k, ... for simplicity. 



Reference 
configuration 

By the chain rule, 

av av ( dt = at + v·V)v; 

The curve t>-> ¢ (X, t) 
for X fixed 

V(X, t) = v (x, t) 

Body after time t 

Figure 1.2 

that is, 

More generally, if Q(x, t) is a material quantity-a given function of (X, t)
and q(x, t) = Q(X, t) is the same quantity expressed as a function of (x, t), then 
the chain rule gives 

th t . aQ _ aq + aq j 
a IS, at - at axjV • 

The right-hand side is called the material derivative of q and is denoted Dqj Dt 
= q. Thus Dqj Dt is the derivative of q with respect to t, holding X fixed, while 
aqjat is the derivative of q with respect to t holding x fixed. In particular, the 
acceleration is given by v = Dvj Dt = a Vjat. 

Deformation Gradient and Polar Decomposition. Above, V was used for the 
material velocity, a notation we shall use throughout the book. Below, V will 
also, according to standard usage, denote a matrix. The latter usage will occur 
in isolated places at various points in the book. The meaning of this symbol will 
always be clear from the context. 

The 3 x 3 matrix of partial derivatives of ¢ is denoted F = D¢ and is called 
the deformation gradient. Thus, p) = a¢ijaxJ. Since ¢ is assumed to preserve 
orientation, det F > O. By the polar decomposition from linear algebra, we can 
uniquely decompose F as 

F=RU=VR 

where R is a proper orthogonal matrix called the rotation, and U and V-called 
the right and left stretch tensors-are positive-definite and symmetric. Indeed, 
U = ,.JPF and V = --JFFT, where FT is the transpose of F; (FT)/ = Fi). We 
call C = FTF = U2 the right Cauchy-Green tensor and h = FFT = V2 is the 
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4 A POINT OF DEPARTURE 

left Cauchy-Green tensor. Thus,3 Cij = F\Fkj and bij = PkFjk. In this setting 
of Euclidean rectangular coordinates, raising or lowering indices does not affect 
the values of tensor components (e.g., P j = FiJ. Nevertheless, we shall attempt 
to maintain natural placement as much as possible. Since U and Vare similar, 
their eigenvalues are equal; since U and Vare positive-definite and symmetric, 
their eigenvalues are real and positive. These eigenvalues are denoted AI' A2' A3 
and are called the principal stretches. Thus, a deformation is locally given to 
first order by a rotation followed by a stretching by amounts Ai along three 
orthogonal axes (the principal directions) or vice versa. Thus, the deviation of Ai 
from unity measures the amount of strain in a deformation. 

2 BALANCE LAWS 

By balancing the rate of change of momentum of a portion of a body with the 
total force acting on it, the fundamental equations of a continuum are derived. 
Other laws that fall into the same framework are conservation of mass and the 
balance of torque with moment of momentum. 

Conservation of Mass Given a motion cp(X, t) of a body ill, let p(x, t) be the 
mass density of the deformed body at time t and let PRer(X) be the mass density 
in the reference configuration. Let 'll c ill be a subbody (an open set with piece
wise smooth boundary) and let 'll, = cp('ll, t) be the subbody after time t. Con
servation of mass states that 

masse'll) = mass('U,); that is, f PRer(X) dX = f p(x, t) dx. 
'li 'li, 

By the change of variables formula and the arbitrariness of'll, conservation of 
mass is equivalent to PRer = Jp, where J = det(F) is the Jacobian of cp with t 
held constant. The formula DJ/Dt = J div v, where div v = avi/axi is the 
divergence of v with t held constant, can be verified by direct calculation. Thus, 
PRer = Jp yields the equation of continuity: Dp/Dt + p div v = O. Therefore, 
we may interpret J = pv as the mass flux, and, by virtue of the divergence theo
rem, rewrite conservation of mass as 

1 aaP (x, t) dx = -1 Jon da 
'lit t a'll, 

where n is the unit outward normal of a'll, and da is its corresponding area 
element. 

Balance of Momentum A body ill undergoing a motion cp(X, t) will be acted 
on by applied body forces hex, t) (per unit mass) and applied surface forces 
1:(x, t) (per unit area), as in Figure 2.1. The pair of forces (h, 1:) is called the load, 

3Repeated indices are assumed summed unless otherwise indicated; for example, pkiPk j 
3 

= ~ PkiPkj. 
k=1 



t (x, t, n) 

T(X, t) 

b(x, t) 

Figure 2.1 

and is often given or prescribed in advance. For example, h may be gravity and 1: 

may be a load as in Figure 1.1 (b). In addition, the body generally experiences 
internal forces of stress across any given surface. Let t(x, I, n) be the force per 
unit area at position x at time I across a surface element with unit normal n; 
in other words, t is the force per unit deformed area engendered by the material 
outside (the +n direction) acting on the material inside (the -n direction). 

The continuum analog of Newton's second law states that for any subbody 
'tl c CB, 

~ f pv dx = 1 t(x, t, n) da + f ph dx. J'll, a'll, J'll, 
This assertion is called balance of (linear) momentum. Likewise, balance of 
angular momentum (measured with reference to the origin of coordinates) states 
that 

~ f x x pv dx = 1 x x t(x, I, n) da + f x x ph dx 
J~ ~ J~ 

where x is the vector from the origin to the point x. (In the present context, x 
and x may be regarded as identical.) 

