Closed-Form Expressions for Irradiance from Non-Uniform Lambertian Luminaires

Part II : Polynomially-Varying Radiant Exitance

Min Chen James Arvo

Technical Report CS-TR-00-04

Computer Science Department

California Institute of Technology Pasadena, California

June 19, 2000

Closed-Form Expressions for Irradiance from Non-Uniform Lambertian Luminaires

Part II: Polynomially-Varying Radiant Exitance∗

Min Chen^† James Arvo^‡

Abstract

We present new analytical techniques for computing illumination from non-uniform luminaires. The methods are based on new closed-form expressions derived by generalizing the concepts of irradiance tensor and angular moment to rational forms and an arbitrary number of directions, known as rational irradiance tensors and rational angular moments, respectively. The techniques apply to any emission, reflection or transmission distribution expressed as a polynomial over a polygonal surface, and provide a powerful mathematical tool to handle more complex BRDF’s. We derive closed-form expressions for irradiance due to polygonal luminaires with polynomially varying radiant exitance, which satisfy a recurrence relation that subsumes Lambert’s formula for uniform luminaires. Our formulas extend the class of available closed-form expressions for computing direct radiative transfer from planar surfaces to points, and can find many potential applications in simulating non-Lambertian illumination and scattering phenomena.

Keywords: Illumination, Rendering, Radiosity, Irradiance Tensor, Angular Moment, Spatially Varying Luminaire

∗This work was supported by a Microsoft Research Fellowship and NSF Career Award CCR9876332. †chen@cs.caltech.edu ‡arvo@cs.caltech.edu

1 Introduction

The computation of radiant energy transfers is an essential component of physically-based rendering algorithms, both for local and global illumination. In particular, radiative transfers among discrete surface elements arise in finite element methods for global illumination, and in both direct lighting computations and final “gathers” from coarse global solutions [3, 13, 24]. By far the most ubiquitous computations involve transfers from planar areas to points. However, rendering algorithms using deterministic methods are frequently quite limited in the surface reflectance function and luminaires they can accomodate, which stems from the difficulty in evaluating the surface integrals associated with non-uniform illuminations. While a wide assortment of formulas are available for uniform Lambertian environments [14, 6, 20], few tools currently exists for simulating non-Lambertian effects aside from irradiance tensor [3], Monte Carlo [10, 22, 25, 26], Hierarchical subdivision [5] and Numerical quadrature [9, 21].

Currently, few methods exist for computing radiative transfers from area light sources (luminaires) in which the emissive power is non-constant except Monte Carlo. Although the closed-form expressions for irradiance tensor and axial moments derived by Arvo [3] provide an approach for computing direct lighting effects from luminaires with directional variations, they cannot apply for spatially varying luminaires. Such luminaires constitute an important class of light sources in simulating realistic non-Lambertian pheonomena.

In this paper we present the first analytic method for computing direct illumination involving area light sources with polynomially-varying radiant exitance. We derive our result using some of the same mathematical machinery used by Arvo [3]. Specifically, our approach begins with a tensor formulation of irradiance known as rational irradiance tensor, with rational angular moment as its elements, which is weighted integral of radiance with respect to directions [19]. This representation leads to a general boundary integral using Stokes’ theorem, which simplifies to a closed-form solution for rational moments in the case of polyhedral environments. The irradiance due to luminaires with polynomially varying radiant exitance is simply related to a special class of rational moments, which satisfies a recurrence relation subsuming Lambert’s formula as its base case.

The idea of using tensor and angular moments to formulate integrals encountered in radiative transfer has been previously used by Arvo [3] to derive algorithms for simulating glossy reflections and illuminations from directional luminaires. Our representation generalizes the concepts of irradiance tensors and axial moments [3] to accomodate a simple class of rational polynomial functions over the sphere. This new class of functions arises in computing irradiance from non-uniform luminaires, as well as a wide range of surface scattering effects, such as glossy reflection and transmission from non-uniform sources, more complex BRDF models, and so on. Our techniques are quite general and apply to any emission, reflection and transmission distribution expressed as a polynomial over a planar surface, greatly enriches the repertoire of rendering effects that can be computed in closed-form.

Stokes’ theorem is a common tool for computing surface integral of this nature. Reduction to a one-dimensional boundary integral is frequently a first step toward closed-form solutions. Previous work in which Stokes’ theorem has been directly applied for such transformation includes that of Lambert, Schröder and Hanrahan [20], and Sparrow [23]. Moreover, it is very coincident that just as general patch-to-patch form factors [20] are expressed in terms of the dilogarithm [16], our closed-form solution also rests upon a special function called Clausen integral [1, 4, 16], which is closely related to the dilogarithm.

Our theoretical contributions are:

1. The derivation of recursive boundary integral formulas for rational irradiance tensors and rational angular moments of any order.

2. The derivation of a closed-form expression (including one special function) for rational angular moments for polyhedral environments.

3. Reduction of the single special function to the Clausen integral, a well-known special function that can be evaluated to high accuracy.

4. The derivation of a general tensor recurrence relation for irradiance due to luminaires with polynomially-varying radiant exitance, which extends Lambert’s formula.

The remainder of the report is organized as follows. Section 2 introduces the concept of rational irradiance tensor and proves three recursive relations using Stokes’ theorem. Using rational tensors, we derive corresponding recursive expressions for rational angular moments in Section 3. In Section 4, we focus on polygonal luminaires and derive closed-form expressions for rational moments by evaluating the boundary integrals exactly or in terms of Clausen integrals. As a concrete example, in Section 5 we formulate the irradiance due to luminaires with polynomially-varying radiant exitance as a special class of rational moments and derive a recursive tensor formula which can be applied to many non-Lambertian simulations. Finally, some additional proofs and derivations are attached in the Appendix.

2 Rational Irradiance Tensor

As a generalization of irradiance tensor T^n(A, w) [2], we introduce a rational irradiance tensor to accomodate spatially varying luminaires. It is defined by

T^{n,q}(A, w) ≡ � A u ⊗ · · · ⊗ u ⟨w, u⟩^q dσ(u) (1)

where w is a unit vector. In this section, we shall show that the new tensors with rationl elements satisfy a recurrence relation, which involves the original irradiance tensor T^n(A, w) and T^{0,1}(A, w) as its base cases. The results can be stated in the following theorems.

Theorem 1 Let n ≥ 0 and q ≥ 2 be integers, then the tensor T^{n,q}(A, w) satisfies the recurrence relation

T^{n,q}_I = 1 q − 1

�_n � k=1 w_{Ik} T^{n−1,q−1}

I/k − (n − q + 3) T^{n,q−2}_I − � ∂A u^n_I ⟨w, n⟩ ⟨w, u⟩^{q−1} ds � . (2)

where I is an n-index, ds denotes integration with respect to arclength, and n is the outward normal to the curve ∂A.

Proof: The proof is done by converting the boundary integral in equation (2) to a surface integral using Stokes’ theorem. Here, we only show the key steps; the details of the tensor transformations used here are shown in our previous technical report [8]. � ∂A u^n_I ⟨w, n⟩ ⟨w, u⟩^{q−1} ds = � ∂A � r^{q−1} ⟨w, r⟩^{q−1} � [ r^n_I r^n

] [ε_{kpl}w_kr_p dr_l

r^2 ]

= � ∂A � r^{q−1} ⟨w, r⟩^{q−1} � [ ε_{kpl}w_kr_pr^n_I

r^{n+2} ] dr_l = � ∂A � r^{q−1} ⟨w, r⟩^{q−1} � A^{n+1}_{Il} dr_l = � ∂A B^{n+1}_{Il} dr_l, (3)

where the (n + 1)-tensors A and B are given by

B^{n+1}_{Il} = � r^{q−1} ⟨w, r⟩^{q−1} � A^{n+1}_{Il}

A^{n+1}_{Il} =

[ε_{kpl}w_kr_pr_{nI}

r^{n+2} ] .

Differentiating the tensor B, we get

B^{n+1}_{Il,m} = ∂ ∂r_m ( r ⟨w, r⟩

)_{q−1} A^{n+1}_{Il} + ( r ⟨w, r⟩

)_{q−1} A^{n+1}_{Il,m}, (4)

where ∂ ∂r_m ( r ⟨w, r⟩

)_q = q ( r ⟨w, r⟩

)_{q−1} �

(r_m/r) ⟨w, r⟩ − w_mr ⟨w, r⟩^2 �

= q r^{q−2} ⟨w, r⟩^{q+1} � r_m ⟨w, r⟩ − r^2w_m � , and A^{n+1}_{Il,m} = ε_{kpl}w_k ∂ ∂r_m

[ r_pr_{nI}

r^{n+2} ]

= ε_{kpl}w_k

(δ_{pm}r^n_I + r_pr^n_{I,m})r^{n+2} − (n + 2)r^nr_mr_pr^n_I r^{2n+4}

= ε_{kpl}w_k δ_{pm}r^n_I + r_pr^n_{I,m}

r^{n+2}

− (n + 2) r_mr_pr^n_I r^{n+4} � . As usual, we multiply B^{n+1}_{Il,m} by ε_{qml} to complete the 2-form corresponding to dω. For clarity, we perform this step for each term on the right hand side of equation (4). Beginning with the first term, we have

ε_{qml} ∂ ∂r_m ( r ⟨w, r⟩

)_{q−1}

A^{n+1}_{Il} = q − 1 ⟨w, r⟩^q r^{n−q+5} ε_{qml}ε_{kpl} � r_m ⟨w, r⟩ − r^2w_m � w_kr_pr^n_I = q − 1 ⟨w, r⟩^q r^{n−q+5} [ δ_{qk}δ_{pm} − δ_{pq}δ_{km} ] � r_m ⟨w, r⟩ − r^2w_m � w_kr_pr^n_I = (q − 1)r^n_I ⟨w, r⟩^q r^{n−q+2} � r^2 − ⟨w, r⟩^2

� ( r_q

r^3 )

= (q − 1) � r^n_I ⟨w, r⟩^q r^{n−q} − r^n_I ⟨w, r⟩^{q−2} r^{n−q+2} � ( r_q r^3 ) . (5)

For the second term on the right hand side of equation (4), we have ε_{qml} ( r ⟨w, r⟩

)_{q−1} A^{n+1}_{Il,m} = ε_{qml}ε_{kpl} w_k ⟨w, r⟩^{q−1} r^{n−q+3} [ δ_{pm}r^n_I + r_pr^n_{I,m} − (n + 2) r_mr_pr^n_I

r^2 ]

= w_qδ_{pm} − w_mδ_{pq} ⟨w, r⟩^{q−1} r^{n−q+3} [ δ_{pm}r^n_I + r_pr^n_{I,m} − (n + 2) r_mr_pr^n_I

r^2 ]

= 1 ⟨w, r⟩^{q−1} r^{n−q+3} � w_q ( −n r^n_I + r_mr^n_{I,m} ) + r_q

(n + 2)

⟨w, r⟩ r^n_I r^2

− w_mr^n_{I,m} �

= � (n + 2) r^n_I ⟨w, r⟩^{q−2} r^{n−q+2} − w_mr^n_{I,m} ⟨w, r⟩^{q−1} r^{n−q} � ( r_q r^3 ) . (6)

Here, we have used the fact that

r_mr^n_{I,m} = r_m n� k=1 δ_{mIk} r^{n−1}_{I/k} = n� k=1 r_{Ik} r^{n−1}_{I/k} = n r^n_I .

