The Mechanics and Control of Undulatory Robotic Locomotion

Thesis by James Patrick Ostrowski

Technical Report for the Department of Mechanical Engineering Division of Engineering and Applied Science California Institute of Technology Pasadena, CA 91125

California Institute of Technology Pasadena, California

1996

(Thesis defended September 19, 1995)

Acknowledgements

I would like to begin by thanking my advisor, Joel Burdick, who has shown me the depth and breadth of being an advisor, a mentor, and a friend, and without whom none of this could have happened. I would also like to give a special thanks to the members of my thesis committee for their support: Drs. Richard Murray, Jerry Marsden, Greg Chirikjian, and Steve Wiggins. In particular, I must credit Richard and Jerry, along with my office-mate, Andrew Lewis, with exposing me to the beauty and history of geometry and mechanics. I have spent my time at Caltech standing on the shoulders of giants, and I thank them very much for the magnificent view.

Next, I would like to thank the folks at Caltech who have made the past five years much more than just so many days in the office. To Richard Tsuyuki, who left Caltech long before all of us, but who I’m sure I will know for so much longer; to Andrew Lewis, for always humoring my idiosyncrasies and never denying me a bite of his dessert; to Howie Choset, for providing me with laughter, friendship, and an endless supply of spontaneous diversions; to Victor Burnley, a true compadre whom I could always count on to jump off bridges or drive to Vegas; to Scott Kelly, for always keeping the office full of toys and for being such a marble-head; and finally to Ted Hubbard, for showing me the trivia of the world and the virtues of being Canadian. While I have obviously missed a great many people, many of them are included in this special thanks to a gang of folks I ate lunch with every week for the past four years, the Thomas Lunch Group. This is a great tradition which I hope will continue to support lively discussions and seek out new places to eat in Pasadena for many years to come.

On a slightly different note, I must add that my stay at Caltech was profoundly influenced and greatly improved by the time I spent as a Resident Associate in Fleming House. A great deal of credit must go to Kim West for putting together an amazing and supportive staff of RA’s. But primarily, I would like to thank the students of Fleming House for allowing me to enter so deeply into their lives. Certainly I will always remember the dinners we shared together (napkins and water included) and the athletic accomplishments we achieved. Most importantly, though, I take with me the memory of the students themselves, and the three event-filled years we shared together.

Of course, I would not nearly be complete without thanking my family who have been so close and supportive over these many, many years of education: Sarah and Frank, my favorite brother, Mike, and my very special grandmother, Sarah Valderrama. It is with great fondness and respect that I dedicate this thesis to my grandmother, Sarah, and to my other grandmother, Mary Ostrowski, who is no longer with us, but who gave me a childhood full of happy memories and a father who supported me in my journey through math and sciences.

Finally, I must give a plentitude of credit and thanks (though this is not nearly enough) to my best friend and now wife, Liz Price. She is a beautiful woman who has enriched my life in ways and measures that I don’t think she, nor I, will ever fully comprehend. She has been there with love and support through the good times and the bad, but most importantly, she has been my connection to the real world and has kept me sane over all these years.

iv

Abstract

In this dissertation, we examine a formulation of problems of undulatory robotic locomotion within the context of mechanical systems with nonholonomic constraints and symmetries. Using tools from geometric mechanics, we study the underlying structure found in general problems of locomotion. In doing so, we decompose locomotion into two basic components: internal shape changes and net changes in position and orientation. This decomposition has a natural mathematical interpretation in which the relationship between shape changes and locomotion can be described using a connection on a trivial principal fiber bundle.

We begin by reviewing the processes of Lagrangian reduction and reconstruction for unconstrained mechanical systems with Lie group symmetries, and present new formulations of this process which are easily adapted to accommodate external constraints. Additionally, important physical quantities such as the mechanical connection and reduced mass-inertia matrix can be trivially determined using this formulation. The presence of symmetries then allows us to reduce the necessary calculations to simple matrix manipulations.

The addition of constraints significantly complicates the reduction process; however, we show that for invariant constraints, a meaningful connection can be synthesized by defining a generalized momentum representing the momentum of the system in directions allowed by the constraints. We then prove that the generalized momentum and its governing equation possess certain invariances which allows for a reduction process similar to that found in the unconstrained case. The form of the reduced equations highlights the synthesized connection and the matrix quantities used to calculate these equations.

The use of connections naturally leads to methods for testing controllability and aids in developing intuition regarding the generation of various locomotive gaits. We present accessibility and controllability tests based on taking derivatives of the connection, and relate these tests to taking Lie brackets of the input vector fields.

The theory is illustrated using several examples, in particular the examples of the snakeboard and Hirose snake robot. We interpret each of these examples in light of the theory developed in this thesis, and examine the generation of locomotive gaits using sinusoidal inputs and their relationship to the controllability tests based on Lie brackets.

vi

Contents

1 Introduction 1 1.1 A Survey of Locomotion . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Theoretical Statement of Purpose . . . . . . . . . . . . . . . . . . . . 9

2 Background 15 2.1 Symbols and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2 Lie Groups and Associated Structures . . . . . . . . . . . . . . . . . 16 2.2.1 Lie Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.2.2 Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.2.3 The Lie Algebra of G . . . . . . . . . . . . . . . . . . . . . . 18 2.2.4 Principal Fiber Bundles . . . . . . . . . . . . . . . . . . . . . 19 2.2.5 Symmetries and Invariances . . . . . . . . . . . . . . . . . . . 22 2.3 The Euler-Lagrange Equations . . . . . . . . . . . . . . . . . . . . . 24 2.4 Noether’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.5 Distributions and Frobenius’ Theorem . . . . . . . . . . . . . . . . . 26 2.6 Equations of Motion with Nonholonomic Constraints . . . . . . . . . 27

3 Lagrangian Reduction in the Absence of Constraints 33 3.1 Connections on Principal Fiber Bundles . . . . . . . . . . . . . . . . 33 3.2 The Momentum Map and Mechanical Connection One-Form . . . . 36 3.3 Reduction Using the Routhian . . . . . . . . . . . . . . . . . . . . . 40 3.4 Reduction Using the Constrained Lagrangian . . . . . . . . . . . . . 42 3.4.1 The Reduced Lagrangian . . . . . . . . . . . . . . . . . . . . 42 3.4.2 The Reduced Nonholonomic Variational Principle . . . . . . 44 3.4.3 The Constrained Lagrangian Approach . . . . . . . . . . . . 47

4 The Generalized Momentum 51 4.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.2 The Constrained Lie Algebra . . . . . . . . . . . . . . . . . . . . . . 54 4.3 An Alternative Derivation of the Generalized Momentum Equation . 56 4.4 Invariance of the Generalized Momentum . . . . . . . . . . . . . . . 59 4.5 The Nonholonomic Connection . . . . . . . . . . . . . . . . . . . . . 60 4.6 Synthesizing the Connection . . . . . . . . . . . . . . . . . . . . . . . 62 4.7 Invariance of the Generalized Momentum Equation . . . . . . . . . . 64 4.8 Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.9 Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 5 Applications of the Theory 75 5.1 The Snakeboard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 5.1.1 The Generalized Momentum Equation . . . . . . . . . . . . . 77 5.1.2 Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.2 The Kinematic Snake of Hirose . . . . . . . . . . . . . . . . . . . . . 85

6 Controllability and Gaits 89 6.1 Background and Formulation . . . . . . . . . . . . . . . . . . . . . . 89 6.1.1 Free Lie Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 90 6.1.2 Accessibility and Controllability . . . . . . . . . . . . . . . . 93 6.1.3 The Lie Algebra Rank Condition . . . . . . . . . . . . . . . . 94 6.1.4 The Principal Kinematic Case . . . . . . . . . . . . . . . . . 95 6.1.5 Unconstrained Systems with Symmetries . . . . . . . . . . . 99 6.2 Local Accessibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 6.3 Local Controllability . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 6.4 Locomotive Gaits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 6.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 6.5.1 The Snakeboard . . . . . . . . . . . . . . . . . . . . . . . . . 105 6.5.2 The Kinematic Snake . . . . . . . . . . . . . . . . . . . . . . 109

7 Conclusions and Future Work 117 7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 7.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 7.2.1 Averaging Theory for Lie Groups . . . . . . . . . . . . . . . . 119 7.2.2 Optimal Control and Optimality of Gaits . . . . . . . . . . . 121 7.2.3 Other Control Issues . . . . . . . . . . . . . . . . . . . . . . . 123 7.2.4 Extensions to Other Systems . . . . . . . . . . . . . . . . . . 123

List of Figures

1.1 The Active Cord Mechanism (ACM III) [33] grasping an object . . . 3 1.2 Variable Geometry Truss (VGT) assembly (two bays shown) . . . . . 3 1.3 Satellite reorientation problem using (two) momentum wheels . . . . 5

2.1 Trivial fiber bundle picture . . . . . . . . . . . . . . . . . . . . . . . 21 2.2 Elroy’s beanie . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.3 Two-wheeled planar mobile robot. . . . . . . . . . . . . . . . . . . . 29

5.1 The Snakeboard, along with a simplified model . . . . . . . . . . . . 75 5.2 Defining the instantaneous center of rotation . . . . . . . . . . . . . 79 5.3 The kinematic snake . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 6.1 A working demo version based on the snakeboard model . . . . . . . 107 6.2 Position of the center of mass for the 1:1 (drive) gait . . . . . . . . . 107 6.3 Position of the center of mass for the 2:1 (rotate) gait . . . . . . . . 108 6.4 Position of the center of mass for the 3:2 (parking) gait . . . . . . . 109 6.5 A plot of (x, y) for the kinematic snake in serpentine mode . . . . . 111 6.6 A trace of the kinematic snake in serpentine mode . . . . . . . . . . 111 6.7 Three different shapes for the serpentine gait . . . . . . . . . . . . . 112 6.8 Joint angle parameter sweeps versus “forward” distance traveled . . 112 6.9 A comparison of the kinematic snake model versus the serpenoid curve113 6.10 Traces of the 5-link kinematic snake . . . . . . . . . . . . . . . . . . 114 6.11 A central body segment trace of the 2:1 gait . . . . . . . . . . . . . . 115 6.12 A trace of the angle θ for the 1:2 gait . . . . . . . . . . . . . . . . . . 115

7.1 Underwater micro-mobile robot and schematic drawing . . . . . . . . 124 x

Chapter 1

Introduction

The methods by which both living creatures and robotic systems move through their environments are at once extremely complicated and highly commonplace. While it is quite easy to conjure up images of various modes of locomotion, such as legged walking, serpentine slithering, or wheeled rolling, there has been little work done in exploring the underlying structure which is common to many types of locomotion. Instead, researchers have focused on studying particular systems, or morphologies, in an attempt to derive strong results about these specific examples. The emphasis of this dissertation is not to replace this type of analysis by a general scheme, but instead to enhance it by providing a firm foundation upon which to analyze problems of locomotion within a unified framework. This framework can be greatly simplified by understanding and utilizing the extra structure inherent in these types of problems.

In the present day use of robots, most are either fixed in one place with an end effector that moves within a bounded workspace, or are based on some type of wheeled platform, which has its own type of environmental restrictions. However, nature has shown us that there are many more forms of locomotion than are presently used by roboticists. While some uses of robotic locomotion were studied in the early days of robotics, a recent trend has been towards incorporating these alternative modes of movement into our repertoire, especially as we move into more diverse and challenging environments. For instance, the study of robotic legged locomotion, which has been ongoing for at least the past thirty years, continues to develop, particularly in pursuit of the holy grail of legged motion— dynamic, bipedal walking and running (refer to [49, 82, 91] for excellent historical reviews on these developments). Legs provide a means for moving through untamed and unexplored environments which are not easily accessible with wheeled vehicles. Alternatively, researchers using snake robots have been able to expand our capabilities by providing machines that could explore fallen or severely damaged buildings (e.g., after an earthquake), narrow and winding nuclear waste storage facilities, or even the internal organs of human beings [22, 36].

Certainly, the study of new and interesting forms of locomotion continues to show great potential. As new fabrication techniques are invented, the number of potential robotic applications increases. For example, ultrasonic and piezoelectric motors have already found industrial applications, having been employed in driving the motion used to focus cameras [15], or using inch-worm-like steps to generate linear motion. They also are beginning to see usage as locomotive devices for very small scale mobile robots [3, 29, 39]. Continued advances in our ability to machine smaller and smaller mechanical parts has forced us to seek out new methods of moving these miniature robotic systems. The advances in microelectromechanical systems (MEMS) technology have been astonishing, and yet it is not possible with current technologies to build a wheeled micro-robot. While this achievement may yet occur, we should also expect to see alternative forms of locomotion being developed, such as walking, swimming [29], or even flying micro-robots.

With these thoughts of the future in mind, we turn now to review some of the previous work done in the area of locomotion. In particular, we are interested in locomotive systems which have potential applications in terms of robotic implementations. The desire here is not necessarily to give a comprehensive review of all of the locomotion literature, but instead to highlight those developments which have been important factors in motivating the current research.

1.1 A Survey of Locomotion

In engaging in the study of locomotion, a natural first step is to try to make inferences from living creatures found in nature. Following along these anthropomorphic lines, one of the original studies of non-traditional means for robotic locomotion was the study of snakes. Hirose [33, 36] first examined snake robots from a biologically inspired point of view. In doing so, he performed a series of experiments designed to investigate the existence of generic patterns of motion in snakes. By videotaping their locomotive patterns, he was able to gain a great deal of insight into this problem, and developed what he termed a serpenoid curve— a curve representing the path that a snake would trace out as it slithers forward. The serpenoid curve is characterized by a sinusoidal variation in curvature along its length, and is very suggestive of the serpentine path followed by real snakes. Hirose was also able to show theoretically that a snake that assumed this shape could generate a net forward force by applying torques along the length of its body. Using these results, he successfully built a snake-like robot capable of propelling itself forward using only internal torques (that is, without directly driving the wheels). The robot (see Figure 1.1), called the Active Cord Mechanism Model 3 (ACM III), consisted of a long chain of serially connected segments, each of which sat upon an actively controlled, rotating wheel base (the wheels are designed to act like the belly of a snake in preventing lateral slipping). With all of these developments, however, the control of the position and guidance of the snake robot remained a heuristically derived procedure, without the ability to give precise feedback control for this form of locomotion. The next generation of snake-like robots built by Hirose (called Koryu) were modified to allow each segment, or bay, to move vertically with respect to the neighboring segments, as well as to exert a rotational torque on its nearest neighbor [35]. Furthermore, the wheels in the Koryu robot were no longer allowed to move freely, but instead were controlled to move in unison. Thus, these robots were able to climb stairs and even cross over gaps in the floor (consider, for example, the need to cross a partially collapsed bridge).

Figure 1.1 The Active Cord Mechanism (ACM III) [33] grasping an object

In [22], Chirikjian and Burdick coined the term hyper-redundant to describe robots which have a very large number of independent degrees of freedom. Naturally, snake robots fall into this category, and the optimization algorithms developed by Chirikjian and Burdick have been used quite successfully in a variety of applications, including stable grasping [22] (done by enveloping an object) and local sensorbased path planning/obstacle avoidance [23]. Possible implementations which are currently being developed include satellite grasping and retrieval, hazardous site inspection, including nuclear waste facilities and damaged buildings, and medical applications, such as laparascopic and endoscopic surgical procedures [90]. The initial theoretical motivations for Chirikjian and Burdick were to develop cost-efficient routines for solving the inverse kinematics problem, i.e., determining joint configurations given a specified end-point, or tool, configuration and possibly some type of energy or obstacle constraints. As such, they were really concerned with the kinematics of hyper-redundant robots. In investigating locomotion, our concern will be primarily with understanding the dynamics of this type of robotic motion. Certain types of snake locomotion, such as sidewinding [17] and inchworm-like motions [43], have previously been investigated, but the problem of dynamic snake locomotion reminiscent of Hirose’s snakes has yet to be fully solved.

Figure 1.2 Variable Geometry Truss (VGT) assembly (two bays shown)

One particular research effort that has recently begun to address these issues is found in the work of Tsakiris and Krishnaprasad [48]. Using the same Variable Geometry Truss (VGT) mechanism (Figure 1.2) employed by Chirikjian and Burdick (which allows each bay to move in the plane with three degrees of freedom relative to its neighbor), they develop models that employ no-slip wheel constraints and can be used to generate locomotion patterns. They term these models “G-snakes,” in reference to the notion that each segment must move within a constrained subset of a Lie group, G. In fact, they show that gaits (i.e., specified input patterns) can be explicitly integrated by quadratures to give the trajectories of the overall G-snake motion.

The framework used in establishing the governing equations for G-snakes in [48] is very similar to that introduced here, and some of the ideas developed by Tsakiris and Krishnaprasad will be used in our treatment of models based on Hirose’s original snake robots. The intent here is not simply to rehash Hirose’s ideas in a new geometric setting. Instead, the aim is to formulate the problem in terms of some of the intrinsic properties found in general modes of locomotion, and in the process gain an understanding of how to control particular gaits demonstrated by Hirose. In doing so, we hope to demonstrate theoretically how to implement locomotion schemes which to date were found purely heuristically, and to add additional gaits that may not have been realized in previous works.

Interestingly, all of the locomotive robots mentioned above have used wheeled approximations to snakes. The class of robots using no-slip wheel constraints (an example of a nonholonomic, or non-integrable, constraint) is quite large, and includes almost all mobile robots presently in use. Although there has recently been a growth in the study of “holonomic” (a true misnomer, if there ever was one), or omni-directional mobile robots [81], the bulk of mobile robots in existence use wheels, much like those found on cars or bicycles, to move through their environments. These nonholonomic systems have largely been treated as purely kinematic systems, i.e., the dynamics of these mechanical systems are assumed to be constrained in a manner such that only configuration velocities need be considered. This assumption is generally quite valid, and has led to some excellent progress in areas such as controllability [11], stabilization [20], and trajectory generation (including the N-trailer problem) [16, 74].

Within the context of locomotion, Kelly and Murray [43] have successfully modeled a large number of locomotive systems using kinematic constraints, with some strong results on controllability and motion generation. They have studied basic inch-worm and sidewinding gaits (using a viscous friction model), as well as some preliminary models of continuous-contact hexapodal walking. They provide results for determining controllability, as well as suggestions for the generation of locomotive walking patterns, or gaits. An important part of the structure of the equations they present, which we continue to develop here, is the division of the configuration variables into two classes— shape and position (see also [79]). In doing so, the aim is to divide locomotion according to its basic structure, by investigating the effect of internal shape or body changes on the generation of motion. Thus, we choose first a set of position variables, which describe the position and orientation of the body with respect to some inertial frame. Next, we pick from the remaining configuration variables the shape of the system. The cyclic variation of the shape variables induces locomotion. Obviously, it could be argued that in some systems there will be configuration variables which do not directly contribute to locomotion (e.g., the use of arms for posturing in humans). These variables, however, most likely are either used to affect a larger mode of locomotion— for this example, we can think of posturing as a rigid body orientation problem, instead of just a problem of moving in Cartesian coordinates— or they perhaps are extraneous variables in an analysis of locomotion. The goal of our research, then, is to determine useful ways of describing the relationship between shape changes and position changes, using a mathematical construction known as a connection.

While there have been great successes studying kinematically constrained systems, there are some systems for which the dynamic effect is essential to the motion of the system. These systems include the wobblestone [13, 18, 21] and the snakeboard [57]. For the most part, these dynamic nonholonomic systems have not been treated in the literature. Of notable exception is the work of Bloch, McClamroch, and Reyhanoglu [12], where control results were established, with the assumption that the unconstrained directions be fully actuated, and Bloch, Krishnaprasad, Marsden, and Murray [10], which has been a valuable reference and foundation for many of the results presented here. Interestingly, current research in the area of dynamic nonholonomic systems has led to an understanding of how to include within this formulation purely dynamical systems [10, 79] (i.e., systems with symmetries, but no external constraint forces). This is done by treating momentum conservation laws as a type of internal nonholonomic constraint. Applications of this approach have primarily been applied to problems in rigid body reorientation, such as the spinning satellite [19, 27, 76, 98] (Figure 1.3) and the falling cat [70]. We see that each of these problems can effectively be thought of as problems of locomotion, where the change in position is one of orientation. Notice that they quite readily decouple into a set of cyclical internal shape changes (e.g., the wriggling of a cat in mid-air), and a resulting net change in orientation.

Figure 1.3 Satellite reorientation problem using (two) momentum wheels

Along with these interesting problems of reorientation, there are other locomotion problems that do not necessarily rely on wheel-based constraints. For instance, Shapere and Wilczek [87, 88] have studied the ability of a paramecium to swim through a highly viscous fluid medium using infinitesimal deformations of its external shape. This research relates directly back to the above mentioned structure as they have chosen to decouple the shape deformations from the inertial positioning, and describe locomotion as a net effect of cyclical changes in the internal shape of the body. In the same vein, other researchers have studied the self-propulsion of air bubbles as they propagate through a fluid medium [7, 67]. The means of propulsion here again stems from internal shape deformations leading to a change in position.

Finally, we give a brief review of a distinctly different form of locomotion, namely legged locomotion. This mode of transport will not be given much attention in this dissertation, but it is hoped that the results presented here can be adapted for use with legged robots. The research to date in legged locomotion has largely fallen into two categories: multi-legged (i.e., quadrupeds and hexapods) and bipedal. For the most part, multi-legged research has focused on systems which are statically stable. That is, the center of mass of the body is supported over a stable foundation of legs at all times, so that it is not possible for the robot to fall over. On the other hand, research into bipedal locomotion has sought to analyze dynamically stable legged locomotion, in which continuous control is necessary to keep from falling down. While some early research into bipeds employed statically (or quasistatically) stable gaits [41, 42], and modern research by Raibert has used dynamic hopping gaits for multi-legged robots [82, 83], the research into legged locomotion has generally been clearly divided into these two regimes. For the most part, this division has also been based on the proposed utility of the legged machines. Multilegged robots tend to be larger, with greater payloads, and are generally designed for all-terrain transport operations. Bipeds, on the other hand, are more often designed anthropomorphically, for use in exploring unsafe or dangerous environments, or as prosthetic devices. Of notable exception are more recent investigations into “insect”- like robots by Brooks and Beer [6, 28] and Raibert’s hopping quadrupeds [83].

One of the earliest successful walking machines of the modern era was the “walking truck” built by Mosher at General Electric in the 1960’s [58]. This machine was 11 feet tall, weighed 3000 lbs., and was directly controlled by a human operator. It is significant not only for its technical achievement, but also because it would turn out to be one of the last legged robots to be implemented without the use of computer control. One of the first quadrupeds to use digital control was the Phony Pony built by McGhee and Frank [66], which used basic flip-flops to coordinate the robot’s two-DOF legs as a finite-state machine. McGhee was also involved in the building of one of the first truly successful computer-controlled legged machine— the Ohio State University Hexapod [94]. This robot has been used for a wide variety of experiments, including climbing stairs, using sensor feedback, and testing out different gaits.

Other multi-legged robots have included the Adaptive Suspension Vehicle at Ohio State [91], several hexapods built in Russia [78, 97], a computer-controlled walking machine made by Sutherland and capable of carrying a human [84], and several very efficient and cleverly designed quadrupeds built by Hirose et al. [34], just to name a few. Obviously, the study of multi-legged robots has a rich history and even today continues to grow and diversify.

One particular study of note, however, has been the hopping robots built by Raibert. Although his robots do not fall into the same framework as the more traditional, anthropomorphically-designed legged robots, they have had a significant impact on the study of legged locomotion. Interestingly, contributions have been made to both multi-legged and bipedal robots using the same fundamental control and design algorithms. Beginning with a basic “pogo-stick” design— a single-legged, vertical hopping robot— Raibert showed that it was possible to stabilize lateral hopping motions using a simple feedback control law [82]. Adding a second leg, he demonstrated running and even basic gymnastics [37]. With the addition of two more legs, he developed quadruped robots which could demonstrate several different gaits, using the concept of a virtual leg [83] (whereby the stabilization routines for the single-legged hopper could be extended to a four-legged machine).

While Raibert’s robots must continuously hop in order to maintain stability, there are also several more traditional walking biped robots that have been built. The bulk of the research into bipeds has taken place in Japan, starting with Kato et al. in the early 1970’s [41, 93]. This has been followed by several successful research programs, each with a different control philosophy and mechanical design: Miura and Shimoyama developed a 3D stilt-type biped series called Biper [68]; Miyazaki and Arimoto used a reduced-order model approach to control their walking machines [69]; Furusho and Sano used ankle torques to provide a kick action [30]; and Kajita and Tani restricted trajectories to potential energy conserving orbits [40] (the reader is referred to [30] for a very nice review of the biped literature).

Lastly, we mention the biped research of McGeer [65], which is of a very different variety than that described above. It has no computer control at all, but is instead a passive dynamic walker. Although technically a three-legged machine (it has two outside legs that move in unison and provide lateral stability), McGeer’s passive walker demonstrates the feasibility of using the energy added by gravity (walking on a downhill slope) to maintain a stable dynamic biped gait. One of the many lessons learned from McGeer’s work is that maintaining a stable walking pattern does not necessarily require large amounts of energy or control. While this is obviously not the solution to the full problem of bipedal locomotion, it certainly provides stimulus for deeper thought about the mechanics and control of biped locomotion.

