
CHAPTER 

LINEARIZATION 

The process of linearization provides a key link between the linear and nonlinear 
theories of elasticity. After reviewing some differential calculus in Banach 
spaces in Section 4.1, we linearize the equations of nonlinear elasticity in Section 
4.2. The procedure is systematic and applies to nonlinear theories in general. 
The linear theory can also be developed on a separate footing, as in Gurtin 
[1972a]. 

Often, linearization of the equations of continuum mechanics is done in 
Euclidean coordinates and then, at the end, partial derivatives are replaced by 
covariant derivatives. This is unsatisfactory. Surprisingly, it is not entirely 
trivial to give a covariant linearization procedure. One of our first goals is to do 
so. 

Using the implicit function theorem proved in Section 4.1, we shall sketch in 
Section 4.2 how this can be used to establish local existence and uniqueness 
theorems in elastostatics. This will be detailed in Chapter 6. 

The final section discusses in general terms when linearization is "valid." 
This will be applied in Section 7-3 to the traction problem in elastostatics; the 
linearization instabilities here go back to Signorini in the 1930s. It has recently 
been discovered that linearization instabilities occur rather generally at sym
metric solutions of classical field theories. (See, for example, Arms, Marsden, 
and Moncrief [1981], and references therein.) 

4.1 THE IMPLICIT FUNCTION THEOREM 

In Box 1.1 of Chapter 3, the Frechet derivative ofa map between Banach spaces 
is defined and some of the basic properties are discussed. That box should be 
either reviewed or, if it was omitted, studied at this point. 

226 
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Let us begin here with the concept of the linearization of a given set of 
equations written abstractly as 

f(x) = 0, 

wheref: 'l1. c X ---> ry is a given map. If we write x = Xo + v, where Xo is fixed 
and expand f(xo + v) in a Taylor series, the first two terms are just f(xo) 
+ Df(xo)·v. 

1.1 Definition Let X and ry be Banach spaces and let 'l1. c X be open. Let 
f: 'l1. ---> ry be a C 1 map and let Xo E 'l1. (not necessarily satisfying f(xo) = 0). 
The linearization of the equations f(x) = 0 about Xo are the equations 

Lx.(v) = 0, 

where 

If Lx.(v) = 0, then Xo + fV satisfies f(xo + fV) = 0 to first order in f. This 
is not the same as saying that, to first order, Xo + fV is a solution of f(x) = O. 
For example, consider a function that arises in bifurcation theory-see Section 
7.1. Letf: [R2 ---> [R be defined by f(x, A) = x 3 - AX. The solution set f(x, A) 
= 0 is the "pitchfork" consisting of the line X = 0 and the parabola A = x 2 • 

Consider the solution (0,0) and let v = (h, k). Then since (a flax) = (aflaA) 
= 0 at (0, 0), any (h, k) gives a solution to the linearized equations. However 
fV does not approximate a solution to f(x, A) = 0 unless h = 0 or k = O. The 
distinction is important and is discussed in Section 4.4. 

A basic result that relates linearized and nonlinear theories is the implicit 
function theorem. It will be a basic tool in Chapter 6, so we give a complete 
proof of it here. We begin with the inverse mapping theorem. 

1.2 Theorem (Inverse Mapping Theorem) Let f: 'll c X ---> ry be of class C' 
(r > 1), Xo E 'U, and suppose Df(xo) is a linear isomorphism. Then f is a C' 
diffeomorphism of some neighborhood of Xo onto some neighborhood of f(x o). 

It is essential to have Banach spaces in this result rather than more general 
spaces such as topological vector spaces or Frechet spaces. The following prob
lem shows the failure of Theorem 1.2 in Frechet spaces. 

Problem 1.1 (M. McCracken). Let X(A) denote the set of all analytic 
functions on the unit disk with the topology of uniform convergence on 
compact subsets. Let F: X(A) ---> X(A) be defined by 

~ ~ 

L anz' ~ L a;z'. 
n=O n=O 

Show that F is C~ and 

DF( ~ anZn). (~ bnz') = ~ 2a.bnz' 

(see Box 1.1, Chapter 3). If ao = 0 and an = lin (n > 1), then prove that 
DF(Li zn/n) is a bounded, linear isomorphism. Since 
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(
Z2 Zk-l Zk Zk+l ) (~Zn) 

FZ+ 2 +"'+ k - 1-7(+k+1+'" =F,{;ln' 

deduce that F is not locally one-to-one. (Consult Schwartz [1967] for more 
sophisticated versions of the inverse function theorem valid in Frechet 
spaces.) 

Relevant to the hypotheses of Theorem 1.2 is the open mapping theorem: if 
T: a:: --> 'Y is a bijective and continuous linear mapping, then T-l is continuous. 
(For the proof, see Choquet [1969], p. 322), although this theorem is not 
essential in what follows. 

Proof of Theorem 1.2 We begin by assembling a few standard lemmas; 

1.3 Lemma Let;m be a complete metric space with distance function d: 
;m X ;m -> IR. Let F: ;m ----> ;m and assume there is a constant ;. (0 < ;. < 1) 
such that for all x, y E ;m, 

d(F(x), F(y)) < U(x, y). 

Then F has a unique fixed point Xo E ;m; that is, F(xo) = Xo' 

This result (1.3) is usually called the contraction mapping principle and is the 
basis of many important existence theorems in analysis. [The other fundamental 
fixed-point theorem in analysis is the Schauder fixed-point theorem, which 
states that a continuous map of a compact convex set (in a Banach space, say) 
to itself, has a fixed point-not necessarily unique, however.] 