Combining equations (5) and (6), we convert the boundary integral (3) into a surface integral in terms of solid angle dω: � ∂A B^{n+1}_{Il} dr_l = � A B^{n+1}_{Il,m} dr_m ∧ dr_l

= (q − 1) � T^{n,q−2}

I − T^{n,q}_I � + n� k=1 w_{Ik} T^{n−1,q−1}

I/k − (n + 2)T^{n,q−2}_I

= −(q − 1)T^{n,q}_I − (n − q + 3)T^{n,q−2}_I + n� k=1 w_{Ik} T^{n−1,q−1}

I/k . (7)

When q ≥ 2, we can solve for T^{n,q}_I as

T^{n,q}_I = 1 q − 1

�_n � k=1 w_{Ik} T^{n−1,q−1}

I/k − (n − q + 3)T^{n,q−2}_I − � ∂A u^n_I ⟨w, n⟩ ⟨w, u⟩^{q−1} ds � . which is equation (2). 222

Equation (2) can be used repeatedly to reduce the order q of the denominator of the rational irradiance tensor to lower-order rational tensors, with T^{n,0} (i.e, irradiance tensor T^n) and T^{n,1} as the base cases. Arvo [2, 3] has shown that the irradiance tensor of any order can be represented as a boundary integral by the following recurrence formula

T^n_{Ij}(A) = 1 n + 1 n_{−1} � k=1 δ_{jIk} T^{n−2}_{I/k} (A) − � ∂A u^{n−1}_I n_j ds � . (8)

Thus, we are left with tensors of the form T^{n,1}, which satisfy a special recurrence relation. It is derived by applying another closely related form of Theorem 1, which we now state.

Theorem 2 Let n ≥ 1 and q ≥ 0 be integers with q ≠ n + 1, then the tensor T^{n,q}(A, w) satisfies the recurrence relation

T^{n,q}_{Ij} = 1 n − q + 1 n_{−1} � k=1 δ_{jIk} T^{n−2,q}_{I/k} − q w_j T^{n−1,q+1}_I − � ∂A u^{n−1}_I n_j ⟨w, u⟩^q ds � , (9)

where I is a (n − 1)-index, ds denotes integration with respect to arclength, and n is the outward normal to the boundary curve ∂A.

This can be proven directly in much the same way as Theorem 1 [2, pp.193], or by transforming equation (2), as shown in Appendix A. Unfortunately, this recursive formula does not account for all rational irradiance tensors; for example, T^{0,q} cannot be computed due to the singularity at n = q − 1.

Note that two recurrence formulas for rational irradiance tensor T^{n,q} have different singularities with respect to n and q. Consequently, we can apply the second recurrence (9) to compute T^{n,1} with n > 0:

T^{n,1}_{Ij} = 1 n n_{−1} � k=1 δ_{jIk} T^{n−2,1}_{I/k} − w_jT^{n−1,2}_I − � ∂A u^{n−1}_I n_j ⟨w, u⟩ ds � . (10)

Then, from the first recurrence formula (2), we have

T^{n−1,2} I = n−1� k=1 w_{Ik} T^{n−2,1}_{I/k} − nT^{n−1,0}_I − � ∂A u^{n−1}_I ⟨w, n⟩ ⟨w, u⟩ ds. (11)

Substituting equation (11) for T^{n−1,2} in equation (10), we get a recurrence relation for T^{n,1}. We phrase this as another theorem:

Theorem 3 The rational irradiance tensor T^{n,1} satisfies the recurrence relation

T^{n,1}_{Ij} = w_jT^{n−1}_I + 1 n �_{n−1} � k=1 ( δ_{jIk} − w_j w_{Ik} ) T^{n−2,1}

I/k + � ∂A u^{n−1}_I ( w_j ⟨w, n⟩ − n_j ) ⟨w, u⟩ ds � , (12) or equivalently,

T^{n,1}_{Ij} = w_jT^{n−1}_I + 1 n ( δ_{jm} − w_jw_m ) �_{n−1} � k=1 δ_{mIk} T^{n−2,1}_{I/k} − � ∂A u^{n−1}_I n_m ⟨w, u⟩ ds � , (13)

where I is an (n − 1)-index.

Proof: Equation (12) can be proved directly by converting the boundary integral into a surface integral using Stokes’ theorem. For clarity, we split the boundary integral on the right hand side of equation (12) into two terms and perform this step for each one separately.

Step 1: (the first boundary integral)

� ∂A w_j u^{n−1}_I ⟨w, n⟩

⟨w, u⟩ ds = w_j � ∂A u^{n−1}_I ⟨w, n⟩ ⟨w, u⟩ ds. Notice the boundary integral above is just a special case of equation (3) with n = n − 1 and q = 2, from equation (7), we have

w_j � ∂A u^{n−1}_I ⟨w, n⟩ ⟨w, u⟩ ds = −w_j T^{n−1,2}_I − nw_jT^{n−1,0}_I + n−1� k=1 w_jw_{Ik} T^{n−2,1}_{I/k} . (14)

Step 2: (the second boundary integral)

Letting q = 1 in the second recurrence formula (9), we can solve the second boundary integral � ∂A u^{n−1}_I n_j ⟨w, u⟩ ds = n−1� k=1 δ_{jIk} T^{n−2,1}_{I/k} − w_j T^{n−1,2}_I − nT^{n,1}_{Ij} . (15)

Using equation (14) and (15), we get � ∂A u^{n−1}_I ( w_j ⟨w, n⟩ − n_j ) ⟨w, u⟩ ds = − n−1� k=1 ( δ_{jIk} − w_jw_{Ik} ) T^{n−2,1}

I/k − nw_j T^{n−1,0}_I + nT^{n,1}_{Ij} .

Solving for T^{n,1}_{Ij} when n > 0, we prove the formula (12). Then, equation (13) can be easily derived by transforming equation (12) using identities

δ_{jk} − w_j w_k = ( δ_{ji} − w_jw_i ) δ_{ik} n_j − w_j ⟨w, n⟩ = ( δ_{ji} − w_jw_i ) n_i.

222.

Equation (13) holds only when n > 0. To compute T^{0,1}(A, w), we apply the identities [8]

τ̄^k(A, w) = − 1 k + 1 � ∂A 1 − ⟨w, u⟩^{k+1} 1 − ⟨w, u⟩^2

⟨w, n⟩ ds, and ∞� n=0 n� k=0 (−1)^k ( n k ) 1 − x^{k+1}

k + 1

= − ln x.

to the Taylor expansion of T^{0,1}(A, w) to obtain

T^{0,1}(A, w) = � A 1 ⟨w, u⟩ dσ(u) = � A ∞� n=0 n� k=0 (−1)^k ( n k ) ⟨w, u⟩^k dσ(u)

= ∞� n=0 n� k=0 (−1)^k ( n k ) � A ⟨w, u⟩^k dσ(u)

= ∞� n=0 n� k=0 (−1)^k ( n k ) τ̄^k(A, w)

= − ∞� n=0 n� k=0 (−1)^k ( n k ) 1 k + 1 � ∂A 1 − ⟨w, u⟩^{k+1} 1 − ⟨w, u⟩^2

⟨w, n⟩ ds

= − � ∂A ⟨w, n⟩ 1 − ⟨w, u⟩^2 ∞ � n=0 n� k=0 (−1)^k ( n k ) 1 − ⟨w, u⟩^{k+1} k + 1 � ds

= � ∂A ln ⟨w, u⟩ 1 − ⟨w, u⟩^2

⟨w, n⟩ ds. (16)

Combining Theorems 1, 2, 3 with equations (8) and (16), we summarize our major results about rational irradiance tensors as follows

T^{n,q}_I = 1 q − 1

�_n � k=1 w_{Ik} T^{n−1,q−1}

I/k − (n − q + 3) T^{n,q−2}_I − � ∂A u^n_I ⟨w, n⟩ ⟨w, u⟩^{q−1} ds � (17)

for n ≥ 0 and q ≥ 2, and

T^{n,1}_{Ij} = w_jT^{n−1}_I + 1 n ( δ_{jm} − w_j w_m ) �_{n−1} � k=1 δ_{mIk} T^{n−2,1}_{I/k} − � ∂A u^{n−1}_I n_m ⟨w, u⟩ ds � (18)

when n > 0, and

T^{n,0}_{Ij} = 1 n + 1

�_{n−1} � k=1 δ_{jIk} T^{n−2}_{I/k} (A) − � ∂A u^{n−1}_I n_j ds � (19)

when n > 0, with T^{n,0}_{Ij} = T^n_{Ij}, and

T^{0,1}_{Ij} = � ∂A ln ⟨w, u⟩ 1 − ⟨w, u⟩^2

⟨w, n⟩ ds (20)

[Need a better way to organize these formulas...]

Note that I are n-index and (n − 1)-index in equation (17) and equation (18), respectively. The base cases for equation (19) are T^0(A) = σ(A) and T^{−1}(A) = 0.

3 Rational Angular Moments

In accordance with the rational irradiance tensor defined in the previous section, we introduce a concept of rational angular moment in this section, which can be viewed as an extension of angular moments [2] to an arbitrary number of axes and rational functions. The rational angular moments allow us to easily compute the irradiance from polynomiallyvarying luminaires, which will be discussed in the following sections.