Cauchy's theorem (proved in Section 2.1) states that if balance of momentum 
holds, then t depends linearly on n; that is, there is a two-tensor O'(x, t) such that 
t(x, t, n) = O'(x, t)n. Componentwise, O'(x, t) is a 3 x 3 matrix ail and t is a 
vector with components Ii such that ti = aiin] (sum on}). We call 0' the Cauchy 
stress tensor. Thus, aii is the ith component of the force per unit area measured 
across a surface element with unit normal e i , the }th standard basis vector. 

Substituting t = O'·n into the balance of (linear) momentum and using the 
divergence theorem gives 

~ f pv dx = f div 0' dx + r ph dx J'll, J~ J'll, 
5 



6 A POINT OF DEPARTURE 

where (div o'Y = aaii/axi . By the change of variables theorem, 

~ r q dx = r (q + q div v) dx. Ju, J'U, 
Thus from conservation of mass and arbitrariness of'l..." we get Cauchy'sequatioi 
of motion: 

pv = div (J + ph. 

Note that in this derivation, smoothness hypotheses have been implicit!: 
assumed. Such hypotheses are invalid if phenomena like shock waves are studied 
and this derivation needs to be studied more carefully (see Chapter 2). 

Similar arguments show that the balance of angular momentum leads t( 
symmetry of the stress: ali = a}i. 

The Material Picture In continuum mechanics it is often convenient tc 
express things with respect to a reference configuration rather than to th( 
current configuration-that is, to use material quantities rather than spatial ones. 
When this idea is applied to the Cauchy stress, we get the Piola-Kirchhoff stress. 
Thefirst Piola-Kirchhoff stress vector is the vector T(X, t, N), which is parallel 
to the Cauchy stress t(x, t, n), but measures the force per unit undeformed area. 
Here, x = rp(X, t) and nand N are unit vectors, normal to the corresponding 
deformed and undeformed area elements. Thus, we desire T dA = t da (see 
Figure 2.2). 

The Piola Identity: 

DIV(JF-l) = 0; 

is useful. It follows from the fact that JF -I is the transpose of the matrix of 
co factors of F;(JF-I)/ = E/}keqrppFiq where E ijk is +1 or -I according as 

T(X, t, N) 

Reference configura tion Current configuration 

Figure 2.2 
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i,j, k is an even or odd permutation of 1,2,3 and is zero otherwise, and similarly 
for e qr • From the Piola identity and the chain rule, we find that if w is a vector 
function of (x, t) and we define its Piola transform Wby W(X, t) = JF-1w(x, t)
that is, Wi(X, t) = (aXijaxJ)JwJ-then 

DIY W= J div w; that is, 

From the divergence and change of variables theorems, we get 

J w·nda = J W·NdA. 
a~, a~ 

Therefore, 

where F-T = (F-1Y = (FT)-l, and so nda = JF-TNdA. MUltiplying by a gives 
an da = t da = JaF-TN dA. Thus, we can write T = PN, where P = JaF-T, 
that is, Pi, = Jaik(aX'jaxk). This two-tensor piJ is called theftrst Piola-Kirchhoff 
stress. In terms of it, balance of momentum becomes 

: r PRef Vdx = r PNdA + r PRefBdX 
t J~ Ja'll J~ 

where B(X, t) = hex, t) is the body force expressed as a function of X. The 
pointwise version is 

av 
PRef at = DIY P + PRefB 

where (DIY P)i = (ajaxJ)piJ. This form of Cauchy's equations of motion is 
the most suitable for studying Hamiltonian and variational principles. See 
Section 4 which follows. 

The second Piola-Kirchhoff stress vector is obtained by transforming PN = T, 
which is a vector based at x, to a vector based at X by setting ~ = F-l T. Thus 
~ = SN, where S = F-1P, that is, Sij = (aXljaxk)pkJ; S is a 3 X 3 matrix 
called the second Piola-Kirchhoff stress tensor. 

Already the reader will notice the need for a clear systematic index notation. 
Such notation is given by tensor analysis and is developed in Chapter 1. This 
tensor notation enables us to work in general coordinates, to remember the 
formulas, and it occasionally prevents us from asking intrinsically absurd 
questions. For example, we have remarked that a is symmetric: ali = aJI. We 
might ask: is P symmetric? This question seems reasonable to ask at this stage, 
but when we correctly understand P as a tensor, we will realize that the question 
does not make sense. It is analogous to asking: is a bilinear form p: U x 'W 
---> IR, where U and 'Ware different vector spaces, symmetric? This question as 
posed is meaningless. Rather than P, one should ask: is S symmetric? Indeed, 
it is. 



3 ELASTIC MATERIALS 

Newton's second law in particle mechanics cannot be solved until we know hov 
the force depends on the position and velocity of the particle. Likewise, Cauchy' 
equation of motion in continuum mechanics cannot be solved until we knov 
how the stress depends on the motion. 

Elastic and Hyperelastic Materials A material is elastic when we can writt 
the first Piola-Kirchhoff stress P as a function P of points X E CB and 3 x ~ 
matrices F with det F> 0 such that the stress associated with a configuration ifJ h 

P(X, t) = p(X, F(X, t» 

where F is the deformation gradient of,p, p] = a,pi/axl, as usual. Why we de 
not include dependence on higher derivatives is an important point that i~ 

discussed at length in Chapter 3. By contrast, the viscous stresses in a jluic. 
depend on the velocity gradients. Specification of a P for an elastic material is 
called a stress-strain law, and P is called a constitutive function. 

A useful class of elastic materials are called hyperelastic. These are materials 
for which there is a stored energy function W depending on points X E CB and 
3 x 3 matrices F with det F > 0 such that P = PRer(a w/aF), that is, F/ = 
PRer(aW/P j ). 