The proof of Lemma 1.3 is as follows. Pick Xl E ;m and define Xn inductively 
by Xn+l = F(xn}. By induction we clearly have 

d(xn+1> xn) < ;'n-l d(F(x 1), Xl) 

and so 

Thus Xn is a Cauchy sequence. Since F is obviously uniformly continuous, 
Xo = limn~~ Xn = limn~~ Xn+l = limn~~ F(xn) = F(xo). Since;' < 1 it follows 
that F has at most one fixed point. I 

1.4 Lemma Let GL(a::, 'Y) denote the set of linear isomorphisms from a:: onto 
'Y. Then GL(a::, 'Y) c CB(a::, 'Y) is open. 

Proof Let 
II rx II = sup II rx(x) II 

xEOC 
IIxll=l 

be the norm on CB(a::, 'Y), the space of all bounded operators from a:: to 'Y. 
We can assume a:: = 'Y. Indeed if 4>0 E GL(a::, 'Y), the map If! ~ 4>(jlolf! from 

CB(a::, 'Y) to CB(a::, a::) is continuous and GL(a::, 'Y) is the inverse image of GL(a::, a::). 
For 4> E GL(a::, a::), we shall prove that any If! sufficiently near 4> is also 

invertible, which will give the result. More precisely, 111f!- 4>11 < 114>- 1 11- 1 

implies If! E GL(a::, a::). The key is that II • II is an algebra norm. That is, II porx II 
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< liP 1111 (/. II for (/., P E (R(X, X). Since IfI = tP°(J - tP- 1 o(tP - 1fI», tP is inverti
ble, and our norm assumption shows that II tP-lo(tP - 1fI) II < 1, it is sufficient to 
show that 1- e is invertible whenever II e II < 1. (/ is the identity operator.) 
Consider the following sequence (called the Neumann series): 

eo = / 

el = / + e 
ez = / + e + eoe 

en = / + e + eoe + ... + (eoeo ... oe). 
Using the triangle inequality and the norm inequality II po(/. II < II P 1111 (/. II, we 
can compare this sequence with the sequence of real numbers, 1,1 + Ilell, 
1 + II e II + /I e w, ... , which we know is a Cauchy sequence since /I e /I < 1. 
Because (R(X, X) is complete, en must converge. The limit, say p, is the inverse of 
/ - e. Indeed (/ - e)en = / - (eoeo ... oe) ----> I as n ----> 00, so the result 
follows. I 

1.5 Lemma Let d: GL(X, 'Y) ----> GL('Y, X), tP ~ tP- l . Then d is of class C= 
and Dd(tP)"1fI = -tP-llfltP- l . 

Proof We may assume GL(X, 'Y) =F 0. If we can show that Dd(tP)'1fI 
= -tP-lotPotP- l , then it will follow from Leibniz' rule that d is of class C=. 
Since IfI ~ -tP-llfltP- 1 is linear, we must show that 

. 1I1fI-1 - (tP-llfltP- 1 + tP-ltPtP-I)/i _ 
~~ /I(IfI- tPll - O. 

Note that 

1fI- 1 - (tP- 1 - tP-llfltP- 1 + tP-ltPtP- l) = 1fI- 1 - 2tP- 1 + tP-llfltP- 1 

= 1fI-1(1fI - tP)tP-I(1fI - tP)tP- 1 " 

Again, using II pOOG II < II OG /III P II for (/. E (R(X, 'Y) and P E (R('Y, Z), 

1/1fI- 1(1fI- tP)tP-I(IfI- tP)tP-11i <1I1fI-11i1l1fI- tPWIl tP-IW· 

With this inequality, the preceding limit is clearly zero. I 

To prove Theorem 1.2 it is useful to note that it is enough to prove it under 
the simplifying assumptions that Xo = 0, f(xo) = 0, X = 'Y, and Df(O) is the 
identity. (Indeed, replace f by hex) = Df(xo)-Io[f(x + x o) - f(xo)].) 

Now let g(x) = x - f(x) so Dg(O) = O. Choose r > 0 such that II x II s: r 
implies /I Dg(x) II < -!-. which is possible by continuity of Dg. Thus by the mean 
value inequality, II x II < r implies II g(x) II < r/2. Let ffi,(O) = [x E X III x /I < E} 
the closed ball of radius E. For Y E CB,/z(O), let gy{x) = y + x - f(x). By the 
mean value inequality, if 

y E CB,/z(O) and XI' Xz E CB,(O), 
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then 

(a) II gy(x) II < Ilyli + II g(x) II < rand 
(b) II gy{x l ) - gy{x2) II < til XI - x211· 

CH. 4 

Thus by Lemma 1.3, gy{x) has a unique fixed point X in CBr(O). This point X is 
the unique solution of f(x) = Y, Thusfhas an inverse 

f- I : '0 0 = CBr/2(O) ----> 'lto = f-I(CBrllO» c CBr(O). 

From (b) above, II f-I(YI) - f- I(Y2) II < 211YI - Y2 II, so f- I is continuous. 
From Lemma 1.4 we can choose r small enough so that Df(x)-I will exist for 

x E CBr(O). Moreover, by continuity, II Df(x)-I II < M for some M and all 
x E CBr(O) can be assumed as well. If YI' Y2 E CBrI2(0), XI = f-I(YI), and X2 
= f- I (Y2), then 

Ilf-I(YI) - f- I(Y2) - Df(X2)-I(YI - Y2)11 

= IIxI - X2 - Df(X2)-I[f(x l ) -f(X2)] II 
= II Df(X2)-I{Df(x2),(x I - x 2) - f(x l ) - f(X2)} II 
< Mllf(x l ) - f(x 2) - Df(x2)(x I - x 2) II· 

This, together with (b) above, shows that (-I is differentiable with derivative 
Df(x)-I atf(x). By continuity of inversion (Lemma l.5) we see thatf-l is CI, 
Also from Lemma 1.5 and Df-I(y) = [Df(f-I(y»]-I, we see that iffis C2, then 
Df- I is C I so f- I is C2. The general case follows by induction. I 

In the study of manifolds and submanifolds, the argument used in the 
following is of central importance. 