To account for an arbitrary number of axes in angular moments [2]

τ̄^n(A, w) ≡ � A ⟨w, u⟩^n dσ(u) (21)

τ̄^{n,m}(A, w, v) ≡ � A ⟨w, u⟩^n ⟨v, u⟩^m dσ(u), (22) we define a generalized angular moment by

τ^n(A, v_1, · · · , v_n) ≡ � A ⟨v_1, u⟩ · · · ⟨v_n, u⟩ dσ(u). (23)

Thus, the axial moments (21) and double-axis moments (22) are just special cases of τ^n with equal axes. Furthermore, we extend the definition (23) to accomodate rational function and introduce the concept of rational angular moments. Given an arbitrary subset A ⊂ S^2 and n vectors v_1, · · · , v_n and a unit vector w, the rational angular moment of A about v_1, v_2, · · · , v_n and w is defined as

τ^{n,q}(A, w, v_1, · · · , v_n) ≡ � A ⟨v_1, u⟩ · · · ⟨v_n, u⟩ ⟨w, u⟩^q dσ(u), (24)

where integers n ≥ 0 and q ≥ 0 denote moment orders for numerator and denominator, respectively. In particular, when q = 0, this reduces to our generalized angular moments (23). In Section 5, we show that rational angular moments correspond exactly to the irradiance from a large class of non-uniform luminaires.

To obtain a recurrence formula for τ^{n,q}, we begin by expressing the integrand of equation (24) as a composition of tensors:

⟨v_1, u⟩ · · · ⟨v_n, u⟩ ⟨w, u⟩^q = u^n_I ⟨w, u⟩^q

(v_1 ⊗ · · · ⊗ v_n)_I ,

where the summation convention applies to all repeated pairs of indices. It follows from the definition (1) of rational irradiance tensors that

τ^{n,q} = T^{n,q}_I (v_1 ⊗ · · · v_n)_I . (25)

Consequently, the recursive formulas for rational angular moments τ^{n,q} for n ≥ 0 and q ≥ 0 can be easily derived using recurrence formulas (17), (18) and (19) to expand the rational irrdiance tensor T^{n,q} in equation (25). Let J = (1, 2, · · · , n), J/k = (1, · · · , k−1, k+1, · · · , n), and let v_J denote the axes set {v_1, · · · , v_n}. Then the fundamental recurrence relations for rational angular moments are as follows:

τ^{n,q}(A, w, v_J ) = 1 q − 1

�_n � k=1 ⟨w, v_k⟩ τ^{n−1,q−1}(A, w, v_{J/k}) − (n − q + 3)τ^{n,q−2}(A, w, v_J )

− � ∂A ⟨v_1, u⟩ · · · ⟨v_n, u⟩ ⟨w, u⟩^{q−1}

⟨w, n⟩ ds � (26) when n ≥ 0 and q ≥ 2, and

τ^{n,1}(A, w, v_J ) = ⟨w, v_n⟩ τ^{n−1}(A, v_{J/n}) + v_n^T (I − ww^T) n �_{n−1} � k=1 v_kτ^{n−2,1}(A, w, v_{J/{k,n}})

− � ∂A ⟨v_1, u⟩ · · · ⟨v_{n−1}, u⟩ ⟨w, u⟩ n ds ] (27)

when n ≥ 1. Here the base cases are τ^{0,1} and generalized nth order angular moments τ^n. From equation (20), the former moment is given by

τ^{0,1}(A, w) = � ∂A ln ⟨w, u⟩ 1 − ⟨w, u⟩^2

⟨w, n⟩ ds, (28)

and the angular moment τ^n satisfies another recurrence relation from equation (19),

τ^n(A, v_J ) = 1 n + 1

�_{n−1} � k=1 ⟨v_n, v_k⟩ τ^{n−2}(A, v_{J/{n,k}}) − � ∂A ⟨v_1, u⟩ · · · ⟨v_{n−1}, u⟩ ⟨v_n, n⟩ ds � ,(29)

where τ^0(A) = σ(A).

4 Closed-Form for Polygons

We have shown that rational angular moments τ^{n,q} satisfies a recurrence relation that generates a sequence of boundary integrals. In this section, we shall restrict the integration domain A to spherical polygon P , and derive the corresponding closed-form expression for rational moments.

For a spherical polygon P with k edges, the boundary integrals in equations (26), (27) and (29) can be evaluated along each edge ζ of P , which is a great arc connecting two adjacent vertices. Moreover, by using the fact that the outgoing normal n remains constant along each edge, we can move n outside the integral. As a result, the closed-form solution of rational moments over a spherical polygon requires evaluating two types of integrals. That is, I_1(w, ζ) = � ζ ln ⟨w, u⟩ 1 − ⟨w, u⟩^2 ds, (30)

I_2(w, ζ, m, q) = � ζ ⟨v_1, u⟩ · · · ⟨v_m, u⟩ ⟨w, u⟩^q ds (31) for integers m ≥ 0 and q ≥ 0. Here, ζ is a great arc corresponding to each spherical polygon edge.

To evaluate these two boundary integrals, we first parametrize the great arc ζ by arclength θ, that is

u(θ) = s cos θ + t sin θ,

where s and t are orthonormal vectors in the plane containing the edge and the origin, with s directed toward the first vertex of the edge [3]. The corresponding parameters are defined as a_i = ⟨v_i, s⟩ , b_i = ⟨v_i, t⟩ , c_i = � a^2_i + b^2_i a = ⟨ w_,s ⟩ , b = ⟨ w_,t ⟩ , c = � a^2 + b^2, and (cos ϕ_i, sin ϕ_i) = ( a_i c_i , b_i c_i ) , (cos ϕ, sin ϕ) = ( a c , b c ) , (32)

where i = 1, 2, . . . , n.

4.1 Evaluating the Special integral I_1

We can rewrite the integral (30) as

Ī_1 =

�_{Θ−ϕ} −ϕ ln(c cos θ) 1 − c^2 cos^2 θ dθ = Λ(c, Θ − ϕ) − Λ(c, −ϕ), (33)

where the two-parameter function Λ(α, β) is defined by

Λ(α, β) ≡

�_β 0 ln(α cos θ) 1 − (α cos θ)^2 dθ (34)

for 0 < α ≤ 1, −π/2 ≤ β ≤ π/2. This is exactly the special function we encountered in computing the irradiance from linearly-varying luminaires [8]. Figure 1 shows this special

Figure 1: The special function Λ(α, β) defined in equation (34), over the range 0 < α ≤ 1, and 0 ≤ β ≤ π/2. When α → 0, Λ(α, β) tends to −∞.

function over the domain (0, 1]×[0, π/2]. For some special parameters such as α = 1, Λ(α, β) simplifies immediately to known definite integral with exact solutions. For example,

Λ(1, β) =

�_β 0 ln(cos θ) sin^2 θ dθ

= − �_β 0 ln(cos θ) d(cot θ)

= −β − cot β ln(cos β). (35)

However, to our knowledge, Λ(α, β) has no finite representation in terms of elementary exponential and logarithmic functions in general. In Appendix B, we show that Λ(α, β)(α ≠ 1) can be expressed in terms of a well-known one-parameter special function, called the Clausen integral [1, 4, 16]. Specifically,

Λ(α, β) = 1 4 √ 1 − α^2 [ 2Cl_2(2μ) − Cl_2(4μ − 2η) − Cl_2(2η) + 2(η − μ) ln γ ] , (36) where 0 < α < 1, 0 ≤ β ≤ π/2 and

μ(α, β) = tan^{−1} ( tan β √ 1 − α^2 ) ,

γ(α) = 1 − √ 1 − α^2 α �_2 ,

η(α, β) = tan^{−1} ( sin(2μ) γ + cos(2μ) ) . The Clausen integral Cl_2(x) is defined as

Cl_2(x) ≡ −

�_x 0 ln | |2 sin θ 2 | | dθ = −1 2 �_x 0 ln ( 4 sin^2 θ 2 ) dθ = ∞� n=1 sin nx n^2

for all x ∈ IR [15, pp. 93]. This reduction is done by relating Λ(α, β) to the special function Υ(μ, ν) introduced by Arvo [2, pp. 112], and the functional relationship is

Λ(α, β) = − 1 2 √ 1 − α^2 Υ tan^{−1} ( tan β √ 1 − α^2 ) , √ 1 − α^2 α � , (37)

where α ∈ (0, 1), β ∈ [0, π/2] and Υ(μ, ν) is defined by

Υ(μ, ν) ≡

�_μ 0 ln ( 1 + ν^2 sec^2 θ ) dθ. Since Υ(μ, ν) can be expressed in terms of three Clausen integrals, as shown in Appendix C, we finally arrive at the formula (36). The relation (37) between Λ and Υ is first derived in Appendix B and then proved directly in Appendix D by a change of variable

tan θ = � 1 − α^2 tan t.

The derivation is performed by cleverly relating Λ(α, β) to the irradiance from a special class of quadratically-varying luminaires, which is known to have an expression in terms of Υ(μ, ν) [2, pp.114].

Although equation (36) only allows the parameter β to vary over the range [0, π/2], we can easily obtain the value of Λ when β ∈ [−π/2, 0] by using the fact that

Λ(α, −β) = −Λ(α, β). (38)

4.2 Evaluating Λ(α, β)

The integral in equation (30) requires the evaluation of the special function Λ(α, β), which can be computed directly for each (α, β) by using the reduction formula (36) and equations (35) and (38). The reduction of Λ(α, β) to the Clausen’s integral is advantageous in that Cl_2(θ) can be easily evaluated to reasonable accuracy (with relative error less than 0.003%) by applying an approximation formula proposed by Grosjean [12], which consists of elementary functions only:

Cl_2(θ) ≈ −θ ln sin 1 2 θ + 1 2880 θ(π^2 − θ^2)(120 − 7π^2 + 3θ^2) + ( 2 ln 2 − 5 4 ) sin θ − ( 89 128 − ln 2 ) sin 2θ + ( 2 3 ln 2 − 449 972 ) sin 3θ − ( 4259 12288 − 1 2 ln 2 ) sin 4θ + ( 2 5 ln 2 −

10397 37500 ) sin 5θ, 0 ≤ θ ≤ π. (39)

Another brute-force but effective method to evaluate Λ is to tabulate the function on a fine regular grid and retrieve values by direct indexing and bilinear interpolation. Unfortunately, it can be seen from the definition (34) that

lim_{α→0} Λ(α, β) = −∞,

(See Figure 1), which makes it impossible to evaluate Λ over its entire domain using bilinear interpolation. However, notice that Λ(α, β) varies smoothly in most places except the neighborhood of α = 0, we can separate this special region from the domain of bilinear interpolation. For example, by choosing a small α_ϵ > 0, we can tabulate Λ(α, β) over [α_ϵ, 1] × [0, π/2] and evaluate Λ(α, β) using bilinear interpolation when α ≥ α_ϵ, while the case of 0 < α < α_ϵ can be directly computed from equation (36). In our experimentation, α_ϵ is chosen as 0.01. After creating a table on a regular 300 × 300 grid over the domain [0.01, 1]×[0, π/2], we estimate the error by evaluating Λ over 3000×3000 regular grid points. It is shown that such a hybrid approach achieves a maximum relative error 0.2%, which is accurate enough for graphics applications. For simplicity, we only need to tabulate the value of Λ with the parameter β over the range [0, π/2], since β ∈ [−π/2, 0] can be easily converted to the required domain by a change of variables, that is, Λ(α, −β) = −Λ(α, β).