Material Frame Indifference Before giving examples, it is useful to discuss 
more carefully how W depends on F. Consider a rigid motion of space given by 
the transformation c;: [R3 --> [R3; c;(x) = Qx + c, where Q is a proper orthogonal 
matrix and c is a constant vector. Such a transformation should just rotate the 
stress vector T(X, F, N) = p(X, F)N. Thus, we demand the identity T(X, QF, N) 
= QT(X, F, N), or, equivalently, p(X, QF) = QP(X, F). This states simply 
that if we view the same configuration from a rotated point of view, then the stress 
transforms by the same rotation. This requirement is calledframe indifference or 
objectivity. For a hyperelastic material, frame indifference is equivalent to the 
identity W(X, QF) = W(X, F) for all 3 x 3 matrices F with det F > 0 and all 
proper orthogonal matrices Q. Moreover, frame indifference implies balance of 
angular momentum (symmetry of the stress). (See Section 3.2 for the proofs of 
these assertions.) If we write F = RU and choose Q = R-', we see that 
W(X,F) = W(X, U) = W(X, ,.jC), where Cis the (right) Cauchy-Green tensor. 
Thus, frame indifference is equivalent to the assertion that W depends on F 
through C. 

The relationship P = PRer(aW/UF) is equivalent to S = 2PRer(aW/aC), 
using the chain rule. In Section 3.3 we shall see how to write (J as a derivative of 
W with respect to the metric tensor. 

Isotropic Materials Most explicit models of elastic materials are not only 
frame indifferent, but exhibit symmetry of the actual material as well. An elastic 
material is homogeneous if P does not depend explicitly upon X. Thus, different 
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A POINT OF DEPARTURE 9 

portions of the material exhibit the same mechanical behavior. An elastic mate
rial is isotropic if p(X, FQ) = p(X, F) for all proper orthogonal 3 x 3 matrices 
Q. This means that the stress for a given deformation gradient F is unaltered if 
we first rotate the material by Q. For hyperelastic materials, isotropy is equiva
lent to W(X, FQ) = W(X, F) for all proper orthogonal Q; that is, W depends 
on F only through V. 

A hyperelastic material is frame indifferent, homogeneous, and isotropic if 
and only if W(X, F) = <I>(A] , A2, A3), where <I> is a symmetric function of the 
principal stretches A], A2, A3 • This assertion follows by writing F = RU = 

RL diag (A.], A2' A.3)L-] for proper orthogonal matrices Rand L and noting that 

W(X, F) = W(X, RL diag (A.], A2' A3)L-]) 

= W(X, diag (A], A2, A3)L-]) (by frame indifference) 

= W(X, diag (A.], A2 , A3)) (by isotropy). 

The argument is now readily completed. In Section 3.5 we show that this is 
equivalent to W being a function only of the principal invariants of C. We 
also show that the general form of the stress for an isotropic elastic material is 
S = rtol + rt]C + rt2C2 or (f = poi + p]h + P2h2 (I, i = identity matrices), 
where C = FTF, h = FFT, and rt; and Pi are scaler functions of the invariants 
of C and h, respectively. 

Linear Elasticity The most widely used models have been those in linear 
elasticity. This theory is appropriate when small displacements from a given 
deformation are involved. In Chapter 4, we discuss in detail how to obtain this 
theory by linearizing the nonlinear theory. Briefly, and in a special case, this 
proceeds as follows. Let l' be a given constitutive stress function for a (nonlinear) 
homogeneous elastic material. Suppose 1'(1) = O. Thus, the trivial deformation 
</>(X) = X has zero stress. Consider a family of motions </>.(X, t) that depend on 
a small parameter f. Suppose </>o(X, t) = X, so the motion </>0 satisfies (trivially) 
the equations of motion PReM Vjat) = DIY p(F) with zero body force. ,Now 
suppose that </>. satisfies these same equations for each f. Writing </>.(X, t) = 
X + fU(X, t) + O(f2) we seek to find the equations governing the linear part u. 
Note that 

and 

Differentiating 

PRef a;;. = DIY p(F.); th t . av~ _ a [pA ij(a</>~)J 
a IS PRef at - aXj aXi 

in f at f = 0 gives 

a2Ui a (apij aUk) 
PRef at2 = aXj aFkl (I) aXi . 

The quantity (apijja£kJ(l) = Cijkl(X), which depends on the four indices i,j, k, 
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I, is called the classical elasticity tensor. For homogeneous materials these an 
constants, and the equations of linear elasticity take the form 

a2
U

l 
Ii 1 a2uk 

PRef --af2 = C k ax' aXl' 

This is a type of vector wave equation examined in Chapters 4 and 6. 
In the special case of a homogeneous isotropic material, there are constants A 

and p, called Lame moduli such that 

CIJkl = MijOkl + P,(OlkOJl + OaOJk) 

where OIJ = 1 if i = j but 0 if i ::1= j. This is proved in a manner similar to the 
corresponding assertions for nonlinear elastic materials. Much of the classical 
literature on elasticity is, in fact, confined to this case (see the references in the 
preface). 

An Elastic Fluid Perhaps the simplest example of a nonlinear elastic material 
is one for which W(F) = h(J); that is, W is a function only of the determinant 
of F. This is homogeneous, frame indifferent, and isotropic. Here <110'1,22,23) 

= h(212223)' For this W, the first Piola-Kirchhoff stress tensor is given by 

P = PRef a: = PR.fh'(J)· ;:. 