1.6 Theorem (Implicit Function Theorem) Let 'It c X, '0 c 11 be open and 
l" 'It x '0 ---> Z be Cr (r > 1). Given Xo E 'It, and Yo E '0, assume Dd(xo' Yo): 
11 ---> Z is an isomorphism. Then there are neighborhoods 'lto of x o, '0 0 of Yo and 
Wo off(xo,Yo) and a unique Cr mapg: 91. 0 X Wo ---> '0 0 such thatforal/(x, w) 
E 'lto X W o' 

f(x, g(x, w» = w. 

Proof Consider the map <I>: 'It x '0 ---> X x Z, (x, y) ~ (x, f(x, y». Then 
D<I>(xo' Yo) is given by 

D<I>(xo,Yo)'(Xl>YI) = , . (I 0 )(Xl) 
Dt!(xo, Yo) Dd(xo,Yo) YI 

which is easily seen to be an isomorphism of X X 11 with X X Z. Thus <I> has a 
unique cr local inverse, say <I>-I: 'lto X W 0 ---> 'lto X '00, (x, w) ~ (x, g(x, w». 
The g so defined is the desired map. I 

In particular, setting w = 0, this theorem implies thatf(x, y) = 0 is solvable 
for Y as a function of x if D2 f(xo, Yo) is an isomorphism. 
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If a: is a Banach space and a:1 c a: is a closed subspace, then a:1 is said to 
split or be complemented when there is a closed subspace a:2 such that a: = a: 1 

EB a:2 • If a: is a Hilbert space, we can choose a:2 = a:t. We shall see in Chapter 
6 that such decompositions of a: are naturally associated with elliptic operators. 

1.7 Corollary Let 'lL c a: be open and f' 'lL --> 'Y be C' (r > 1). Suppose 
Df(xo) is surjective andker Df(xo) is complemented. Thenf('lL) contains a neigh. 
borhood of f(XO).1 

Proof Let a: 1 = ker Df(xo) and a: = a: 1 EB a:2 • Then Dd(xo): a:2 --> 'Y 
is an isomorphism. Thus the hypotheses of Theorem 1.6 are satisfied and so 
fe'lL) contains wo prov~ded by that theorem. I 

We conclude with an example of the use of the implicit function theorem to 
prove an existence theorem for differential equations. For this and related 
examples we choose the spaces to be infinite dimensional. In fact, a:, 'Y, Z, ... 
will usually be spaces of functions and the map f will often be a nonlinear 
differential operator. 

1.8 Example Let a: = all C I functions f: [0, 1] --> IR with the norm 

II fill = sup I f(x) I + sup I dfd(x) I 
xE(O,I] xE(O,I] X 

and 'Y = all Co functions with II f 110 = SUPXE(O,Il I f(x)!. These are Banach 
spaces. Let F: a: --> 'Y, F(f) = dfldx + f3. It is easy to check (see Box 1.I, 
Chapter 3) that F is COO and DF(O) = d/dx: a: --> 'Y. Clearly DF(O) is surjective 
(by the fundamental theorem of calculus). Also, ker D F(O) = a: I = all constant 
functions. This is complemented because it is finite dimensional; explicitly, a 
complement consists of functions with zero integral. Thus Corollary 1.7 yields 
the following statement: 

There is an E > 0 such that if g is any continuous function, g: [0, 1] --> IR, 
I g(x) I < E, there is a C I function f: [0, 1] --> IR such that 

f'x + f3(X) = g(x). 

The ro-Iemma discussed in Box 1.1, Chapter 3 shows how to differentiate 
the basic operators that occur in nonlinear elasticity. This is sufficient for this 
chapter if one is willing to stick to Euclidean coordinates and then "handwave" 
while passing to general coordinates. In order to deal with linearization 
covariantly the following set-up is useful: 2 

I Actually, the hypothesis that ker Df(xo) split is not needed for the validity of 1.7. The idea 
is to work with the quotient space ~/ker Df(xo) on which Df(xo} induces an isomorphism. See 
Lusternik and Sobolev [1974], §8.8, and Luenberger [1969], §9.2. 

2What follows is optional; those skipping it should restrict the results of the next section 
to Euclidean coordinates. 
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1.9 Notation and Definition Suppose e is a manifold, possibly infinite 
dimensional. Let n: S -> e be a vector bundle over e and let f: e -> S be a 
section of this bundle. Assume that S has a connection so that the covariant 
derivative off at each point cP E e, 

Vf(cp): T",e -> S'" = n-I(cp), 

is defined. If ~t denotes parallel translation of elements of S"'(O to S'" along a 
curve cp(t) tangent to Vat cp, then 

just as in Riemannian geometry (see Section 1.4). 
The linearization of the equationsf(cp) = ° at a point CPo E e are the equations 

L",.(V) = 0, 

where L",.(V) = f(cpo) + Vf(CPo)· Vand V E T",.e. 
[If f(cpo) = 0, then Vf(CPo) is independent of the connection and equals 

Df(cpo) in charts.] 

In elasticity, S'" will be chosen to be a space of tensors or two-point tensors 
over the configuration cp, and parallel translation of them will be defined by 
pointwise parallel translation defined in Section 1.4. 

Box 1.1 Summary of Important Formulasfor Section 4.1 

Linearization 
Iff is a mapping between linear spaces, the linearization of f(x) = ° 

at Xo is Lx.(u) = 0, where Lx.(u) = f(xo) + Df(xo)·u. Iffis a mapping 
from a manifold to a vector bundle, replace Df(xo) by a covariant 
derivative. 