One of the many important aspects of locomotion that has arisen from the study of legged systems is the notion of gaits. As a baseline definition, we will say that a gait is a cyclic pattern of internal shape changes that lead to a particular pattern of locomotion. For this work, we will further refine this definition by specifying a gait to be a class of cyclical shape changes with a characteristic set of frequencies and phasing. In this manner, the quadruped gait in which all legs move with the same frequency and phasing is still called a “pronk,” regardless of the magnitude of the motion of the legs. Note, however, that this definition can present some difficulties in classification, most notably in the context of legged locomotion, where walking and running may use the same basic frequencies and relative leg phasing. It is for this reason that we include these two notions of a gait, each of which can play an important role in thinking about and beginning to understanding the patterns of locomotion. This distinction aside, we relate the underlying perspective of this work in relation to gaits— that the analysis of locomotion can be simplified by dividing locomotion into internal cyclical shape changes and net motions of the body resulting from these shape changes. From this point of view, gaits very naturally arise by simply changing the cyclic patterns of inputs to the system.

The study of gaits has a particularly long history, dating back at least as far as 1878 where Muybridge published a series of stop-motion photographs showing that in fact a horse does leave the ground while trotting. He went on to accumulate photos from many other animals; even today this compilation remains as a valuable resource for studying gaits and locomotion [75]. In the biological literature, there has been a continued interest in studying gaits found in many different species. For instance, Hildebrand [32] emphasized the symmetry which is present in many gaits. This can take the form of an obvious symmetry, such as the bounding gait of a quadruped (where pairs of legs move in phase), or more subtle symmetries, as are found in the various gallops of a horse [25] (in which pairs of legs move together, but slightly out of phase). The relative phasing of legs for different gaits was studied extensively by McGhee [66], who also examined the duration of the gait cycle for which the foot was in contact with the ground (which he called the duty factor), and Gambaryan [31], who represented patterns of locomotion using various graphical representations, including successive snapshot drawings of animals and their gaits.

One area of modern research into gaits that has particularly influenced our thinking has been the study of coupled nonlinear oscillators. Significant results have been derived regarding the natural oscillation patterns (interpreted as gaits) that occur when oscillators (mathematical models of central pattern generators (CPG’s)) are coupled. Also, changing the parameter of the models can break these patterns and form new ones (representing a change of gait). While these studies ignore the mechanics of the actual problem in favor of studying a more neural-based approach, they are able to represent a wide variety of systems and their gaits. Some of these include snakes and fish, where the muscles are thought to be controlled locally by pairs of coupled oscillators spooled in a long chain, and multi-legged systems, where the phasing of each leg is driven by a single oscillator. For instance, Ashwin and Swift [4] generate results for a system of n-weakly coupled oscillators by looking at the spatio-temporal symmetries that arise. Kopell [47] and Rand et al. [85], on the other hand, focus their attention much more directly towards the modeling of living organisms, particularly using coupled oscillators to generate traveling waves moving along the spine of a snake or fish. We will see that this concept of a traveling wave will be very important in examining the locomotion patterns in the snake robots of Hirose. Finally, excellent literature reviews and research results on symmetries and symmetry-breaking of animal gaits can be found in a series of articles put together by Collins and Stewart [24, 25, 26]. The symmetries in this case are discrete symmetries (e.g., permutations), and so are not within the scope of this work. These papers, however, provide intuitive ideas about possible ways to extend the work in this thesis to include legged locomotion systems.

1.2 Theoretical Statement of Purpose

The mathematical purpose of this dissertation is to present new results in the study of mechanical systems with nonholonomic constraints. This statement of purpose is intended primarily for researchers with some familiarity with the nomenclature of differential geometry, particularly in the context of Lie groups and principal fiber bundles. A review of these ideas is given in Chapter 2. We restrict our attention to a class of systems possessing Lie group symmetries and evolving on a trivial principal fiber bundle. This work is an extension of results from geometric mechanics on the reduction of dynamical systems [60, 61], and in particular relies strongly and builds upon the exposition by Bloch, Krishnaprasad, Marsden, and Murray on nonholonomic mechanical systems with symmetry [10].

When people speak of nonholonomic constraints, the most frequently found usage, particularly for applications, is that of a linear velocity constraint, most often arising from some type of external forcing, e.g., wheel constraints or finger contacts. Usually, these systems are assumed to have unconstrained dynamics (most often the control inputs) that are expressible in terms of velocities only. Therefore, no actual dynamics (second derivatives of the configuration variables) appear in these formulations. As mentioned above, controllability results have been derived for systems which do involve full Lagrangian dynamics [12], but with the restriction that the unconstrained degrees of freedom be fully actuated. In this work we investigate a formulation of the dynamics that does not place this requirement on the unconstrained variables.

Along with externally applied nonholonomic constraints, we also examine what we call internal, or intrinsic, nonholonomic constraints that arise when the Lagrangian is invariant with respect to the action of a Lie group. These will be written as linear (or affine) velocity constraints, and often take the form of momentum conservation laws, e.g., conservation of linear and angular momentum for the rigid body. The process of reduction entails using the conservation laws to define a connection on a principal fiber bundle. The connection relates the dynamics in the symmetry (group) directions to the dynamics of the reduced space. Reduction then consists of writing the dynamics on a reduced space, and is coupled with a reconstruction process, where the motion in the reduced space is used to reconstruct the full dynamics of the original system. Thus, the system’s dynamics may be analyzed on a lower dimensional space (often greatly simplifying the problem), without loss of any information. In addition, the reconstruction of the dynamics affords significant insight into the geometry of the problem and is often an invaluable tool for understanding the dynamics of physical systems. Some modern examples mentioned above include the problems of satellite reorientation and the falling cat.

It is well known that holonomic constraints will allow for the persistence of conserved quantities, and more recent studies have identified certain types of nonholonomic constraints which also allow for reduction to be performed using traditional methods [10, 45]. The nonholonomic constraints for which the reduction process has been previously studied can largely be broken down into two types. First, it is possible that the constraints are such that they preserve a sub-group of symmetries, and so reduction is performed using the invariances which correspond to this sub-group. This category is very closely related to the class of systems with holonomic constraints, and includes the rolling penny [12] and the ball on a rotating plate [10, 16]. Second, in the principal kinematic case [10] (these are often called Chaplygin constraints), the constraints are such that all of the group symmetries are annihilated. However, this case is characterized by the existence of the correct number of equations of constraint to replace the conservation laws and define a connection. While the additional structure that arises due to group symmetries is no longer of any use, a similar process of reduction and reconstruction can still be performed using the constraints directly [5, 43, 45].

Thus, the potential systems to which the reduction procedure can be applied forms a large spectrum— at one end is the principal kinematic case, and at the other end are unconstrained systems with internal (momentum) constraints. While the results at each end of the spectrum have been worked out, the aim here is to investigate the middle ground in which the constraints break some of the group symmetries, but do not by themselves define a connection. This type of problem is said to have mixed constraints, since both internal and external constraints will appear. It has been shown that for the mixed case there no longer exists a conserved quantity. Instead there exists a momentum along the remaining unconstrained directions, called the generalized momentum [10]. The flow of the generalized momentum is governed by a generalized momentum equation— a differential equation dependent on the interaction between the constraints and the Lie algebra of the symmetry group (first derived in [10]). The present research has evolved from a desire to investigate possible means of adapting previously existing methods of reduction to systems with nonholonomic constraints which break the group symmetries. The theory is formulated in such a manner as to apply for both constrained and unconstrained systems of this form.

The utility of maintaining a structure similar to that found in unconstrained systems is greater than simply to allow us to describe the system’s dynamics on a reduced space. There is also an extensive literature devoted to analyzing certain aspects of reduced systems, including control and stabilization [9, 99], stability of equilibria [60, 89] , and the role of geometric phases in generating motion [61, 70, 88]. It is hoped that these results can be extended to aid in investigating the modified form presented below.

While the constraints do add an additional degree of complexity to the analysis, they also give rise to something which does not exist in unconstrained systems with symmetries— the ability to increase or control momentum. This can be an extremely important effect in generating locomotion. The role of the generalized momentum equation on locomotion is more clearly defined and discussed in Chapter 5, where various examples are investigated, including the Snakeboard(see [57] for a brief introduction) and the Hirose snake. In both cases, the constraints interact with the group action in a nontrivial manner to produce momentum changes which result in locomotion. This interaction of the constraints with natural group symmetries plays an integral role in defining a connection for these systems. The mathematical properties of a connection allow us to establish greatly simplified results for both the dynamics and control of locomotion systems. As we will see, the connection plays a very important role in the study of locomotion, where the reduced space is just the internal shape space of the locomotive system. Thus, it allows for the study of locomotion to be decomposed into the analysis of the dynamics on the shape (base) space, and the process of reconstruction in which the motion in the shape space produces desired locomotion of the body.

The layout of this thesis is as follows. In each case, we have tried to highlight the contributions being made to the existing theory. It should be noted that there are some similarities between parts of this work and that of Bloch et al. [10]. This is largely due to the fact that these two works were done in parallel, and often in conjunction, with each other. This thesis is meant to focus on the original work done by this author, though there is obviously overlap with [10] which is unavoidable.

Chapter 2 provides a brief introduction to the mathematical background and notation necessary to work with constrained systems having Lie group symmetries. This includes a discussion of Lie algebras and principal fiber bundles, which will be used to analyze the basic structure of locomotion. We also define the basic equations of motion to be used for both unconstrained and kinematically constrained systems.

The processes of reduction and reconstruction for the unconstrained case are described in Chapter 3, along with a few illustrative examples. The Lagrangian reduction process has been addressed previously in the literature, and to this we add an interpretation of reduction in terms of body coordinates that allows for the inclusion of invariant constraints, and a local formulation of the reduced equations in terms of simple matrix manipulations. In particular, we show that the local forms of the mechanical connection and the locked inertia tensor can easily be found directly from the matrix structure of the reduced Lagrangian (the function induced on the reduced state space by a group-invariant Lagrangian). Finally, we show that the dynamic constraints can be used with the constrained variational principle to perform reduction using a method which we can extend trivially to systems with external constraints.

Chapter 4 begins with a section on the assumptions being made within this dissertation, along with a constructive method for generating a basis for the constrained Lie algebra (the subspace of the Lie algebra that satisfies the constraints). Also in this chapter we introduce the generalized momentum, originally developed in [10]. First, an alternative development of the generalized momentum equation is given, which includes general external forcing. In the case where the external forces of constraint are themselves group invariant, certain invariances of the generalized momentum arise. Proofs are given to show that the generalized momentum and the generalized momentum equation satisfy certain invariance conditions and thus can be reduced to a lower dimensional base space. It is also shown that the symmetries of the generalized momentum equation can be used to rewrite it in a form which is quadratic in the momenta and the base velocities, and give explicit equations for its calculation. We discuss the construction of a nonholonomic connection (developed in [80] and [10]), and show that if the constraints are invariant, then one can always build this connection. Additionally, the steps necessary to perform the processes of reduction and reconstruction are developed.

In Chapter 5 two locomotion examples illustrating the theory are introduced, namely the snakeboard and a model of Hirose’s snake robot. The Snakeboard [10, 57, 79, 80] (we use italics and capitals to distinguish between the model presented here and the product manufactured and distributed by Snakeboard USA, Inc.) is a commercially available variant of the skateboard in which the wheels are allowed to pivot freely. By coupling a twisting of the torso in phase with turning the wheels, a rider can effectively generate a snake-like locomotion pattern for this type of skateboard without having to kick off the ground. This effect is generated by a coupling of the angular momentum generated by twisting one’s body with the forces of constraint generated by the wheels’ contact with the ground. The snakeboard has been one of the motivating examples in the development of the theory, and provides a good perspective as to how this theory can be used to study general problems of locomotion. The second example is a theoretical model of some of the early snake robots built by Hirose. It consists of a series of connected segments, each of which sits upon an independently controlled wheel base (though again, the wheels themselves are not driven). In this example, we show that a three link robot kinematically fully specifies the motion of the snake, and describe how additional links can be added. We also give some initial results on three gait patterns, one of which is shown to closely follow the theoretical serpenoid curve of Hirose. We also give some discussion to the notion of picking out optimal gaits for these types of robots.

Finally, in Chapter 6 we develop some preliminary results for control of these types of systems. We begin with initial definitions of accessibility and controllability for nonlinear systems, and continue with a discussion of existing results for the kinematic case developed by Kelly and Murray. However, the systems of interest for this presentation are fully dynamic, not just kinematic, and so require the development of new controllability tests. We provide an analysis based on Sussman’s conditions for small-time local controllability, and give sufficient conditions for establishing nonlinear accessibility and controllability.

Contributions

This dissertation seeks to provide a general theoretical framework within which a diverse set of locomotion problems can be analyzed. The goal is to demonstrate that there are certain structural properties common to many forms of locomotion that can be used to simplify the problem. To this end, we feel that there are four primary contributions to this work:

1. To give a thorough exposition of the process of reduction for locomotion systems (more generally, for nonholonomic mechanical systems with symmetries), and to show that this type of reduction can always be done when the constraints and Lagrangian function are group invariant,

2. To provide explicit details on the reduced equations and to put them in an easily computable form using a reduced mass-inertia matrix with correction (curvature) terms,

3. To demonstrate the theory using two new examples— the snakeboard and the

Hirose snake— and to give some intuition as to how locomotive gaits can be generated, and

4. To provide initial results on local controllability of locomotive systems which make use of the structure that is developed in the reduction process.

14 1. Introduction

Chapter 2

Background

2.1 Symbols and Notation

We begin by establishing some of the notation used throughout this work. The basic notation and methodology is fairly standard within the geometric mechanics literature, and whenever possible we have attempted to use traditional symbols and definitions. Additionally, we have attempted to provide enough details and intuition in order to allow a reader familiar with [73] to be able to use these methods. The following symbols will be used frequently:

Q : a smooth n-dimensional configuration manifold. G : an l-dimensional Lie group. M : the m-dimensional base space = Q/G. X(Q) : the set of vector fields over Q. Φ_g : Q → Q : the left action of the group G on Q, such that Φ_g(q) = g · q.

g : the Lie algebra of G.

ξ_Q : the infinitesimal generator for ξ ∈ g. L : T Q → R : a Lagrangian, which is simply a function on T Q. ⟨⟨ , ⟩⟩ : an inner product based on the kinetic energy metric. ⟨ ; ⟩ : the natural pairing between covectors and vectors.

We will also use indicial notation throughout this dissertation. This includes an implied summation whereby “up” (superscripted) indices are paired with “down” (subscripted) indices to form a sum. Thus, for appropriately indexed quantities, α_iv^i = ∑ i α_iv^i. This will also come up quite often when differentiating by indexed quantities:^{∂L}_{∂qi} v^i = ∑ i ∂L ∂q^i v i. Notice that an “up” index in the denominator becomes a “down” index for the purposes of summation. Whenever possible, we will use distinct types of indices to represent different ranges of summation. For instance, a, b, c, . . . will be used to index group or fiber variables, and so the index runs 1, 2, . . ., l. Similarly, i, j, k, . . . will be used for base variables, in which case the range is 1, . . ., m.

In referring to differential geometric objects such as manifolds, tangent bundles, and dual spaces, we follow the notation found in Boothby [14]. Let M be a C^∞- manifold of dimension m, and let r be a point in M. The tangent space of M at r, denoted T_rM, is the linear vector space which best approximates M at r. The tangent bundle, denoted T M, is the disjoint union over M of each of its tangent spaces. We denote by v_r ∈ T_rM a tangent vector at r, and define a (smooth) vector field X on M to be a smooth mapping X : M → T M : r → X_r which assigns to each point r ∈ M a tangent vector X_r ∈ T_rM. The set of all vector fields over M is denoted X(M).

Let f : M → N be a smooth mapping between manifolds M and N. Then we write T_rf : T_rM → T_{f (r)}N to denote the tangent map or differential of f. This is often seen in other notations as f_∗ (Boothby), Df, or df. We use the operator T because it allows for easy reference to the base point of the differentiation (i.e., T_r), and because it mimics the standard notation for tangent spaces.

Given a finite-dimensional tangent space, T_rM, we call the space whose elements are linear functions from T_rM to R the dual space, T^∗_r M. Note that using similar definitions as above, we can take the disjoint union of T^∗_r M over M to define the cotangent bundle and use this to define covector fields. An element ω ∈ T^∗_r M is called a dual vector, or covector. As dual vectors are linear functions on T_rM, we will write the natural pairing of ω ∈ T^∗_r M with v_r ∈ T_rM as ⟨ω; v_r⟩ = ω(v_r). The tangent map given above, T_rf : T_rM → T_{f (r)}N, uniquely determines a dual linear map (or just dual), T^∗_r f : T^∗_{f (r)}N → T^∗_r M, by the relation ⟨T^∗_r fω; v_r⟩ = ⟨ω; T_rfv_r⟩, for all v_r ∈ T_rM, ω ∈ T^∗_r M. Note that if A is a matrix representation of a linear map, the dual map for A is just its transpose, i.e., A^∗ = A^T .

2.2 Lie Groups and Associated Structures

As mentioned in Chapter 1, one point of commonality among the various problems of locomotion and reorientation is that the motion of the system evolves on a simple spatial manifold, such as SE(2) or SO(3) (respectively, translation and rotation in the plane and spatial rotation of the rigid body). For example, locomotive systems like snakes, inch-worms, and paramecia can be modeled as simple planar objects, and hence move in SE(2). We can also consider problems of rigid body reorientation on SO(3), e.g., the falling cat or a spinning satellite, or even more complex locomotion such as birds and fish which move in SE(3). These manifolds are all examples of Lie groups, and so we would like to make use of the mathematical structure inherent in working with Lie groups. While examples evolving in SE(3) will not be presented here, the results we derive in this work are equally valid for any Lie group of symmetries, including SE(3).

2.2.1 Lie Groups

Let G be a differentiable (C^∞) manifold which is at the same time a group. For g, h ∈ G, let hg denote the product of g and h.

Definition 2.1 [14] The manifold G is said to be a Lie group if the product mapping, hg : G×G → G and the inverse mapping, g^{−1} : G → G are both C^∞ mappings. We denote by e the identity element of G, such that e = gg^{−1}.

Example 2.2 As an example, we look at SE(2), the group of rotations and translations in the plane. A point g = (x, y, θ) ∈ SE(2) can be represented using homogeneous coordinates:

g = cos θ − sin θ x sin θ cos θ y 0 0 1 .

In doing so, the product of two elements in SE(2) is given simply by matrix multiplication. Thus, the element hg ∈ SE(2), for h = (a^1, a^2, α), is given by

hg = (a^1 + x cos α − y sin α, a^2 + x sin α + y cos α, θ + α).

Similarly, we can write down the inverse mapping as

g^{−1} = cos θ sin θ −x cos θ − y sin θ − sin θ cos θ x sin θ − y cos θ 0 0 1 ,

which is also a smooth operation.

Note that because matrix multiplication in general does not commute, multiplication by g on the right differs from multiplication by g on the left. Lie groups for which this is true are called non-Abelian, and naturally come equipped with two maps, L_g : G → G : h → gh and R_g : G → G : h → hg, called respectively left and right translation (or action) of G on G. The terms “left” and “right” apply obviously to matrix groups such as SE(2), as multiplication on the left and multiplication on the right.

Definition 2.3 The adjoint action of G on G is defined to be the inner automorphism I_g : G → G given by I_gh = L_g(R_g�1 h).

The adjoint action in some ways measures the non-commutativity of the left and right actions. If H is an Abelian group, then the adjoint action reduces to the identity on H: I_hg = g for all h, g ∈ H. When considering motion along non- Abelian groups, a choice must be made as to whether to represent translation by the left or right action. The adjoint action forms a means of transforming between these two choices of representations. For the purposes of this dissertation, we will almost exclusively make use of the left action, though the results contained here can quite easily be formulated in terms of right actions.

2.2.2 Algebras In discussing algebras, we consider objects over the field of real numbers, though definitions can be generalized over a commutative ring with a unit. We use Lang [50] as a reference.

Definition 2.4 An algebra A is a vector space with a product satisfying a(uv) = (au)v = u(av) for every a ∈ R and u, v ∈ A. A vector subspace I of A is called a left ideal (respectively, right ideal) if for every i ∈ I, ui ∈ I (resp., iu ∈ I) for all u ∈ A. A subspace I is said to be a two-sided ideal if it is both a left and right ideal. While an ideal is not necessarily a subalgebra, the quotient of an algebra by a two-sided ideal inherits a natural algebra structure from A. 2.2.3 The Lie Algebra of G Associated with the Lie group, G, is a Lie algebra, g. We use Varadarajan [96] and Boothby [14] as references for the basic concepts on Lie algebras. Definition 2.5 A vector space g over R is said to be a (real) Lie algebra if it possesses a Lie bracket— that is, a map (X, Y ) → [X, Y ], X, Y, [X, Y ] ∈ g of g × g into g satisfying the following:

1. Bilinearity over R:

[α^iX_i, β^jY_j ] = α^iβ^j[X_i, Y_j], for α^i, β^j ∈ R, 2. Skew commutativity: [X, Y ] = −[Y, X], 3. The Jacobi identity: [X, [Y, Z] ] + [Z, [X, Y ] ] + [Y, [Z, X] ] = 0. Notice that Condition 2 implies that [X, X] = 0 for all X ∈ g. Let f_1, . . ., f_l be a basis for g (as a vector space). Then the structure constants of g relative to this basis are uniquely determined by [f_a, f_b] = c^d_{ab}f_d. It is easily shown that the Lie algebra is isomorphic to the tangent space of G at the identity, i.e., that g ≃ T_eG. The Lie group structure allows us to represent group velocities (i.e., vectors in T_gG) in terms of Lie algebra elements. This is done by pulling back group velocities to the identity using the lifted left action, T_gL_g�1 . In a similar manner, we can think of generating a left-invariant vector field on G by pushing a Lie algebra element forward using T_eL_g. Thus, if ξ ∈ g,

X_ξ(g) = T_eL_gξ

defines a left-invariant vector field on G. We can associate with this vector field a curve in G. Let ϕ_ξ : R → G : t → exp tξ be the integral curve of X_ξ passing through e at t = 0. Thus,^d_{dt} (ϕ_ξ)|_{t=0} = ξ. The function exp : g → G : ξ → ϕ_ξ(1) is called the exponential mapping of g into G.

For non-Abelian groups, the non-commutativity of the left and right actions implies that there are actually two natural ways to map g to a vector field on G— one using the left action as above, and another using the right action. In the context of robotic manipulation, this arises when writing velocities as screws, in having to make a choice between body and spatial representations [73]. To be more explicit, let ξ ∈ g represent a group velocity, v_g ∈ T_gG, which has been pulled back to the Lie algebra. We use superscripts “b” and “s” to denote body and spatial representations, respectively, which gives

ξ^b = T_gL_g�1 v_g and ξ^s = T_gR_g�1 v_g.

The relationship between spatial and body velocities can be written in terms of the adjoint action of G on g, which is determined by taking the tangent map of the adjoint action Ad_g on G. By an abuse of notation, this mapping is also labeled Ad_g.

Definition 2.6 The (lifted) adjoint action of G on g is defined to be the map Ad_g :

g → g given by Adg ξ = Tg�1 Lg(TeRg�1 ξ) for ξ ∈ g.

Thus, ξ^b = Ad_g�1 ξ^s.

The adjoint action will come up frequently in what is to follow as a means of mapping between reduced representations of tangent vectors based on the left and right translations. The distinction between the adjoint action on G and that on g will not be made textually, but should be clear from the context. When working with homogeneous coordinates of a rigid body, it will be useful to think of the adjoint action as providing a mapping from objects defined in terms of spatial coordinates to their alternative representation in terms of body coordinates. We will also see that the dual adjoint map Ad^∗_g will come up in mapping between the two representations of dual elements to the Lie algebra. Traditionally, reduction methods have been formulated in terms of spatial coordinates, but we will see that the use of body coordinates can be quite valuable in certain examples.

2.2.4 Principal Fiber Bundles

Lie groups naturally arise in the study of locomotion as a means of describing position and orientation. As mentioned above, we choose the remaining variables to describe the internal shape of the system. The shape space has a natural mathematical interpretation as a quotient space, M = Q/G, and will often be referred to as the reduced or base space. The entire structure forms a principal fiber bundle. To define this type of structure, we first must describe the left (or right) action of G on Q.

Definition 2.7 [62] A (left) action of a Lie group G on Q is a smooth mapping Φ : G × Q → Q such that:

1. Φ(e, q) = q for all q ∈ Q, and

2. Φ(g, Φ(h, q)) = Φ(L_gh, q) for all g, h ∈ G and q ∈ Q.

We will normally only be interested in the action as a mapping from Q into Q, and so will write the action as Φ_g : Q → Q, where Φ_g(q) = Φ(g, q). As a shorthand, Φ_g(q) will often be written as g · q, or just gq.

Definition 2.8 An action is said to be free if it has no fixed points, i.e., if the relation Φ_g(q) = q implies g = e for each q ∈ Q.

Given the action of G on Q, along with the natural quotient space structure, we define a principal fiber bundle in the following manner.

Definition 2.9 A principal fiber bundle over M with group G consists of a manifold Q and a free left action of G on Q satisfying the following:

1. M is the quotient space of Q defined by the G-induced equivalence relation, M = Q/G, where the canonical projection π : Q → M = Q/G is differentiable, and 2. Q is locally trivial. That is, every point q ∈ Q has a neighborhood U such that π^{−1}(U) is isomorphic to G × U. Thus, there exists a diffeomorphism ψ : π^{−1}(U) → G × U given by ψ(q) = (φ(q), π(q)), for which φ : π^{−1}(U) → G satisfies φ(Φ_gq) = L_gφ(q) for all g ∈ G and q ∈ U.

A principal fiber bundle is commonly denoted by Q(M, G), where Q is called the total space, M the base space, and G the structure group or fiber space.