Another alternative approach to avoid the infinity of Λ is to rewrite Λ as

Λ(α, β) = (ln α)

�_β 0 1 1 − (α cos θ)^2 dθ +

�_β 0 ln(cos θ) 1 − (α cos θ)^2 dθ = λ(α, β) + Λ^′(α, β), (40)

Figure 2: The special function Λ^′(α, β) defined in equation (42), over the range 0 ≤ α ≤ 1, and 0 ≤ β ≤ π/2.

where λ can be evaluated exactly as

λ(α, β) = � tan^{−1}(tan β/ √ 1 − α^2) √ 1 − α^2 � (ln α) (41)

for 0 < α < 1, and λ(1, β) = 0. The new two-parameter function Λ^′ is defined as

Λ^′(α, β) ≡

�_β 0 ln(cos θ) 1 − (α cos θ)^2 dθ, (42)

where 0 ≤ α ≤ 1, −π/2 ≤ β ≤ π/2. Thus, by tabulating Λ^′(α, β) instead, we can evaluate Λ(α, β) in its required domain, since Λ^′ remains bounded over the required domain, as shown in Figure 1. Moreover, since Λ^′ is smooth and bounded, it can be easily approximated using numerical quadrature. Alternatively, by incorporating equations (36), (40) and (41), we can easily express Λ^′(α, β) in terms of Clausen integrals. Using either approach, the table for Λ^′(α, β) can be created and stored. Similarly, we only need to tabulate the value of Λ^′ with the parameter β over the range [0, π/2] for the reason of symmetry.

To aid in interpolation, we provide convenient expressions for the four boundary curves of

Λ^′(α, β). Except the boundary Λ^′(0, β), given by

Λ^′(0, β) =

�_β 0 ln(cos θ) dθ, (43)

all the other three boundaries can be expressed in closed-form. That is

Λ^′(1, β) = Λ(1, β) = −β − cot β ln(cos β), (44)

Λ^′(α, 0) = 0,

Λ^′(α, π 2 ) = − π 2 √ 1 − α^2 ln ( 1 + � 1 − α^2 ) . (45)

To derive the expression for the last curve Λ^′(α, π/2), we apply the formula [2, pp. 113] Υ( π 2 , β) = π ln ( β + � 1 + β^2 ) , (46)

which follows from the identity �_{2π} 0 ln ( a^2 cos^2 θ + b^2 sin^2 θ ) dθ = π ln ( a + b 2 ) , given by Carlson [7]. Since

tan^{−1} ( tan(π/2) √ 1 − α^2 ) = π 2 , it follows from equation (37) that

Λ(α, π 2 ) = − 1 2 √ 1 − α^2 Υ( π 2 , √ 1 − α^2 α )

= − π 2 √ 1 − α^2 ln 1 + √ 1 − α^2 α �

= π 2 √ 1 − α^2 ln α − π 2 √ 1 − α^2 ln ( 1 + � 1 − α^2 ) . (47)

Also, from equation (40), we have

Λ(α, π 2 ) = λ(α, π 2 ) + Λ^′(α, π 2 ) = π 2 √ 1 − α^2 ln α + Λ^′(α, π 2 ). (48)

Combining equations (47) and (48), we get the exact formula for Λ^′(α, π/2) in equation (45).

As for the first boundary Λ^′(0, β) defined in (43), it is Lobachevsky’s integral [11] and can be expressed in terms of Clausen’s integral as [18, page 88]

Λ^′(0, β) = 1 2 Cl_2(π − 2β) − β ln 2.

Lobachevsky’s integral is a well-known special function which cannot be evaluated in finite terms [15]. Since this special function Λ^′ subsumes Lobachevsky’s integral [11] as a special case when α = 0, it cannot be evaluated exactly in terms of a finite number of elementary functions. However, since α = 0 is only a limit case for Λ(α, β), we still cannot make a conclusion about whether Λ(α, β) can be evaluated in finite terms of elementary functions or not.

4.3 Evaluating the Rational Integral I_2

Although we cannot evaluate the special integral exactly, the integral (31) can be computed exactly by means of trigonometric identities. First, we rewrite I_2 in terms of the integral of sine and cosine functions:

Ī_2(m, q) = c^1 · · · c^m c^q

�_Θ 0 cos(θ − ϕ_1) · · · cos(θ − ϕ_m) cos^q(θ − ϕ) dθ = c_1 · · · c_m c^q

�_{Θ−ϕ} −ϕ cos(θ + ϕ − ϕ_1) · · · cos(θ + ϕ − ϕ_m) cos^q θ dθ = c_1 · · · c_m c^q

�_{Θ−ϕ} −ϕ (α_1 cos θ + β_1 sin θ) · · · (α_m cos θ + β_m sin θ) cos^q θ dθ

= c_1 · · · c_m c^q

�_{Θ−ϕ} −ϕ m� i=1 (α_i cos θ + β_i sin θ)

cos^q θ dθ, (49)

where the last step in equation (49) follows from the identity

cos(θ + ϕ^′_i) = cos θ cos ϕ^′_i − sin θ sin ϕ^′_i

and the fact that ϕ^′_i = ϕ − ϕ_i(i = 1, 2, · · · , m) are constant over each edge. Thus,

α_i = cos ϕ^′_i β_i = sin ϕ^′_i.

Letting x = tan θ and r_i = α_i/β_i = cot ϕ^′_i (i = 1, 2, . . . , m), equation (49) can be written as Ī_2(m, q) = s

�_{Θ−ϕ} −ϕ m� i=1 (x + r_i) cos^{m−q} θ dθ, (50) where the scalar coefficient s is given by s = c_1 · · · c_m β_1 · · · β_m c^q .

To compute the indefinite integral I(x) =

� m� i=1 (x + r_i) cos^{m−q} θ dθ we express cos θ in terms of x = tan θ, cos θ = 1 √ 1 + tan^2 θ = 1 √ 1 + x^2 , to obtain

I(x) = � m� i=1 (x + r_i) (√ 1 + x^2

)_{m−q} dθ.

By the change of variable dθ = d(tan^{−1} x) = 1 1 + x^2 , the integral I reduces to I(x) = � P_m(x) ( 1 + x^2

) q−m−2_2

dx, (51) where P_m(x) is the mth degree monic polynomial with roots −r_1, −r_2, · · · , −r_m. Define G(p, q) ≡ � x^p (� 1 + x^2

)_q dx, (52) for integers p, q with p >= 0, and denote P_m(x) by P_m(x) = x^m + m−1� i=0 p_ix^i. (53)

Then equation (51) can be written as

I(x) = m� i=0 p_i G(i, q − m − 2). (54)

where p_m = 1. Consequently, the rational integral (50) simplifies to

Ī_2(m, q) = s [ I(x)

]_{tan(Θ−ϕ)}

tan(−ϕ)

. (55)

[Still need some work for the next paragraph, maybe pseudo code...] To obtain all the other m polynomial coefficients p_0, p_1, · · · , p_{m−1}, we expand the product m� i=1 (x + r_i)

incrementally. First, we set the current polynomial P_{cur} as the first factor (x + r_1) and the current level i = 1; then, at each level i, we multiply the current polynomial P_{cur} (order i) by the next factor (x + r_i). With 2(i + 1) multiplications and i addition, we get a (i + 1)th order polynomial as the current. By repeating this process m − 1 times, finally we obtain P_m(x) and thus its coefficients. Therefore, the total cost for computing all the p_i is

m−1� i=1 [2(i + 1) + i] = O(m^2).

On the other hand, the integral G(p, q) can be evaluated by using the following recursive formula

(p + q + 1) G(p, q) = x^{p+1} (� 1 + x^2

)_q + q G(p, q − 2), (56)

which follows from integration by parts. Depending on the sign of q, equation (56) can be applied in either of two ways; that is, reducing the order of q by

G(p, q) = 1 p + q + 1 � x^{p+1} (� 1 + x^2

)_q

+ q G(p, q − 2) � , (57)

when q > 0, or increasing the order of q by

G(p, q) = 1 q + 2 [ (p + q + 3)G(p, q + 2) − x^{p+1} (� 1 + x^2

)_{q+2}] , (58) when q < 0, which has the singular point G(p, −2). The base cases for the above recurrences are given by

G(p, −2) =

� x_p

1 + x^2 dx = � x^{p−2} ( 1 − 1 1 + x^2 ) dx = x^{p−1} p − 1

− G(p − 2, −2)

G(p, 0) = x^{p+1} p + 1

G(p, 1) = � x^p � 1 + x^2 dx = � x^{p−2} � (1 + x^2)^3 dx − G(p − 2, 1) = 1 p + 2 [ x^{p−1} � (1 + x^2)^3 − (p − 1)G(p − 2, 1) ] , where the last result follows from integration by parts, and

G(1, −2) = 1 2 ln(1 + x^2)

G(0, −2) = tan^{−1}(x)

G(1, 1) = 1 3 � (1 + x^2)^3

G(0, 1) = 1 2 ( x � 1 + x^2 + sin^{−1}x ) . As we can see, the base cases can be computed within O(p) time. Combining with the recurrence formulas (57) and (58), we conclude that evaluating G(p, q) requires at most O(p + |q|) time. It follows from equation (54) and equation (55) that the total cost for evaluating the rational integral Ī_2(m, q) is O(m^2), assuming q ≤ m, which also accouts for the cost for computing the polynomial coefficients.

5 Spatially-Varying Luminaires

The concept of rational angular moments is closely related to computing the irradiance from Lambertian luminaires with spatially varying radiant exitance, whose radiance distribution varies with respect to the position. Specifically, for the class of luminaires with polynomiallyvarying radiant exitance (or exitance power), the irradiance reduces to a special order of rational moment about some chosen axes. In this section, we shall formulate the irradiance from non-uniform luminaires in terms of rational angular moments, or equivalently, rational irradiance tensors, and then apply the recursive formulas derived in Section 2 and Section 3 to obtain the closed-form solutions for polygonal luminaires. We start with luminaires with linearly-varying radiant exitance, and then extend the result to quadratic and higher order polynomials.