Inverse Mapping Theorem 
If f(x) is CI and Df(xo) is an isomorphism, f(x) = y is locally 

uniquely solvable for x near Xo as a CI function of y near Yo = f(xo). 

Implicit Function Theorem 
If f(x, y) is C I, f(xo, Yo) = 0 and Dd(xo, Yo) is an isomorphism, 

thenf(x, y) = 0 is solvable for y as a CI function of x near (xo, Yo). 

4.2 LINEARIZATION OF NONLINEAR ELASTICITY 

We now apply the ideas of the previous section to the equations of nonlinear 
elasticity. We shall use the set-up of 1.9 (or that of 1.1 if you wish to restrict to 
Euclidean structures at first). 
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2.1 Notation Let e denote the set of all regular Ck configurations ¢: 
CB -> S (impose boundary conditions of place if there are any). If there are 
no displacement boundary conditions and if S = [Rn, then we can use the 
Euclidean structure to regard e as an open set in the Banach space ~ of all Ck 
maps of CB to [Rn. Even for general S, one can show that e is a C= infinite
dimensional manifold. (See Palais [1968], Ebin and Marsden [1970], and 
references therein.) A tangent vector to e at ¢> E e is the tangent to a curve 
¢, E e with ¢o = ¢>-that is, to a motion. Thus, from Section 1.2, (see also 
Box 4.2, Chapter 2) a tangent vector to e at ¢> is a vector field U covering ¢>, 
zero on any portion of the boundary where displacement boundary conditions 
are imposed (see Figure 4.2.1). Sometimes U is spoken of as an infinitestimal 
deformation imposed on the finite deformation ¢>, or as a variation of the con
figuration and one writes U = o¢>. 

Welded 

Figure 4.2.1 

We shall build up the linearized equations in several steps. First, consider the 
association ¢ ~ F = T¢. Here we let 8 be the vector bundle over e whose 
fiber at ¢> consists of all Ck-l maps F: TCB -> TS that cover ¢>. Thus 8 is the space 
of sections of the bundle TCB (8) T*S. There is a natural notion of parallel trans
lation on ¢ obtained by pointwise parallel translation of two-point tensors F 
over curves in S-see 4.28 of Chapter 1. (In Euclidean space this operation is 
just ordinary translation.) 

2.2 Proposition The linearization of the map f' ¢ ~ F = T¢ at ¢> is given by 

L(¢>, U) = p + VU, 

where P = T¢>. In coordinates, 

(VU)a Ua a UCFob + au
a 

A = IA = )'bc A aXA' 

which is the covariant derivative of U. 
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Proof By definition, 
° j, d 

L(cp, U) = r + dt <x,.F, 1,-0 

where CPo = ~, <x, denotes parallel translation, F, = Tcp" and cp, is tangent to U 
at t = O. At X E <B, <X,.F/X) is, by definition of <x" the parallel transport in g 
of F,(X) from cp,(X), along the curve t ~ cp,(X), to CPo (X), that is, for WE Tx<B, 
(<x,.F,)(X). W is the parallel transport in g of the vectors F,(X). W E Tpt(x)g 
along the curve c(t) = cp,(X) E g. In coordinate charts we use the formula 

it (<X,)"b 1,=0 = "I"cb UC 

from Section 1.4. See Figure 4.2.2. Thus 

it (<X,.F,)QA(X) 1,=0 = "IQcbUCFbA + :r(~~~) 1'=0 

- Q ijcFob + aUQ - VQ 
- "I cb A aXA - IA· 

s 
Figure 4.2.2 

I 

2.3 Proposition The linearized equations at ~ for the map if> ~ J = Jacobian 
ofcp are 

L(~, V) =] + ][(div v)o~], 

where] is the Jacobian of~ and v = Vo~-I. 
Proof Since the scalars over maps form a linear space, the definition gives 

° ] d L(cp, V) = + d/(CP,) 1,=0, 

where Vis tangent to cp, at t = O. From 5.4, Chapter 1, this is] + ][(div v)o~], 
where v is the corresponding spatial velocity. I 
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2.4 Theorem Let e denote the space of all Ck regular configurations if>; 
<B -> S, let 8 denote the bundle of Ck-l two-point tensors F over e as above, and 
let P map two-point tensors F pointwise to two-point tensors P(F) (perhaps of a 
different rank) and be C' (r > k). Let ff" denote a bundle ofCk-l two-point tensor 
fields over e containing the range of P and let 

f" e -> ff", if> ~ PoF (where F = Tif». 

Then f is C' and the linearized equations of J(if» = 0 at ~ are 

• P aP 
L(c/J, V) = + aF o V V, 

where P = PcP), and so on. 

This theorem is a covariant reformulation of the co-lemma given in Box 1.1, 
Chapter 3. It is proved by combining the argument given there with that for the 
linearization of the map f: c/J ~ Tif> = F given above; we omit the details. 

We now apply this result when P is the first Piola-Kirchhoff stress tensor 
(with a given constitutive dependence on F assumed). Then we get 

L(~, V) =P + AoVV, 

where, from Section 3.3, 

aP 
A= aF' that is, 

is the elasticity tensor evaluated at ~. Also note that 

(A. V v)aA = AaA/VbIB • 

2.5 Example The nonlinear equations of elastostatics are 

DIV P + PRofB = O. 

The corresponding equations linearized at a configuration ~ with B given3 are 

DIV P + PROfh + DIV(A.vV) = 0, 

that is, DIV[P + (S0~ + 2C.P.P.g.VV] + PRofh = o. 

From the Piola identity, DIV(A. V V) = J div(a· Vv)o~, so the linearized equa
tions may be written in spatial coordinates as 

3Strictly speaking, B "given" requires S to be a linear space to make sense, and similarly for 
"prescribed" tractions 1: on aB. Given B or 1: as functions of X is usually called dead loading 
(see Section 3.3). If h = Bot/J is regarded as given, then the extra term Vb· V must be added to 
the linearized equations. 
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pb + div(a + a· Vv) = 0, 

that is, ph + div(a + [aQ90 + c·g-]·Vv) = O. 