The geometric structure found in problems of locomotion, however, is most often of a form that can be written globally as the product of the structure group and base space, i.e., as Q = G × M. For this reason we restrict our attention to systems of this form, which are said to evolve on trivial principal fiber bundles.

Definition 2.10 A trivial principal fiber bundle is a manifold Q = G × M such that G acts freely on Q on the left by trivially extending L_g to act on Q. Letting Φ_g denote the action of G on Q, this implies that Φ_h(g, r) = (L_hg, r), for h ∈ G and (g, r) ∈ G × M = Q.

Figure 2.1 Trivial fiber bundle picture

In the trivial bundle case, we can easily picture Q as a base manifold M with fiber, G, attached at each point r ∈ M (see Figure 2.1). This bundle comes naturally equipped with two canonical projections; namely, on the first and second factors, given by the maps π_1 : Q → G : (g, r) → g and π_2 : Q → M : (g, r) → r.

Definition 2.11 The lifted action is the map T Φ_g : T Q → T Q : (q, v) → (Φ_g(q), T_qΦ_g(v)) for all g ∈ G and q ∈ Q.

In the literature, the action of G on T_qQ is very often denoted gq̇ = T_qΦ_g(q̇), for q̇ ∈ T_qQ. Similarly, there will be times when we wish to express only the effect of the action on T G, which we denote as hġ = T_gL_hġ, for ġ ∈ T_gG. Notice that the action on T G and the action on T Q are related by T_qΦ_h(ġ, 0) = (T_gL_hġ, 0). We should also mention that the lifted action defined here is the same as the action denoted Φ^T_g by Abraham and Marsden in [1], when considered pointwise in G. Also defined in [1] is a very important quantity that provides an infinitesimal description of the action of Φ_g on Q.

Definition 2.12 [1] If ξ ∈ T_eG, then Φ^ξ : R × Q → Q : (t, q) → Φ(exp tξ, q) is

an R-action on Q, that is, Φ^ξ is a flow on Q. The corresponding vector field on Q

given by

ξ_Q(q) = d dt Φ(exp tξ, q) | | t=0 is called the infinitesimal generator of the action corresponding to ξ.

A very important relationship to realize when working with trivial principal fiber bundles is that the infinitesimal generator is naturally the Lie algebra element pushed forward via the right action on G. To see this, let ξ ∈ g and q = (g, r) ∈ Q. Then, Φ^ξ : R × Q → Q : (t, (g, r)) → ((exp tξ)g, r), or Φ^ξ(t) = (R_g exp tξ, r). This implies that ξ_Q(q) = (T_eR_gξ, 0) ∈ T_qQ.

Figure 2.2 Elroy’s beanie

2.2.5 Symmetries and Invariances

When we speak of a mechanical system with Lie group symmetries, we really mean that certain quantities, particularly the Lagrangian, remain invariant under the action of the Lie group, G. From a differential geometric viewpoint, this will manifest itself as invariance under the pull-back of the lifted action (see Marsden, Montgomery, and Ratiu [61] for more details). In the context of reduction, the primary assumption will be that the Lagrangian is invariant. This is a sufficient condition for establishing the existence of a conservation law for holonomically constrained systems. With the introduction of nonholonomic constraints, however, we see that the conservation laws may be broken. This necessitates our defining invariance for vector fields and one-forms, as these objects will be used to represent the nonholonomic constraints.

Definition 2.13 A Lagrangian function, L : T Q → R, a vector field, X ∈ X(Q), and a one-form, ω ∈ X^∗(Q), are said to be G-invariant if they are invariant with respect to the lifted action, T Φ_g, i.e., if, respectively, L(Φ_g(q), T_qΦ_gv_q) = L(q, v_q), T_qΦ_gX(q) = X(Φ_g(q)), and T^∗_q Φ_gω(Φ_g(q)) = ω(q), for all g ∈ G, v_q ∈ T_qQ.

Invariance for vector fields and one-forms is perhaps most easily seen in terms of the following commutative diagrams.

Q T_{gq}Q- X

Q T_qQ-X ?^{Φg} ?^{TqΦg}_{Q T ∗gqQ}-_ω Q T^∗_q Q-ω ?^{Φg} ?^T ∗ gqΦ_g�1

Thus, for invariance of a vector field X and a one-form ω, respectively, the above diagrams must commute.

Example 2.14 Elroy’s Beanie

To illustrate the ideas presented above, we examine a system consisting of two planar rigid bodies attached at their centers of mass, shown in Figure 2.2. This is perhaps the simplest example of a dynamical system with non-Abelian Lie group symmetries in which the configuration space is a fiber bundle over a nontrivial shape space. We will allow the rigid bodies to move freely in the plane (though still pinned together), and assume the existence of control torques between the two bodies (for the center of mass fixed in the plane, this problem is often referred to as Elroy’s beanie).

Let (x, y, θ) ∈ SE(2) be the position and orientation of the center of mass of body #1, and let ψ ∈ Sbe the relative angle between body #1 and body #2. Also, denote by m the total mass of the system, and J and J_ψ the inertias of body #1 and body #2, respectively. Thus, the configuration space is the fiber bundle Q = SE(2) × S= G × M, with fiber coordinates g = (x, y, θ), and base coordinate r = ψ. The Lagrangian has no potential energy term, so L(q, q̇) = 1 2 m(ẋ^2 + ẏ^2) + 1 2 Jθ̇^2 + 1 2 J_ψ(θ̇ + ψ̇)^2.

Notice that the Lagrangian is actually independent of the configuration variables. In such cases where the Lagrangian is solely a function of velocities, the position variables g = (x, y, θ) are called cyclic variables (and here also r = ψ is cyclic). In the case of cyclic variables, reduction is always possible using a Lie group with addition as its product (e.g., for g = (x, y, θ), we could use the group R^2 × Swith addition). In this particular example, however, we can use a slightly more structured Lie group, namely SE(2), the group of translations and rotations in the plane.

First, we show that the Lagrangian is G-invariant. The group action is that of G = SE(2) on Q, similar to Example 2.2 above:

Φ_g(q) = a^1 + x cos α − y sin α a^2 + x sin α + y cos α α + θ ψ (2.1)

and the lifted action is

T_qΦ_g(q̇) = cos α − sin α 0 0 sin α cos α 0 0 0 0 1 0 0 0 0 1 ẋ ẏ θ̇ ψ̇ = ẋ cos α − ẏ sin α ẋ sin α + ẏ cos α θ̇ ψ̇ , (2.2)

where g = (a^1, a^2, α) ∈ SE(2). Notice that since we are working with matrix groups, we can easily write the dual map T^∗_q Φ_g as

T^∗_q Φ_g = (T_qΦ_g)^T = cos α sin α 0 0 − sin α cos α 0 0 0 0 1 0 0 0 0 1 .

A straightforward calculation shows that the Lagrangian is invariant:

L(Φ_gq, T_qΦ_gq̇) = 1 2 m((ẋ cos α − ẏ sin α)^2 + (ẋ sin α − ẏ cos α)^2) + 1 2 Jθ̇^2 + 1 2 J_ψ(θ̇ + ψ̇)^2 = 1 2 m(ẋ^2 + ẏ^2) + 1 2 Jθ̇^2 + 1 2 J_ψ(θ̇ + ψ̇)^2 = L(q, q̇). Finally, we compute the adjoint action of G on g by

Ad_g = T_e(R_g�1 L_g) = T_gR_g�1 T_eL_g = 1 0 y 0 1 −x 0 0 1 cos θ − sin θ 0 sin θ cos θ 0 0 0 1 = cos θ − sin θ y sin θ cos θ −x 0 0 1 .

In order to represent the Lie algebra, let f_1, . . ., f_l denote a basis for g, and f^1, . . ., f^l be its dual (a basis for g^∗). Then we can write an element of g as ξ = ξ^if_i, and compute the infinitesimal generator for ξ. For this example, we use the standard basis for se(2) which arises by identifying the Lie algebra with T_eG, where G has coordinates (x, y, θ). The exponential mapping, which takes elements in g to elements in G, is given by

exp(tξ) = ( ξ^1 ξ^3 sin ξ^3t + ξ^2 ξ^3

(cos ξ^3t − 1), ξ^2 ξ^3 sin ξ^3t + ξ^1 ξ^3

(1 − cos ξ^3t), ξ^3t ) ∈ G (notice that for ξ^3 = 0, l’Hospital’s rule implies that exp(tξ) = (ξ^1t, ξ^2t, 0)). Then we find that

ξ_Q(q) = d ds [Φ(exp sξ, q)] | | | s=0 = d ds [(x + ξ^2 ξ^3

) cos ξ^3s + ( ξ^1 ξ^3

− y) sin ξ^3s − ξ^2 ξ^3 , (y − ξ^1 ξ^3

) cos ξ^3s + ( ξ^2 ξ^3

+ x) sin ξ^3s + ξ^1 ξ^3 , θ + ξ^3s, ψ] | | | s=0 = (ξ^1 − ξ^3y, ξ^2 + ξ^3x, ξ^3, 0) = (T_eR_gξ, 0),

where ξ_Q ∈ X(Q).

2.3 The Euler-Lagrange Equations

We begin this section by looking at how to define a general Lagrangian system. We do this using the integral Lagrange-d’Alembert principle, which includes general forcing functions. For much of the discussion to follow, however, we will gain certain advantages by restricting ourselves to study only mechanical Lagrangian systems.

2.4. Noether’s Theorem 25

This should not seem too restrictive in the context of locomotion systems, which are most often described as mechanical (Lagrangian) systems.

Assume the existence of a Lagrangian function, L(q, v), and a forcing function, τ(q, v), both on T Q. In order to specify the dynamics of the Lagrangian system associated with L, we use a variational principle to seek extrema of the function L integrated over possible paths. Thus, we will take variations along a curve c : [a, b] ∈ R → Q, with fixed endpoints, i.e., such that δc(a) = δc(b) = 0.

Proposition 2.15 [62] A curve, c(t), is said to satisfy the integral Lagrange-

d’Alembert principle if δ ∫ b a L(c(t), ċ(t))dt + ∫ b a τ(c(t), ċ(t))δc dt = 0, for any given variation δc that vanishes at the endpoints.

Applying the variation and simplifying the result using integration by parts allows us to express this principle in a differential form which will be more useful to us. This is the Euler-Lagrange equations with external forces, given in local coordinates (q^i, q̇^i) on T Q by d dt ∂L ∂q̇^i − ∂L ∂q^i = τ_i. This formulation of the equations of motion holds true for general Lagrangians.

For the purposes of studying locomotion, though, it will often be useful to consider a subset of these general systems, namely mechanical systems [1]. A mechanical system is characterized by a decomposition of the Lagrangian into two terms: kinetic energy, T , and potential energy, V , such that L = T − V . The kinetic energy can be defined in terms of a metric function, G(q) : T_qQ × T_qQ → R by T = G(q)(v_q , w_q) = ⟨⟨v_q, w_q⟩⟩, for v_q, w_q ∈ T_qQ (hence forward we will drop the q-dependence of G). The potential energy is any function on Q, and very often is used to represent conservative forces.

For a mechanical system, we can make the equations of motion slightly more explicit:

q̈^j = G^{ij} ( ∂L ∂q^i − ∂^2L ∂q^i∂q̇^k q̇^k + τ_i ) ,

where [G^{ij} ] is the inverse of the metric tensor, G_{ij} =^{∂2L}_{∂q̇i∂q̇j} .

2.4 Noether’s Theorem

The use of momentum conservation laws is central to our study of locomotion and reduction. The concept of a conservation law is a well-known physical principle that has a very nice mathematical interpretation in the context of Lie group symmetries. For unconstrained systems, the group invariance of the Lagrangian function, L, implies that configuration variables used to describe the unforced dynamics of the system are in some sense redundant. That is, they are more than sufficient to fully describe the trajectories of the system. Therefore, there is a conserved quantity— a constant of the motion— that allows us to factor out this redundancy in the process called reduction. The content of the conservation laws for Lie group symmetries is given by Noether’s theorem.

Theorem 2.16 (Noether) Given L, a G-invariant Lagrangian, the momentum mapping J : T Q → g^∗, given by ⟨J(v_q); ξ⟩ = ⟨⟨v_q, ξ_Q⟩⟩, ∀ ξ ∈ g, is a constant of the motion defined by the Euler-Lagrange equations.

Thus, given an initial velocity for the system, v_0, there is a related value of the momentum map, μ = J(v_0) ∈ g^∗. If c : [0, T ] → Q is the solution to the Euler- Lagrange equations with c(0) = v_0, and c^′(t) is the tangent to this curve at c(t), then Noether’s theorem implies that J(c^′(t)) = μ for all t ∈ [0, T ]. For an l-dimensional Lie group, this effectively implies that the conservation laws define l internal affine constraints on the system. And, since μ is fixed by the choice of initial condition, we see that the allowable dynamics of the system must exist within a well-defined affine subspace of T Q for all t ∈ [0, T ]. For μ = 0, this becomes a linear subspace (i.e., it contains the zero tangent vector), and further simplifications will occur. The process of reduction, in which the internally constrained dynamics are factored out, is taken up in Chapter 3 below.

2.5 Distributions and Frobenius’ Theorem

As mentioned above, the conservation laws in systems with symmetries are affected in a nontrivial manner by the presence of nonholonomic constraints. Thus, we will need to develop some of the language of distributions used when working with constraints.

Definition 2.17 Let Q be a differentiable manifold. A distribution, D, on Q is a subbundle of T Q. The dimension of D at q ∈ Q, denoted dim D_q, is called the rank of D at q. If m = dim D(q) is constant in a neighborhood U of q ∈ Q, then we can write D_x in terms of m linearly independent C^∞-vector fields X_1, . . ., X_m for each x ∈ U, called a local basis of D.

In anticipation of the controllability results in Sections 6.2 and 6.3, we also introduce Frobenius’ theorem.

Definition 2.18 A distribution D is said to be involutive if [X, Y ] ∈ D for each X, Y ∈ D. If N is a connected C^∞ submanifold of Q such that T_qN ⊂ D_q for each q ∈ N, then we shall say that N is an integral manifold of D. A distribution is said to be integrable if for each point q ∈ Q there exists a local integral manifold N ∋ q such that T N = D | | N . Theorem 2.19 (Frobenius) A distribution D on a manifold Q is integrable if and only if it is involutive.

Frobenius’ theorem states that integrability and involutivity are (locally) equivalent notions. The content of this theorem is very interesting when applied to driftless systems. It says that if a given set of control vector fields, X_1, . . ., X_m, and all of its iterated Lie brackets form an integrable distribution, then the motion of the control system is locally restricted to a local integral manifold. Thus, on a manifold Q, it is possible to move from one point to any another point in a local neighborhood only if the integrable distribution spans T Q around that point.

2.6 Equations of Motion with Nonholonomic Constraints

In the presence of constraints, we must slightly modify the equations of motion in order to incorporate external constraint forces.

Definition 2.20 A constraint distribution D is a distribution on Q composed of the allowable directions of motion at each point q ∈ Q, written D_q. A curve c : [a, b] → Q is said to satisfy the constraints if ċ(t) ∈ D_{c(t)}, ∀t ∈ [a, b].

We will throughout this work require dim D to be constant over Q. Making this restriction allows us to write D as the kernel of a set of one-forms over Q. An interesting, open research question is the effect of allowing more general constraints, but it is unclear at present how to use the Lagrangian formulation in this setting. One possibility that is currently under investigation is the use of alternative formulations for the equations of motion, including the Gibbs-Appell equations [54].

We saw above that D can be expressed in terms of a local basis of vector fields. In order to formulate the equations of motion, however, it will prove easier to use an alternative method for representing D, in terms of linear functionals on the velocities, or one-forms. Given k linear constraints, we can write them as a vector-valued set of k equations:

ω^i_j (q)q̇^j = 0, for i = 1, . . ., k, (2.3)

where ω^1, . . ., ω^k have a natural interpretation as one-forms over Q. Let dq^1, . . ., dq^n be a basis for T^∗Q, then the constraints can be written as ω^i = ω^i_jdq^j, and D = {v ∈ T Q| ⟨ω^a; v⟩ω^a_j v^j = 0, for a = 1, . . ., k}. We denote by (L, D) the constrained system with Lagrangian L and constraint distribution D. It now makes sense to describe the dynamics of (L, D) by writing its equations of motions. To do so, we employ the following constrained variational principle.

Definition 2.21 A curve, c : [a, b] → Q, is said to satisfy the Lagrange-d’Alembert equations of motion for a constrained system if the following constrained variational principle holds: δ ∫ b a L(c(t), ċ(t))dt = 0, where variations are taken over all possible curves, but with the restriction that δc ∈ D and that the resultant curve satisfy ċ(t) ∈ D_{c(t)}.

For this principle, we have chosen the method of taking the variations before applying the constraints. The alternative is to impose the constraints before taking the variation, thereby restricting the possible variations. This is known as the vakanomic principle, and the problems associated with this method are discussed by Lewis and Murray in [55].

Define coordinates for T Q as (q^i, q̇^i), for i = 1, . . ., n. We can rewrite the equations of motion more explicitly by using the method of Lagrange multipliers. A good summary of how this can be done using the principle of virtual work is given in [53].

Definition 2.22 A curve c : [a, b] → Q is said to satisfy the nonholonomic constrained variational principle if ċ(t) ∈ D_{c(t)} for all t ∈ [a, b] and d dt ( ∂L ∂q̇^i (c(t), ċ(t)) ) − ∂L ∂q^i (c(t), ċ(t)) = λ_aω^a_i + τ_i. (2.4)

This defines a set of n second order and k first order differential equations. For mechanical systems, the Lagrange multipliers, λ_1, . . ., λ_k, can be solved for algebraically and eliminated in order to yield the equations of motion with constraints.

In order to establish results on momentum and reduction for systems with constraints, we would like to be able to eliminate the Lagrange multipliers without going through this process. One way to do this is to recognize ω^1, . . ., ω^k as one-forms, and recall that all vectors in the constraint distribution (i.e., all allowable velocities) will lie in the null space of these one-forms. Noting this, we rewrite Eq. 2.4 in a more natural geometric setting as a set of n one-forms: β_L(q, q̇, t) = { d dt ( ∂L ∂q̇^i (q(t), q̇(t)) ) − ∂L ∂q^i (q(t), q̇(t)) + λ_aω^a_i − τ_i } dq^i, (2.5)

where the λ_a’s are at this point undetermined. The λ_a’s naturally enter as scaling factors for the constraint one-forms. An interesting calculation is to show that the terms involving L which arise from the unconstrained Euler-Lagrange equations fit naturally in a geometric context as one-forms, since they transform through coordinate changes as such. The same is true of the forcing function τ, which is more traditionally thought of as a one-form. β_L provides an alternative, coordinate version for the equations of motion, written simply as:

Definition 2.23 A curve, c : [a, b] → Q, is said to satisfy the Lagrange-d’Alembert equations of motion for a constrained system if β_L(c, ċ, t) = 0 and ċ(t) ∈ D_{c(t)} ∀t ∈ [a, b].

Figure 2.3 Two-wheeled planar mobile robot.

Example 2.24 Two-wheeled mobile robot

Consider the two-wheeled planar mobile robot presented by Kelly and Murray in [43] and shown in Figure 2.3. The robot’s position, (x, y, θ) ∈ SE(2), is measured via a frame located at the center of the wheel base. The position of the wheels is measured relative to vertical and is denoted (ϕ_1, ϕ_2). Each wheel is controlled independently and is assumed to roll without slipping. The configuration space is then Q = G × M = SE(2) × (S× S). Let m denote the mass of the robot, J its inertia about the center of mass, and J_w the inertia of each wheel about its pivot point. Then the Lagrangian is just L(q, q̇) = 1 2 m(ẋ^2 + ẏ^2) + 1 2 Jθ̇^2 + 1 2 J_w(ϕ̇^2_1 + ϕ̇^2).

The group action is that of G = SE(2) on Q, similar to Example 2.14 above:

Φ_g(q) = a^1 + x cos α − y sin α a^2 + x sin α + y cos α α + θ ϕ_1 ϕ_2

(2.6) and the lifted action is

T_qΦ_g(q̇) = cos α − sin α 0 0 0 sin α cos α 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 ẋ ẏ θ̇ ϕ̇_1 ϕ̇_2 = ẋ cos α − ẏ sin α ẋ sin α + ẏ cos α θ̇ ϕ̇_1 ϕ̇_2 , (2.7)

where g = (a^1, a^2, α) ∈ SE(2). A straightforward calculation like the one above for Elroy’s beanie (Example 2.14) shows that the Lagrangian is invariant.

The constraints defining the no-slip condition can be written as in Eq. 2.3:

ẋ cos θ + ẏ sin θ − ρ 2 (ϕ̇_1 + ϕ̇_2) = 0

− ẋ sin θ + ẏ cos θ = 0 (2.8) θ̇ − ρ 2w (ϕ̇_1 − ϕ̇_2) = 0,

and similar calculations readily show that the constraints are also G-invariant. Using Lagrange multipliers, we can write the dynamical equations as

mẍ + λ_1 cos θ − λ_2 sin θ = 0 mÿ + λ_1 sin θ + λ_2 cos θ = 0 Jθ̈ + λ_3 = 0

J_wϕ̈_1 − ρ 2 λ_1 − ρ 2w λ_3 = τ_1

J_wϕ̈_2 − ρ 2 λ_1 + ρ 2w λ_3 = τ_2,

along with the constraint equations given by Eqs. 2.8. Differentiating Eqs. 2.8, solving for the unknown multipliers, and eliminating the group variables yields the reduced base equations:

(J_w + Jρ^2 4w + mρ^2 4 )ϕ̈_1 + (− Jρ^2 4w + mρ^2 4 )ϕ̈_2 = τ_1 (2.9) (− Jρ^2 4w + mρ^2 4 )ϕ̈_1 + (J_w + Jρ^2 4w + mρ^2 4 )ϕ̈_2 = τ_2. (2.10)

For the mobile robot, this process of eliminating the Lagrange multipliers is straightforward, but non-trivial. In more complicated examples, the resulting equations for the base space can become rather unwieldy. This provides additional motivation for us to re-examine the elimination of these extra variables and unknown multipliers using techniques based on the geometry of the problem.

Notice that Eqs. 2.8–2.10 fully specify the motion of the two-wheeled mobile robot. This example illustrates what are called Chaplygin, or principal kinematic, constraints, in which there are the same number of constraints as the dimension of the Lie group, and for which it is possible to invert the group velocities in terms of the base variables. The division of variables given by these equations is precisely the division that we would like to have when describing locomotion. The shape variables are separated out in a manner that clearly highlights their independence from the group variables (Eqs. 2.9 and 2.10), and by which it is easy to show that they are controllable given the proper input torques. At the same time, Eq. 2.8 can be inverted in the following manner, which makes explicit the dependence of the group variables on the shape variables:

T_gL_g�1ġ = cos θ sin θ 0 − sin θ cos θ 0 0 0 1 ẋ ẏ θ̇ = − ρ 2 ρ 2 0 0 ρ 2w − ρ_2w ( ϕ̇_1 ϕ̇_2 ) .

Notice that the changes in position are described by first order differential equations as defined by the kinematic constraints. Written in this form, we see that the constraint equations explicitly define the role of shape changes in generating net motion along the fiber— that is, in generating locomotion. When we write the equations in the form of Eq. 2.11, we are implicitly defining a connection for this trivial principal fiber bundle. The definition and usage of a connection in the setting of general locomotion systems is the subject of Chapters 3 and 4.

32 2. Background

Chapter 3

Lagrangian Reduction in the Absence of Constraints

The process of Lagrangian reduction in the unconstrained case consists of splitting the dynamics of the system according to its symmetries and then reducing the system to a lower dimensional space in which the symmetries have been modded out. In this chapter, we discuss methods for performing this splitting on a trivial principal fiber bundle. For comparison, we briefly review in Section 3.3 the traditional reduction procedure for unconstrained systems (for a more thorough presentation, the reader is referred to [60, 61, 63]), and then in Section 3.4 develop an alternative procedure which makes use of the body coordinate representation. This alternate form can be quite useful in the presence of body (left-invariant) forces, and, as we show in the sequel, generalizes quite easily to the addition of invariant nonholonomic constraints arising in problems of locomotion.

3.1 Connections on Principal Fiber Bundles

We seek a splitting of the dynamics that is compatible with the Lie group symmetries, and which naturally highlights the structure of the shape space for particular locomotion systems. Thus, we must initially define two subspaces: one which contains the group directions and one which encodes the pertinent information regarding the internal shape of the system (and, as we will see, may include information regarding the constraints). The process of reduction, then, consists of modding out by the group and reducing to a lower dimensional shape space. For a general principal fiber bundle, Q(M, G), there is a natural way of defining the set of vectors tangent to the group orbits.

Definition 3.1 The vertical subbundle (also called the fiber distribution) is the subbundle of T Q defined by V Q = ⋃ q∈Q V_qQ = ⋃ q∈Q {v_q ∈ T_qQ| v_q ∈ ker T_qπ_2}. Vectors in V Q are said to be vertical.

In other words, V Q is the disjoint union over Q of each subspace of T_qQ which is tangent to the fiber (and hence each v_q ∈ V_qQ is in the kernel of the projection to the base space). For a trivial bundle these are all vectors of the form (v_g, 0), for v_g ∈ T_{π1 (q)}G.