5.1 Irradiance

The irradiance ϕ impinging on a surface at the point o due to a planar luminaire L is given by ϕ(L) = 1 π � L f(x) cos θ_1 cos θ_2

r^2 dx, (59)

where x is a point on L, r is its length, and f(x) denotes the radiant exitance of the luminaire at the point x. Here, we only consider the case that f(x) is a polynomial. If we integrate over the spherical projection of L, denoted by A = � (L), we have

ϕ(A) = 1 π � A f(x) cos θ_1 dσ(u) = 1 π � A f(u) ⟨b, u⟩ dσ(u), (60)

where u is the unit vector on the sphere, and x is the point on L in the direction of u. The measure σ denotes area on the sphere, f(u) is the emissive power distribution function represented in terms of the unit vector u. For simplicity, we still use f to denote it.

5.2 Linearly-Varying Luminaires

It follows from equation (60) that the irradiance at the origin from a luminaire with linearlyvarying brightness can be formulated as the integral of a rational function [8]. That is,

ϕ^1(A, w, a, b) = 1 π � A ⟨a, u⟩ ⟨b, u⟩

⟨w, u⟩ dσ(u), (61) where a, b, w are three vectors, and w is normalized. Using the definition of rational moments (24) and its tensor form (25), equation (61) can be simply expressed as

ϕ^1(A, w, a, b) = 1 π τ^{2,1}(A, w, a, b) = 1 π T^{2,1}_{ij} a_ib_j. (62)

Applying the recursive formula (18), we have

T^{2,1}_{ij} = w_jT^1_i + 1 2 ( δ_{jm} − w_j w_m ) [ δ_{im}T^{0,1} − � ∂A u_in_m ⟨w, u⟩ ds ] . (63)

Using equation (19) and equation (20), equation (63) becomes

T^{2,1}_{ij} = 1 2 � ∂A � −w_j n_i + ( δ_{jm} − w_jw_m ) δ_{im} ⟨w, n⟩ ln ⟨w, u⟩ 1 − ⟨w, u⟩^2 − u_in_m ⟨w, u⟩ � ds = − 1 2 � ∂A [ δ_{ik}w_j − ( δ_{jm} − w_j w_m ) ( δ_{im}w_k η − δ_{km}u_i ⟨w, u⟩ )] n_k ds = − 1 2 � ∂A M^3_{ijk}n_k ds, (64)

where the 3-tensor M, which depends on w and u, is defined by

M^3_{ijk}(w, u) = δ_{ik}w_j + ( δ_{jm} − w_jw_m

) ( δ_{km}u_i ⟨w, u⟩

− δ_{im}w_k η ) , (65)

and the scalar-valued function η(w, u) is given by

η(w, u) ≡ ln ⟨w, u⟩ 1 − ⟨w, u⟩^2 . Therefore, the irradiance (62) from luminaires with linearly-varying brightness is given by

ϕ^1(A, w, a, b) = − 1 2π � ∂A M^3_{ijk}a_ib_jn_k ds. (66)

In particular, when A is a spherical projection of a polygonal luminaire with s edges, Equation (66) can be evaluated along each edge ζ by considering the outgoing normal n as constant over the edge. That is,

ϕ^1(P, w, a, b) = − 1 2π s� e=1 ( a_ib_j n_k � ζ M^3_{ijk} ds )

= − 1 2π s� e=1 ( a_ib_j n_k [ δ_{ik}w_jΘ^e + ( δ_{jm} − w_j w_m ) ( δ_{km} � ζ_e

u_i ⟨w, u⟩ ds − δ_{im}w_k I^e_1 )]) , where I^e_1 is the special integral (30) evaluated along the edge ζ_e and Θ^e is its arc length, and they both depend on the edges. By parameterizing each edge ζ by arc length, we get a “closed-form” solution for irradiance from polygonal luminaires with linearly-varying luminaires, given by

ϕ^1(P ) = − 1 2π s� e=1 [ ⟨a, n⟩ ⟨b, w⟩ Θ^e + b^T (I − ww^T) (¯ I^e_2 (1, 1) n − Ī^e_1 ⟨w, n⟩ a )] , (67)

where the arc length Θ, the normal n and two boundary integrals Ī_1, Ī_2 all depend on each edge ζ, denoted by the superscript^e. Ī_1 is evaluated in terms of our special function in (33), and Ī_2 computes the rational boundary integral (31) with n = q = 1, that is, � ζ ⟨a, u⟩ ⟨w, u⟩ ds, which can be evaluated exactly [8]

Ī^e_2 (1, 1) = c^1 c [ cos(ϕ^′)Θ^e + sin(ϕ^′) ln ( cos(Θ − ϕ) cos ϕ )] , where ϕ^′ = ϕ − ϕ_1 and c_1, c, ϕ_1, ϕ are defined in equation (32).

From equations (65), (66) and (67), we have seen that by fitting the problem of computing irradiance from linearly-varying luminaires into our general framework of rational irradiance tensors and moments, we have obtained the exact same solutions as those derived in our previous report [8] in a much simpler and compact way.

5.3 Quadratically-Varying Luminaires

For luminaires with quadratically-varying brightness, the quadratic terms of f(x) can be expressed as

a_{ij}x_ix_j, where a_{ij} is a scalar coefficient, and x_i, x_j are the coordinates of x, and i, j = 1, 2, 3. Without loss of generality, we assume that

f(x) = x_ix_j . (68)

Let e_i(i = 1, 2, 3) denote three coordinate axes, Equation (68) can be expressed as

f(x) = ⟨e_i, x⟩ ⟨ e_j , x ⟩ . (69)

By expressing x in equation (69) in terms of unit vector u by x = h ⟨w, u⟩ u, we get

f(u) = h^2

⟨e_i, u⟩ ⟨ e_j, u ⟩ ⟨w, u⟩^2

. (70)

Consequently, it follows from equation (60) that the irradiance from luminaires with quadraticallyvarying brightness can be formalized as the integral of the form

ϕ^2(A, w, a, b, c) = 1 π � A ⟨a, u⟩ ⟨b, u⟩ ⟨c, u⟩ ⟨w, u⟩^2 dσ(u), (71)

where w is a unit vector and a, b, c are arbitrary vectors. Similarly, we can represent it in terms of rational irradiance tensor or rational moment as

ϕ^2(A, w, a, b, c) = 1 π τ^{3,2}(A, w, a, b, c) = 1 π T^{3,2}_{ijk} a_ib_j c_k. (72)

In order to derive the corresponding boundary integral for ϕ^2, we begin with the recurrence formula (17) for T^{3,2}

T^{3,2}_{ijk} = w_iT^{2,1}_{jk} + w_j T^{2,1}_{ik} + w_kT^{2,1}_{ij} − 4T^3_{ijk} − � ∂A u^3_{ijk} ⟨w, n⟩ ⟨w, u⟩ ds = − 1 2 � ∂A ( w_iM^3_{jkl} + w_jM^3_{ikl} + w_kM^3_{ijl} + 2 w_l u_iu_ju_k ⟨w, u⟩ ) n_l ds − 4T^3_{ijk}, (73) where we have used the boundary integral representation (64) for T^{2,1} and the 3-tensor M^3 in the linear case. Then, it follows from equation (19) that

4T^3_{ijk} = δ_{ki}T^1_j + δ_{kj} T^1_i − � ∂A u^2_{ij}n_k ds = − 1 2 � ∂A ( δ_{ki}δ_{jl} + δ_{kj}δ_{il} + 2 δ_{kl} u_iu_j ) n_l ds. (74)

Substituting equation (74) into equation (73), we get

T^{3,2}_{ijk} = − 1 2 � ∂A M^4_{ijkl}(w, u) n_l ds, (75)

where the 4-tensor M depending on w and u is defined by

M^4_{ijkl} ≡ w_iM^3_{jkl} + w_j M^3_{ikl} + w_kM^3_{ijl} + 2 w_l u_iu_j u_k ⟨w, u⟩

− δ_{ki}δ_{jl} − δ_{kj}δ_{il} − 2 δ_{kl} u_iu_j. (76)

Hence, the irradiance in equation (72) is given by a boundary integral

ϕ^2(A, w, a, b, c) = − 1 2π � ∂A M^4_{ijkl} a_ib_jc_kn_l ds. (77)

5.4 Higher Order Polynomials

We can easily represent the irradiance from luminaires whose spatial variation is a polynomial of order n in a general irradiance tensor formula. That is,

ϕ^n(A, w, a_1, · · · , a_n) = 1 π T^{n+1,n}

Ij (a_1 · · · a_n)_{Ij}, (78)

where I is a n-index, w, a^′_is are vectors, and w is a unit vector.

From equation (64) and equation (75), we have

T^{2,1}_{ij} = − 1 2 � ∂A M^3_{ijk} n_k ds

T^{3,2}_{ijk} = − 1 2 � ∂A M^4_{ijkl} n_l ds, which suggests that the rational irradiance tensor T^{n+1,n} corresponding to higher order irradiance ϕ^n may also be represented as an integral of a (n + 2)-tensor M, and the higherorder tensor M can be computed recursively from lower order M, as in equation (76).

In this section, we show that there actually exists such a general recursive formula for T^{n+1,n} and the corresponding (n + 2)-tensor M^{n+2}, where n ≥ 0.

Theorem 4 Given an integer n ≥ 0, the rational irradiance tensor T^{n+1,n} is given by the boundary integral

T^{n+1,n}

I = − 1 2 � ∂A M^{n+2}_{Il} (w, u) n_l ds, (79)

where I is a (n + 1)-index not including the index l, and the (n + 2)-tensor M satisfies a recurrence relation

M^{n+2}_{Ijl} = 1 n − 1 � � n� k=1 w_{Ik} M^{n+1}_{(I/k)jl} + (n − 1) w_jM^{n+1}_{Il} + 2w_l u^{n+1}_{Ij} ⟨w, u⟩^{n−1} − n� k=1 δ_{jIk} M^n_{(I/k)l} − 2δ_{jl} u^n_I ⟨w, u⟩^{n−2}

� (80)

when n ≥ 2, and the base cases are defined by

M^3_{ijk} = δ_{ik}w_j − ( δ_{jl} − w_j w_l ) ( δ_{il}w_k η − δ_{kl}u_i ⟨w, u⟩ ) (81)

M^2_{ij} = δ_{ij} . (82)

Proof: The proof is performed by induction on n, with base cases n = 0 and n = 1.

Step 1: (n = 0)

From Lambert’s formula, we have

T^{1,0}_i = − 1 2 � ∂A n_i ds = − 1 2 � ∂A δ_{il}n_l ds = − 1 2 � ∂A M^2_{il}n_l ds.

Thus, equation (79) holds for n = 0.

Step 2: (n = 1) This has been proved in Section 5.2.