A calculation gives aJ/aF = JF-T (the matrix of cofactors). Thus, the Cauchy 
stress is 0- = (I/J)PFT = PRef hl(J)i. Because of the relative simplicity of 0- over 
p, this example is easiest to express spatially. Let pep) = -PRefh'(J), so a = 
-pcp )i. This defines the pressure. The Cauchy equations of motion are therefore 

Dv 
P Dt = -Vp + ph. 

These are the Euler equations for a compressible perfect fluid. Thus, we see that 
elastic materials include perfect fluids as well. (The Navier-Stokes equations 
require the dependence of a on Vv, not just on F, to obtain the viscous terms.) 

In general, solids and liquids can be distinguished by their symmetry groups. 
At a point X E (\3, the symmetry group of a material is defined by 

gx = fA E mljx3IP(X, FA) = p(X, F) for all FE mljx3} 

where mlj x 3 = {3 X 3 matrices A with det A > OJ. The elastic material is solid 
when gx c SO(3) (the 3 X 3 proper orthogonal matrices), and fluid when 
gx = fA E mr j x 3 I det A = I} = SL(3). Isotropy means SO(3) c gx' Thus, 
W(F) = h(J) is an example of an elastic fluid. Crystals generally have a symmetry 
group lying between SO(3) and SL(3). The classification of materials by means 
of symmetry groups is not discussed in this book; see Wang and Truesdell 
[1973]. 
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Incompressibility Incompressible elasticity is obtained by imposing the 
constraint J = 1, or, equivalently, div v = o. Corresponding to this constraint, 
we have a "Lagrange multiplier" in the stress. The stress for a motion </J(X, t) 
is P(X, t) = _pF-T + P(X, F(X, t), where P is a given constitutive function 
and p is to be determined by the constraint J = 1. For example, P = 0 
corresponds to the Euler equations of a perfect incompressible fluid: 

Dv } P Dt = - Vp + ph, 

div v = o. 

Mooney-Rivlin Materials Perhaps the nonlinear elastic solid material that 
is best understood from the point of view of constitutive theory is rubber, which 
usually behaves like an incompressible, homogeneous, hyperelastic, isotropic 
solid. A stored energy function for rubberlike materials that is often used is due 
to Mooney [1940] and Rivlin [1948a]. This is given in terms of the principal 
stretches AI> Az and A3 by 

<I>(AI' Az, A3) = oc(M + A~ + A5 - 3) + P((AZA3)Z + (A3AI)Z + (A1Az)Z - 3) 

where oc and P are positive constants. The 3s are included so that <1>(1, 1, 1) = O. 
The limiting case p = 0 is called a neo-Hookean material. Generalizations where 
the exponents "2" are replaced by other numbers have been successfully used 
by Ogden [1972]. The constants in the model are determined by experiment. Such 
constitutive functions are generally valid for deformations that are not too large; 
exactly "how large" is hard to specify without detailed experimental analysis. 

For the compressible case, a model that is sometimes used is the Hadamard 
material, with 

<I>(AI' Az, A3) = oc(M + A~ + A5 - 3) + h(A1AzA3) 

where h(~) has a minimum at ~ = 1 and h(~) -> 00 as ~ -> 0 and as ~ -> 00. 

At this point, these models are largely ad hoc. Much work remains to be 
done on developing faithful models of real materials. Examples of other con
stitutive models are found in Truesdell and Noll [1965] and Malvern [1969]. 

4 BOUNDARY VALUE PROBLEMS 

We shall append some initial and boundary conditions to Cauchy'S equation of 
motion. 

Boundary Conditions Some boundary conditions often encountered are: 

(a) Displacement. ¢(X, t) = ¢iX) is prescribed for X EO affi. 
(b) Traction. P(X, t)N(X) = 't(X) is prescribed for X EO affi, where N(X) 

is the outward unit normal to affi at X. 
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(c) Pressure. a(x, t)n(x) = -p(t)n(x) is prescribed for x EO a(¢(CB, t)), 
where p is a given scalar function of t. 

Other boundary conditions may be a combination of these. For example, 
if a steel bar is pulled to a prescribed length, then displacement boundary con
ditions are used on its ends, and zero traction conditions are used on its sides. 
(See Figure 4.1.) In boundary condition (b), note that 't(X) remains parallel 
throughout the motion. We say that such a load is dead. Blowing up a balloon 
provides an example of (c). 

Zero traction 

I~ ., 

I··fl 

Steel bar at rest Pulled to a length I' > I 

Figure 4.1 

Elastostatics The basic mathematical problem in elastostatics is to find a 
configuration ¢: CB -> [R3 such that 

DIV(P) + PRerB = 0 

and satisfying a given set of boundary conditions. If P(X) = p(X, F(X)) is a 
given constitutive function for stress and if B is given, then this is a nonlinear 
boundary value problem for the unknown ¢. Suppose that the material is 
hypere1astic and that the displacement is prescribed on ad c aCB and the traction 
is prescribed on aT c aCB, where ad () aT = 0 and ad u aT = aCB. Define a 
functional J on the set e of all configurations ¢: CB ---> [R3 satisfying ¢ = ¢d on 
ad' by means of the potential energy: 

J(¢) = fell {PRer(X)W(X, F(X)) - PRer(X)ct»(X).B(X)} dX 

- fa. 't(X).ct»(X) dA(X). 

Then, assuming sufficient smoothness, ¢ EO e will be a solution to the boundary 
value problem if and only if the following variational principle holds: 6I(¢) 
= 0; that is, for all u: CB -> [R 3 vanishing on ad, 

DJ(¢)·u - ;J(¢ + EU)I.=o = o. 
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Indeed, the chain rule gives the weak form of the equations: 

DI(ep)·u = L {PRer ~~ -Vu - PReru -B } dX - L 't·U dA. 