For a general principal fiber bundle, there is no canonical way to define a complementary space to V Q. Thus, depending on the problem we may have different criteria for choosing a horizontal subbundle. For example, in a trivial principal fiber bundle, we can naturally define a horizontal subbundle by choosing vectors tangent to the base manifold, i.e., vectors of the form v_q = (0, v_r) with nonzero components only in T M. Alternatively, for systems which possess a metric, e.g., mechanical systems, horizontal vectors are chosen to be orthogonal (with respect to the metric) to vertical vectors. In the presence of constraints, however, these are not necessarily the most appropriate choices to make. In the Chaplygin or principal kinematic case, the horizontal distribution consists simply of those vectors which satisfy the constraints. For systems with mixed nonholonomic constraints (that is, external kinematic and internal momentum constraints), however, the choice is not so clear. In Section 4.5 an alternative choice of horizontal will be discussed for systems with mixed nonholonomic constraints.

For the purposes of locomotion, the vertical distribution really describes the net velocities of the rigid body, moving as a whole. Thus, a purely vertical motion would represent a change in inertial position, with no accompanying change in internal shape. For the mobile robot example above, the vertical subbundle consists of all vectors whose last two components are zero. This corresponds to pure rotation and translation in the plane, without any spinning of the wheels. Suppose that we made the choice of horizontal according to the natural division into base and fiber spaces given by a trivial fiber bundle, i.e., using the splitting T Q = T G × T M. Then, for the mobile robot horizontal vectors would be those involving only a pure rotation of the wheels. As a constrained system, however, this decoupling of the variables does not make good physical sense, since the robot cannot move in the plane without moving the wheels, and vice versa. In fact, it is exactly this notion which leads us to choose a different horizontal subbundle, or connection, which more appropriately reflects the interaction between the wheel (shape) motion, and the movement along the vertical (fiber) distribution. The interaction between shape and position changes is implicitly defined by the constraints, and so we will build a connection based on the information encoded by the external constraints.

Mathematically, the connection defines the relationship between the tangent bundle on the base space and a G-invariant (horizontal) subbundle of T Q. It provides the means to “lift” vectors from T M (shape velocities) to the appropriate vectors in T Q (shape plus position velocities) during reconstruction. Although the definition of a connection is not really standard within the literature, we follow a very common definition given by Kobayashi and Nomizu [44].

Definition 3.2 A connection is an assignment of a horizontal subbundle, H_qQ ⊂ T_qQ, for each point q ∈ Q such that

1. T_qQ = V_qQ ⊕ H_qQ,

3.1. Connections on Principal Fiber Bundles 35

2. T_qΦ_gH_qQ = H_{g·q}Q, for every q ∈ Q and g ∈ G, and

3. H_qQ depends smoothly on q.

The direct sum of condition (1) implies that T_qQ can everywhere be divided into the vertical subspace given by V_qQ and a horizontal subspace, given by H_qQ. Every vector v ∈ T_qQ can then be uniquely written in terms of its horizontal and vertical decomposition: v_q = h_q + w_q, where h_q ∈ H_qQ and w_q ∈ V_qQ. Define in this manner the maps ver and hor to be the projections onto the vertical and horizontal subspaces, respectively. Using the decomposition v = h + w (assumed to hold pointwise over Q), this implies simply that h = hor v and w = ver v. Another benefit of working with connections is that the horizontal subspace defined by the connection is everywhere isomorphic to the tangent space of the base space: H_qQ ≃ T_{π2(q)}M. The horizontal lift maps vectors in T_{π2(q)}M to their corresponding lifted vectors in H_q ⊂ T_qQ under this identification.

We have defined the connection as a G-invariant horizontal distribution that is complementary to V Q. An alternate definition that is often used (and encodes the same information) is given by the connection one-form.

Definition 3.3 A principal connection one-form, A, is a Lie algebra-valued oneform on Q satisfying the following properties:

1. A(q) · ξ_Q(q) = ξ, ξ ∈ g, and

2. A(Φ_gq) · T_qΦ_gq̇ = Ad_g A(q) · q̇.

Condition 1 implies that A takes vectors in T_qQ to the Lie algebra elements associated with their vertical components. Thus, it extracts from a vector the components in the group direction, relative to some choice of horizontal. This is possible because for each vertical vector w_q ∈ V_qQ, there is associated a unique Lie algebra element, ξ ∈ g, such that ξ generates w_q. Recalling the definition of an infinitesimal generator, this means that

w_q = ξ_Q(q) = d ds (Φ(exp(sξ), q)) |_{s=0}, (3.1)

where exp : g → G is the exponential mapping of a Lie algebra element to the corresponding element in its Lie group (see Boothby [14] for more details). The connection one-form, then, takes the vector, v_q ∈ T_qQ, and returns the Lie algebra element associated with the vertical component of v_q, namely ξ = A(v_q), where ξ_Q(q) = ver v_q. Note that the connection one-form is defined so that ξ ∈ g implies A(ξ_Q) = ξ. Conversely, if h_q ∈ H_qQ, then A(h_q) = 0, i.e., the connection evaluates to zero on horizontal vectors.

An interesting simplification occurs when working with a connection on a trivial principal fiber bundle. In this setting, one can always write the connection in a simple local form which is very illuminating (used in [10]). Let q = (g, r) ∈ G×M = Q. Then we see that the information encoded in a connection can be distilled down to a map A(r) : T_rM → g, as described in the following proposition.

Proposition 3.4 Let A be a principal connection one-form on Q(M, G). Then A can be written in a local trivialization as

A · q̇ = Ad_g(g^{−1}ġ + A(r)ṙ),

where g^{−1}ġ is understood to imply the lifted action of g^{−1} on ġ ∈ T_gG given by T_gL_g�1 . We call A the local form of A.

Proof: Recalling the above conditions for a connection one-form, Condition 1 implies that A(g, r) · (ġ, 0) = ġg^{−1}. Thus A(q) · (ġ, ṙ) = ġg^{−1} + B(g, r)ṙ. Furthermore, Condition 2 implies that

Ad_h ġg^{−1} + Ad_h B(g, r)ṙ = hġg^{−1}h^{−1} + B(hg, r)ṙ, or Ad_h B(g, r) = B(hg, r). Setting h = g^{−1} gives the desired result, with B(g, r) = Ad_g B(e, r) = Ad_g A(r). �

Notice that the heart of the above formula is the local form of the connection, A. While A is itself independent of g, it is mapped through the adjoint action in order to write the result in spatial coordinates. For this reason, we remark that the body coordinate representation can be important for writing this one-form, since the information encoded by the connection can be fully decoupled from the fiber variables. If we denote the body form of the connection by A^b, then

Ab = Ad_g�1 A = g^{−1} dg + A(r) dr.

3.2 The Momentum Map and Mechanical Connection One-Form

There are three primary elements involved in the reduction procedure for unconstrained systems with symmetries: the momentum map, the locked inertia tensor, and the connection one-form. These quantities are all standard to the reduction literature. The reader will notice, however, that in this presentation we also define body coordinate representations of the momentum map and the connection oneform, which will be used in the derivations below. We recall here for convenience the definition of the momentum map given above in Noether’s theorem.

Definition 3.5 For a mechanical system, the momentum map is defined to be the map, J : T Q → g^∗ which satisfies the following: ⟨J(v_q); ξ⟩ = ⟨⟨v_q, ξ_Q⟩⟩, for all ξ ∈ g and v_q ∈ T_qQ.

We can also define the momentum map in body coordinates:

Definition 3.6 The body momentum map is defined to be the map, J^b : T Q → g^∗ which satisfies the following:

⟨J^b(v_q); ξ⟩ =⟨⟨v_q, (Ad_g�1 ξ)_Q(gq)⟩⟩ = ⟨⟨v_q, T_{gq}Φ_g�1 ξ_Q(gq)⟩⟩, for all ξ ∈ g and v_q ∈ T_qQ.

Body coordinates are not normally used for performing reduction, but in the presence of constraints, it appears to be a useful reference frame to use. Obviously the two are related, via the transformation:

J^b = Ad^∗_g J

Noether’s theorem states that for unconstrained systems the momentum map in spatial coordinates is conserved along trajectories. This will not be true in general for the body momentum map, except in the case that G is Abelian, for which Ad^∗_g = id (the identity mapping). We remark, however, that in the special case that the spatial momentum is zero, i.e., when μ = J(q̇) = 0, the body momentum defined by p = J^b = Ad^∗_g μ is also zero and is also constant (shown below in Section 3.4.3). Thus, for unconstrained systems with zero momentum, the body and spatial representations of the equations are almost identical. The choice of which form to use in this case is purely based on convenience of representation.

Mechanical systems naturally possess a metric on T Q, implicitly defined by the kinetic energy. The existence of such a metric allows one to define the mechanical connection for systems with symmetries. The mechanical connection one-form is related to the momentum map via the locked inertia tensor, defined as follows:

Definition 3.7 The locked inertia tensor is the map, I(q) : g → g^∗ which satisfies ⟨I(q)ξ; η⟩ = ⟨⟨ξ_Q, η_Q⟩⟩ for all ξ, η ∈ g.

The connection one-form— in this case, a mechanical connection— is given by

A = I^{−1}(q) J,

and satisfies all of the properties of the connection one-form given above. Again, we will define a dual quantity taken in body coordinates, namely

Ab = I^{−1}(q) J^b .

Notice that the locked inertia tensor used here is the same in both body and spatial coordinates. This is due to the fact that the locked inertia tensor is Ad_g-invariant, in the sense that

Ad^∗_g I(Φ_gq) Ad_g = I(q).

The one-forms A and A^b are also related in a manner similar to the momentum maps, via the adjoint mapping:

Ab = Ad_g�1 A.

It should be noted, however, that the Lie algebra valued one-form A^b is not a connection one-form, since when evaluated on infinitesimal generators it does not return the Lie algebra element that generates it, i.e., A^b · ξ_Q = Ad_g�1 ξ ≠ ξ. It will arise, though, when building a connection for systems with constraints.

Example 3.8 Elroy’s Beanie (cont.)

We return to the example of Elroy’s beanie in order to illustrate the concepts that arise when building a connection. Recall from above that the Lagrangian is G-invariant. This suggests the existence of a conserved quantity, and so we will formulate the momentum map and mechanical connection for this system. We would also like to investigate the distinction between body and spatial coordinates, and so recall the adjoint action given above:

Ad_g = cos θ − sin θ y sin θ cos θ −x 0 0 1 .

Also shown above, the infinitesimal generator for ξ = ξ^if_i ∈ g is

ξ_Q(q) = (ξ^1 − ξ^3y, ξ^2 + ξ^3x, ξ^3, 0).

Let J = J_i f^i ∈ g^∗, and then compute the momentum map as ⟨J(v_q); ξ⟩ = J_i ξ^i = ⟨⟨v_q, ξ_Q(q)⟩⟩

= (v_x, v_y, v_θ, v_ψ) m 0 0 0 0 m 0 0 0 0 J + J_ψ J_ψ 0 0 J_ψ J_ψ ξ^1 − yξ^3 ξ^2 + xξ^3 ξ^3 0 = ξ^1(mv_x) + ξ^2(mv_y) + ξ^3(mxv_y − myv_x + (J + J_ψ)v_θ + J_ψv_ψ),

where v_q = (v_x, v_y, v_θ, v_ψ). We find, then, that

J(v_q) = mv_xf^1 + mv_yf^2 + (mxv_y − myv_x + (J + J_ψ)v_θ + J_ψv_ψ)f^3.

The body momentum map is given by

J^b(v_q) = Ad^∗_g J(v_q) = T_eL^∗_g(mv_x, mv_y, (J + J_ψ)v_θ + J_ψv_ψ).

Next, to determine the mechanical connection for this system, we calculate an expression for the locked inertia tensor: I= m 0 −my 0 m mx −my mx J + J_ψ + mx^2 + my^2 Then the mechanical connection is easily computed to be

A(v_q) = I^{−1}(q) J(v_q)

= (v_x + y(v_θ + J_ψ J + J_ψ v_ψ), v_y − x(v_θ + J_ψ J + J_ψ v_ψ), v_θ + J_ψ J + J_ψ v_ψ), while in the body representation this becomes:

Ab(v_q) = Ad_g�1 A

= (v_x cos θ + v_y sin θ, −v_x sin θ + v_y cos θ, v_θ + J_ψ J + J_ψ v_ψ)

= T_eL_g�1 v_g + (0, 0, J_ψ J + J_ψ v_ψ), where v_g = (v_x, v_y, v_θ) and T_eL_g�1 v_g ∈ g. Thus, the local form of the connection is just

A = 0 0_{Jψ} J+J_ψ .

Note that while this is a very simple expression, it is enough information to completely encode the connection for this problem. In order to give some interpretation of how this information is encoded, let us look at the connection evaluated on trajectories with initial momentum equal to zero. For this case, the fiber equations become

g^{−1}ġ = −A(r)ṙ = − 0 0_J ψ J+J_ψ ψ̇.

Thus, the internal constraints given by the connection imply that a rotation of the rotor (given by a nonzero value for ψ̇) yields an opposite motion in the body representation of the θ direction (scaled by^{Jψ}_{J+Jψ} ). This implies that the velocity of the rotor (body #2) and the central body (body #1) are directly coupled via θ̇ =^{Jψ}_{J+Jψ} ψ̇. In more general locomotion problems, the connection will be used to encode more complex interactions with the shape variables and with the momentum of the system.

3.3 Reduction Using the Routhian

The reduction procedure for an Abelian group can be traced back to Routh (1860), but the full method for the non-Abelian case was not developed until much more recently [10, 60, 63]. The purpose of reduction will be to drop the dynamical equations to the quotient space, here just the base space, M = Q/G. By doing this, the total dynamics for the system will be encoded in a set of differential equations evolving solely on the base space. Let us examine how this will be done.

First, we express the Lagrangian in terms of kinetic and potential parts: L(q, v_q) = 1 2 ⟨⟨v_q, v_q⟩⟩ − V (q). (3.2) Next, recall that we can decompose any vector into horizontal and vertical components: v = hor v + ver v = hor v + (A(v))_Q, where (A(v))_Q is vertical by definition. Using the definition for J, we can rewrite this as v_q = hor v_q + (I^{−1} J(v_q))_Q. Substituting into Eq. 3.2 and expanding gives L(q, v_q) = 1 2 ⟨⟨hor v_q, hor v_q⟩⟩ + 1 2 ⟨⟨(I^{−1} J(v_q))_Q, (I^{−1} J(v_q))_Q⟩⟩ − V (q).

Noether’s equation for the unconstrained case implies that J = μ = const along trajectories, so we will restrict orbits to those which lie in the level set given by J = μ ∈ g^∗. If μ = 0, then we see that the Lagrangian can be written solely in terms of horizontal vectors, since A = I^{−1} J = 0 when evaluated along trajectories. As such, the variational principle will drop directly through the quotient, to give dynamical equations on M.

In the case where μ ≠ 0, we must perform a momentum shift in order to allow us to drop the variational principle down to the base space. As such, we expect some correction factors to enter into the variational principle.

Again, we restrict to a level set, J = μ, where now μ can be any element in g^∗. Define the Routhian, R^μ, to be R^μ = L(q, v_q) − ⟨μ; A(v_q)⟩. The momentum map associated with the Routhian is identically zero: ⟨ ∂R^μ ∂v ; ξ_Q⟩ = ⟨ ∂L ∂v − ∂⟨μ; A(v)⟩ ∂v ; ξ_Q⟩ = ⟨ ∂L ∂v ; ξ_Q⟩ − ⟨⟨μ; A(·)⟩; ξ_Q⟩ = ⟨FL(v); ξ_Q⟩ − ⟨μ; A(ξ_Q)⟩ = ⟨J(v); ξ⟩ − ⟨μ; ξ⟩ = ⟨μ − μ; ξ⟩ = 0, for all ξ ∈ g. Furthermore, by performing the same substitution done above for the general Lagrangian, with v_q = hor v_q + A(v_q)_Q, and restricting to a level set where

3.3. Reduction Using the Routhian 41

μ = const, we find that

R^μ = 1 2 ⟨⟨hor v, hor v⟩⟩ − V^μ, where V^μ = V (q) −^1_2 ⟨μ; I^{−1}μ⟩. A straightforward calculation shows that d dt ( ∂R^μ ∂q̇^i ) − ∂R^μ ∂q^i = d dt ( ∂L ∂q̇^i ) − ∂L ∂q^i + ( ∂A^k_j ∂q^i − ∂A^k_i ∂q^j ) μ_kq̇^j.

Since^d_{dt} ( ∂L ∂q̇^i ) − ∂L∂q_i = 0, the reduced variational principle can be written as d dt ( ∂R^μ ∂q̇^i ) − ∂R^μ ∂q^i = β^k_{ij}μ_kq̇^j, (3.3)

where β^k_{ij} = ∂A^k_j ∂q^i − ∂A^k_i ∂q^j . The β^k_{ij}’s are directly related to the components of the curvature (exterior derivative) of the connection one-form, and appear naturally in the reduced equations for the base space as correction terms.

Example 3.9 The Rigid Body

Let us recall the classical example of the rigid body, free to rotate in space (SO(3)). This example will serve to illustrate various concepts to follow, particularly in contrast to constrained systems. This is merely provided as an illustrative example, and so the full details are not provided here. For these details, the reader is referred to [60, 64].

Let R ∈ SO(3) denote the configuration of the rigid body with respect to some reference frame. As alluded to above, for motion on a non-Abelian Lie group, we can naturally write the velocity in terms of the Lie algebra in two different ways. The spatial angular velocity of the body, ω ∈ so(3), can be written as a skew symmetric matrix, ω̂ = ṘR^{−1}. The spatial angular velocity is the instantaneous angular velocity of the body as viewed from an inertial reference frame. We can also write this velocity as an element of R^3 using the relationship ω̂v = ω × v, for v ∈ R^3. The spatial angular velocity corresponds to the velocity of the rigid body measured in the coordinates of an external frame.

The body angular velocity, Ω̂ = R^{−1}Ṙ, is related to the spatial velocity by the adjoint action, which for Ω, ω ∈ R^3 can be written as

Ω = Ad_R�1 ω = R^{−1}ω.

The body angular velocity basically corresponds to the angular velocity of a reference frame attached to the rigid body with respect to some inertial reference frame, but written in coordinates of the body frame. Using the locked inertia tensor I, we can write the Lagrangian for the rigid body as L =^1_2 ⟨IR^{−1}ω; R^{−1}ω⟩ = ⟨IΩ; Ω⟩. Similar to above, we define the body angular momentum, Π = IΩ, and the spatial angular momentum, π = Ad^∗_R Π = RΠ. From these, we have two means of expressing the equations of motion for the rigid body.

The first of these describes the well known conservation law for a spinning body in the absence of external forces:

π̇ = 0.

The second form is simply the Euler equations written in terms of the body angular momentum:

Π̇ = Π × I^{−1}Π. (3.4)

For unforced systems, the first set of equations will obviously be most useful, and will define the reduction and reconstruction process. Namely, reduction will consist of restricting to the level set, π = const. Reconstruction, then, will require solving for the motion of the rigid body using the first order ODE’s given by Ṙ(t) = πR(t). The reason for highlighting the alternative formulation in terms of the body momentum is that it will be the form which is most convenient to use in the presence of invariant constraints. Also, we see that the body form of the momentum equation is independent of the group variables and so provides an alternative means of studying the dynamics in the presence of body forces, e.g., a satellite with thrusters instead of internal rotors. Thus, both forms will play an important role in reduction, depending on the type of problem being solved.

3.4 Reduction Using the Constrained Lagrangian

3.4.1 The Reduced Lagrangian

In order to do reduction using body coordinates, we begin by reducing to the space induced by modding out the group, i.e., the space T Q/G = g × T M. As coordinates on this space, we will use (ξ, r, ṙ), where ξ = ξ^b = g^{−1}ġ. Given the invariance of the Lagrangian, it is easy to see that we can immediately rewrite it in terms of these partially reduced coordinates.

Definition 3.10 The reduced Lagrangian is the function l : T Q/G → R induced by a G-invariant Lagrangian function, given by l(ξ, r, ṙ) = L(g^{−1}g, r, ṙ, g^{−1}ġ).

In the case of mechanical systems, where L(v_q) = T (v_q) − V (q) =^1_2 ⟨⟨v_q, v_q⟩⟩ − V (q), Murray [72] describes a splitting of l that enables one to write down the local forms of the locked inertia tensor and connection directly by looking at the reduced mass-inertia matrix. We use body coordinates to write down the reduced Lagrangian, although we will see that this can also be done easily using spatial coordinates. In doing so, we present a splitting of the bundle structure that diagonalizes the reduced mass-inertia matrix. The aim here is to present several options, with the thought that each one may be an important representation, dependent on the problem at hand.

Proposition 3.11 Given L to be G-invariant, the reduced Lagrangian can be written as l(r, ṙ, ξ) = 1 2 (ξ^T , ṙ^T ) ( I IA A^T I m(r) ) ( ξ ṙ ) − V (r). (3.5)

We will call this decomposition of the reduced Lagrangian the (left) invariant decomposition of l.

Proof: We begin by writing L using a matrix representation of the metric on Q: L(g, r, ġ, ṙ) = 1 2 (ġ^T , ṙ^T ) ( G_{11} G_{12} G_{21} G_{22} ) ( ġ ṙ ) − V (g, r), with G_{12} = G^T_{21} .

Recalling that J = IA and A(ġ, ṙ) = ξ^s + Ad_g A(r)ṙ, we have

ġ^T G_{11}ġ = ⟨⟨(ġ, 0), (ġ, 0)⟩⟩ = ⟨J(ġ, 0); ξ^s⟩ = ⟨IA(ġ, 0); ξ^s⟩ = ⟨Iξ^s; ξ^s⟩.

Similarly for G_{21} ,

ṙ^T G_{21}ġ = ⟨⟨(0, ṙ), (ġ, 0)⟩⟩ = ⟨J(0, ṙ); ξ^s⟩ = ⟨IA(0, ṙ); ξ^s⟩ = ⟨IAd_g A(r)ṙ; ξ^s⟩.

Then, setting

m(r) = G_{22} (e, r), and V (r) = V (e, r),

we have l^s(r, ṙ, ξ^s) = 1 2 ((ξ^s)^T , ṙ^T ) ( I IAd_g A

A^T Ad^∗_g I m ) ( ξ^s ṙ ) − V (r), since Ad^∗_g = Ad^T_g for matrix manipulations.

We can then convert to a body representation using the adjoint relation ξ = ξ^b = Ad_g�1 ξ^s and the local form of the locked inertia tensor, I(r) = I(e, r) = Ad^∗_g IAd_g: l = l^b(r, ṙ, ξ) = 1 2 (ξ^T , ṙ^T ) ( I IA A^T I m ) ( ξ ṙ ) − V (r).

Finally, we remark that by defining Ω = ξ + Aṙ, the invariant decomposition of l takes on a block diagonal form:

l^Ω(r, ṙ, Ω) = 1 2 (Ω^T , ṙ^T ) ( I 0 0 m − A^T IA ) ( Ω ṙ ) − V (r). � The term m − A^T IA will appear again below as the reduced mass-inertia matrix that naturally arises when writing Lagrange’s equations on the base space.

3.4.2 The Reduced Nonholonomic Variational Principle In formulating the reduced equations for a system with nonholonomic constraints, we will find it convenient to employ a reduced version of the equations found using the nonholonomic variational principle. Since the equations defining the momenta can also be considered to be a nonholonomic constraint, we find that this variational principle can then be used to perform reduction for unconstrained mechanical systems with symmetries.

Given a set of constraint one-forms, ω^1, . . ., ω^k, we can split these one-forms using the trivial bundle structure, as ω^a = ω^a_b dg^b + ω^a_i dr^i, b = 1, . . ., l, i = 1, . . ., m. Similarly, we can divide the forcing function into τ = τ_bdg^b + τ_idr^i.

Recall the nonholonomic constrained variational principle defined above, d dt ( ∂L ∂q̇^i ) − ∂L ∂q^i = λ_aω^a_i + τ_i.

We can use the invariance of the Lagrangian to write these equations on the partially reduced space of g × T M.

Proposition 3.12 The reduced nonholonomic constrained variational principle on g × T M is given by d dt ( ∂l ∂ξ^a ) − ad^∗_ξ ∂l ∂ξ^a = λ_cω^c_bg^b_a + τ_bg^b_a (3.6) d dt ( ∂l ∂ṙ^i ) − ∂l ∂r^i = λ_cω^c_i + τ_i, (3.7)

where g^b_a denotes the coordinate version of the lifted left action T_eL_g on T_eG = g, and ad^∗_ξ is the dual of the adjoint action of g on g such that ad_ξ η = [ξ, η] and ad^∗_ξ p = ⟨p; [ξ, ·]⟩.

Proof: We show this in coordinates, using the following calculations: d dt ( ∂L ∂ġ^a ) = d dt ( ∂l ∂ξ^b ∂ξ^b ∂ġ^a )

= (g^{−1})^b_a d dt ∂l ∂ξ^b + d dt (g^{−1})^b_a ∂l ∂ξ^b = (g^{−1})^b_a d dt ∂l ∂ξ^b + ∂(g^{−1})^b_a ∂g^c ġ^c ∂l ∂ξ^b = (g^{−1})^b_a d dt ∂l ∂ξ^b + ∂(g^{−1})^b_a ∂g^c g^c_dξ^d ∂l ∂ξ^b ,

∂L ∂g^a = ∂l ∂ξ^b ∂ξ^b ∂g^a = ∂ ( (g^{−1})^b_cġ^c ) ∂g^a ∂l ∂ξ^b = ∂(g^{−1})^b_c ∂g^a g^c_dξ^d ∂l ∂ξ^b , and

[ξ, η]^b = (g^{−1})^b_a[g^c_dξ^d, g^f_e η^e]^a

= (g^{−1})^b_a ( ∂g^a_e η^e ∂g^c g^c_dξ^d − ∂g^a_dξ^d ∂g^c g^c_eη^e )

= (g^{−1})^b_a ( ∂g^a_e ∂g^c g^c_d − ∂g^a_d ∂g^c g^c_e ) ξ^dη^e. where (g^{−1})^b_a represents the lifted action of G on T_gG such that ξ^b = (g^{−1})^b_aġ^a ∈ g.