(The componential forms of A and a are given in Box 4.1 of Chapter 3.) If ¢ 
is a stress-free state, that is, a = 0, then these reduce to the equations of 
classical linear elastostatics: 

pb + div(c. Ve) = 0, 

where eed = ±(t'eld + Vdle) = ±.cvg, in view of the symmetries of c. 

Problem 2.1 Show that the linearization of the symmetry PAPAb = PAPAa 
(balance of moment of momentum) gives symmetry of J[a. Vv + a· Vv]. 

If we consider the space of motions in place of the space of configurations, 
we can derive in the same way the linearization of the equations of motion. 

2.6 Theorem The linearization of the equations of motion 

PRefA = DIV P + PRefB 

at a motion ¢t are 

PRelA + (j -B) = DlV(P + A. V U), 

where U is a vector field over the motion ept. 
In spatial coordinates, these read 

I p(a + ii - h) = div(a + a.VU)./ 

The terms -PRefA + PRefB + DIV P, which measure how close ¢t is to an 
actual solution, are called the out-of-balance forces. They arise naturally when
ever a nonlinear problem is solved by iteration on a linearized problem. 

The boundary conditions can be linearized by following the same procedures. 
We can state the results as follows: 

2.7 Proposition The linearization of the boundary condition of place, namely, 
ep = epd given on aCB at a configuration ¢, is 

L(¢, U) = ¢ - epd + U = ° on aCB. 
(For this to make sense, we assume S = [Rn.) 

The linearization of the boundary condition of traction, namely, <P, N) = 1: 

given on aCB, is 

<A.vu, N) = 1: - <p, N) on aCB. 
Here, as usual, U is a vector field over ¢. 
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Similarly, the linearization of the initial conditions (ifJo = d given and Va 
= V given) yields the conditions 

~o - d+ Uo =0 and Vo - V+ UO =0. 

The process oflinearization is subject to a number of variations. For example, 
suppose we consider the loads (B,t) as variables in addition to the motion ifJ. 
Then the linearized equations involve the infinitesimal deformation U = ~ifJ and 
load increments B* = ~B and t* = ~t. As above, we get the following. 

2.8 Proposition The material form of the equations of elastodynamics 
linearized around a solution ~,D, t with incremental deformation U = ~ifJ and 
incremental loads B* = oB and t* = Ot are 

PRer(A. - D + tJ- B*) = DIV(P + A.VU) in <B, 

<A·VU, N) = t - <P, N) + t* on a<B. 
If(~, D, t) is a solution, these become 

PRer( (j - B*) = DIV(A. V U) in <B, 

<A. V U, N) = t* on a<B. 

Box 2.1 Summary 0/ Important Formulas/or Section 4.2 

Linearization of the map P(F) at ~ 
P(F) + A· V V paA + AaA/VbIB 

Linearized Equations of Elastostatics: DIV P + herB = 0 
Materially: 

DIV I' + PRerD + DIv(A. V V) paA IA + PRefsa + (AaA/VbIB)IA 
=0 =0 

Spatially: 
div c1 + jJh + div(a. Vv) = 0 aablb + jJba + (aacbdvbld)lc = 0 

Classical Linear Elastostatics (~ stress free) 
ph + div(c. Vv) = 0 pba + (cabcdecd)lb = 0 

Linearized Equations of Elastodynamics: PRerA = DIV P + PRerB 
Materially: 

PRer(A. + (j - /J) 
= DIV(P + A.VU) 

or, with incremental load B*, 
PRecCA + (j - iJ - B*) 

= DIV(P + A.VU) 

PRer(Aa + Oa - iJa) 
= (paA + AaA/UbIB)IA 

PRer(Aa + Oa - iJa - B*a) 
= (paA + AaA/UbIB)IA 
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Spatially: 
p(a + ii - h) p(da + ita _ ba) 

= div(c'J + a.Vu) = (uab + aabcduc1d)lb 

Linearized Boundary Conditions 
Place: ¢ = ¢d given on affi: ¢ - ¢d + U = 0 
Traction: <P, N) = l' given on affi: 

<A. V U, N) AaAbBUblBNA 

;= -t - <1', N) on affi = fa - paANA on affi 

or, with incremental traction t* : 

<A.VU,N) AaAbBUblBNA 

= -t - <1', N) + t* on a<B = fa - paANA + 't'*a on a<B 

4.3 LINEAR ELASTICITY 

CH. , 

The previous section derived the linearized equations of elasticity from the 
nonlinear ones. In this section we shall make a few remarks on the linear theory 
itself. In Chapter 6 further results are given in connection with the basic existence 
and uniqueness theorems for linear elasticity. Other than these topics, our dis
cussions are not intended to be complete; the reader interested in further details 
of the theory should consult Gurtin [I 972a]. In particular, this reference develops 
the theory on its own footing by way of linearity hypotheses and balance laws 
rather than as the linearization of the nonlinear theory. 

Let us begin by summarizing what we found in the previous section; we 
simplify things slightly by linearizing about a given stress-free, underformed state 
(also called a natural state). 

3.1 Equations of Linear (Classical) Elasticity Let ffi be open in S. The 
equations for a vector field u(x, t) representing an infinitesimal displacement of 
ffi are: 

I pii = ph + div(c. Vu), I 
where p(x) is the mass density, h is an (external) body force field, and c(x) is 
a given fourth-order tensor field (the elasticity tensor) on ffi with the symmetries 

I Cabcd = Cbacd = Cabdc = ccdab. 

(For linear elastostatics, drop the ii term.) 