Integrating by parts and using P = PRer(aWjaF) and u = 0 on ad, we get 

DI(¢»·u = - r u-{DIV P + PRerB} dX + J u-{PN - 't} dA. Jffi h 

Since u is arbitrary, this is equivalent to DIV P + PRerB = 0 on CB and PN = 't 

on a •. Variational structures are presented in Chapter 5, and existence and 
uniqueness theorems are studied in Chapter 6. 

Elastodynamics In elastodynamics, the problem is to find a motion ¢>(X, t) 
that satisfies Cauchy's equation of motion with prescribed boundary conditions 
and prescribed initial deformation ep(X,O) and velocity V(X,O). There isa 
Hamiltonian variational principle for this problem given by 

oLe¢»~ = 0 where L(ep) = r {t !PRer II VW dX - J(ep)} dt 

and the variations are now over curves in e with prescribed end-points. 
Less is known about existence and uniqueness for elastodynamics than for 

elastostatics. Even assuming existence, many key properties are not well under
stood. In particular, the basic problem of elastic stability-"Are minima of the 
potential J dynamically stable ?"-is largely open. Some aspects of what is 
currently known are discussed in Section 6.6. 

A Few Nonrigorous Examples A few basic examples are important to bear 
in mind when reading the theory. Examples of this type are discussed further 
in Chapter 7. 

(a) Nonuniqueness of equilibrium solutions (buckling). See Figure 4.2. 
(b) Nonuniquenessfor pure traction (dead load, no buckling). See Figure 4.3. 
(c) Bifurcation to periodic oscillations (Hopf bifurcation; flutter of vene-

tian blinds). See Figure 4.4. 
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Exact Solutions Consider the case of a homogeneous material with B = O. 
A trivial, but instructive class of equilibrium solutions are the homogeneous 
deformations: x = FX + c, where F is a constant 3 X 3 matrix, and c is a con
stant vector. For example, consider simple shear (see Figure 4.5). 
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The general form of the Cauchy stress is a = Poi + Plb + P2b2, where Po, 
PI' P2 are scalar functions of the invariants of b, which are tr(b) = 3 + K2 
(the trace of b), ![(tr b)2 - (tr b2)] = 3 + K2, and det b = 1. We obtain 

[

Po + PI(,.2 + 1) + P2[(,.2 + 1)2 + ,.2] PI" + P2,.(,.2 + 2) 0 ] 

a = PI" + P2,.(,.2 + 2) Po + PI + P2(,.2 + 1) 0 . 

o 0 Po + Pl + P2 

The columns of a give the forces acting on planes with normals in the three 
coordinate directions. Notice that the normal stresses, 0' 11'0' 22' and 0' 33 need not 
vanish, so that simple shear cannot be maintained by a shear stress alone. 
However, note that if the reference state is unstressed, then a = 0 when K = 0; 
that is, Po + PI + P2 = 0 when K = O. In this case, 0'33' 0'11' and 0'22 are 
0(K2), that is, are second order in K. Note too the universal relation 0' II - 0'22 

= KO'I2' which holds for all isotropic elastic materials in simple shear. 
Relevant to this example is the universal deformation theorem of Ericksen 

[1954], which states that if a motion rf>(X, t) can be maintained by surface 
tractions alone in any homogeneous compressible isotropic hyperelastic material, 
then rf>(X, t) = a + GX + a(b + HX), where a, b are constant vectors and G, 
H are constant 3 x 3 matrices. (See Shield [1971] for a simple proof.) Ericksen 
has also analyzed the universal motions for incompressible isotropic homoge
neous hyperelasticity: examples are simple shear, radial motions of spherical 
and cylindrical shells, and the twisting of cylinders. 

Another very interesting example is Rivlin's [l948b] analysis of the equilib
rium deformations of an incompressible block of neo-Hookean material under a 
uniform tension T (Figure 4.6). Surprisingly, one finds that if T < 3,J'T oc 
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where (J, is the constant in the neo-Hookean constitutive function, then there i: 
just one (stable) solution, whereas if T > 3"yT (J" there are seven (homogene 
ous) solutions. See Section 7.2 for more information. 

Linearization Instability A situation of considerable mathematical interes 
is the pure traction problem in elastostatics for a nonlinear elastic materia 
near a natural state (in which the stress is zero) and for small loads. Somewha' 
surprisingly, the solutions need not be unique and do not correspond in a simple 
way to the linearized theory. This led the Italian school, beginning with Signorin 
in the 1930s, to devote considerable attention to this apparent difficulty. Toda) 
we view this as a particularly interesting topic in bifurcation theory and as at 
example of linearization instability-a situation in which the solutions of the 
linearized problem are not tangent to solution curves in the nonlinear problem 
(the curve parameters being perturbation parameters). Similar phenomena occur 
in other basic field theories of mathematical physics, such as general relativity 
(this is due to Fischer, Marsden, and Moncrief; see Marsden [1981] for an expo
sition and references). 

While the traction problem in elastostatics is linearization unstable, it is 
formally obvious that the dynamic problem is linearization stable. This remark, 
due to Capriz and Podio-Guidugli [1974], may be comforting to those who are 
uneasy about linearization instabilities, but the traction problem is tantalizing 
nonetheless. Linearization stability is discussed in general terms in Section 4.4, 
and the traction problem is examined in Section 7.3. 