We see from these calculations that the Euler-Lagrange equations in the group directions can be rewritten as

(g^{−1})^b_a d dt ∂l ∂ξ^b + ∂(g^{−1})^b_a ∂g^c g^c_dξ^d ∂l ∂ξ^b − ∂(g^{−1})^b_c ∂g^a g^c_dξ^d ∂l ∂ξ^b = λ_αω^α_a + τ_a. (3.8)

If we multiply through by g^a_e and use the identity 0 = ∂g^a_e (g^{−1})^b_a ∂g^c = g^a_e ∂(g^{−1})^b_a ∂g^c + ∂g^a_e ∂g^c (g^{−1})^b_a =⇒ g^a_e

∂(g^{−1})^b_a ∂g^c = − ∂g^a_e ∂g^c (g^{−1})^b_a,

then Eq. 3.8 becomes d dt ∂l ∂ξ^e − (g^{−1})^b_a ∂g^a_e ∂g^c g^c_dξ^d ∂l ∂ξ^b + (g^{−1})^b_a ∂g^a_d ∂g^c g^c_eξ^d ∂l ∂ξ^b = λ_αω^α_a g^a_e + τ_ag^a_e .

Finally, we recognize the second and third terms on the left-hand side of this equation as the dual of the adjoint action acting on^{∂l}_{∂ξ} , since ( ad^∗_ξ ∂l ∂ξ ) e = ( ∂l ∂ξ [ξ, ·] ) e = ∂l ∂ξ^b ξ^d [ (g^{−1})^b_a ( ∂g^a_e ∂g^c g^c_d − ∂g^a_d ∂g^c g^c_e )] . Using this, the result follows directly, since the equations on the base space remain unchanged when using the reduced Lagrangian. (As a brief aside, note that these lengthy expressions give the structure constants for the Lie algebra, as

C^b_{de} = (g^{−1})^b_a ( ∂g^a_e ∂g^c g^c_d − ∂g^a_d ∂g^c g^c_e ) , where [ξ, η]^b = C^b_{de}ξ^dη^e.) �

Given the constraints as a principal connection on Q(M, G) (for example, as the mechanical connection or derived from Chaplygin constraints), we can eliminate the Lagrange multipliers in order to write the base equations explicitly. We will use the body coordinate form of the connection:

ω^c = (g^{−1})^c_adg^a + A^c_i dr^i.

Notice here that we have written the local form of the connection as A to represent a connection based on external constraints. In the sequel it will be important to distinguish between the local form of the mechanical connection and the local form of the connection that arises due to external constraints, and so we will use the symbols A and A , respectively.

Also, we assume that the forces are written as one-forms, which are also Ginvariant. Given this, we can divide τ as

τ = τ^e_c (g^{−1})^c_bdg^b + τ_idr^i, (3.9)

where τ^e_c is just τ_b pulled back to the group identity.

Proposition 3.13 Given a system (L, D) with a connection on Q and G-invariant forces, τ, the reduced equations on T M can be written as d dt ( ∂l ∂ṙ^i ) − ∂l ∂r^i = [ d dt ( ∂l ∂ξ^b ) − ad^∗_ξ ∂l ∂ξ^b ] A^b_i + τ_i − τ^e_b A^b_i . (3.10)

Proof: This proof follows almost directly, given the structure of Eqs. 3.6 and 3.7 above. First, we can use the form of ω^b_a = (g^{−1})^b_adg^a to solve for λ_b:

λ_b = d dt ( ∂l ∂ξ^b ) − ad^∗_ξ ∂l ∂ξ^b − τ^e_b . Then, substituting into Eq. 3.7 for λ_b and ω^b_i = A^b_i gives the desired result. �

3.4.3 The Constrained Lagrangian Approach

In a similar fashion to the Routhian approach, we can develop a reduction method using the body representation of velocities. The advantage of this method for our purposes will be that it extends to constrained systems in a very straightforward manner and is a more natural context for including left-invariant, or body, forces. In contrast to the above where we use J_i =^{∂L}_{∂q̇i} , we will use here a body momentum map based on the reduced Lagrangian, p = ∂l ∂ξ , and write the constraints defined by the connection as

ξ = −A(r)ṙ + I^{−1}p. (3.11)

Obviously the major drawback about using this representation for unconstrained systems is that the momentum is no longer constant, but now is governed by a momentum equation:

ṗ = ad^∗_ξ p + τ^e, (3.12)

derived using Eqs. 3.6 and 3.9 with p =^{∂l}_{∂ξ} . This equation demonstrates that for unconstrained systems without forcing, if the momentum in spatial or body coordinates is initially zero, then it remains fixed in both representations. The systems of interest here, however, are those in which the constraints partially (or fully) break the symmetries, and so we do not expect the momenta to be conserved, even if it is initially zero.

Eqs. 3.11 and 3.12 fully define the motion along the fiber. Additionally, ξ in Eq. 3.12 can be substituted for using Eq. 3.11 in order to rewrite Eq. 3.12 in terms of base and momentum variables only. This leads us to define the following:

Definition 3.14 The extended base space is the momentum space g^∗ appended to the tangent bundle to the base space, T M.

While reduction for unconstrained systems implies reducing the dynamics directly to the base space, we will see that for systems with nonholonomic constraints the best that can be done is to reduce the dynamics to the extended base space.

To do this, we make use of what we will call the (reduced) constrained Lagrangian. This is just the reduced Lagrangian with the constraints substituted in: l_c(r, ṙ, p) = l(r, ṙ, ξ) | | ξ=−Aṙ+I�^1 p .

Performing straightforward calculations on l_c: ∂l_c ∂ṙ^i = ∂l ∂ṙ^i + ∂l ∂ξ^a ∂ξ^a ∂ṙ^i = ∂l ∂ṙ^i − ∂l ∂ξ^a A^a_i , d dt ( ∂l_c ∂ṙ^i ) = d dt ( ∂l ∂ṙ^i ) − d dt ( ∂l ∂ξ^a ) A^a_i − ∂l ∂ξ^a Ȧ^a_i , and ∂l_c ∂r^i = ∂l ∂r^i + ∂l ∂ξ^a ∂ξ^a ∂r^i = ∂l ∂r^i + ∂l ∂ξ^a ( − ∂A^a_j ṙ^j ∂r^i + ∂I^{−1}p ∂r^i ) , lead us to the following equations for the base dynamics: d dt ( ∂l_c ∂ṙ^i ) − ∂l_c ∂r^i = d dt ( ∂l ∂ṙ^i ) − ∂l ∂r^i − d dt ( ∂l ∂ξ ) A_i − ∂l ∂ξ ( Ȧ_i − ∂A^jṙ^j ∂r^i + ∂I^{−1}p ∂r^i ) + τ_i − τ^e_b A^b_i

= − ad^∗_ξ ∂l ∂ξ A(δr^i) − ∂l ∂ξ ( dA(ṙ, δr^i) + ∂I^{−1}p ∂r^i ) + τ_i − τ^e_b A^b_i , (3.13)

where dA(ṙ, δr^i) = ∂A_i ∂r^j ṙ^j − ∂(A_jṙ^j) ∂r^i represents the local curvature form corresponding to the mechanical connection. This formula is really nothing more than a restatement of the reduced nonholonomic constrained variational principle given above in Eq. 3.10. The utility of presenting the equations in this manner comes when we more closely examine the structure of the constrained Lagrangian. This structure allows us to define the base dynamics in an easily computable form which is familiar to most engineers.

First, a straightforward calculation shows that l_c(r, ṙ, p) = 1 2 ⟨⟨hor q̇, hor q̇⟩⟩ + 1 2 ⟨p; I^{−1}p⟩ − V (r) = 1 2 ṙ^T M̃ṙ + 1 2 ⟨p; I^{−1}p⟩ − V (r), where M̃ (r) = m−A^T IA is the reduced mass-inertia matrix. Using this information, we can write down the base dynamics as M̃r̈ + ṙ^T C̃ṙ + ∂V ∂r + Ñ = B(r)τ, (3.14) where

C̃_{ijk}(r)ṙ^jṙ^k = 1 2 ( ∂M̃_{ij} ∂r^k + ∂M̃_{ik} ∂r^j − ∂M̃_{kj} ∂r^i ) ṙ^jṙ^k, B_iτ = τ_i − τ^e_aA^a_i , and

Ñ = ad^∗_ξ ∂l ∂ξ A(·) + ∂l ∂ξ ( dA(ṙ, ·) + ∂I^{−1}p ∂r (·) ) . It is interesting to note that the formula for the Routhian in terms of body coordinates is just

R^p = 1 2 ⟨⟨hor q̇, hor q̇⟩⟩ − 1 2 ⟨p; I^{−1}p⟩, so that l_c − R^p = ⟨p; I^{−1}p⟩, as expected. Obviously, though, formulating the reduction in terms of either the Routhian or the constrained Lagrangian must yield the same reduced dynamics, but with different motivating intuition.

50 3. Lagrangian Reduction in the Absence of Constraints

Chapter 4

The Generalized Momentum

Much of the progress on locomotion presented here has depended on the development of the theory of reduction and reconstruction for nonholonomically constrained systems with symmetries by Bloch, Krishnaprasad, Marsden, and Murray [10]. In particular, their use of connections has motivated our thinking concerning how theoretically to address the concept of cyclical shape changes that generate locomotion. Also, the development of the generalized momentum equation has allowed us to capture an important aspect of locomotion— the generation of forward velocities described in terms of generalized momenta.

4.1 Assumptions

Recall the constrained dynamical system (L, D) developed in Section 2.6 above. This information alone allows us to construct a generalized momentum equation (see Section 4.3 below), which loosely corresponds to describing momenta along the allowable directions defined by D (dim D = n − k). However, in order to use the additional structure provided by the existence of Lie group symmetries, it will be important to assume that D, as well as L, is G-invariant. This invariance can be written as T_qΦ_gD_q = D_{g·q}, but we will require a slightly stronger type of invariance.

Assumption 1 The constraint distribution D can be expressed in terms of a local basis, X_1, . . ., X_{n−k}, that is G-invariant. That is, the relationship T_qΦ_gX_i(q) = X_i(Φ_gq) is satisfied for i = 1, . . ., n − k.

Alternatively, we will find it convenient to express D as the kernel of a set of leftinvariant differential one-forms, ω^1, . . ., ω^k. Recall that invariance for a one-form will imply that ω^i(hq) = T^∗_{hq}Φ_h�1 ω^i(q). The following proposition shows that for systems with a metric, the equivalence between these two representations is quite natural.

Proposition 4.1 Given a G-invariant basis, X_1, . . ., X_{n−k}, for D, there exist Ginvariant one-forms, ω^1, . . ., ω^k such that D = {v ∈ T Q | ⟨ω^i; v⟩ = 0, i = 1, . . ., k}.

Proof: Let X_1(e, r), . . ., X_{n−k}(e, r) denote the vector fields X_1, . . ., X_{n−k} evaluated at the identity of G. Next, choose k vector fields, X_{n−k+1}(e, r), . . ., X_n(e, r) orthogonal to X_1(e, r), . . ., X_{n−k}(e, r), and push them forward using the action of G on Q. The invariance of the metric assures that these vector fields remain orthogonal to X_1, . . ., X_{n−k} over all of Q. Finally, define k one-forms by ω^i = FL(X_{n−k+i} ), for i = 1, . . ., k. These one-forms are left-invariant, since

T^∗_{hq}Φ_h�1 ω^i(q) = T^∗_{hq}Φ_h�1 FL(X_{n−k+i} (q))

= FL(T_qΦ_gX_{n−k+i}(q)) = FL(X_{n−k+i} (hq)) = ω^i(hq), and their kernel is the constraint distribution, D. �

We should mention here that Assumption 1 is a very natural assumption to make when dealing with problems of locomotion. In all of the locomotion problems studied to date, the constraints have been group invariant. Consider for example, the mobile robot with wheel constraints. If we designate a frame that we attach to the body of the robot, then the constraint forces generated by the wheel will act in the same directions, relative to the body frame, no matter where we place the robot in the plane. Similarly with other forms of locomotion, we find that the shape of the system determines how the constraints act in relation to the body frame, and that the resulting, or net, motion of the body due to the constraints is the same regardless of the initial position of the system.

We are interested in the invariance of the constraints because it makes it easier to integrate them into the natural symmetries of the system implied by the invariance of the Lagrangian. Thus, it is natural to restrict our attention to those constraints that act in the group direction.

Definition 4.2 The intersection of the constraints with the fiber distribution, S = D ∩ V Q, is called the constrained fiber distribution.

Recall from Section 3.1 that for a given fiber vector v_q ∈ S_q, there corresponds a unique Lie algebra element, ξ, which generates v_q, i.e., v_q = ξ_Q(q). Let X be a vector field in S. Then at each point q ∈ Q, we can determine a Lie algebra element for which X_q is the infinitesimal generator. We do this for all points q ∈ Q to define the map ξ^q : Q → g that generates X, such that X(q) = (ξ^q(q))_Q(q) for all q ∈ Q. The development of the generalized momentum equation (to be used for reduction and reconstruction) will depend on these Lie algebra elements, and hence will depend on S being non-empty. For unconstrained systems, there are no restrictions placed on the Lie algebra and so we can choose fixed elements in g to form a basis for S = V Q. This is not true, however, for general systems with nonholonomic constraints, since the Lie algebra element necessary to generate S_q will vary over Q. This is a subtle

4.1. Assumptions 53

point which is crucial to understanding why the generalized momentum varies with time.

A few additional assumptions are made here regarding the rank of S. These are necessary for the analysis, but do not appear to be restrictive in practical examples.

Assumption 2 In addition to Assumption 1 (that the constraint distribution be of constant dimension (n − k) over Q), it is assumed that the dimension of the constrained fiber distribution, S, is constant, with s = dim S = n − m − k.

Assumption 3 The constraint distribution contains all of the allowable base directions, i.e., D + V Q = T Q.

Finally, we add a condition that will be invoked only at certain points in order to make additional simplifications to the analysis.

Condition 4 The constraint forces do not act in the base directions. Alternatively, this condition may be expressed as T M + S = D.

Remarks:

1. Let us briefly comment on the effect of each of these assumptions. Assumption 2 implies that the allowable degrees of freedom along the group orbit does not vary over Q. This should not be confused with the existence of a Lie algebra element which generates the motion along this direction. As will be shown later, the presence of nonholonomic constraints will tend to violate the existence of any such element in the Lie algebra.

2. Assumption 3 guarantees that there are no constraints acting only between the base variables. This allows us to build a meaningful connection relating the unconstrained base (shape) velocities to fiber velocities. Condition 4 will be invoked as a much more restrictive condition than Assumption 3 as it provides further structure to be used in the process of reduction. For a trivial bundle, this condition can be understood as saying that the constraints do not generate any forces in the base direction, and so is more restrictive than Assumption 3. It implies that the reaction forces used in the method of Lagrange multipliers will not appear in the equations for the base variables.

Finally we note that although we represent the problem here on a trivial principal fiber bundle, the general case (for which Q(M, G) is a principal fiber bundle) can always be locally represented as the trivial product bundle, Q = G × M. This is called a local trivialization of Q(M, G), and loosely corresponds to a choice of gauge in gauge field theory. Various problems in locomotion (e.g., the falling cat and the paramecium), have been originally formulated in the language of gauge fields, and so it is important to recognize this parallel in the nomenclature from the physics literature.

4.2 The Constrained Lie Algebra

The three assumptions above lead us to conclude that the constrained fiber distribution, S, is a subspace of T Q consisting of vertical, left-invariant vector fields. As such, they are pointwise isomorphic to a subspace of the Lie algebra. Similar to Bloch et al. [10], we denote by g^q the subspace of g which generates S_q, and by g^S the fiber bundle over Q with fibers g^q. We call g^S the constrained Lie algebra. Note that g^S ≃ S/G. This bundle will play an important role in the process of reduction. As in [10], we can construct a basis for g^S in the following manner. First, pick a basis, f_1(r), . . ., f_s(r), for g^q at the group identity, i.e., at q = (e, r). The infinitesimal generators for these basis elements satisfy the constraints at g = e: ⟨ω^i(e, r); (f_α(r))_Q(e, r)⟩ = 0, i = 1, . . ., k, α = 1, . . ., s (s = n − k − m). We can then extend this to a basis for g|_{g=e} by choosing k elements orthogonal to f_1, . . ., f_s relative to the local form of the locked inertia tensor, I. This basis is independent of the group variables. We can establish a basis for g by pushing these basis elements forward using the adjoint action:

f_a(g, r) = Ad_g f_a(r), a = 1, . . ., l. (4.1)

We show in the following proposition that the first s elements of this basis for g are aligned to form a basis of g^S .

Proposition 4.3 The basis for g^S given in Eq. 4.1 is such that the infinitesimal generators satisfy the constraints and are left-invariant, i.e.,

⟨ω^i(q); (f_α(q))_Q⟩ = 0 and T_qΦ_h(f_α(q))_Q = (f_α(hq))_Q, for i = 1, . . ., k and α = 1, . . ., s. Proof: For a fixed Lie algebra element, ξ ∈ g, there is a well known Lie algebra identity given by

(Ad_h ξ)_Q(q) = T_h�1_qΦ_hξ_Q(h^{−1}q).

On the surface, it is not clear that this law will hold in general for Lie algebra elements which vary over Q. We give this result in a technical lemma.

Lemma 4.4 Given a left-invariant vector field, ξ^q_Q, on Q, the following relationship must hold:

(Ad_g�1 ξ^q(g · q))_Q = T_{g·q}Φ_g�1 (ξ^q(g · q))_Q(g · q),

where ξ^q ∈ g^q is the curve in the constrained Lie algebra whose infinitesimal generator is the section of S denoted by ξ^q_Q (note that the configuration dependence of ξ^q is written functionally as ξ^q(q)).

4.2. The Constrained Lie Algebra 55

Proof: First, we need to establish a relationship between the adjoint operator and the exponential mapping (c.f., [1], pp. 256–7 and 269).

Sublemma 4.5 For every g ∈ G and ξ^q ∈ g^q,

exp(t Ad_g ξ^q) = g(exp tξ^q)g^{−1}.

Proof: As above, let I_g denote the adjoint action of G on G given by I_g : G → G : h → ghg^{−1}q. Then, given tξ^q ∈ g^q, for t ∈ R, define the mapping ϕ : R → G : s → Ig exp(stξ^q). This map defines a one-parameter subgroup of G, which can also be represented as ϕ(s) = exp(sη), with η =^d_{ds} ϕ(s) | | s=0 = t · T_eI_g · ξ^q. Because of this, we can write the following relationship when ϕ(s) is evaluated at s = 1:

g(exp tξ^q)g^{−1} = I_g exp(tξ^q) = ϕ(1) = exp(η) = exp(t · T_eI_g · ξ^q) = exp(tAd_gξ^q). H We now complete the proof of Lemma 4.4. For q ∈ Q,

(Ad_g�1 ξ^q(g · q))_Q = d dt Φ(exp t Ad_g�1 ξ^q(g · q), q) | | | | t=0 = d dt Φ(g^{−1}(exp tξ^q(g · q))g, q) | | | | t=0 = d dt Φ_g�1 ∘ Φ(exp tξ^q(g · q), g · q) | | | t=0 = T_{g·q}Φ_g�1 d dt Φ(exp tξ^q(g · q), g · q) | | | | t=0 = T_{g·q}Φ_g�1 (ξ^q(g · q))_Q. H Lemma 4.4 can then be used to show invariance:

(f_α(hq))_Q = f_α(hg, r)_Q = (Ad_{hg} f_α(r))_Q = (Ad_h f_α(g, r))_Q = T_qΦ_h(f_α(g, r))_Q.

Having shown the G-invariance of the vector fields (f_α)_Q, we must still show that they lie in the constraint distribution defined by the ω^i’s. We do so by showing that ⟨ω^i(q); f_α(q)⟩ = 0 for q ∈ Q, i = 1, . . ., k, and α = 1, . . ., s. ⟨ω^i(q); (f_α(q))_Q⟩ = ⟨ω^i(g, r); (Ad_g f_α(r))_Q⟩ = ⟨ω^i(g, r); T_{(e,r)}Φ_g(f_α(r))_Q(e, r)⟩ = ⟨T^∗_e Φ_gω^i(g, r); (f_α(r))_Q⟩ = ⟨ω^i(e, r); f_α(e, r)⟩ = 0, for i = 1, . . ., k, α = 1, . . ., s, and q ∈ Q. Finally, realize that because the first s basis elements were chosen tangent to the group orbit, they will remain tangent to the group orbit when pushed forward through the group action. In other words, f_α(g, r) ∈ D ∩ V Q, for α = 1, . . ., s. � This result implies that on a product bundle there is a natural way to construct an invariant basis for the distribution, if it is defined by one-forms which are themselves invariant.

Remark: In the case that the constraints do not act in the base directions (i.e., Condition 4 is satisfied), we can directly generate a basis for g^S . Using the fact that we are working with a trivial bundle, we can pull back the constraints to the identity by simply setting the group variables to the identity, g = e. If Condition 4 is satisfied, then we can identify the invariant one-forms with elements of the dual of the Lie algebra, g^∗. Next, pick a basis for the constrained Lie algebra at the identity, g^q, where q = (e, r), such that ⟨ω^i(e, r); f_α(r)⟩ = 0. As above, denote this basis by f_1(r), . . ., f_s(r). Having done this, we continue as above by extending the basis to g and pushing these basis elements forward using the adjoint mapping by setting f_a(g, r) = Ad_g f_a(r), a = 1, . . ., l.

4.3 An Alternative Derivation of the Generalized Momentum Equation

In this section we present an alternative derivation (to [10]) of the generalized momentum equation, which allows for the inclusion of general forcing functions. One thing to note is that Assumption 1 (that the constraint distribution D be Ginvariant) can be relaxed for this proposition. However, the work in the following sections will use this assumption in order to establish new invariance results concerning the generalized momentum.

Proposition 4.6 Let (L, D) be a constrained system on Q(M, G) and assume L to be G-invariant. For all curves c : [a, b] → Q satisfying the nonholonomic constrained variational principle, the following generalized momentum equation holds for all elements, ξ^q ∈ g^q: d dt p = ∂L ∂q̇^i ( d dt [ξ^q(c(t))] )i Q + τ_i (ξ^q(c(t)))^i_Q (4.2)

where p = ∂L ∂q̇^i ( ξ^q(c(t))^i_Q )

is the generalized momentum.

Proof: We begin by restricting the velocities to lie in the constrained fiber distribution, S = D ∩ V Q. Recall from Chapter 2 this implies that each v_q ∈ S_q is

4.3. An Alternative Derivation of the Generalized Momentum Equation 57

infinitesimally generated by some Lie algebra element. The map which takes a Lie algebra element to its infinitesimal generator at q (a vector in T_qQ) is an isomorphism when restricted to fibers (e.g., S ⊂ V Q). As above, given X ∈ S define the map ξ^q : Q → g^S by requiring that at each point q the infinitesimal generator of ξ^q is X_q. Thus, for all q ∈ Q we have X_q = (ξ^q(q))_Q(q). We will assume from now on that this identification is always made, so that we can write a vector field in S simply as ξ^q_Q with the implication that it is generated by the map ξ^q described above.

Note that since ξ^q is a Lie algebra-valued function it will make sense to take the time-derivative of ξ^q along solution curves. The reader should be aware of this when terms of the form^d_{dt}ξ^q are encountered. The time derivative of ξ^q can be interpreted as an element in the tangent space of the Lie algebra, T_ξq g, which itself has a canonical identification with the Lie algebra, i.e., T g ≃ g × g. The identification of T g with g × g is a canonical isomorphism for all vector spaces. With this identification we can associate the quantity^d_{dt} ξ^q with a vector field on Q by taking its infinitesimal generator.

Choose a section of S. Taking the derivative of the generalized momentum, p, and applying the chain rule yields d dt p = d dt ( ∂L ∂q̇^i (ξ^q_Q)^i ) = d dt ( ∂L ∂q̇^i ) (ξ^q_Q)^i + ∂L ∂q̇^i (T ξ^q_Q · q̇ + ( d dt ξ^q)^i_Q).

(4.3)

Next, recall that the invariance of the Lagrangian implies L(Φ_gq, T_qΦ_gv_q) = L(q, v_q). In particular, if we let g = exp(sξ^q), then invariance implies that

L(Φ_{exp(sξ}q_)q, T_qΦ_{exp(sξ}q_)v_q) = L(q, v_q).