3.2 Boundary Conditions of Linear (Classical) Elasticity 

(1) Displacement: u = don affi. 
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(ii) Traction: (co Vu)on = 1: on a<B. 
(iii) Mixed: (i) and (ii) hold on disjoint portions ad and aT of a<B. 

In coordinates the equations of motion read 

piia = pba -+- (cabedueld)lb 

and the traction boundary conditions read cabedueldnb = 'ra. 
The following consequence of the divergence theorem is the linearized version 

of Proposition 4.13 in Chapter 3. 

3.3 Proposition Suppose u satisfies the equations of classical elastostatics 
with traction boundary conditions. Then 

f t dA -+- r ph dV = O. 
aOl JOl 

Next we define the stress and strain tensors for the linear theory. 

3.4 Definition The strain tensor is defined bye = -!-.e.g; that is, 

eab = -!-(Ualb -+- Ubi.)' 

The stress tensor is s = co Vu; that is, sab = c·bedueld' 

The strain tensor is the linearization of the Lagrangian strain tensor 

E = tee - G). 

Note that s is symmetric, S·b = sba, and that, by the symmetries of c, 

s = coe. 

The fact that s depends on u only through e is the infinitesimal version of 
material frame indifference. 

3.5 Proposition Let the elastic stored energy function be defined by 

Then 

and 

aE 
s = ae' 

a2E 
c = aeae' 

th t · ob aE 
a IS, s = -a ' e.b 

This is a straightforward verification. Note that the existence of a stored 
energy function is equivalent to the symmetry cobed = cedab. 

It is perhaps reasonable to suppose that E > 0 when e =1= O. This corresponds 
to the necessity of work being done to deform <B from its natural state. 

3.6 Definition We say that the elasticity tensor c is pointwise stable if e =1= 0 
implies E > 0, for all symmetric two tensors eob' 
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In Chapter 6 on existence and uniqueness we shalI study conditions of this 
sort in detail. For now we merely show that it implies that elastic waves have 
real wave speeds-that is, the hyperbolicity of the equations. To explain this, we 
require the folIowing: 

3.7 Definition Assume the mass density p is a positive constant, and that 
S = 1R3 and c is a constant tensor (independent of x). By a plane progressive 
wave we mean a vector field u(x, t) on (B of the form 

u(x, t) = cx,¢>(x.k - ct), 

where cx" k are fixed vectors in 1R 3
, x denotes the vector from the origin to x, c 

is a positive real constant calIed the speed of propagation, and ¢> is a C2 map of IR 
to IR with somewhere nonvanishing second derivative. 

If pii = div(c. Vu) holds, we calI u an elastic plane progressive wave. 

Notice that pii = cx,c2¢>" (omitting the independent variables) and 

div(c· Vu) = div(c.[¢>'cx, ® k]) = ¢>"c.(k ® cx, ® k). 

In components, this calculation reads 

(cabcducld)lb = (Cabcd¢>' IXckd)lb = ¢>" cabcdkblXckd· 

Thus, for a plane progressive wave, pii = div(c. Vu) reads cx,c2¢>" = ¢>"c.(k 
® cx, ® k). This simple calculation proves the following result of Fresnel and 
Hadamard: 

3.8 Proposition A plane progressive wave is elastic if and only if 

The vector k represents the direction of propagation since for t constant, u 
is constant on the planes x·k - ct = constant, which are orthogonal to k. 
For each k the preceding equation is an eigenvalue equation for the polarization 
vector cx, with eigenvalue c2 , the square of the speed, and the matrix Aac = 

cabcdkbkd. 

The tensor A(k) just defined is real and symmetric, so has real eigenvalues. 
Thus, if alI possible wave speeds are to be real, A must have positive eigenvalues, 
so is positive-definite. This leads to the following strong ellipticity conditions of 
Legendre and Hadamard: 

3.9 Proposition The tensor c admits plane progressive elastic waves in all 
possible directions k if and only iffor all non-zero vectors k and cx" 

cabcdlXakblXckd > O. 

In this case c is called strongly elliptic. 

The relationship between 3.6 and 3.9 folIows. 
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3.10 Proposition If c is pointwise stable, then it is strongly elliptic. 

Proof Let e = t(~ @ k + k @ ~), that is, eab = t(OCakb + ocbka)' Stability 
implies that ~ = teocoe > O. Using symmetries of c, we get ~ = t{t(OCakb 
+ ocbka)' cabcdecd} = tOC.kbcabcdecd = tocakbcabcdocckd, so for this choice of e, ~ > 0 
is exactly the strong ellipticity condition. I 

As we shall see shortly, strong ellipticity does not imply pointwise stability. 
Further investigation of the relationship between these two conditions occurs 
in Chapter 6. It turns out that these conditions playa crucial role in the problem 
of solvability of the linearized equations. This in turn affects the solvability of 
the nonlinear problem by way of the inverse function theorem. 

Finally, we briefly discuss the case of isotropic linear elasticity. (For more 
general symmetry groups, consult Love [1927] and Gurtin [I972a].) 

3.11 Definition Let c be an elasticity tensor, and €(e) = teocoe the cor
responding energy function. We say that c is isotropic if, for all proper orthogonal 
linear transformations Q on 1R 3

, €(Q*e) = €(e), where (Q*e)ab = QCaecdQdb 
and QC a is the matrix of Q in a given coordinate system. 

The arguments presented in Section 3.5 can be used to prove the following: 

3.12 Proposition If c is isotropic and homogeneous (independent of x), then 
there are constants 2 and p, called the Lame moduli such that 

The corresponding stress is 

s~ = 2p,e + 2(tr e)g, 

and the components of the elasticity tensor care 

Problem 301 Give a direct proof of 3.12. 