5 CONSTITUTIVE INEQUALITIES 

Stored energy functions are subject to several possible restrictions. These 
restrictions are typified by statements like "stress increases with strain," which 
eventually lead to inequalities. Such inequalities are best viewed with scrutiny 
and care. Any proposed inequalities normally have a limited range of validity, 
and interesting phenomena can occur when they break down. We shall briefly 
discuss some of the important inequalities in such a critical framework. For a 
comprehensive survey of constitutive inequalities, see Truesdell and Noll [1965]. 

Baker-Ericksen Inequalities Let <I>(,1.!, Az, A3 ) be a smooth stored energy 
function for a homogeneous isotropic hyperelastic material. The Baker-Ericksen 
inequalities (see Baker and Ericksen [1954]) state that 

Ai<l>l - Aj<l>j > 0 'f A of:; A (BE)! 
Ai - Aj 1 1 j 

where <1>1 = a<l>jaAi. 
These inequalities are based on the physical situation described as follows. 

Consider a rectangular block of material with stored energy function <1>, being 
pulled uniformly on each side. Consider a homogeneous deformation of the form 
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x/ = A/XI, so F = diag(A" A2, A3)' (See Figure 5.1.) To support such a defor
mation, we apply a force normal to each face. For convenience, we set PRef = 1. 
Since a<1>jaF = diag(<1>" <1>2' <1>3), the first Piola-Kirchhoff stress tensor is 
P = diag(<1>l' <1>2' <1>3), so these normal forces are given by (T" T2 , T 3) = 
(<1>" <1>2' <1>3) on the three pairs of opposite faces. 

Recall that the T/ measure the force per unit of reference area. The forces 
per unit current area are given (through the Piola transform for the Cauchy 
stress, that is, P = ]aF-T, or directly) by 

(t t t) _ (A,<1>, A2<1>2 A3<1>3) 
" 2, 3 - J']' 'J 

Intuitively, one expects that each T/ is an increasing function of A/: the more 
deformation in each direction, the more force required. This leads to the fol
lowing convexity requirements4 : 

<1> is strictly convex in each argument, that is, <1>/i > 0 (i = 1, 2, 3) (BE)~ 

One also expects that if AI is larger than A2 , then 11 is larger than t 2 • Thus, 
the inequalities 

(BE)~ 

are also reasonable. From the formula tl = A/<1>;/J, we see that the inequalities 
(BE)~ are equivalent to the Baker-Ericksen inequalities (BE)I' 

An indication of how these inequalities are related to others and their ranges 
of validity is given below and is summarized in Table 5.1. 

4A function [is called convex when [(Ax + (1 - ,t)y) ~ AI(x) + (l - ,t)f(y) for X =1= y and 
o < ,t < 1; (f is strictly convex if ~ can be replaced by <). Geometrically, this means that the 
chord joining (x, f(x» and (y,f(y» lies above the graph of f If fis C2, it is convex if and only 
if [" ;:::: O. This is also equivalent to monotonicity off': [['(x) - f'(y)] [x - y] ;:::: 0 if x =1= y. 

17 
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Convexity and Monotonicity Inequalities Consider the same homogeneous 
deformation again. We found that (/1 - I})(AI - A}) > 0 if AI :::j:: A} was a rea· 
sonable inequality. What about the corresponding mono tonicity of P: that is, 

(TI - T})(AI - A}) > 0 if AI:::j:: A}? (M) 

Keeping in mind that TI represents the normal forces per unit undeformed area, 
we see that (M) is less obvious intuitively. In fact, using nearly incompressible 
materials like rubber, Ball (1977a) has described a reasonable situation for which 
(BE)I is valid, while (M) is invalid. 

Notice that strict convexity of <I> in all arguments implies (M). Indeed we take 
strict convexity of <I> to mean that 

(SC<I». 

Taking (XI' X2, X3) = (A2' AI> A3), (SC<I» reduces to (M). Thus for the same 
experiment, (SC<I» must be violated. 

In place of convexity of <I>, one may contemplate the convexity of W as a 
function of F. This is unacceptable for three basic reasons: 

(1) it implies uniqueness of solutions, so it precludes buckling, 
(2) it is incompatible with material frame indifference, and 
(3) the domain {Fll > OJ of W is not convex, and so convexity of W 

precludes the reasonable requirement that WeE) ---'> 00 as 1 ---> O. 

Observation (1) is due to Hill [1957]. Because of (2) and considerations of 
thermodynamic stability, Coleman and Noll [1959] sought a weaker inequality. 
Using arguments involving work done on deforming bodies, they proposed the 
following inequality for the Piola-Kirchhoff stress P(F). 

If A is a positive-definite symmetric matrixl 
(i.e., a pure stretch) and A :::j:: I, then 
[P(AF) - P(F)][AF - F] > O. 

(CN) 

For hyperelastic materials, (CN) may be translated to a convexity-type 
condition on the stored energy function. For homogeneous isotropic hyper
elastic materials, (CN) implies that <I> is strictly convex and is subject therefore 
to the same criticisms as above. That <I> being strictly convex is unreasonable 
has been pointed out by Hill [1968], [1970], Rivlin [1973], and Sidoroff [1974]. 
That (eN) implies (SC<I» was noted by Ogden [1970], [1972]; compare Ball 
[1977a, b]. 

Strong Ellipticity If P is a given constitutive function for the first Piola
Kirchhoff stress, the four-index tensor A defined by Aij/ = aPijjaFk/ is called 
the elasticity tensor. 