By differentiating this expression and evaluating it at s = 0 we get ∂L ∂q^i (ξ^q)^i_Q(c(t)) + ∂L ∂q̇^i (T ξ^q_Q · ċ(t))^i = 0. (4.4)

Finally, recall the formula for β_L given in Section 2.6 (Eq. 2.5) to see that along solution curves to the system (L, D), the natural pairing of β_L with ξ^q_Q is:

0 = ⟨β_L; ξ^q_Q⟩ = ( d dt ∂L ∂q̇^i − ∂L ∂q^i + λ_aω^a_i − τ_i)(ξ^q_Q)^i = ( d dt ∂L ∂q̇^i − ∂L ∂q^i − τ_i)(ξ^q_Q)^i. (4.5)

Substituting Eq. 4.4 into Eq. 4.5 yields d dt ∂L ∂q̇^i · (ξ^q)^i_Q + ∂L ∂q̇^i (T ξ^q_Q · q̇) = τ_i(ξ^q_Q)^i. (4.6)

Then, subtracting Eq. 4.6 from Eq. 4.3 gives the generalized momentum equation: d dt ( ∂L ∂q̇^i (ξ^q_Q)^i ) = ∂L ∂q̇^i ( d dt ξ^q)^i_Q(t) + τ_i(ξ^q)^i_Q. (4.7) � Remarks:

1) Note that the generalized momentum defined in this proposition is similar to the momentum defined in the unconstrained case as p =^{∂l}_{∂ξ} . In fact, we will see below that for invariant constraints the generalized momentum has a natural interpretation as the unconstrained momentum projected onto the unconstrained directions. In the limiting case where there are no constraints, then, the momentum defined by p =^{∂l}_{∂ξ} is returned. For this reason, we will make a slight abuse of notation and denote the generalized momentum also by p, with the realization that it is equally valid for unconstrained systems.

2) An important implication of Proposition 4.6 is that the time derivative of the momentum is no longer zero (even if p is initially zero), but is instead governed by a differential equation reflecting the time evolution of the Lie algebra elements that define the constrained fiber distribution. For systems in which the constraints are invariant, there are additional properties described in the next section that can be derived. Recall, however, that the proof of the current proposition does not require this assumption.

3) Equation 4.7 can also be applied to unconstrained systems. This could prove to be useful in the case that the external torques, τ, are applied in the fiber directions. In such cases, Eq. 4.7 implies that the momentum associated with the unconstrained system would no longer be conserved. Instead, it is governed by a differential equation which depends on the interaction between the forcing function and the section chosen to define the momentum. The reduction scheme presented in the sections to follow, then, may be important for analyzing the effect of forcing in the group directions for unconstrained systems. Of course, if the forcing is applied only to the base space, then more standard techniques for Lagrangian reduction apply (see [63] for more details).

4) Although the generalized momentum law is written here in coordinates, it can also be expressed in a more intrinsic manner, which is independent of the choice of a particular coordinate system for Q. Having made the identification, T g ≃ g × g, Eq. 4.7 can be written as d dt ⟨FL(c(t)); ξ^q_Q⟩ = ⟨FL(c(t)); ( d dt ξ^q ) Q ⟩ + ⟨τ; (ξ^q)_Q⟩, where FL is the Legendre transformation, defined to be the fiber derivative of the Lagrangian (for more information on this, see [1]).

Corollary 4.7 Given the above basis for the constrained Lie algebra, f_1(g, r), . . ., f_s(g, r) ∈ g^S , the generalized momentum equation along trajecto-

4.4. Invariance of the Generalized Momentum 59

ries becomes d dt (p_α) = ∂L ∂q̇^i ( d dt f_α)^i_Q(t) + τ_i(f_α)^i_Q,

where p_α =^{∂L}_{∂q̇i} (f_α)^i_Q.

4.4 Invariance of the Generalized Momentum

Obviously, the generalized momentum defined above is no longer a constant. The question arises as to whether there are any other properties of the generalized momentum which will prove useful to our analysis. The first property which we would expect is for the momentum to be G-invariant. Assuming the constraint distribution to be G-invariant, this property is shown in the following proposition.

Proposition 4.8 Given a constrained system (L, D) for which there exist Ginvariant sections, X_1, . . ., X_s ⊂ S, the generalized momentum given by p_α(v_q) =

⟨FL(v_q); X_α(v_q)⟩ is G-invariant, i.e., p_α(T_qΦ_gv_q) = p_α(v_q), for α = 1, . . ., s.

Proof: The proof of this proposition is a direct result of the invariance properties of the Legendre transformation and the section chosen for the constrained fiber distribution. To see that the Legendre transformation is indeed invariant, first recall the invariance equation for the Lagrangian, L = L ∘ T Φ_g. Taking the fiber derivative of this expression yields FL(v) · w = FL (T Φ_g(v)) · T Φ_g(w) ∀ v, w ∈ T Q, which can alternately be expressed as

T^∗_{g·q}Φ_g�1 FL(v_q) = FL(T_qΦ_gv_q). (4.8)

In other words, the following diagram commutes:

T Q T^∗Q-F L

T Q T^∗Q-FL ? T Φ_g ?^T ∗Φ_g

Recall that the invariance assumption for the constraint distribution D is T_qΦ_gX_α(q) = X_α(Φ_gq), for α = 1, . . ., s. Invariance of the generalized momentum is then a trivial statement:

p_α(T_qΦ_gv_q) = ⟨FL(T_qΦ_gv_q); X_α(Φ_gq)⟩ = ⟨T^∗_{g·q}Φ_g�1 FL(v_q); T_qΦ_gX_α(q)⟩

= ⟨FL(v_q ); X_α(q)⟩

= p_α(v_q), for α = 1, . . ., s. �

4.5 The Nonholonomic Connection

Given that the trajectories for the dynamical system are constrained to lie in the subspace, D, the natural question is to ask if it is possible to use the information encoded in D, along with the metric, to define a meaningful connection on Q(M, G). As mentioned earlier, given a trivial principal fiber bundle with a metric, there are natural ways to build a connection. For example, the metric can be used to define a mechanical connection as in the unconstrained case. This however, does not make use of the constraints, and so the information encoded in the connection will have no relevance to the actual dynamics of the system. Recall also that in the principal kinematic case, the constraints are sufficient by themselves to define a connection. In general for the mixed case, though, we will need to use the constraints to build part of the connection, and then complete the construction by using the metric. To do so, we begin by defining a particular choice of horizontal.

Proposition 4.9 The horizontal subbundle, H_qQ = {v_q ∈ T_qQ | v_q ∈ D and ⟨⟨v_q, w_q⟩⟩ = 0, ∀ w_q ∈ S}, defines a connection on Q(M, G).

Proof: We verify this directly by showing that each of the defining conditions for a connection is satisfied (Definition 3.2). First, we must show that T_qQ = V_qQ ⊕ H_qQ. Let U_q be the subspace of T_qQ such that T_qQ = D_q ⊕ U_q. Since vectors in H_qQ are defined to be orthogonal to S_q, we also have the splitting D_q = H_qQ ⊕ S_q. This implies that T_qQ = V_qQ ⊕ H_qQ, since V_qQ = S_q ⊕ U_q.

Next, we must show that T_qΦ_gH_qQ = H_{g·q}Q. First, notice that Assumption 1 requires that w_q ∈ D implies T_{h·q}Φ_h�1 w_{h·q} = w_q. We use this to show that for all v_q in H_qQ, T_qΦ_hv_q ∈ H_{h·q}Q: ⟨⟨w_{h·q}, T_qΦ_hv_q⟩⟩ = ⟨FL(w_{h·q}); T_qΦ_hv_q⟩ = ⟨T^∗_q Φ_hFL(w_{h·q}); v_q⟩ = ⟨FL(T_{h·q}Φ_h�1 w_{h·q}); v_q⟩ = ⟨FL(w_q); v_q⟩ = 0.

Finally, we remark that condition 3 of the definition is satisfied, since we have assumed the constraint distribution to be smooth and of constant rank over Q. �

Using the constraints and the induced metric on g^q, we can synthesize a connection one-form for the mixed constraint problem. First, we define a version of the momentum map for systems with nonholonomic constraints.

4.5. The Nonholonomic Connection 61

Definition 4.10 The nonholonomic momentum map is the map, J^{nhc} : T Q → (g^S )^∗, defined by ⟨J^{nhc}; ξ^q⟩ = ⟨⟨v_q, ξ^q_Q⟩⟩, where ξ^q ∈ g^q.

Similar to above, define the locked inertia tensor for the constrained Lie algebra as ⟨I^cη^q; ξ^q⟩ = ⟨⟨η^q_Q, ξ^q_Q⟩⟩, where ξ^q, η^q ∈ g^q. Then define A^{sym} : T Q → g^S to be

A^{sym} = (Ic)^{−1} J^{nhc} .

The one-form A^{sym} possesses the special property that the mapping A^{sym}_Q : T_qQ → T_qQ is the identity on all vectors in S.

Next, recall the basis for g^S given in Section 4.2 as f_1(g, r), . . ., f_s(g, r). We can extend this basis using the locked inertia tensor to a basis for g by defining k additional basis elements, f_{s+1}, . . ., f_{s+k}. If we denote the complementary subspace to D by U (i.e., T Q = D⊕U), then we can use the left-invariant constraint one-forms to define a one-form, A^{kin}, such that A^{kin}_Q is the identity on U. Given this, then we define the nonholonomic connection one-form to be the one-form on Q given by

A^{nhc} = A^{kin} + A^{sym}.

That this is actually a connection one-form follows from the invariance of the constraints and the requirement that A^{kin} and A^{sym} act appropriately on their respective subspaces. In the next section we give a constructive method for generating the connection which helps to clarify this procedure.

One thing to note about the nonholonomic momentum map is that along trajectories its components evaluate to the generalized momenta. Let f^1, . . ., f^{s+k} denote the dual basis to f_1(g, r), . . ., f_{s+k} (recall that s + k = l). Then, if we write the nonholonomic momentum map as

J^{nhc} = J^{nhc}_α f^α(g, r),

we see that

J^{nhc}_α = ⟨J^{nhc}; f_α(g, r)⟩ = p_α,

where p_α is the generalized momentum defined above. Thus, along trajectories we can use the connection to define the following constraint equations:

A^{nhc}(q̇) = g^{−1}ġ + A ṙ = (Ic)^{−1}p, (4.9)

where (I^c)^{−1}p ∈ g^S is naturally embedded in g at each q ∈ Q.

4.6 Synthesizing the Connection

Before deriving further relationships regarding the generalized momentum, we briefly consider a practical, alternative method for constructing the nonholonomic connection. As necessary, we will make the additional assumption that there exists a metric on T Q. This will be used to provide the additional structure needed to identify the dual of the constrained Lie algebra, (g^S )^∗, with a subspace of g^∗. For mechanical systems there is a natural metric associated with the kinetic energy. This metric is used to define the generalized momentum, which is equivalent to the momentum of the system in the directions that satisfy the constraints. Being able to define the momentum in this manner allows us to retain some of the physical intuition we would normally have in unconstrained systems and is an important part of the synthesized connection.

Denote the coordinate representation of the metric, ⟨⟨, ⟩⟩ on T Q by G_{ij} , so that ⟨⟨v, w⟩⟩ = G_{ij} v^iw^j. For mechanical systems the metric is G_{ij} =^{∂2L}_{∂q̇i∂q̇j} . As above, let the synthesized connection be defined by those vectors in D which are orthogonal to all vectors in S, with respect to the given metric.

More concretely, recall the dual notation for the constraint distribution which is described by the kernel of a set of one-forms, ω^1, . . .ω^k. Also, recall that for S there is assumed to exist a G-invariant basis of vector fields, X_1, . . ., X_s (related to these one-forms via Proposition 4.1). Vectors in T Q orthogonal to these basis vectors can alternatively be expressed as the kernel of a different set of one-forms with the aid of the isomorphism known as the flat operation. The flat operator,^♭ : T Q → T^∗Q, is defined by the relationship ⟨u^♭; w⟩ = ⟨⟨u, w⟩⟩, for all w ∈ T Q. In coordinates this is given by (u^♭)_i = G_{ij} u^j , where u = u^{j ∂}_{∂qj} . Construct from this map s = l − k one-forms, ω^{k+1}, . . ., ω^{k+s}, called the synthesized one-forms: ω^{k+α} = (X_α)^♭, α = 1, . . ., s (recall that l = dim G). A quick calculation shows that these synthesized one-forms satisfy an important property:

p_α(v_q) = ⟨FL(v_q); X_α⟩ = ⟨X^♭_α; v_q⟩ = ⟨ω^{k+α}(q); v_q⟩, α = 1, . . ., s. (4.10) The importance of this statement is two-fold. First, notice that there are now l independent one-forms on Q, given by ω^1, . . ., ω^l. The kernel of these one-forms define l constraints— the same number as the dimension of the Lie group G. This is suggestive of the Chaplygin case in which constraints are used to build an Ehresmann connection over a fiber bundle. Additionally, Eq. 4.10 relates these one-forms to the generalized momenta, which we have just shown to be invariant with respect to the group action. The invariance of the generalized momenta thus implies the G-

4.6. Synthesizing the Connection 63

invariance of the synthesized one-forms, since

p_α(v_q) = p_α(T_qΦ_gv_q) ⇕ ⟨ω^{k+α}(q); v_q⟩ = ⟨ω^{k+α}(Φ_gq); T_qΦ_gv_q⟩ = ⟨T^∗_q Φ_gω^{k+α}(Φ_gq); v_q⟩, α = 1, . . ., s. The horizontal subspace defined by H_qQ = {v_q ∈ T_qQ | ⟨ω^a(q); v_q⟩ = 0, a = 1, . . ., l} has already been shown in the previous section to define a connection on Q(M, G). Recall that there are two important assumptions underlying this statement. First, Assumption 1 implies that the invariant distribution can be written using a basis of G-invariant one-forms, ω^1, . . ., ω^k. And second, Assumption 3 (that D +V Q = T Q) ensures that the horizontal subspace H_qQ is isomorphic to the tangent space of the base, T_{π(q)}M. As was mentioned earlier, these assumptions are mostly of a technical nature, and do not seem to be restrictive in light of the examples studied to date.

We can treat the synthesized one-forms as a set of affine constraints and write the entire set of constraints (nonholonomic and synthesized) as a linear operator acting on T Q:

ω(q)q̇ = η, (4.11)

where η = (0, . . ., 0, p_1, . . ., p_s). The fact that the constraints define a connection implies that in a local trivialization we can rewrite Eq. 4.11 in the following manner,

g^{−1}ġ + A (r)ṙ = γ(r, p). (4.12)

This equation deserves some comment. First, realize that it is actually a set of l equations describing motion along the fiber (the g variables). In the first term, g^{−1} action of T_gL_g�1 on G. In the second term of Eq. 4.12, the base-dependent matrix

A : T M → V Q is the local form of the nonholonomic connection, and describes the

vertical components which would result from horizontally lifting a base vector ṙ to T Q. Finally, γ is a vector-valued function of r and the generalized momenta (p is written in vector form as p = (p_1, . . ., p_s)), which relates the dynamic component of the motion (via the momentum) to the fiber velocities. If we compare Eq. 4.12 to the form specified by the connection one-form in Eq. 4.9, then we see that it must be that γ = Ĩ^{−1}p, so that

ξ = g^{−1}ġ = −A (r)ṙ + Ĩ^{−1}p. (4.13)

Notice that in the above equation we have written Ĩ^{−1} instead of (I^c)^{−1}. We do this to distinguish the constrained locked inertia tensor, (I^c)^{−1} : (g^S )^∗ → g^S , from its natural embedding in the Lie algebra as Ĩ^{−1} : (g^S )^∗ → g. This is a subtle, yet important, point for which we will briefly digress in order to clarify. As above, let f_1, . . ., f_s denote a basis for g^S . Then, if we let I_{ab} denote the coordinates of the local form of the locked inertia tensor, then

(I^c)_{αβ} = I_{ab}f^a_αf^b_β.

If we let B^{αβ} = ((I^c)^{−1})^{αβ} represent the inverse of I^c (an admittedly cumbersome notation), then

(Ĩ^{−1})^{aα} = B^{αβ}f^a_β .

Using this, it is easy to derive an identity that will come up later:

B = Ĩ^{−1}IĨ^{−1}.

4.7 Invariance of the Generalized Momentum Equation

The invariance of the generalized momentum will be used to establish a connection on the bundle Q(M, G) (recall that the horizontal subbundle required by condition (2) for a connection must be G-invariant). In carrying out the reduction process for constrained systems, it will also be useful to show that the generalized momentum equation given in Proposition 4.6 satisfies a similar invariance condition. Invariance of the momentum equation will allow us to decouple the dynamics of the generalized momentum from the fiber velocities. As in Section 3.4.3, it will then be possible to reduce to an extended base space formed by appending the generalized momentum terms to the base space. These issues will be discussed further in Section 4.8. That the generalized momentum would decouple from the fiber dynamics makes good sense for mechanical systems in which the intrinsic dynamics are invariant with respect to some global position and orientation. Further studies are needed to examine the implications of invariance of the momentum equation for other types of invariances which do not have such straightforward physical interpretations as position and orientation.

Proposition 4.11 Given a constrained mechanical system, (L, D), let P^c_α(q, q̇) = ∂L ∂q̇^i ( d dt (ξ^q_α(q))^i_Q) =^d_{dt} p_α, α = 1, . . ., s, where ξ^q_α is a Lie algebra-valued function over Q that generates the G-invariant vector field (ξ^q_α)_Q ∈ S. As a function on T Q, P^c_α is G-invariant, or, for all g ∈ G and α = 1, . . ., s,

P^c_α(Φ_gq, T_qΦ_gq̇) = P^c_α(q, q̇).

Proof: The time derivative of a Lie algebra-valued function ξ^q can alternatively be written as d dt ξ^q(q) = T_qξ^q(q) · q̇.

4.7. Invariance of the Generalized Momentum Equation 65

G-invariance implies invariance with respect to each fixed element g ∈ G (that is, the element g is constant), so that d dt (ξ^q(g · q)) = T_{gq}ξ^q(g · q) · d dt (g · q). This yields a transformation law for the infinitesimal generator of^d_{dt} ξ^q: (( d dt ξ^q)_Q)(Φ_g(q), T_qΦ_gq̇) = (T_{gq}ξ^q(g · q) · T_qΦ_gq̇)_Q(g · q) = (T_{gq}ξ^q(g · q) · d dt (Φ_g · q))_Q(g · q) = ( d dt ξ^q(g · q))_Q(Φ_g(q)).

Next recall the general transformation property of Lie algebra elements shown in Lemma 4.4:

(Ad_g�1 ξ^q(g · q))_Q = T_{g·q}Φ_g�1 (ξ^q(g · q))_Q(g · q).

Finally, by making the canonical vector space identification, T_ξg ≃ g × g, the term^d_{dt} ξ^q(g · q) can be written as an element of g and we find that

P^c_α(Φ_gq, T_qΦ_gq̇) = ⟨FL(g · q, T_qΦ_gq̇); ( d dt ξ^q_α ) Q (Φ_g(q), T_qΦ_gq̇)⟩

= ⟨T^∗_{g·q}Φ_g�1 FL(g · q, T_qΦ_gq̇); ( d dt ξ^q_α ) Q (Φ_g(q), T_qΦ_gq̇)⟩ = ⟨FL(q, q̇); T_{g·q}Φ_g�1 ( d dt ξ^q_α(g · q) ) Q (Φ_g(q))⟩ = ⟨FL(q, q̇); ( Ad_g�1 d dt ξ^q_α(g · q) ) Q (q)⟩ = ⟨FL(q, q̇);^d_{dt}^(Ad_g�1 ξ^q_α(g · q)^)_Q (q)⟩ = ⟨FL(q, q̇);^d_{dt} (ξ^q_α(q))_Q (q)⟩ = P^c_α(q, q̇), and the result is achieved. �

This proposition implies that we will always be able to write the generalized momentum equation in a reduced form that is independent of the group variables. Bloch et al. [10] show this implicitly when they reduce the generalized momentum equation to d dt p_α = ⟨ ∂l ∂ξ ; [ξ, f_α] + ∂f_α ∂r^i ṙ^i⟩ + τ^ef_α, α = 1, . . ., s, (4.14) where ξ = g^{−1}ġ and l is the reduced Lagrangian (we have included G-invariant forcing functions by adding the term τ^ef_α).

The following proposition shows the explicit construction of Eq. 4.14 using similar methods to the ones given in the proof of the generalized momentum equation (Proposition 4.6). It also establishes that the generalized momentum equation can be written in terms of a base-dependent quadratic form of the extended base variables, (p, ṙ).

Proposition 4.12 Given the invariance of the Lagrangian and the constraints, the generalized momentum equation is independent of the group variables, and can be written as

ṗ = 1 2 ṙ^T σ_{ṙṙ}(r)ṙ + p^T σ_{pṙ}(r)ṙ + 1 2 p^T σ_{pp}(r)p + τ̃(r), (4.15)

which, when unforced, is a quadratic function of p and ṙ.

Proof: Given the setup of the problem, it is a straightforward calculation to show that the equations of motion governing flow along the fiber can be written d dt ( ∂l ∂ξ ) = ad^∗_ξ ( ∂l ∂ξ ) + λ_iω^i(e, r) + τ^e, (4.16)

where the ω^i(e, r)’s are the constraints evaluated at g = e as above. Recall the basis for the constrained fiber distribution, f_1, . . ., f_s. Noting that any element of this distribution is in the kernel of the ω^i’s, and interpreting Eq. 4.16 as elements of g^∗ acting on g, we have d dt (p_α) = d dt ( ∂l ∂ξ ) f_α + ∂l ∂ξ d dt (f_α)

= ad^∗_ξ ( ∂l ∂ξ ) f_α + ∂l ∂ξ d dt (f_α) + τ^ef_α = ⟨ ∂l ∂ξ ; [ξ, f_α] + d dt (f_α)⟩ + τ^ef_α,

where we have used the definition of the generalized momentum, p_α =^{∂l}_{∂ξ} · f_α.

Next, we define structure constants for the constrained Lie algebra. Let ξ^q, η^q ∈ gq, and define the structure constants, c̄^k_{ij} by [ξ^q, η^q] = c̄^k_{ij}ξ^iη^jf_k. As above, we write the local forms of the mechanical connection and the locked inertia tensor as A and I, respectively. Then, using the equation for the body form of the connection:

g^{−1}ġ = ξ = −A (r)ṙ + Ĩ^{−1}p, we find that the reduced momentum equation can be rewritten solely in terms of these local forms and the structure constants. First, we note that the following simplification follows directly from the structure of the reduced Lagrangian given in Eq. 3.5: ∂l ∂ξ = ṙ^T A^T I + ξ^T I = ( ṙ^T (A − A )^T + Ĩ^{−1}p ) I. Then, d dt p_α = ⟨ ∂l ∂ξ ; [ξ, f_α] + ∂f_α ∂r^i ṙ^i ⟩ + τ^ef_α = ⟨ I_{ab} ( (A^a_i − A^a_i )ṙ^i + (Ĩ^{−1})^{aγ}p_γ ) ; c̄^b_{cd} ( −A^c_j ṙ^j + (^~I^{−1})^{cβ}p_β^) f^d_α +^{∂f bα}_{∂rj} ṙ^j ⟩ + τ̃ = I_{ab}(Ĩ^{−1})^{aγ}c̄^b_{cd}(Ĩ^{−1})^{cβ}f^d_αp_βp_γ + I_{ab} ( (A^a_j − A^a_j )c̄^b_{cd}(Ĩ^{−1})^{cγ}f^d_α + (Ĩ^{−1})^{aγ}(−c̄^b_{cd}A^c_j f^d_α + ∂f^b_α ∂r^j ) ) ṙ^jp_γ + I_{ab} (A^a_i − A^a_i ) ( −c̄^b_{cd}A^c_j f^d_α + ∂f^b_α ∂r^j ) ṙ^iṙ^j + τ̃ = ( 1 2 p^T σ_{pp}p + p^T σ_{pṙ}ṙ + ṙ^T σ_{ṙṙ}ṙ)_α + τ̃,

as desired. �

It is interesting to note how the terms of Eqs. 4.14 and 4.15 simplify in particular examples. Consider first the example of the snakeboard (explicit details are contained in Chapter 5), where the generalized momentum equation does not include terms quadratic in the momentum. These terms would normally arise due to the Lie bracket, [ξ, f_α], in Eq. 4.14. However, since the constrained Lie algebra is one-dimensional (and hence Abelian), we find that [ξ, f_α] ≡ 0. On the other hand, for the example of the rigid body, the generalized momentum equation is given by Eq. 3.4:

Π̇ = Π × I^{−1}Π,

and we see that only terms quadratic in the momentum are present. This is related to the aforementioned fact that for unconstrained systems one can always choose a basis for g^S which is fixed and which generates all of V Q. In this situation,^{∂fα}_{∂ri} ≡ 0.

4.8 Reduction

For an unconstrained system with symmetries, the reduction process involves restating the equations of motion in terms involving only base variables. In other words, the symmetries effectively place constraints on the system which allow for the dynamics given by Lagrange’s equations to be dropped to the quotient space, M = Q/G. Analysis can then be performed on a lower dimensional space, without losing any of the information of the system. The additional dynamics necessary to describe the motion of the system on the total configuration space are then recovered during the reconstruction procedure.

For systems with constraints, however, it is not necessarily possible to reduce down to a system involving only the base variables. The process presented here makes use of the generalized momentum developed in [10] and the synthesized connection defined above to perform reduction on general systems with constraints and symmetries. In doing so, the dynamics are reduced to an extended base space formed by appending the generalized momentum terms onto the original base space. For systems in which the constraint distribution is invariant, it will be possible to reduce to the extended base space. As such we can write the dynamics in terms of the extended base variables only. This section serves two purposes: first, we demonstrate that this type of reduction can always be done for systems in which the constraint distribution is G-invariant, and second, we give explicit matrix calculations which can be used to determine the reduced dynamics in a manner similar to the unconstrained case above. The details given below for reduction are primarily intended to demonstrate the result with some intuition of why it is correct. For additional remarks and a more detailed analysis of reduction in the case of general affine constraints, the reader is referred to [10].