Step 3: (n ≥ 2)

First, comparing equation (80) with equation (76) and accounting for the definition of M^2, it is easy to check equation (79) and equation (80) holds for T^{3,2}. Now suppose that

T^{k+1,k}

J = − 1 2 � ∂A M^{k+2}_{Jl} n_l ds (83)

for all 2 ≤ k < n and (k + 1)-index J. Applying the recursive formula (17), we have

T^{n+1,n}

Ij = 1 n − 1 � � n� k=1 w_{Ik} T^{n,n−1}_{(I/k)j} + w_jT^{n,n−1}_I − 4T^{n+1,n−2}_{Ij} − � ∂A u^{n+1}_{Ij} ⟨w, n⟩ ⟨w, u⟩^{n−1} ds � � . (84)

By the induction hypothesis (84), we can replace T^{n,n−1} by boundary integrals. That is,

T^{n+1,n}

Ij = 1 n − 1 � �−1 2 � ∂A � � n� k=1 w_{Ik} M^{n+1}_{(I/k)jl} + w_jM^{n+1}_{Il} + 2w_l u^{n+1}_{Ij} ⟨w, u⟩^{n−1} � � n_l ds − 4T^{n+1,n−2} Ij � � .(85)

Then we can apply Theorem 2 for the last term and obtain

4T^{n+1,n−2}

Ij = n� k=1 δ_{jIk} T^{n−1,n−2}

I/k − (n − 2) w_jT^{n,n−1}_I − � ∂A u^n_I n_j ⟨w, u⟩^{n−2} ds

= − 1 2 � ∂A n � k=1 δ_{jIk} M^n_{(I/k)l} − (n − 2) w_j M^{n+1}_{Il} + 2δ_{jl} u^n_I ⟨w, u⟩^{n−2} � n_l ds.(86)

Substituting equation (86) into equation (85), we get

T^{n+1,n}

Ij = − 1 2 � ∂A 1 n − 1 � � n� k=1 w_{Ik} M^{n+1}_{(I/k)jl} + (n − 1) w_jM^{n+1}_{Il} + 2w_l u^{n+1}_{Ij} ⟨w, u⟩^{n−1}

− n� k=1 δ_{jIk} M^n_{(I/k)l} − 2δ_{jl} u^n_I ⟨w, u⟩^{n−2} � n_l ds

= − 1 2 � ∂A M^{n+2}_{Ijl} n_l ds,

where the (n + 2)-tensor is given by equation (80). Therefore, it follows from induction on n that equation (79) and equation (80) holds for any n ≥ 2. Consequently, Theorem 4 has been proved for all n ≥ 0. 222.

As a corollary of Theorem 4, we have that the irradiance from luminaires with monomiallyvarying brightness of nth order is given by

ϕ^n(A, w, a_1, · · · , a_n) = − 1 2π � ∂A M^{n+2}_{Il} (a_1 · · · a_n)_I n_l ds, (87)

where I is a (n + 1)-index. In particular, when A is a spherical polygon with k edges, we have the irradiance

ϕ^n(P, w, a_1, · · · , a_n) = − 1 2π �_k � i=1 (� ζ_i

M^{n+2}_{Il} (a_1 · · · a_n)_I ds ) n_l � . (88)

5.5 Time Complexity of Evaluation

In this section, we will discuss the complexity of computing the irradiance from a polygonal luminaire with k edges, with brightness varying as an nth order polynomial. Let T denote the total cost for ϕ^n, and T (n + 2) denote the cost for evaluating the line integral � ζ M^{n+2}_{Il} (a_1 · · · a_n)_I ds

in equation (88). It follows that the time complexity T of evaluating the irradiance ϕ^n in equation (88) is

T = k T (n + 2). (89)

From the recurrence formula (78) for M, we can easily derive the recursive relation satisfied by T (n + 2):

T (n + 2) = T (n + 1) + T (n) + Cost(Ī_2(n + 1, n − 1)) + Cost(Ī_2(n, n − 2)) + O(n) = T (n + 1) + T (n) + O(n^2), (90) where we used the complexity result for the rational integral Ī_2(n, q), which was discussed in Section 4. By applying equation (90) repeatedly, we get

T (n + 2) = (n − 1)T (3) + T (2) + O(n^2 + (n − 1)^2 + · · · + 1) = (n − 1)T (3) + T (2) + O(n^3).

Assuming it takes O(1) to evaluate the special integral arising from M^3, we get T (n + 2) = O(n^3). Consequently, the time complexity for the irradiance from a polygonal luminaires with polynomially-varying brightness is O(k n^3), where k is the polygon side and n is the polynomial order.

6 Conclusion

We have presented a number of new closed-form expressions for computing illumination from luminaires with polynomially-varying radiant exitance, the expressions can be evaluated in O(kn^3) time for arbitrary polygons with k sides, where n is the order of the polynomial. To derive the new expressions, we extend the concept of irradiance tensor to account for rational polynomial functions over the unit sphere. Rational irradiance tensors satisfy several recursive formulas and leads to closed-form expressions for rational angular moments, which are directly related to the irradiance from non-uniform luminaires and other quantities encountered in many non-Lambertian phenomena. In particular, in the case of irradiance due to polynomially-varying luminaires, it reduces to a general recursive tensor formula, which subsumes Lambert’s formula.

The new analytical results presented here are of significant theoretical values. There are many potential applications for our closed-form expressions, such as computing direct illumination and glossy reflection or transmission from non-uniform luminaires, handling more complex BRDF models and more realistic illumination models, etc. We believe that the new techniques will give rise to many efficient deterministic algorithms for simulating non-diffuse pheonomena.

Acknowledgements

This work was supported by a Microsoft Research Fellowship and NSF Career Award CCR9876332.

A Transformation Proof for Theorem 2

From the definition of rational irradiance tensors, it follows that

w_jT^{n,q}_{Ij} = T^{n−1,q−1}

I , (91)

where I is a (n − 1)-index and n ≥ 1, q ≥ 1. Then, using equation (91), we can re-express the recurrence formula (2) as

(q − 1) T^{n,q}_I = n� k=1 w_{Ik} T^{n−1,q−1}

I/k − (n − q + 3) T^{n,q−2}_I − � ∂A u^n_I ⟨w, n⟩ ⟨w, u⟩^{q−1} ds

= n� k=1 δ_{jIk} w_jT^{n−1,q−1}

I/k − (n − q + 3) w_jT^{n+1,q−1}_{Ij} − � ∂A u^n_I w_j n_j ⟨w, u⟩^{q−1} ds

= w_j

�_n � k=1 δ_{jIk} T^{n−1,q−1}

I/k − (n − q + 3) T^{n+1,q−1}_{Ij} − � ∂A u^n_I n_j ⟨w, u⟩^{q−1} ds � .(92)

Note that w_j w_j = 1, we can multiply both sides of the above equation by w_j, obtaining

(q − 1) w_j T^{n,q}_I = n� k=1 δ_{jIk} T^{n−1,q−1}

I/k − (n − q + 3) T^{n+1,q−1}_{Ij} − � ∂A u^n_I n_j ⟨w, u⟩^{q−1} ds. (93)

By changing variables n = n + 1 and q = q − 1, Equation (93) becomes

q w_j T^{n−1,q+1} I = n−1� k=1 δ_{jIk} T^{n−2,q}_{I/k} − (n − q + 1) T^{n,q}_{Ij} − � ∂A u^{n−1}_I n_j ⟨w, u⟩^q ds. (94)

When q ≠ n + 1, we can solve for T^{n,q}_{Ij} from equation (94):

T^{n,q}_{Ij} = 1 n − q + 1 n_{−1} � k=1 δ_{jIk} T^{n−2,q}_{I/k} − q w_j T^{n−1,q+1}_I − � ∂A u^{n−1}_I n_j ⟨w, u⟩^q ds � , which is Theorem 2. 222

B Reduction of Λ(α, β) to Clausen Integrals

Figure 3: The irradiance at the origin due to a triangular luminaire with quadratically varying radiant exitance can be represented in terms of either Υ(μ, ν) or Λ(α, β).

In this appendix, we will show how to reduce the special function Λ, defined in equation (34), to a well-known special function called Clausen integral. To show this, we reduce the problem of computing our special function Λ(α, β) to that of computing the irradiance due to a two-parameter family of luminaires with spatially varying radiant exitance, which in turn may be expressed in terms of the Clausen integral.

Figure 3 shows a triangular luminaire in the z = 1 plane with two parameters: the angle μ and the edge length ν. Let P denote the spherical projection of this triangle, and ϕ(μ, ν) denote the irradiance at the origin due to this luminaire whose radiance distribution is given by f(r) ≡ ⟨r, r⟩ , (95) where r is the position vector of the point on the luminaire plane. Expressing r in terms of the unit vector u by using r = h ⟨w, u⟩ u = u ⟨w, u⟩ , where h = 1 is the distance from the origin to the planar luminaire, Equation (95) becomes

f(u) = ⟨ u ⟨w, u⟩ , u ⟨w, u⟩ ⟩ = 1 ⟨w, u⟩^2 . Here, w is the unit vector from the origin orthogonal to the luminaire plane. For this special configuration, w happens to be coincident with the z axis. It follows that the irradiance at the origin due to this family of luminaires is given by

ϕ(μ, ν) = � P f(u) cos θ dσ(u) = � P 1 ⟨w, u⟩^2

⟨w, u⟩ dσ(u) = � P 1 ⟨w, u⟩ dσ(u), (96)

where we used the fact that the surface normal at the origin is w, and thus cos θ = ⟨w, u⟩. The right hand side in equation (96) is exactly the base case of our rational moments, τ^{0,1}(P, w), given by

τ^{0,1}(P, w) = � ∂P ln ⟨w, u⟩ 1 − ⟨w, u⟩^2

⟨w, n⟩ ds,

which reduces to a summation of three line integrals along three spherical edges of the luminaire projection. That is,

ϕ(μ, ν) = 3� i=1 ⟨w, n_i⟩ � ζ_i

ln ⟨w, u⟩ 1 − ⟨w, u⟩^2 ds, (97)

where ζ_1, ζ_2, ζ_3 are the great arcs corresponding to the three edges AB, BC and CA, respectively, and n_1, n_2, n_3 are their outgoing normals. Let A, B, C denote the position vectors for the three triangle vertices, then

n_1 = Normalize(A × B) n_2 = Normalize(B × C) n_3 = Normalize(C × A).