We say that P is strongly elliptic (at a particular deformation ¢) if there is an 
f > 0 such that 

(SE) 
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for all vectors v, W E IR3. If we put E = 0 in (SE), we call this condition semi
ellipticity. 

If Id is a natural state-that is, P = 0 at the deformation if> = Id-then AIJkl 
coincides with CIJkl , which was considered in our discussion of linear elasticity 
in Section 3. Omitting body forces, the equations of linear elasticity for small 
deviations u from a given deformation if> are 

a2u l a I 1 auk 
p at2 = axJA Jk axl ' 

If one seeks solutions in the form of traveling waves, i.e., u(x, t) = vlfI(Xo W - ct) 
where v, ware constant vectors with II w" = 1, one finds the condition C2V l 

= NJklWjVkWl. This states that the matrix Elk = AI}klWjWI for w fixed, has Vi 
as an eigenvector, with eigenvalue c2 • Since c2 > 0, mUltiplying by Vi, summing 
and rescaling (to remove the restriction" w" = 1) gives (SE). Thus, the existence 
of traveling waves with real wave speeds implies (SE). This condition was first 
isolated by Legendre and Hadamard about 1900. 

Strong ellipticity is also a convexity condition for hyperelastic materials. It 
is equivalent to saying that if K = v @ w-that is, KiJ = viw j is a 3 X 3 rank 1 
matrix-then W is strictly convex along the line joining F and F + K. Indeed, 
observe that 

d 2 ~ 
dE2 W(F + EK) = AijklVivkwjwl. 

A basic fact is that with enough regularity, Aijkl evaluated at a smooth 
minimum of the stored energy function, is semi-elliptic. We shall present 
theorems of this type in Chapter 6. 

What are the implications of strong ellipticity? By choosing F = 

diag(Al' A2 , A3), v = (1,0,0), and w = (1,0,0), we get <1>11 > O. Similarly, 
<1>22 and <1>33 are positive. Thus (SE) implies (BE)2' Taking 

K = [~ ~ ~J and F = diag(Al' A2 , A3), 

000 

one sees that (BE)1 also holds. Thus, strong ellipticity implies the Baker-Ericksen 
inequalities. In Chapter 6 we shall see that strong ellipticity is just what 
is needed for a good existence and uniqueness theory for linear elastostatics 
and elastodynamics. 

The violation of strong ellipticity has little or nothing to do with the loss of 
stability and buckling, as we shall see in Chapter 7 (compare Truesdell and Noll 
[1965], p. 275). Antman [1973a] has shown t\1at strong ellipticity is compatible 
with the necking of bars in tension. Ericksen [1975] has suggested that strong 
ellipticity may fail when "phase transitions" occur. Potentially, this is a deep 
remark, but its implications are not well understood at present. In their studies 
of plane strain and crack propagation, Knowles and Sternberg [1977], [1978] 
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have encountered situations in which strong ellipticity fails. Thus, while stron! 
eHipticity holds over wide ranges-including buckling-and is physicaHy rathel 
compelling, it is not necessarily universal. 

Polyconvexity Perhaps it is not an accident that what has turned out to b~ 
the most basic inequality for the existence theory of linear elasticity (the strong 
eHipticity condition) also has the most convincing physical basis (reality of wave 
speeds and the Baker-Ericksen inequalities). Motivated by such a situation, it 
seems wise to pay attention to conditions that arise in nonlinear existence theory. 

Local existence and uniqueness theorems in nonlinear elastostatics-Iooking 
for solutions near a given one for perturbed boundary conditions, forces, or 
constitutive functions (Stoppel1i [1954])-and elastodynamics-solutions of 
the initial value problem for short time (Hughes, Kato, and Marsden [1977])
are based on strong ellipticity. However, no global theorems that are based on 
strong eHipticity as the main constitutive assumption are known. 

The earliest global existence theory for elastostatics (for example, see Beju 
[1971]) was based on convexity of the stored energy function. As we have seen, 
such a convexity hypothesis is unreasonable. Using the notion of quasi-convexity 
due to Morrey [1952], BaH [1977b] proved global existence theorems for elasto-

Table 5.1 Some Constitutive Inequalities 

Could be violated 
Inequality Implies Implied by when 

Baker-Ericksen "stress increases strong phase transitions 
(BE)! and (BEh with strain" ellipticity occur(?) 

(S£) 
strict convexity (M) and (SE) Coleman-NoIl buckling or large 

of <I> (SC<I» inequality deformations 
(CN) occur 

strict convexity (SC<I» and uniqueness ? nonuniqueness of 
ofW of solutions in solutions holds or 

elastostatics material frame in-
difference is 
demanded 

Coleman-Noll (SC<I», (M), and Coleman's large deformations 
inequality (CN) (SE) hypotheses occur 

on work 
strong (BE) reality of wave phase transitions 

ellipticity speeds occur(?) 
polyconvexity existence of solutions ? ? 

(P) in eJastostatics and 
(SE) 
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statics. His main requirement was that the stored energy function W be 
po[yconvex-that is, that there be a convex function g with arguments F, adj F 
(the matrix of cofactors of F) and det F such that 

W(F) = g(F, adj E, det F). (P) 

The existence theorem also requires certain growth conditions on g (discussed 
in Section 6.4). The case where W is given by W(F) = h(det F) for h a convex 
function (see Section 3), shows that polyconvexity of W does not imply convexity 
of W. Polyconvexity holds for materials with a stored energy function of the 
Mooney-Rivlin type (Ball [I977aJ, Section 6). While strict polyconvexity does 
imply strong ellipticity, its physical meaning is not well understood. Some of 
this theory is presented in Section 6.4. The situation is summarized in Table 5.1 
and Figure 5.3. 