Invariance of the Lagrangian implies that we can continue to define a reduced Lagrangian on g × T M by l(ξ, r, ṙ) = L(g^{−1}g, r, g^{−1}ġ, ṙ), where ξ = g^{−1}ġ ∈ g. Next, recall the affine constraint given above in Eq. 4.12,

ξ = g^{−1}ġ = Ĩ^{−1}p − A (r)ṙ. (4.17)

(Note that we continue to denote the nonholonomic connection by A and the mechanical connection by A.) With the connection and the momentum equation, we have the same data as was used in the reduction for unconstrained systems above. Following this, we again define the constrained Lagrangian, l_c, to be the reduced Lagrangian with the constraints substituted in from Eq. 4.17: l_c(r, ṙ, p) = l(ξ, r, ṙ) | | | ξ=Ĩ�^1p−A (r)ṙ

. (4.18)

The constrained Lagrangian has a very simple intrinsic interpretation which is almost identical to the one found in the unconstrained case.

Proposition 4.13 The constrained Lagrangian can be written as

l_c = 1 2 ⟨⟨hor q̇, hor q̇⟩⟩ + 1 2 ⟨p; (I^c)^{−1}p⟩ − V (r) = 1 2 ṙ^T M̃ṙ + 1 2 ⟨p; (I^c)^{−1}p⟩ − V (r), (4.19)

where

M̃(r) = m − A^T IA

for all but principal kinematic constraints, in which case the reduced mass-inertia matrix becomes

M̃(r) = m − A^T IA + (A − A )^T I(A − A ).

Proof: We begin by commenting on an interesting point— the reduced mass-inertia matrix, M̃, for the principal kinematic case actually involves more terms than for the case of mixed constraints. This is shown below, and is due to the fact that the symmetries are completely annihilated in the principal kinematic case. Thus, they do not help to simplify the reduced mass-inertia matrix.

First, we prove a lemma regarding the relationship between the local forms of the mechanical connection and the synthesized connection for systems in which the constraints by themselves do not define a connection.

Lemma 4.14 In the case of mixed constraints (and trivially for the unconstrained case), the following relationships hold for all ṙ ∈ T_rM:

⟨I(A − A )ṙ; A ṙ⟩ = 0 and ⟨I(A − A )ṙ; Ĩ^{−1}p⟩ = 0,

where I is the local form of the locked inertia tensor.

Proof: The content of these statements is that the space defined by A − A lies in a space orthogonal (with respect to the locked inertia tensor) to the constrained Lie algebra. To show this, recall the basis for g developed above. Denote by f_1, . . ., f_s the basis for g^q, and by f_{s+1}, . . ., f_l the orthogonal completion of this basis to g, such that ⟨If_α; f_z⟩ = 0, α = 1, . . ., s, z = s + 1, . . ., l. Thus, we can write the mechanical connection, A(r) : T_rM → g, in terms of this basis as

A(r)ṙ = A^α_i ṙ^if_α + A^z_i ṙ^if_z,

where we have divided A according to this orthogonal splitting of g. We prove the lemma by showing that A^α_i = A^α_i and Ĩ^{−1}p ∈ g^q (the latter statement can be assumed by definition). In coordinates, we write the formula for the generalized momentum as

p_β = ⟨ ∂l ∂ξ ; f_β⟩ = I_{ab}(A^a_i ṙ^i + ξ^a)f^b_β.

If we break up ξ^a as ξ^a = ξ^αf^a_α + ξ^zf^a_z , then we can use the orthogonality of the basis for g to show that p_β = I_{ab}ξ^αf^a_αf^b_β + I_{ab}A^a_i ṙ^if^b_β

= (I^c)_{αβ}ξ^α + I_{ab}A^a_i ṙ^if^b_β,

where, as above, (I^c)_{αβ} = I_{ab}f^a_αf^b_β is the constrained locked inertia tensor. For convenience, we will denote the inverse of I^c by B^{αβ} = ((I^c)_{αβ} )^{−1}. Then we can solve for ξ^α as ξ^α = B^{αβ}p_β − B^{αβ}I_{ab}A^a_i ṙ^if^b_β = B^{αβ}p_β − B^{αβ}I_{ab}(A^α_i ṙ^if^a_α + A^z_i ṙ^if^a_z )f^b_β = B^{αβ}p_β − B^{αβ}(I_{ab}f^a_αf^b_β)A^α_i ṙ^i = B^{αβ}p_β − A^α_i ṙ^i. (4.20) Eq. 4.20 explicitly shows the construction of the local form of the connection as the restriction of the mechanical connection to g^q. Thus,

(A ṙ)^a = A^α_i ṙ^if^a_α and^{(~}I^{−1}p^{)a} = B^{αβ}p_βf^a_α.

Then we can easily see that (A − A )ṙ = A^z_i ṙ^if_z , z = s + 1, . . . , l, which is orthogonal to both A ṙ and Ĩ^{−1}p with respect to the local form of the locked inertia tensor, I. H

Using this lemma, we can now prove the statement regarding form of the constrained Lagrangian. The inner product of horizontal vectors is given by ⟨⟨hor q̇, hor q̇⟩⟩ = ( −A ṙ_ṙ^{)T (} I IA A^T I m ) ( −A ṙ_ṙ^) = (A ṙ)^T I(A ṙ) − 2(A ṙ)^T IAṙ + ṙ^T mṙ

= ṙ^T mṙ − (Aṙ)^T I(Aṙ) + ṙ^T (A − A )^T I(A − A )ṙ = ṙ^T M̃(r)ṙ.

We compare this with the constrained Lagrangian: l_c(r, ṙ, p) = l(r, ṙ, Ĩ^{−1}p − A (r)ṙ) − V (r) = 1 2 ṙ^T mṙ + (Aṙ)^T I(−A ṙ + Ĩ^{−1}p) + 1 2 (−A ṙ +^~I^{−1}p)^T I(−A ṙ +^~I^{−1}p) − V (r) = 1 2 (ṙ^T mṙ − (Aṙ)^T I(Aṙ) + ṙ^T (A − A )^T I(A − A )ṙ)

+ (Aṙ)^T IĨ^{−1}p − (A ṙ)^T IĨ^{−1}p + 1 2 (Ĩ^{−1}p)^T IĨ^{−1}p − V (r) = 1 2 ⟨hor q̇; hor q̇⟩ + 1 2 (Ĩ^{−1}p)^T IĨ^{−1}p − V (r) = 1 2 ṙ^T M̃(r)ṙ + 1 2 p^T (I^c)^{−1}p − V (r).

Notice that the term

(Aṙ)^T IĨ^{−1}p − (A ṙ)^T IĨ^{−1}p = ṙ^T (A − A )^T IĨ^{−1}p

in the above equation disappears in the principal kinematic case (since p ≡ 0) and is equal to zero otherwise (by Lemma 4.14). Finally, we note that in the mixed/unconstrained cases, ṙ(A − A )^T IA ṙ = 0, so that the reduced mass-inertia matrix becomes

M̃(r) = m − A^T IA . � Using Eq. 3.10 for the reduced equations in the presence of constraints, we can again write down the base equations in terms of the constrained Lagrangian (c.f., Eq. 3.13), but this time using the nonholonomic connection to define the constraints: d dt ( ∂l_c ∂ṙ^i ) − ∂l_c ∂r^i = − ad^∗_ξ ∂l ∂ξ A (δr^i ) −^{∂l}_{∂ξ} ( dA (ṙ, δr^i) +^{∂Ĩ −1p}_{∂ri} ) + τ_i − τ^e_b A^b_i .

In order to write down the equations in matrix form, we substitute for l_c using Eq. 4.19. This gives the following form: M̃r̈ + ṙ^T C̃ṙ + ∂V ∂r + Ñ = B(r)τ, (4.21)

where

Ñ = ad^∗_ξ ∂l ∂ξ A (·) +^{∂l}_{∂ξ} ( dA (ṙ, ·) +^{∂Ĩ −1p}_{∂r} (·) ) − 1 2 ⟨p; ∂(I^c)^{−1} ∂r p⟩, and C̃ and B are as defined in the unconstrained case with the mechanical connection replaced by the nonholonomic connection, A → A . Notice that a very interesting thing has happened in the case of mixed constraints— the mechanical connection is no longer present in the reduced equations. This is understandable since the nonholonomic connection A encodes the information carried by the mechanical connection, and at the same time incorporates the external constraints.

Thus, for a system with symmetries and nonholonomic constraints in which the constraint distribution is group invariant, it is possible to reduce completely to an extended base space. The equations on this extended base space take the form of second order equations on M and first order equations describing the time evolution of p.

Remarks: The process of reduction presented here consists of three steps, each with a meaningful component in relation to understanding locomotion:

1. Establish a connection using external constraints and internal symmetries— this describes the effect of shape changes and momenta on net position changes,

2. Develop the generalized momentum equation— this governs the flow of the generalized momenta and describes how the velocity of the system in the direction of the constraints changes with variations in shape, and

3. Solve for the reduced base equations, which can be written in terms of the base and momenta variables only— these will describe the internal shape changes which the locomotive system must undergo in order to move. Control of these variables is very often assumed, and this set of equations may be useful in justifying this assumption.

4.9 Reconstruction

Having reduced the dynamics to the base space, we would next like to reconstruct the full dynamics of the constrained system. The reconstruction process basically consists of taking the same steps described in the previous section, but in reverse. Thus, given input forces on the base space, we first solve for the extended base variables, including the generalized momenta. Then, using the connection, we can determine the motion along the fiber by integrating the constraint equation (Eq. 4.17):

g^{−1}ġ = −A (r)ṙ + Ĩ^{−1}p.

In some cases, for example kinematic constraints with a solvable Lie algebra [48], this integration can be done explicitly via quadratures. In general, though, this will need to be done using numerical integration.

The reduction procedure can be very important in a controls context, where it is assumed that the base space is fully actuated (particularly in the context of locomotion, where this is the internal shape space). The goal is to control the dynamics of the remaining variables. In this context, it may often be assumed that the base variables are directly controlled, and so the process of reduction is not necessary. However, it will still be important to reduce the generalized momentum equation in order to decouple the momentum dynamics from the fiber variables.

4.9. Reconstruction 73

Thus, given the trajectories that the base dynamics are prescribed to follow, we solve for the fiber variables by integrating up through the generalized momentum equations. In a control theoretic context, though, we may be able to reach various conclusions about the motions of the system without having to solve for explicit trajectories. These issues are taken up in Chapter 6.

74 4. The Generalized Momentum

Chapter 5

Applications of the Theory

Figure 5.1 The Snakeboard, along with a simplified model

5.1 The Snakeboard

Now let us turn to a formulation of the snakeboard problem in terms of the relationships derived above. We briefly recall the description of the snakeboard as given in [57].

The Snakeboard (we use italics and capitals to denote the commercially available product licensed by Snakeboard USA, Inc.) is a wheeled vehicle similar to a skateboard, the popular toy/mode of transportation in use by teenagers everywhere. The primary difference between these two products it that the Snakeboard has two sets of independently rotating wheel trucks connected by a rigid cross-brace. The unique and attractive feature of the Snakeboard is the ability to generate forward motion— even to move up a hill— without kicking off the ground. This is done by performing cyclical twisting motions of the torso, synchronized with a pivoting of the feet. Through a coupling of angular momentum changes and ground contact forces, a snake-like pattern of forward motion is generated.

For our purposes, we use a simplified model of the Snakeboard, which we call the snakeboard (Figure 5.1), and in which the human torso is replaced by a mechanical rotor. The configuration manifold for the snakeboard is Q = SE(2) × S× S× S.

SE(2) is the group of rigid motions in the plane, and describes the position of the board with respect to some inertial reference frame. Sdenotes the group of rotations

on R^2. As coordinates for Q we shall use (x, y, θ, ψ, ϕ_b, ϕ_f ) where (x, y, θ) describes

the position of the board with respect to a reference frame, ψ is the angle of the rotor with respect to the board, and ϕ_b and ϕ_f are, respectively, the angles of the back and front wheels with respect to the board.

Notice that the snakeboard can be considered an extension of Elroy’s beanie (Example 2.14), with the addition of a pair of wheel constraints. The configuration space easily splits into a trivial principal fiber bundle structure, with q = (g, r) given by g = (x, y, θ) ∈ G = SE(2) and r = (ψ, ϕ_b, ϕ_f ) ∈ M = S× S× S. The group action for h = (a^1, a^2, α) ∈ G is given by the map:

Φ_h(x, y, θ, ψ, ϕ_b, ϕ_f ) = (x cos α − y sin α + a^1, x sin α + y cos α + a^2, θ + α, ψ, ϕ_b, ϕ_f ), and the lifted action takes the form: T_qΦ_h(ẋ, ẏ, θ̇, ψ̇, ϕ̇_b, ϕ̇_f ) = (ẋ cos α − ẏ sin α, ẋ sin α + ẏ cos α, θ, ψ̇, ϕ̇_b, ϕ̇_f ). Notice that Φ_h and T_qΦ_h act only on the group variables. The projection π_1 is the canonical projection on the first three coordinates, and π_2 is the projection on the last three coordinates.

The snakeboard is a dynamic system and so we must include the effects of masses and inertias of the rotor, body, and wheels. The parameters we will use for this problem are:

m : the mass of the board, J : the inertia of the board, J_r : the inertia of the rotor, J_w : the inertia of the wheels (assumed to be the same), and l : the length from the board’s center of mass to the wheels.

For the snakeboard, the unconstrained Lagrangian is comprised only of kinetic energy terms: L = 1 2 m(ẋ^2 + ẏ^2) + 1 2 Jθ̇^2 + 1 2 J_r(ψ̇ + θ̇)^2 + 1 2 J_w ( (ϕ̇_b + θ̇)^2 + (ϕ̇_f + θ̇)^2 ) . It is assumed that the control torques will be applied to the rotor and the front and rear wheel axes. Hence, there is no forcing in the fiber directions. The wheels of the snakeboard are assumed to roll without lateral sliding. As such, the back wheels provide a nonholonomic constraint of the form

− sin(ϕ_b + θ)ẋ + cos(ϕ_b + θ)ẏ − l cos(ϕ_b)θ̇ = 0. (5.1)

Similarly at the front wheels the constraint is

− sin(ϕ_f + θ)ẋ + cos(ϕ_f + θ)ẏ + l cos(ϕ_f )θ̇ = 0. (5.2)

For our formulation, we will write the constraints as the kernel of a set of one-forms on Q. To be specific, all velocities must lie in ker{ω^1, ω^2}, where

ω^1 = − sin(ϕ_b + θ)dx + cos(ϕ_b + θ)dy − l cos(ϕ_b)dθ (5.3) ω^2 = − sin(ϕ_f + θ)dx + cos(ϕ_f + θ)dy + l cos(ϕ_f )dθ (5.4)

A quick set of calculations shows that both the Lagrangian and the constraint oneforms are invariant with respect to the lifted group action. Thus, we can write down the constraint distribution, D_q = {v_q ∈ T_qQ | v_q ∈ ker{ω^1, ω^2} }, in terms of left-invariant vector fields: Dq = span{a ∂ ∂x + b ∂ ∂y + c ∂ ∂θ , ∂ ∂ψ , ∂ ∂ϕ_b , ∂ ∂ϕ_f }, where

a = −l[cos ϕ_b cos(ϕ_f + θ) + cos ϕ_f cos(ϕ_b + θ)] b = −l[cos ϕ_b sin(ϕ_f + θ) + cos ϕ_f sin(ϕ_b + θ)] c = sin(ϕ_b − ϕ_f ).

We remark that there is an isolated singularity for this distribution at ϕ_b = ϕ_f = ±^π_2 . This corresponds to the wheels turned perpendicular to the length of the board. It is easy to picture the singularity as allowing two independent motions— pure rotation about the center of mass at the same time as pure translation perpendicular to the board. In the case of the commercial Snakeboard, physical limitations do not allow the wheels to reach these angles (they are restricted to approximately ±^π_4 rad of rotation). For this reason, we restrict our analysis to regions in the configuration space that do not include the points ϕ_b = ϕ_f = ±^π_2 .

5.1.1 The Generalized Momentum Equation

The snakeboard has a non-trivial interaction between the constraints and the symmetries that admits a generalized momentum. Thus, it provides a fairly simple example of a system with mixed constraints (the reader is also referred to a similar example of the Roller Racer discussed in [95]). It is exactly the evolution of the momentum described in the generalized momentum equation that leads to the generation of net forward velocities for the snakeboard.

The initial step in deriving the conservation law will be to choose a left-invariant section of S (note that for the snakeboard S is one-dimensional). This can easily be done based on the form of D_q given above, but we choose here to illustrate the method discussed in Section 4.2. As described in that section, the fact that the constraints given by Eqs. 5.3 and 5.4 are left-invariant and satisfy Condition 4 leads to a natural way of choosing the section. First, use the lifted action to pull back these one-forms to g^∗. This is easily done by evaluating ω^1 and ω^2 at the identity, which yields ω^1_e = − sin(ϕ_b)dx + cos(ϕ_b)dy − l cos(ϕ_b)dθ ω^2_e = − sin(ϕ_f )dx + cos(ϕ_f )dy + l cos(ϕ_f )dθ.

Note that we have identified elements of the cotangent bundle at the group identity with elements of g^∗. The kernel of these dual elements defines a subspace of g given by f_1(r) = a^e ∂ ∂x + b^e ∂ ∂y + c^e ∂ ∂θ where a^e = −2l cos ϕ_b cos(ϕ_f ) b^e = −l sin(ϕ_b + ϕ_f ) c^e = sin(ϕ_b − ϕ_f ).

From this we are able to define a basis for g^S using the adjoint mapping: f_1(g, r) = Ad_g f_1(r)

= (a + yc) ∂ ∂x + (b − xc) ∂ ∂y + c ∂ ∂θ , where a, b, c are as above. The infinitesimal generator of f_1(g, r) on Q,

(f_1(g, r))_Q = a ∂ ∂x + b ∂ ∂y + c ∂ ∂θ gives a basis for the constrained fiber distribution, Sq = span{f_1(g, r)_Q}. Next, we calculate the nonholonomic momentum. Let f^1 denote the dual basis element for (g^S )^∗ (dual to f_1(g, r)), and let J^{nhc}(v_q) = p(v_q)f^1.

Then the nonholonomic momentum map is defined by the relation ⟨J^{nhc}(v_q); ξf_1(g, r)⟩ = ⟨FL(v_q); ξ(f_1(g, r))_Q(q)⟩ = ⟨ (mv_x, mv_y, Ĵv_θ + J_rv_ψ + J_w(v_b + v_f ), J_rv_ψ, J_wv_b, J_wv_f ); ξ(a, b, c, 0, 0, 0) ⟩ (5.5) = ξ(mav_x + mbv_y + Ĵcv_θ + J_rcv_ψ + J_wc(v_b + v_f )), where Ĵ = J +J_r +2J_w is the sum of the moments of inertia. Thus, along trajectories

Figure 5.2 Defining the instantaneous center of rotation

(where v_q = q̇), p = maẋ + mbẏ + Ĵcθ̇ + J_rcψ̇ + J_wc(ϕ̇_b + ϕ̇_f ). This choice of momentum corresponds to choosing the momentum of the snakeboard along the constrained fiber distribution, or instantaneously around the center of rotation defined by the wheel constraints. This is shown in Figure 5.2, although the actual momentum chosen differs by a scaling factor of sin(ϕ_b − ϕ_f ).

Before continuing with the derivation of the generalized momentum equation, we first would like to make two simplifying assumptions which will greatly reduce the complexity of the derivations to follow. First, we make the assumption that the wheels are controlled to move out of phase with each other. In other words, let ϕ = ϕ_b = −ϕ_f . Second, along the lines of Bloch et al., we assume that Ĵ = J + J_r + 2J_w = ml^2. The first assumption is motivated by research experience suggesting that this type of phasing can give all of the basic locomotive gaits. The second assumption is used mainly to simplify the equations.

Given this, the Lagrangian takes the form: L = 1 2 m(ẋ^2 + ẏ^2) + 1 2 ml^2θ̇^2 + 1 2 J_rψ̇(ψ̇ + 2θ̇) + J_wϕ̇^2.

We can also then rewrite the nonholonomic momentum map as

J^{nhc}(q, q̇) = (−2ml cos^2 ϕ cos θẋ − 2ml cos^2 ϕ sin θẏ + ml^2 sin 2ϕθ̇ + J_r sin 2ϕψ̇)f^1.

Next, we use the locked inertia tensor in order to define the connection. Using the formula, ⟨I^cη^q; ξ^q⟩ = ⟨⟨η^q_Q, ξ^q_Q⟩⟩, with ξ^q, η^q ∈ g^S , we have

I^c = 4ml^2 cos^2 ϕ.

Then, the group symmetry part of the nonholonomic connection one-form is defined to be

A^{sym} = (Ic)^{−1} J^{nhc} = (− 1 2l (cos θ dx − sin θ dy) + 1 2 tan ϕ dθ + J_r 2ml^2 tan ϕ dψ)f_1.

This defines a horizontal subspace for the constraint distribution, D, as a bundle over M. Further, we can use the relationship,

A^{sym} = (Ic)^{−1}p,

along with the constraint one-forms, ω^1 and ω^2, to synthesize a connection on the full state space, T Q. To do so, write these one-forms in matrix form as constraint equations evaluated along trajectories, (q, q̇):

W (r)g^{−1}ġ + 0 0 0 0 Jr 2ml^2 tan ϕ 0 ṙ = 0 0_p

4ml^2 cos^2 ϕ

, (5.6)

where

W (r) = sin ϕ cos ϕ l cos ϕ − sin ϕ cos ϕ −l cos ϕ

−^1_2l 0^1_2 tan ϕ .

Notice that det[W (r)] = 1 and that multiplying by W (r)^{−1} yields the local form for the body one-form, A^b, on T Q given by Abq̇ = g^{−1}ġ + A ṙ, with A = − J^r_2ml sin 2ϕ 0 0 0 Jr 2ml^2 sin

2 ϕ 0

. (5.7)

Furthermore, if the momentum is given by p, then the allowable trajectories for this system must satisfy

Ab(q) · q̇ = Γ(r)p = −^1_2l

0_1

2ml^2 tan ϕ p. (5.8)

Eq. 5.8 fully specifies the trajectories along the fiber in terms of base and momentum variables. Next, we examine the flow of the momentum p governed by the generalized momentum equation, Eq. 4.2. For the snakeboard, this equation is

ṗ = ∂L ∂q̇ ( d dt (f_1) ) Q = mȧẋ + mḃẏ + ċ(ml^2θ̇ + J_rψ̇) = 2ml(cos θ sin 2ϕ ϕ̇ + sin θ cos^2 ϕ θ̇)ẋ + 2ml(sin θ sin 2ϕ ϕ̇ − cos θ cos^2 ϕ θ̇)ẏ + 2ml^2 cos 2ϕ ϕ̇θ̇ + 2J_r cos 2ϕ ϕ̇ψ̇.

However, as we saw in Section 4.7, it is possible to rewrite this equation in terms of the base and momentum variables only, i.e., to eliminate the dependence of the fiber coordinates. Substituting for (ẋ, ẏ, θ̇) from Eq. 5.8 gives the generalized momentum equation in a reduced form:

ṗ = 2J_r cos^2 ϕ ϕ̇ψ̇ − tan ϕ ϕ̇p.

The dynamic equations governing the base variables can then be determined using Eq. 4.21 as described in Section 4.8. For convenience, we recall the general form of this equation here: M̃r̈ + ṙ^T C̃ṙ + ∂V ∂r + Ñ = B(r)τ. The local form of the nonholonomic connection is given in Eq. 5.7 above, and we remark that we can write down the local form of the locked inertia tensor directly from the reduced Lagrangian,

l = (ξ^T , ṙ^T ) m 0 0 0 0 0 m 0 0 0 0 0 ml^2 J_r 0 0 0 J_r J_r 0 0 0 0 0 2J_w

( ξ ṙ ) ,

as

I = m 0 0 0 m 0 0 0 ml^2 .

Similarly, we see that the mechanical connection is just

A = I^{−1}IA = 1 m 0 0 0^1_m 0 0 0^1_{ml2} 0 0 0 0 J_r 0 = 0 0 0 0 Jr ml^2 0 .