Notice that w is perpendicular to both n_1 and n_3, we have ⟨w, n_1⟩ = ⟨w, n_3⟩ = 0. Then, two terms on the right hand side of equation (97) vanish, and it simplifies to

ϕ(μ, ν) = ⟨w, n⟩ � ζ ln ⟨w, u⟩ 1 − ⟨w, u⟩^2 ds, (98)

where we have omitted the subscripts for n and ζ. To evaluate the integral on the right hand side of equation (98), we parameterize the great arc ζ by

u = s cos θ + t sin θ,

where s is the unit vector from the origin to the vertex C, and t is y axis. Then, ⟨w, t⟩ = 0, let α = ⟨w, s⟩ = cos φ,

where φ is the angle between vector w and s (see Figure 3), we get � ζ_2

ln ⟨w, u⟩ 1 − ⟨w, u⟩^2 ds =

�_β 0 ln(α cos θ) 1 − α^2 cos^2 θ dθ = Λ(α, β),

where β is the arc length of ζ. It follows that the irradiance ϕ(μ, ν) in equation (98) can be represented in terms of Λ as

ϕ(μ, ν) = ⟨w, n⟩ Λ(α, β). (99)

In this special configuration, n is perpendicular to the triangle OBC, and thus orthogonal to the y axis. Consequently, n lies on the XZ plane and points in the outwards direction shown in Figure 3, then

⟨w, n⟩ = cos ( π 2 + φ ) = − sin φ = − � 1 − α^2.

Therefore, equation (99) can be written as

Λ(α, β) = − ϕ( μ(α, β), ν(α, β) ) √ 1 − α^2

(100)

for α ≠ 1. Equation (100) shows an important result that any method for computing irradiance from quadratically varying polygonal luminaires must also be capable of evaluating Λ over its entire domain. Thus, Λ is an inescapable component of such irradiance computations.

On the other hand, using the indentity between 2-form dω and the differential area dA

dω = cos θ r^2 dA, where r is the distance from the origin to the point on the luminaire, and the fact that ⟨w, u⟩ = cos θ in this configuration, we can convert the integral (96) over solid angle to an integral over the area of the luminaire. That is,

ϕ(μ, ν) = � � △ 1 r^2 dA = � � △ 1 x^2 + y^2 + 1 dxdy, (101)

where (x, y, 1) represents a point in the luminaire. Finally, by changing variables to polar coordinates, the integral (101) reduces to Υ(μ, ν) [2, pp. 112], defined by

Υ(μ, ν) ≡

�_μ 0 ln ( 1 + ν^2 sec^2 θ ) dθ, (102)

where 0 ≤ μ ≤ π/2 and ν ≥ 0. The reduction is done as follows:

ϕ(μ, ν) = 1 2 �_μ 0 �_{ν sec θ} 0 2 1 + ρ^2 ρ dρdθ = 1 2 �_μ 0 ln(1 + ρ^2) | |^{ν sec θ} 0 dθ = 1 2 �_μ 0 ln(1 + ν^2 sec^2 θ) dθ = 1 2 Υ(μ(α, β), ν(α, β)), (103)

where variables μ and ν are dependent on α and β. It is obvious from the geometry in Figure 3 that these variables are related by

α = cos φ = 1 √ 1 + ν^2 ,

tan β = ν tan μ √ 1 + ν^2

. (104)

Solving for μ and ν, we get

μ(α, β) = tan^{−1} ( tan β √ 1 − α^2 ) ,

ν(α) = √ 1 − α^2 α . (105)

It is easily checked that when (μ, ν) ranges over [0, π/2] × [0, ∞), the corresponding parameter (α, β) of Λ varies over the range of 0 ≤ α ≤ 1 and 0 ≤ β ≤ π/2. It now follows from equations (100),(103) and (105) that Λ(α, β) can be evaluated in terms of Υ(μ, ν) by

Λ(α, β) = − 1 2 √ 1 − α^2 Υ tan^{−1} ( tan β √ 1 − α^2 ) , √ 1 − α^2 α � , (106)

where α ≠ 1. When α = 1, Λ(α, β) can be evaluated exactly, as shown in equation (44). That is,

Λ(1, β) = −β − cot β ln(cos β).

Equation (106) can also be proved directly by change of variables (see Appendix D). However, such a change of variable would be extremely difficult to discover without the aid of the construction of Figure 3.

In Appendix C, we have demonstrated how to reduce the function to the Clausen integral Cl_2(x), and the formula is given by

Υ(μ, ν) = − 1 2 [2Cl_2(2μ) − Cl_2(4μ − 2η) − Cl_2(2η) + 2(η − μ) ln γ] , (107)

where

γ = (ν − � ν^2 + 1)^2 = 1 − √ 1 − α^2 α �_2 ,

η = tan^{−1} ( sin(2μ) γ + cos(2μ) ) , (108)

and the Clausen integral Cl_2(x) is defined by

Cl_2(x) ≡ −

�_x 0 ln | |2 sin θ 2 | | dθ = −1 2 �_x 0 ln ( 4 sin^2 θ 2 ) dθ = ∞� n=1 sin nx n^2

(109) for all x ∈ IR [15, pp.93]. Our derivation follows the procedure proposed by Arvo [2] and further simplifies the resulting formula.

Incorporating equations (106) and (107), we can represent the special function Λ in terms of Clausen integrals:

Λ(α, β) = 1 4 √ 1 − α^2 [ 2Cl_2(2μ) − Cl_2(4μ − 2η) − Cl_2(2η) + 2(η − μ) ln γ ] , (110)

where α ≠ 1 and μ, ν, γ, η are defined in equations (105) and (108).

C Reduction of Υ(μ, ν) to Clausen Integrals

To represent Υ(μ, ν) in terms of the Clausen integral, where

Υ(μ, ν) ≡

�_μ 0 ln(1 + ν^2 sec^2 θ) dθ, (111)

we shall make use of two intermediate functions. One is Lobachevsky’s function [11, pp. 941], defined by

L(x) ≡

�_x 0 ln(cos θ) dθ, (112)

and the other is a two-parameter function, F (α, x), defined by

F (α, x) ≡

�_x 0 ln(1 + sin α cos θ) dθ. (113)

In the mid 19th century, F.W.Newman [17, 18] showed that many closely related logarithmic integrals can be reduced to Clausen’s integral. In particular, for the Lobachevsky’s function (112), we have

L(x) = 1 2 Cl_2(π − 2x) − x ln 2. (114)

Proof: From the series representation of Clausen integral in equation (109), it is obvious that Cl_2(π) = 0. Thus,

Cl_2(π − 2x) = −

�_{π−2x} 0 ln ( 2 sin θ 2 ) dθ

= −Cl_2(π) −

�_{π−2x} π ln ( 2 sin θ 2 ) dθ

= 2x ln 2 −

�_{π−2x} π ln ( sin θ 2 ) dθ = 2x ln 2 + 2

�_x 0 ln(cos t) dt (θ = π − 2t)

= 2x ln 2 + 2 L(x).

Solve for L(x), we get equation (114). 222

The other identity for F (α, x) was derived by Newman [18, pp. 89], given by

F (α, x) = x ln ( sin^2 α 2 ) − η ln ( tan^2 α 2 ) − Cl_2(2x) + Cl_2(2x − 2η) + Cl_2(2η), (115)

where

tan η ≡ sin x tan^α_2 + cos x

. (116)

Our derivation closely follows Newman’s, which utilized several clever trigonometric substitutions. For example,

sin α = 2 sin α 2 cos α 2 = 2 tan^α_2 sec^{2 α}_2 = 2 tan^α_2 1 + tan^{2 α}_2

. (117)

Proof: Let

tan γ = sin θ m + cos θ

(118)

where m = tan^α_2 . Then, we can write m = sin(θ − γ)

sin γ . From identity (117) and other elementary trigonometric identities, we have

sin α =

2 tan^α_2 1 + tan^{2 α}_2 = 2m 1 + m^2 ,

m + cos θ = sin(θ − γ) sin γ

+ cos θ = sin θ cos γ sin γ , 1 + m^2 = sec^2 α 2 . Thus,

1 + sin α cos θ =

1 + 2m cos θ + m^2 1 + m^2 = sin^2 θ + (cos θ + m)^2 1 + m^2

= sin^2 θ sin^2 γ sec^{2 α}_2 = sin^2 θ sin^2 γ cos^2 α 2 . It follows that

F (α, x) =

�_x 0 ( ln(sin^2 θ) − ln(sin^2 γ) + ln ( cos^2 α 2 )) dθ = �_x 0 ( ln ( 4 sin^2 θ ) − ln ( 4 sin^2 γ ) + ln ( cos^2 α 2 )) dθ = x ln ( cos^2 α 2 ) − Cl_2(2x) −

�_x 0 ln ( 4 sin^2 γ ) dθ. (119)

Consider γ(θ) as a C^1 function with respect to θ. By letting

dθ = dγ(θ) + d(θ − γ(θ)), (120)

the last integral above becomes

�_x 0 ln(4 sin^2 γ) dθ =

�_x 0 ln[ 4 sin^2 γ(θ) ] dγ(θ) +

�_x 0 ln[ 4 sin^2 γ(θ) ] d(θ − γ(θ)) = �_{γ(x)} 0 ln[ 4 sin^2 t ] dt +

�_x 0 ln[ 4 sin^2 γ(θ) ] d(θ − γ(θ)

= −Cl_2(2γ(x)) + 2

�_x 0 ln � 4 sin^2(θ − γ(θ)) m^2 � d(θ − γ(θ))

= −Cl_2(2γ(x)) +

�_{x−γ(x)} 0 ln � 4 sin^2 t � dt − [x − γ(x)] ln m^2

= −Cl_2(2γ(x)) − Cl_2(2x − 2γ(x)) − (x − γ(x)) ln ( tan^2 α 2 ) , where we require that γ vanishes when θ = 0 in the change of variables; that is, γ(0) = 0. Let η = γ(x) and thus

tan η = sin x tan^α_2 + cos x . From equation (119), we have

F (α, x) = x ln ( cos^2 α 2 ) + (x − η) ln ( tan^2 α 2 ) − Cl_2(2x) + Cl_2(2η) + Cl_2(2x − 2η)

= x ln ( sin^2 α 2 ) − η ln ( tan^2 α 2 ) − Cl_2(2x) + Cl_2(2η) + Cl_2(2x − 2η), which establishes equation (115). 222

The function η in the identity (115), which depends on α and x, is only implicitly defined by equation (116). To determine η explicitly and uniquely from tan η, we must use two requirements satisfied by γ(θ) (η = γ(x)) enforced by our proof above. That is,

• γ(x) must be a C^1 function in θ to make equation (120) hold.

• γ(0) = 0.

Specifically, the ranges of α and x we are interested in are 0 ≤ α ≤ π/2 and 0 ≤ x ≤ π, where

0 ≤ m = tan α 2 ≤ 1.