Strict convexity 
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but large deformations 

Strict 
poly convexity 

Strong ellipticity 

Baker-Ericksen inequalities 

I Valid for large deformations, I 
but may fail for phase transitions 

Figure 5.3 

6 THE ROLE OF GEOMETRY AND FUNCTIONAL ANALYSIS 

These two large branches of mathematics will be applied to the theory of 
elasticity in this book. This section is devoted to explaining how and where they 
are applied to give the reader perspective and motivation, and also to avoid 
disappointments. They are very useful subjects, but the reader must be warned 
that both take major efforts to master. It is wise to examine the possible benefits 
to see if this effort is relevant to one's needs. 

Several examples of how geometric concepts are used in elasticity are dis
cussed first. Perhaps the most obvious one is in rod and shell theory. Since a 
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rod or shell is usually represented by a curve or a surface in [R3-that is, a one
or two-dimensional manifold in [R3-geometric concepts such as the curvature 
of a curve or surface enter in a fundamental way. For example, the work done in 
bending a flexible rod is, according to the classical theory of Bernoulli and 
Euler, proportional to the integral of the square of the curvature along the rod. 
As another example, we can ask what is the analog for shells of the equation of 
continuity derived in Section 2, namely, Dp/Dt + p div v = O. Let the velocity 
of the shell be decomposed into tangential VII and normal components Vnn 

(where n is the unit normal to the shell). Then the correct equation for conser
vation of mass is 

Dp -. 
Dt + p dlV VII + pVnK = 0 

where K is the mean curvature of the shell and div is the divergence operator on 
the shell. This relationship is proved in Box 5.1, Chapter 1. Although rod and 
shell theories are not discussed in any detail in this book, this example shows 
that a clear understanding of differential geometry is crucial for understanding 
this area of continuum mechanics. The standard references for rod and shell 
theory are Antman [1972a] and Naghdi [1972]. 

The important concept of the Lie derivative occurs throughout elasticity 
theory in computations such as stress rates. Nowadays such things are well 
known to many workers in elasticity, but it was not so long ago that the Lie 
derivative was first recognized to be relevant to elasticity (two early references 
are Kondo [1955] and Guo Zhong-Heng [1963]). [See Box 6.1, Chapter 1 for a 
discussion of objective rates and Box 3.1, Chapter 3 for an application to the 
Duhamel-Neumann hypothesis of constitutive theory.] Numerous other appli
cations of this and related concepts are given throughout Chapters 1-3. 

A third example of how geometry has been used in the book is in under
standing concepts of "covariance" and "invariance." These are related to Nolls' 
work theorem, the Green-Rivlin-Naghdi energy theorem, material frame 
indifference, framings, inertial frames, spacetime slicings, principles of general 
covariance for relativistic elasticity, and so on. We found much of the literature 
on these topics aesthetically unsatisfactory. The use of geometry in attempting 
to isolate the basic principles that are covariant-that is, that make intrinsic 
tensorial sense independent of a preferred coordinate system-automatically 
clears up several basic issues. For example, balance of linear momentum does 
not make tensorial sense as it stands. However, one can make covariant sense 
out of balance of energy principles with no reference to rigid body motions. 
That is, the Noll and Green-Rivlin-Naghdi programs can be done covariantly, 
although this is not obvious given the existing literature. It is doubtful that we 
could have seen this without the aid of abstract geometry. These topics are 
discussed in Boxes 4.1 (Chapter 1), 3.1, 3.2, and 3.3 (Chapter 2), and in Section 
3.3. 
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Finally, we mention a fourth use of geometry discussed in Chapter 5. That 
chapter is devoted to the variational or Hamiltonian structure of elasticity. We 
show in a precise sense that nonlinear elastodynamics is a Hamiltonian system. 
Here abstract geometric thinking makes this rather transparent. Furthermore, 
conservation laws can all be obtained by the straightforward application of well 
established conservation principles (symmetry and Noether theorems). In the 
literature, these were discovered essentially by ad hoc methods. For complex 
continua (such as director theories), it is important to have a systematic method. 
The general theory of Hamiltonian systems is one way to help in this endeavor. 

Functional analysis needed in the book is developed in Section 6.1 and 6.2. 
The uses of analysis start with the obvious one: existence and uniqueness 
theorems. Existence theorems play an important role in obtaining satisfactory 
numerical algorithms (see for example Oden and Reddy [1976a] and Chorin et 
al. [1978]). Another example is Ball's work which has led to a deeper appreciation 
of constitutive inequalities (see Section 5 above and Section 6.4). 

Functional analysis also contributes to linear elasticity. For example, the 
use of semi group theory in linear elastodynamics clarifies notions of "well
posedness" and "dynamic stability." Indeed, it allows one to improve the known 
theorems in the subject (see Section 6.3). 

In bifurcation theory (Chapter 7), functional analysis and geometry are 
used together. Functional analysis is used to analyze solvability, nonuniqueness, 
and stability questions, while geometry and topology are used to count the 
number of solutions (using, for example, degree theory) and give us devices 
that reveal when enough imperfection parameters have been included (using, for 
example, singularity theory). Anyone who wishes to follow the mainstream of 
current research in bifurcation theory and its applications to elasticity must be 
literate, or better fluent, in both geometry and functional analysis. 

Geometry and functional analysis go together very well. Their blending is 
often called "nonlinear "analysis" or "global analysis." It is our conviction that 
in future years these subjects will become basic tools for many researchers in 
elasticity. This is why we have used them in this book. 