Problem 3.2 Show that the mean stress is t tr s = k div 0, where k 
= (32 + 2p,)/3 is the modulus of compression. By consulting Gurtin [l972a] 
or other texts, give geometric interpretations of k, of Young's modulus 
E = p,(32 + 2p,)/(2 + p,) and of Poisson's ratio v = 2/2(p, + 2). 

3.13 Proposition Let c be an isotropic and homogeneous elasticity tensor 
with Lame moduli 2 and p,. Then: 

(i) c is pointwise stable if and only if p, > 0 and k = (32 + 2p,)/3 > 0; 
(ii) c is strongly elliptic if and only if p, > 0 and 2 + 2p, > O. 
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Proof Writing 

f = pe·e + ~(tr e)2 
2 

= p(e - t(tr e)g)·(e - t(tr e)g) + ~ (tr e)2, 

CH. 4 

we obtain (i) since e - t(tr e)g and tr e can be independently specified. Using 
3.12, write 

cabcdrtakbrtckd = prx,.rx,k.k + (l + p)(rx,.k)2 

= p(k 1. • k 1.)rx,. rx, + (l + 2p)(k. rx,)2 

where k1. = k - [(k.rx,)j(rx,.rx,)]rx, is the component of k orthogonal to rx,. Since 
k1. and k·rx, can be specified independently, we get (ii). I 

Thus we see that pointwise stability implies strong ellipticity, but not 
conversely. 

Problem 3.3 Show that an isotropic c is pointwise stable if and only if 
E > 0 and -1 < v < t and is strongly elliptic if and only if p > 0 and 
v < t or v > I. 

Problem 3.4 For an isotropic strongly elliptic c, show that there are two 
speeds of propagation of plane progressive elastic waves given by 

C 1 = ,J2P: land C2 = ,J ~ 
(c 2 is a double eigenvalue). 

Box 3.1 Summary of Important Formulasfor Section 4.3 

Equations of Motion for Classical Elasticity 
pii = pb + div(c. Vu) pua = pba + (cabCducld)lb 

Boundary Conditions 
Displacement: u = d given on aCB ua = da given on aCB 
Traction: s·n = 1: given on aCB Sabnb = fa given on aCB 
Strain Tensor 

e = t.eRg 
Stress Tensor 

s = c·Vu 
Stored Energy 

f = te.c.e = tc: (e (8) e) 

s = af c _ a2
f 

ae' - ae ae 
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Pointwise Stability 
f(e) > 0 if e =1= 0 

Strong Ellipticity 
(~ Q9 k). c.(~ Q9 k) > 0 

if ex. =1= 0, k =1= 0 
Cabcd(1,akb(1,ckd > 0 

if ex. =1= 0 and k =1= 0 

Pointwise Stability ==> Strong Ellipticity 
Plane Progressive Wave 

u(x, t) = ~if>(x.k - ct) ua(x, t) = (1,aif>(xbkb - ct) 

Condition for Waves to be Elastic 
c(k (8) ex. (8) k) = c2ex. cabcdkb(1,ckd = c2(1,a 

Reality of Wave Speeds <=> Strong Ellipticity 
Isotropic Linear Elasticity 

(i) f = f..le·e + ~ (tr e)2 

(ii) pointwise stability <=> f..l > 0, .A. > -1f..l 
(iii) strong ellipticity <=> f..l > 0, .A. > -1f..l 

(iv) wave speeds .JU : f..l and .J ; 

4.4 LINEARIZATION STABILITY 

In a number of important cases the linearization procedure "fails". This failure 
can be due to two reasons: 

(1) The function spaces are chosen such that the operators of nonlinear 
elasticity are not differentiable. 

(2) The linearized operator fails to be surjective. 

Here we investigate abstractly what happens when (2) occurs. In elasticity, this 
can arise in several ways. First, strong ellipticity could fail, or, second, strong 
ellipticity can hold, but the linearized problem fails to be always solvable. 

Some investigators believe that in some circumstances related to phase 
transitions, strong ellipticity will fail (see the recent works of Ericksen, Knowles, 
and Sternberg cited in the bibliography). On the other hand, strong ellipticity 
often holds, but stability is lost and the linearized operator fails to be invertible. 
Either situation is indicative that some kind of bifurcation is occurring. The 
latter situation will be studied in Chapter 7. Examples, including buckling and 
the traction problem of Signorini, will be presented. In Chapter 6 we shall 
discuss some function spaces that are important for the study of elastic stability 
but for which the possibility (1) above pertains. 

Let~, 'Ybe Banach spaces andf: 'll c ~ -> 'Y be a Cl map. We are interested 
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in solving f(x) = 0 for x E X. Suppose Xo E X is a given solution, that is, 
f(xo) = O. The linearized equations are simply Df(xo)·h = O. 

4.1 Definition4 We say f is linearization stable at Xo if for every solution h 
of the linearized equations there exists a Cl curve X(f") E X defined for E in 
some half-open interval 0 <E < fo with x(O) = Xo,!(X(f)) = 0 and x/CO) = h. 

Another way of putting this is as follows: f is linearization stable when for 
any solution h of the linearized equations, we can find a solution of f(x) = 0 
as a perturbation expansion: 

X(E) = Xo + fh + f 2h(2J + . .. (f > 0), 

where h(2J is obtained as in perturbation methods. Of course, this is not exactly 
the definition since we did not require X(E) to be analytic in E but only Cl. 
However, this is a technical point that can be adjusted to suit the situation. Also, 
depending on the situation, one may wish to demand X(f) be defined for E small, 
but both positive and negative (Example 4.3 will illustrate why). 

We shall speak of h as an infinitesimal deformation of the equationsf(x) = 0 
and of a curve X(f) of exact solutions through Xo as an actual, or finite deforma
tion. Thus linearization stability can be phrased this way: every infinitesimal 
deformation is tangent to a finite deformation. We also say that infinitesimal 
deformations that are tangent to finite deformations are integrable. If the 
conditions of Definition 4.1 fail, we say f is linearization unstable at Xo. 