Then, ∂ ∂θ ( sin θ m + cos θ ) = m cos θ + 1 (m + cos θ)^2 ≥ 0 for all 0 ≤ θ ≤ π and θ ≠ θ_0 = cos^{−1}(−m), that is, the denominator m + cos θ ≠ 0. Therefore, tan γ is non-negative when θ ∈ [0, θ_0) and is non-positive when θ ∈ (θ_0, π]. It follows from the two conditions of γ(θ) that γ should be in [0, π] instead of [−π/2, π/2], the range of tan^{−1} routine. Therefore,

η = � � � � � tan^{−1} ( sin x tan(α/2) + cos x ) tan η ≥ 0

π + tan^{−1} ( sin x tan(α/2) + cos x ) tan η < 0

(121)

Using the identities (114) and (115), we can easily represent Υ(μ, ν) in terms of Clausen integrals as follows:

Υ(μ, ν) =

�_μ 0 ln 1 + ν^2 cos^2 θ � dθ = �_μ 0 ln ( ν^2 + cos^2 θ ) dθ − 2

�_μ 0 ln (cos θ) dθ = 1 2 �_{2μ} 0 ln � cos θ + 2ν^2 + 1 2 � dθ − 2 L(μ)

= 1 2 �_{2μ} 0 ln ( 1 + cos θ 2ν^2 + 1 ) dθ + μ ln

2ν^2 + 1 2 � − 2 L(μ) = 1 2 F ( sin^{−1} 1 2ν^2 + 1

, 2μ ) + μ ln

2ν^2 + 1 2 � − 2 L(μ).

Replacing F, L above by (115) and (114), we get

Υ(μ, ν) = μ ln ( sin^2 a 2 ) − 1 2 η ln ( tan^2 a 2 ) + μ ln ( 4ν^2 + 2 )

− 1 2 [ Cl_2(4μ) − Cl_2(4μ − 2η) − Cl_2(2η) + 2Cl_2(π − 2μ) ]

= − 1 2 [ Cl_2(4μ) − Cl_2(4μ − 2η) − Cl_2(2η) + 2Cl_2(π − 2μ)

−2μ ln (( 4ν^2 + 2 ) sin^2 a 2 ) + η ln ( tan^2 a 2 )] , (122)

where

a = sin^{−1} 1 2ν^2 + 1

η = tan^{−1} sin(2μ) tan^a_2 + cos(2μ) � . Here, 0 ≤ a ≤ π/2 and 0 ≤ μ ≤ π/2 from equation (105), and the inverse function tan^{−1} are interpreted as equation (121).

Using the following identity for Clausen integrals [15, pp. 94], 1 2 Cl_2(2θ) = Cl_2(θ) − Cl_2(π − θ), (123)

equation (122) simplifies to

Υ(μ, ν) = − 1 2 [ 2Cl_2(2μ) − Cl_2(4μ − 2η) − Cl_2(2η)

−2μ ln (( 4ν^2 + 2 ) sin^2 a 2 ) + η ln ( tan^2 a 2 )] (124)

Furthermore, since

sin a = 1 2ν^2 + 1

cos a = 2ν √ ν^2 + 1 2ν^2 + 1 , we can simplify tan(a/2) as tan a 2 = 1 − cos a sin a

= (ν − � ν^2 + 1)^2.

Let γ = (ν − √ ν^2 + 1)^2, then

η = tan^{−1} ( sin(2μ) γ + cos(2μ) )

sin^2 a 2 = tan^2(a/2) sec^2(a/2) = γ^2 1 + γ^2 . Notice that γ = √ ν^2 + 1 − ν √ ν^2 + 1 + ν , the above formula for sin^{2 a}_2 can be further simplified as

sin^2 a 2 = γ^2 1 + γ^2 = γ 4ν^2 + 2

. (125)

It follows from equation (124) that

Υ(μ, ν) = − 1 2 [2Cl_2(2μ) − Cl_2(4μ − 2η) − Cl_2(2η) + 2(η − μ) ln γ] . (126)

Here is another two simpler ways to derive equation (125) by using various trigonometric identities.

1. sin^2 a 2 = 1 2 tan a 2 sin a = γ 4ν^2 + 2 . 2. It follows from the identity cos a = 1 − 2 sin^{2 a}_2 that

sin^2 a 2 = 1 − cos a 2 = γ 4ν^2 + 2 .

D Direct Proof of Equation (106)

In this appendix, we show how to directly prove the following formula

Λ(α, β) = − 1 2 √ 1 − α^2 Υ tan^{−1} ( tan β √ 1 − α^2 ) , √ 1 − α^2 α � , which was arrived at using the construction shown on page 33.

Proof: The proof is done by change of variables. Let

tan θ = � 1 − α^2 tan t,

then, we can easily derive that

t = tan^{−1} ( tan θ √ 1 − α^2 )

cos^2 θ = cos^2 t 1 − α^2 sin^2 t

dθ = � 1 − α^2 cos^2 θ cos^2 t dt = √ 1 − α^2 1 − α^2 sin^2 t dt. It follows that

α^2 cos^2 θ = α^2 cos^2 t 1 − α^2 sin^2 t , and Λ(α, β) =

�_β 0 ln(α cos θ) 1 − α^2 cos^2 θ dθ

= 1 2 �_β 0 ln(α^2 cos^2 θ) 1 − α^2 cos^2 θ dθ

= 1 2 �_{tan}−1

(_{tan β}

√_{1−α2} ) 0 ln α^2 cos^2 t 1 − α^2 sin^2 t � � 1 − α^2 sin^2 t 1 − α^2

� � √ 1 − α^2 1 − α^2 sin^2 t � dt

= 1 2 √ 1 − α^2

�_{tan}−1

(_{tan β}

√_{1−α2} ) 0 ln α^2 cos^2 t 1 − α^2 sin^2 t � dt

= − 1 2 √ 1 − α^2

�_{tan}−1

(_{tan β}

√_{1−α2} ) 0 ln 1 − α^2 sin^2 t α^2 cos^2 t � dt

= − 1 2 √ 1 − α^2

�_{tan}−1

(_{tan β}

√_{1−α2} ) 0 ln 1 + 1 − α^2 α^2 sec^2 t � dt

= − 1 2 √ 1 − α^2 Υ tan^{−1} ( tan β √ 1 − α^2 ) , √ 1 − α^2 α � . 222

References

[1] Milton Abramowitz and Irene A. Stegun, editors. Handbook of Mathematical Functions.

Dover Publications, New York, 1965.

[2] James Arvo. Analytic Methods for Simulated Light Transport. PhD thesis, Yale University, December 1995.

[3] James Arvo. Applications of irradiance tensors to the simulation of non-Lambertian phenomena. In Computer Graphics Proceedings, Annual Conference Series, ACM SIG- GRAPH, pages 335–342, August 1995.

[4] A. Ashour and A. Sabri. Tabulation of the function (θ) =

�_∞ n=1 sin nθ/n^2. Mathematical Tables and other Aids to Computation, 10(54):57–65, April 1956.

[5] Larry Aupperle and Pat Hanrahan. A hierarchical illumination algorithm for surfaces with glossy reflection. In Computer Graphics Proceedings, Annual Conference Series, ACM SIGGRAPH, pages 155–162, August 1993.

[6] Daniel R. Baum, Holly E. Rushmeier, and James M. Winget. Improving radiosity solutions through the use of analytically determined form-factors. Computer Graphics, 23(3):325–334, July 1989.

[7] B. C. Carlson. Invariance of an integral average of a logarithm. The American Mathematical Monthly, 82(4):379–382, April 1975.

[8] Min Chen and James Arvo. Closed-form expressions for irradiance from non-uniform lambertian luminaires, Part I: Linearly-varying radiant exitance. Technical Report CS-TR-00-01, Caltech, CA, January 2000.

[9] Per H. Christensen, Eric J. Stollnitz, David H. Salesin, and Tony D. DeRose. Wavelet radiance. In Proceedings of the Fifth Eurographics Workshop on Rendering, Darmstadt, Germany, pages 287–302, 1994.

[10] Robert L. Cook, Thomas Porter, and Loren Carpenter. Distributed ray tracing. Computer Graphics, 18(3):137–145, July 1984.

[11] I. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series, and Products. Academic Press, New York, fifth edition, 1994.

[12] C. C. Grosjean. Formulae concerning the computation of the clausen integral cl_2(θ).

Journal of Computational and Applied Mathematics, 11:331–342, 1984.

[13] David Hart, Philip Dutré, and Donald P. Greenberg. Direct illumination with lazy visibility evaluation. In Computer Graphics Proceedings, Annual Conference Series, ACM SIGGRAPH, pages 147–154, August 1999.

[14] John R. Howell. A Catalog of Radiation Configuration Factors. McGraw-Hill, New York, 1982.

[15] Leonard Lewin. Dilogarithms and associated functions. Macdonald, London, 1958.

[16] Leonard Lewin. Polylogarithms and associated functions. North Holland, New York, 1981.

[17] Francis W. Newman. On logarithmic integrals of the second order. The Cambridge and Dublin Mathematical Journal, II:77–100, 1847.

[18] Francis W. Newman. The Higher Trigonometry and Superrationals of Second Order.

Macmillan and Bowes, 1892.

[19] G. C. Pomraning. The Equations of Radiation Hydrodynamics. Pergamon Press, New York, 1973.

[20] Peter Schröder and Pat Hanrahan. On the form factor between two polygons. In Computer Graphics Proceedings, Annual Conference Series, ACM SIGGRAPH, pages 163–164, August 1993.

[21] Peter Schröder and Pat Hanrahan. Wavelet methods for radiance computations. In Proceedings of the Fifth Eurographics Workshop on Rendering, Darmstadt, Germany, pages 303–311, 1994.

[22] Peter Shirley and Changyaw Wang. Distribution ray tracing: Theory and practice. In Proceedings of the Third Eurographics Workshop on Rendering, Bristol, United Kingdom, pages 33–43, 1992.

[23] E. M. Sparrow. A new and simpler formulation for radiative angle factors. ASME Journal of Heat Transfer, 85(2):81–88, May 1963.

[24] Michael M. Stark, Elaine Cohen, Tom Lynche, and Richard F. Riesenfeld. Computing exact shadow irradiance using splines. In Computer Graphics Proceedings, Annual Conference Series, ACM SIGGRAPH, pages 155–164, August 1999.

[25] Gregory J. Ward. Measuring and modeling anisotropic reflection. Computer Graphics, 26(2):265–272, July 1992.

[26] Gregory J. Ward. The RADIANCE lighting simulation and rendering system. In Computer Graphics Proceedings, Annual Conference Series, ACM SIGGRAPH, pages 459–472, July 1994.