4.2 Theorem Let f: 'U c X ---> 'Y be Cl and f(xo) = O. Assume Df(xo) is 
surjective and its kernel splits. Thenf is linearization stable at XO' 

Proof Write Xl = ker Df(xo) and X = Xl EEl X 2 • Then Dzf(xo): X 2 ---> 'Y 
is an isomorphism. By the implicit function theorem the equation f(x l, x 2) = 0 
can be solved for a Cl function X2 = g(x j ) for (Xl' X2 ) near Xo = (XOI' X02 ) 

and satisfying g(XOI ) = X02 • By implicit differentiation, Dd(xOI ' X0 2) + 
Dzf(xOI ' x o2)oDg(xOI ) = O. Thus, Dg(xOI ) is zero on Xl' 

Let X(f) = (XOI + fh, g(XOI + fh)), which makes sense since h E Xl' 
Clearly X(f) is a Cl curve and x(O) = XO' Also, 

x/CO) = (h, Dg(xOI)·h) = (h, 0) = h 

since Dg(xOI)·h = O. I 

Iffis C' or analytic, so is X(f). (See example (c) below.) While the conditions 
of this theorem are sufficient, they are not always necessary. A trivial example 
showing that the conditions are not always necessary is given by f(x, y) = 

4This definition was first given in the context of perturbation theory of general relativity by 
Fischer and Marsden [1973]. 
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(x, 0),/: [Rz ---+ IRz. However, in some important cases they can be shown also 
to be necessary. 5 

Let us now consider three simple examples to clarify the sort of things that 
can happen (see Figure 4.4.1). 

y y 

--------~------~x ------~~------~x 

(a) 

y 

--------~-------x 
(c) 

Figure 4.4.1 

4.3 Examples (a) Let I: IR Z ---+ [R, I(x, y) = x(XZ + yZ). Then 1-1(0) = 
{(x, y) I I(x, y) = o} is the y-axis and DI(O, 0) = 0. We claim that I is lineariza
tion unstable at (0,0). Indeed, a vector (hI> hz) is integrable if and only if 
hi = O-that is, is tangent to the y-axis, although any (hi' hz) is an infinitesimal 
deformation of I(x, y) = 0. 

(b) Let I: [Rz ---+ [R, I(x, y) = X2 - yZ. Again inearization stability at (0,0) 
fails. We have 1-1(0) = {(x, y) I x = ±y}, which is not a manifold. An infini
tesimal deformation (hi' hz) is integrable if and only if hi = ±hz. 

(c) Let I: [Rz ---+ IR,/(x, y) = XZ - y3. The origin is linearization unstable 
and the integrable directions are along the positive y-axis. The curves of exact 
solutions in the direction of (0, hz) (h2 > 0) are given by 

(x(€), y(€» = (±€3/2, €h) (€ > 0). 

Notice that (x(€), y(€» is CI and although not analytic in €, is, however, analytic 
in ~E. This sort of phenomena is an important feature of linearization insta
bility (and occurs in the traction problem; see Chapter 7). 

Next we shall derive some necessary second order conditions that must be 
satisfied if an infinitesimal deformation is integrable. (For the traction problem 
these become the "Signorini compatibility conditions.") 

5Por the equations of general relativity this is the case (cf. Arms and Marsden [1979]). 
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4.4 Theorem (Compatability Conditions) Assume f· 'U c X .---+ cy is C2, 
h E ker Df(xo), and that h is integrable to a C2 finite deformation, X(E). If 
I E CY* is orthogonal to the range of Df(xo)-that is, if I( Df(xo)· u) = 0 for all 
u EX-then h must satisfy 

I/(D2f(Xo).(h, h» = 0./ 
Proof Differentiation of f(X(E» = 0 in E gives Df(x(E»·X'(E) = O. Differ

entiating again, we have 

D2f(x(E»·(X'(E), X'(E» + Df(x(E»·X"(E) = O. 

Setting E = 0 gives D2f(xo)·(h, h) + Df(xo)·x"(O) = O. Applying I then gives 
the result since I applied to the second term is zero. I 

Likewise we can develop conditions of the third and higher order. For 
instance, if I is orthogonal to the ranges of v ~ Df(xo)· v and v ~ D2f(xo)(h, v), 
then we must have I(D3f(xo)·(h, h, h» = 0 if h is to be integrable to a Cl finite 
deformation. 

In examples (a) and (b) above, the third- and second-order conditions, 
respectively, pick out the directions of linearization stability. In example (c), 
if we rescale to make f homogeneous by considering instead 

F(x, y, A) = f(.-jT x, y) = h 2 - yl (A > 0), 

then the third-order condition on F yields the directions of linearization stability. 
The results presented here are useful in understanding the local solutions 

of a nonlinear equation f(x) = 0 when the inverse function theorem fails. 
Conditions under which the compatability conditions give sufficient condi
tions for integrability are given using the techniques of bifurcation theory in 
Chapter 7. 

Box 4.1 Summary of Important Formulas in Section 4.4 

Linearization Stability 
The equationf(x) = 0 is linearization stable at a solution Xo if every 

h satisfying Df(xo)·h = 0 is integrable; that is, there is a curve X(E) 
satisfyingf(x(E» = 0, x(O) = x o, and x'(O) = h. 

Sufficient Conditions 
Iffis Cl, Df(xo) is surjective and its kernel splits, thenfis lineariza

tion stable at Xo. 

Compatibility Conditions 
If Df(xo) is not surjective, I is a linear functional orthogonal to its 

range, and if h E ker Df(xo) is integrable, then I(D2f(xo)·(h, h» = O. 