Thus, the constrained Lagrangian is just

l_c = 1 2 ṙ^T M̃ṙ + 1 2 ⟨p; (I^c)^{−1}p⟩ − V (r) = 1 2 (ψ̇, ϕ̇) ( ( J_r 0 0 2J_w )

− ( − J^rml sin ϕ cos ϕ 0 J^rml_2 sin^2 ϕ

0 0 0 ) − J^rl sin ϕ cos ϕ 0 0 0 J_r sin^2 ϕ 0 ) ( ψ̇ ϕ̇ )

+ 1 2 p^2 4ml^2 cos^2 ϕ = ( J_r − J^2_r ml^2 sin^2 ϕ ) ψ̇^2 + 2J_wϕ̇^2 + p^2 8ml^2 cos^2 ϕ . Having calculated the reduced mass-inertia matrix, M̃, we then calculate

C̃_{ijk}(r)ṙ^jṙ^k = 1 2 ( ∂M̃_{ij} ∂r^k + ∂M̃_{ik} ∂r^j − ∂M̃_{kj} ∂r^i ) ṙ^jṙ^k

= ( − J^{2r}ml_2 sin 2ϕ ψ̇ϕ̇ J^2_r ml^2 sin ϕ cos ϕ ψ̇2 ) , and Ñ = ad^∗_ξ ∂l ∂ξ A (·) +^{∂l}_{∂ξ} ( dA (ṙ, ·) +^{∂Ĩ −1p}_{∂r} (·) ) − 1 2 ⟨p; ∂(I^c)^{−1} ∂r p⟩ = ( J_{2r} ml^2 sin ϕ cos ϕ ψ̇ϕ̇ +^Jr_{2ml2} ϕ̇p − J^{2r}ml_2 sin ϕ cos ϕ ψ̇^2 ) . Plugging this into Eq. 4.21 gives the base equations:

(1 − J_r ml^2 sin^2 ϕ)ψ̈ = J_r 2ml^2 sin 2ϕ ϕ̇ψ̇ − 1 2ml^2 ϕ̇p + 1 J_r τ_ψ (5.9)

ϕ̈ = 1 2J_w τ_ϕ. (5.10)

One additional remark— the snakeboard satisfies Condition 4, and so we notice that the base equations do not involve the Lagrange multipliers. For problems that satisfy this condition, it can sometimes be easier to write down the base equations directly by substituting the constraint equations from Eq. 5.6 into the full set of dynamical equations. This will not always be the case, as there are some situations in which it is easier to work with the variables on the reduced space. One example of this is the ball rolling on a rotating plate [10], in which reduction allows one to bypass finding an amenable parameterization for SO(3), and instead work with just the Lie algebra, so(3), and the reduced space of the plane (R^2).

To demonstrate this procedure, we will perform the calculations for the snakeboard. First, we write down the Euler-Lagrange equations for the base variables:

J_r(ψ̈ + θ̈) = τ_ψ

2J_wϕ̈ = τ_ϕ

Notice that the Lagrange multipliers do not enter into these equations. Then we can substitute for θ̇ using the fiber equations, Eq. 5.6: θ̇ = − J^r ml^2 sin^2 ϕ ψ̇ + 1 2ml^2 tan ϕ p. Differentiating with respect to time gives: θ̈ = − J^r ml^2 (sin 2ϕ ϕ̇ψ̇ + sin^2 ϕ ψ̈) + 1 2ml^2 (sec^2 ϕ ϕ̇p + tan ϕ ṗ) = − J_r ml^2 (sin 2ϕ ϕ̇ψ̇ + sin^2 ϕ ψ̈) + 1 2ml^2 (sec^2 ϕ ϕ̇p) + 1 2ml^2 tan ϕ(2J_r cos^2 ϕ ϕ̇ψ̇ − tan ϕ ϕ̇p) = − J_r ml^2 sin^2 ϕ ψ̈ − J_r 2ml^2 sin 2ϕ ϕ̇ψ̇ + 1 2ml^2 ϕ̇p, where we have used the generalized momentum equation,

ṗ = 2J_r cos^2 ϕ ϕ̇ψ̇ − tan ϕ ϕ̇p,

to substitute for ṗ. Thus, we can write the dynamics on the base space as above:

(1 − J_r ml^2 sin^2 ϕ)ψ̈ = J_r 2ml^2 sin 2ϕ ϕ̇ψ̇ − 1 2ml^2 ϕ̇p + 1 J_r τ_ψ ϕ̈ = 1 2J_w τ_ϕ. Notice the natural appearance of the reduced mass-inertia matrix in these equations:

M̃(r) = ( (J_r −^{J 2r}_{ml2} sin^2 ϕ) 0 0 2J_w ) . 5.1.2 Reconstruction To recapitulate the ideas presented so far for the snakeboard, we have used the generalized momentum equation and the tools associated with it in order to simplify the dynamics to the following form:

g^{−1}ġ = −A (r)ṙ + Ĩ^{−1}p, (5.11)

ṗ = 1 2 ṙ^T σ_{ṙṙ}(r)ṙ + p^T σ_{pṙ}(r)ṙ + 1 2 p^T σ_{pp}(r)p + τ̃(r), and (5.12) M̃r̈ + ṙ^T C̃ṙ + ∂V ∂r + Ñ = B(r)τ. (5.13)

Thus we have reduced the equations from 6 second order equations with 3 first order constraint equations (equivalently, 15 first order equations) to 3 second order equations and 4 first order equations (10 first order equations). A few words of what this implies for both reduction and reconstruction are in order. Suppose that we are given a base integral curve (a curve, c_b(t) on M) which we would like to follow, along with some initial point v_q ∈ T Q such that π_2(v_q) = c_b(0). The initial velocity v_q defines a starting value for the momentum, p(0), and Eq. 5.12 defines the time evolution of the generalized momentum, p(t). Assuming that this is solved for and that we have complete actuation of the base variables, then we can determine explicitly the control torques necessary to follow the specified base curve. This can always be done, provided that the constraints plus the generalized momentum equation can be used to build a connection. This will be true as long as there are no constraints acting purely to constrain the base variables, which has been true in all of the examples studied to date. The process of reconstruction is then completed by lifting the base curve up through the Lie algebra via the connection (Eq. 5.11) in order to solve for the dynamics on the fiber.

Most importantly, however, we have brought out some of the intuitively illuminating intrinsic structure of the problem’s dynamics. This was done by writing the connection in a manner that directly relates shape changes to momentum and position changes. The next step will be to examine controllability results which use the specialized structure of the connection. This topic is taken up in Chapter 6.

Figure 5.3 The kinematic snake

5.2 The Kinematic Snake of Hirose

In this section, we present an example of a principal kinematic system in which there are sufficient constraints to define a connection. The system presented here is based on the ACM III snake robot built by Hirose [35] (a model is shown in Figure 5.3), where certain assumptions are made regarding the actuation of the individual segments. The basic principles relating the ACM III to a real snake are based on the assumption that the body of a real snake has a small coefficient of friction along the length of its belly and a high coefficient of friction transverse to its length. In this approximation, the snake is prevented by friction from slipping laterally, while at the same time able to move each point on its body forward without impedance. Hirose used this differential friction as the basis for choosing wheeled segments to guide the snake in its motion. Discretization of the snake’s backbone curve allows us to model the snake as a finite number of such wheeled segments. The reader is referred to [33] for more detail.

We present here an analysis of Hirose’s snake from the standpoint of the material presented above on nonholonomic constraints and symmetries. Obviously, there may be different perspectives from which to view this system. For instance, Hirose has studied the generation of locomotion for these systems by using force balances on each pair of segments [33, 35]. The advantage in the current presentation will be that we seek to divide out the dynamics according to the pieces that are important to locomotion, and to put the equations in a form amenable to treatment by existing control and stabilization theory.

Any model of the Hirose snake must be able to describe a many-segmented body which locomotes using only internal torques. We begin by examining the three segment model shown in Figure 5.3, since it will define a Chaplygin system. In this model, we assume that there are control inputs at each of the two segment joints and each of the three wheel pivot joints. As in the snakeboard, the wheels themselves are assumed to rotate freely, i.e., they are unactuated. The reason for initially looking at this particular model is that the three wheel constraints define a connection for this problem. Thus, away from singularities, the positioning and motion of the snake in the plane is fully determined by the shape variables shown in Figure 5.3.

By recognizing that the three wheel constraints define a connection, we are naturally led to a method for handling additional body segments. The technique will consist of using the first three segments to define the motion in SE(2), and then using the wheel constraints of the additional bays as the governing equations for these segments. Thus, we develop a system that has a “following” behavior, in which the lead segments define the path to be traced, and the additional segments are constrained to follow this lead. In a real snake, the additional segments serve a useful purpose in providing greater stability for the snake, and can be used to perform more complicated maneuvers, such as crossing over gaps in the floor or pushing off objects to move along a slippery surface.

For the three segment snake drawn in Figure 5.3, we label the center point of the middle segment (and hence the center of mass when the snake is fully extended) by

(x, y, θ) ∈ SE(2), the wheel angles of segments 1, 2, and 3 by (ϕ_1, ϕ_2, ϕ_3) ∈ S×S×S, respectively, and the relative orientation of segment 1 with respect to segment 2 and segment 2 with respect to segment 3 by (ψ_1, ψ_3) ∈ S× S, respectively. We will treat the Hirose snake as a purely kinematic system, and so we do not consider the dynamics that arise due to masses and inertias of the wheels and body segments.

Each no-slip wheel constraint takes the following general form:

(− sin ϕ̃_i, cos ϕ̃_i) · ( ˙x̄_i ˙ȳ_i ) = 0,

where ϕ̃_i is the absolute angle (measured with respect to horizontal) of the i^{th} wheel, and (x̄_i, ȳ_i) is the Cartesian positioning of the center of rotation for the i^{th} wheel. Using this notation, we find that

x̄_1 = x + l cos θ + l cos(θ − ψ_1), ȳ_1 = y + l sin θ + l sin(θ − ψ_1), x̄_2 = x, ȳ_2 = y, x̄_3 = x − l cos θ − l cos(θ + ψ_3), ȳ_3 = y − l sin θ − l sin(θ + ψ_3), and ϕ̃_1 = ϕ_1 − ψ_1 + θ, ϕ̃_2 = ϕ_2 + θ, ϕ̃_3 = ϕ_3 + ψ_3 + θ.

Thus, the constraint equations can be written as

− sin ϕ̃_1 ẋ + cos ϕ̃_1 ẏ − l(cos ϕ_1 + cos(ϕ_1 − ψ_1))θ̇ = −l cos ϕ_1 ψ̇_1, − sin ϕ̃_2 ẋ + cos ϕ̃_2 ẏ = 0, (5.14) − sin ϕ̃_3 ẋ + cos ϕ̃_3 ẏ − l(cos ϕ_3 + cos(ϕ_3 + ψ_3))θ̇ = l cos ϕ_3 ψ̇_3,

which can be written in a form similar to the snakeboard, but without a generalized momentum term:

W (r)T_gL_g�1ġ = Γ(r)ṙ.

This supplies three constraints on the three dimensional Lie group, G = SE(2). Straightforward calculations similar to the two-wheeled mobile robot above show that the constraints are G-invariant. Therefore, the kernel of these constraints defines a connection on the trivial principal fiber bundle Q = G × M = SE(2) ×

S× S× S× S× S. We can invert the constraint equations directly to write the local

form of the connection one-form as ξ = −A (r)ṙ.

This gives the following:

ξ^1 = − l^2 cos ϕ_2 det W [˙ ψ_1 cos ϕ_1 (cos(ϕ_3 − ψ_3) + cos ϕ_3) + ψ̇_3 cos ϕ_3 (cos(ϕ_1 + ψ_1) + cos ϕ_1) ] (5.15)

ξ^2 = − l^2 sin ϕ_2 det W [˙ ψ_1 cos ϕ_1 (cos(ϕ_3 − ψ_3) + cos ϕ_3) + ψ̇_3 cos ϕ_3 (cos(ϕ_1 + ψ_1) + cos ϕ_1) ] (5.16) = ξ^1 tan ϕ_2

ξ^3 = l det W [˙ ψ_1 cos ϕ_1 sin(ϕ_3 + ψ_3 − ϕ_2) − ψ̇_3 cos ϕ_3 sin(ϕ_1 − ψ_1 − ϕ_2) ] , (5.17)

where

det W = l[sin(ϕ_1 − ψ_1 − ϕ_2)(cos(ϕ_3 + ψ_3) + cos ϕ_3) + sin(ϕ_3 + ψ_3 − ϕ_2)(cos(ϕ_1 − ψ_1) + cos ϕ_1)].

Next, we examine a possible method for extending the snake to an arbitrary number of segments. Suppose that we add a fourth segment. Let ϕ_4 and ψ_4 denote the angles of the wheels and the body segment, respectively. Then, following the above notation,

ϕ̃_4 = ϕ_4 + ψ_3 + ψ_4 + θ, x̄_4 = x − l cos θ − 2l cos(θ + ψ_3) − l cos(θ + ψ_3 + ψ_4), ȳ_4 = y − l sin θ − 2l sin(θ + ψ_3) − l sin(θ + ψ_3 + ψ_4),

and the constraint becomes

− sin ϕ̃_4 ẋ + cos ϕ̃_4 ẏ − l(cos(ϕ_4 + ψ_3 + ψ_4) + 2 cos(ϕ_4 + ψ_4) + cos ϕ_4)θ̇ − l(2 cos(ϕ_4 + ψ_4) + cos ϕ_4)ψ̇_3 = l cos ϕ_4 ψ̇_4. (5.18)

Observe that we have added two additional degrees of freedom— one wheel angle, ϕ_4, and one inter-segment angle, ψ_4— and added one kinematic constraint given by Eq. 5.18. As with the first three body segments, we will control both ϕ_4 and ψ_4, but now are forced to satisfy the constraint as well. This is easily done, however, by choosing to control the wheel angle, while inverting Eq. 5.18 to establish a governing equation for ψ_4. Doing this, we find that

ψ̇_4 = 1

cos ϕ_4 ( 1 l ( − sin ϕ̃^e_4 ξ^1 + cos ϕ̃^e_4 ξ^2 ) − (cos ϕ̃^e_4 + 2 cos(ϕ_4 + ψ_4) + cos ϕ_4)ξ^3

− (2 cos(ϕ_4 + ψ_4) + cos ϕ_4)ψ̇_3 ) , where ϕ̃^e_4 = ϕ_4 + ψ_3 + ψ_4, i.e., ϕ̃_4 | | g=e = ϕ̃_4 | | θ=0. Notice that the process of solving for ψ̇_4 yields a term with cos ϕ_4 in the denominator, which is nonzero for all values of ϕ_4 that we will consider here (we continue the assumption, as in the snakeboard, that the wheels cannot pivot to an angle of ±^π_2 ).

Repeating this process, we can add as many additional segments as we desire, with the guarantee that each of the following segments properly satisfy all of the constraints. To illustrate, we will do this for a fifth constraint, of the form

l(2 cos(ϕ_5 + ψ_5)+ cos ϕ_5)ψ̇_4 + l cos ϕ_5 ψ̇_5 = − sin ϕ̃^e_5 ξ^1 + cos ϕ̃^e_5 ξ^2 − l(cos ϕ̃^e_5 + 2 cos(ϕ_5 + ψ_4 + ψ_5) + 2 cos(ϕ_5 + ψ_5) + cos ϕ_5)ξ^3 − l(2 cos(ϕ_5 + ψ_4 + ψ_5) + 2 cos(ϕ_5 + ψ_5) + cos ϕ_5)ψ̇_3, (5.19)

where again, ϕ̃^e_5 = ϕ̃_5 | | g=e = ϕ_5 + ψ_3 + ψ_4 + ψ_5. For a five link snake, we can thus invert Eqs. 5.18 and 5.19 to determine governing equations for ψ_4 and ψ_5.

One point to notice is that as we continue to add constraints, it will always be possible to arrange the equations in the following form:

B(ϕ_4, . . ., ϕ_k) ϕ̇_4 . . ϕ̇_k = C(ϕ^4, . . ., ϕk, ψ^3, . . ., ψk) ( ξ ψ̇_3 ) ,

where k is the total number of body segments for the snake. Also, the matrix B is lower triangular, with determinant

det(B) = k∏ j=4 l cos ϕ_j ,

and so is always invertible.

To this point, we have not touched on a very important aspect of this problem, namely the generation of actual locomotion patterns for the snake. This topic is the subject of the next chapter on controllability and gaits.

Chapter 6

Controllability and Gaits

6.1 Background and Formulation

For systems of the form we are discussing, the Lagrangian and the constraints are left-invariant, i.e.,

L(Φ_hq, T_qΦ_hq̇) = L(q, q̇) and ω^i(hq) = T^∗_{hq}Φ_h�1 ω(q).

In such cases, it was shown in Chapter 4 (Eq. 4.15) that the equations of motion can be transformed into the following form (we assume forcing only in the base directions):

g^{−1}ġ = −A (r)ṙ + Ĩ^{−1}(r)p, (6.1)

ṗ = 1 2 ṙ^T σ_{ṙṙ}(r)ṙ + p^T σ_{pṙ}(r)ṙ + 1 2 p^T σ_{pp}(r)p, (6.2)

r̈ = u. (6.3)

For the terms, σ_{ṙṙ}, σ_{pṙ}, and σ_{pp} of the generalized momentum equation, we note that the proof of invariance given in Section 4.7 implies that they are strictly functions of the base variables, r. Therefore, the generalized momentum equation can be written as a function of the base and momentum variables only. In the case that σ_{ṙṙ} ≡ 0, the system can be written in standard form for a nonlinear control system with affine inputs (where the inputs appear linearly with an affine drift term):

ż = f(z) + h_i(z)v^i, (6.4) where z = (g, p, r) ∈ N = G × ( gS )_∗ × M. While this can be done for the principal kinematic and unconstrained cases, it will not be true in general. In order to write the system in the standard control form of Eq. 6.4, we must first dynamically extend the control inputs by redefining them as higher derivatives of the input variables. Equivalently, this can be thought of as specifying the accelerations to be the control inputs (this is done implicitly in Eq. 6.3). This makes sense for analyzing a fully dynamic, mechanical system, where the inputs enter as control torques acting at the level of accelerations. Let u = v̇, and define the manifold N for our problem as N = G × ( gS )_∗ × T M. Then, using z = (g, p, r, ṙ) ∈ N, we see that Eqs. 6.1–6.3 can be written in the standard control form of Eq. 6.4 with

f(z) = g(−A ṙ +^~I^{−1}p) 1 2ṙ^T σ_{ṙṙ}ṙ + p^T σ_{pṙ}ṙ +^1_2 p^T σ_{pp}p ṙ 0 and h_i(z) = 0 0 0 e_i , (6.5)

where e_i is the m-vector (m = dim M) with a “1” in the i^{th} row and “0” otherwise.

Example 6.1 Snakeboard (cont.)

Returning to the snakeboard example of Chapter 5, recall the equations for the base dynamics given by Eqs. 5.9 and 5.10:

(1 − J_r ml^2 sin^2 ϕ)ψ̈ = J_r 2ml^2 sin 2ϕ ϕ̇ψ̇ − 1 2ml^2 ϕ̇p + 1 J_r τ_ψ ϕ̈ = 1 2J_w τ_ϕ, One of the results proved in [57] is that the base dynamics are controllable. This is easily seen from the equations above— we can directly invert for any desired base dynamics, given the flow of the momentum as a state. Therefore, we can feedback transform these equations into control form as

ψ̈ = u_ψ and ϕ̈ = u_ϕ.

Letting z = (x, y, θ, p, ψ, ϕ, ψ̇, ϕ̇) ∈ N, we can then write the snakeboard equations in the form of Eqs. 6.5:

f =

cos θ(−p+ψ̇Jr sin 2ϕ) 2ml sin θ(−p+ψ̇Jr sin 2ϕ) 2ml −2ψ̇Jr sin^2 ϕ+p tan ϕ 2ml^2 2ϕ̇ψ̇J_r cos^2 ϕ − ϕ̇p tan ϕ ψ̇ ϕ̇ 0 0

, h_ψ =

0 0 0 0 0 0 1 0

, and h_ϕ =

0 0 0 0 0 0 0 1

.

6.1.1 Free Lie Algebras

In order to investigate controllability properties for these types of nonlinear control systems with drift, we will use the strongest conditions of which we are currently aware, given by Sussman in [92]. To use this theory, we will need to develop a rigorous notion of the degree of a Lie bracket. This is given in terms of free Lie algebras. We refer to Serre [86] for the relevant notation. The notation defined in this section can be a bit cumbersome, and so the reader not interested in these details is encouraged to glance briefly at Proposition 6.5 before moving on to the next section. It will certainly suffice to have an intuitive idea of the degree of a Lie bracket in order to understand the sections that follow.

Definition 6.2 A magma is a set M with a product map from M × M into M and denoted (m_1, m_2) → m_1 · m_2.

Given another set X (assumed here to be finite), we can construct a magma in the following manner. Let X_1 = X, and inductively define X_n = ∏ p+q=n Xp × Xq, where ∏ represents the disjoint union of these product operations.

Definition 6.3 The free magma on X is the set

MX =^{∞∏}_{n=1} Xn

with magma map taking MX × MX to MX given by the canonical inclusion of X_p × X_q → X_{p+q} ⊂ MX resulting from the definition of X_n above. The length of an element w ∈ MX is the unique integer n such that w ∈ X_n.

Next we define the free algebra AX to be the R-algebra generated by MX. An element α ∈ AX is then a finite sum α = ∑ m∈MX c^mm, with c^{m ∈} R. The product in AX derives naturally from the magma map on MX. Let I denote the two-sided ideal of AX generated by elements of the form a · a and a · (b · c) + c · (a · b) + b · (c · a) (recall the definition of a two-sided ideal given in Chapter 2). Note that this is quite suggestive of the defining identities of a Lie algebra.

Definition 6.4 The free Lie algebra LX is the quotient algebra given by AX/I. We write the inherited product on LX as [·, ·].

If we denote by Br(X) the subset of LX containing purely products of elements in X, then we see that Br(X) generates LX as a vector space over R. In order to write down a linearly independent generating set for LX we could use a Philip Hall basis [74, 86], but instead we will rely on a result of Lewis [53]:

Proposition 6.5 Every element of the free Lie algebra LX can be written as a linear combination of repeated brackets of the form

[X_k, [X_{k−1}, [. . ., [X_2, X_1] . . .] ] ], where X_i ∈ X, i = 1, . . ., k. It should be clear now that we can use this free Lie algebra to define a notion of degree for a Lie bracket. Let the set X = (X_0, . . ., X_m) be a finite sequence of indeterminates. Then we inherit a sense of length from the magma MX.

Definition 6.6 Let the degree of B relative to X_a, denoted δ^a(B), be the integer number of times that X_a appears in the bracket B. The degree of B ∈ Br(X) is then given by δ(B) = m∑ a=0 δ^a(B). (6.6)

To illustrate this, suppose that m = 2. Then the degrees for

Y = [X_0, [X_1, X_2], [X_0, X_1] ] and Z = [X_1, X_2]

are δ^0(Y ) = 2, δ^1(Y ) = 2, δ^2(Y ) = 1 and δ^0(Z) = 0, δ^1(Z) = 1, δ^2(Z) = 1, respectively.

Finally, in order to make use of the controllability results given by Sussman in [92], we must also define the θ-degree of a bracket.

Definition 6.7 For each θ ∈ [1, ∞), the θ-degree of Y ∈ Br(X), denoted δ_θ(Y ), is given by

δ_θ(Y ) = 1 θ δ^0(Y ) + m∑ i=1 δ^i(Y ). (6.7)

The interesting point to notice about the θ-degree of a bracket is that it holds in the limit as θ → ∞. Thus, in contrast to the regular notion of the degree of a bracket, we see for the example brackets above that

δ(Y ) = 5 > δ_∞(Y ) = 3, but δ(Z) = 2 = δ_∞(Z).

Thus, depending on the number of times the drift vector field, X_0, appears, the two measures of brackets can be quite different. It will always be true, however, that δ(Y ) ≥ δ_θ(Y ), for Y ∈ Br(X).

Remark: To recap, then, we have used the magma MX to capture the notion of iterated brackets. The free Lie algebra LX was then defined to be the R-algebra formed from MX, with certain elements being modded out (as determined by the defining relations for a Lie algebra). Then we can use indeterminate elements X_0, . . ., X_m to give a precise description of the degree of a bracket.

Lastly, we need a means of evaluating elements in LX in terms of vector fields for a given control problem. Let g = (g_0, g_1, . . ., g_m) be a set of vector fields on a manifold N, so that each g_i is an element of the set of all partial differential operators on C^∞(N). Then if we write an element B ∈ AX as B = a^I X_I , where I = (i_1, . . ., i_k), we can define the evaluation map by substituting in the vector fields for the indeterminates, i.e., by “plugging in the g_i’s for the X_i’s”:

Ev_z(g) : AX → D(N) : a^I X_I → a^I g_I , where g_I = g_{i1} g_{i2} . . . g_{ik} and z ∈ N. The evaluation map can be restricted to LX (and hence Br(X)) to give a surjective homomorphism from LX onto Lg, where Lg is the Lie algebra of vector fields generated by g.

6.1.2 Accessibility and Controllability

In order to discuss control theoretic issues regarding a particular system, we must start by precisely defining the types of control goals we seek. In nonlinear control theory, there are two commonly used notions of control— accessibility and controllability. Putting aside technical definitions for a moment, we would like our control goal to be something like the following: a system will be said to be controllable if, given any initial point q_i and final point q_f , there exists an admissible control law u which drives the system from q_i to q_f . For general nonlinear systems, the notion of small-time local controllability, in which controllability is shown for local neighborhoods of q_i, will be the closest we can come to our goal of controllability. Note that it is still very much a local condition, and, while it is a much stronger condition than accessibility, it is also much more difficult to satisfy. Here we give definitions for these terms and present an example of how they differ.

Let R^V (z_0, T ) denote the set of reachable points in N from z_0 at time T > 0, using admissible controls, u(t), and such that the trajectories remain in the neighborhood V of z_0 for all t ≤ T . Furthermore, let

RVT (z_0) = ∪_{t≤T} R^V (z_0, t)

be the set of all reachable points from z_0 within time T . These two definitions lead us naturally to define the following:

Definition 6.8 [77] The system given by Eq. 6.4 is locally accessible if for all z ∈ N, R^V_T (z) contains a non-empty open set of N for all neighborhoods V of z and all T > 0.

Definition 6.9 [92] The system given by Eq. 6.4 is called small-time locally controllable (STLC) if for any neighborhood V , time T > 0 and z ∈ N, z is an interior point of R^V_T (z) for all T > 0.

For driftless systems, local accessibility and local controllability are equivalent. Notice, however, that the general types of systems in which we are interested will require the presence of a drift vector field, since this is how the momenta enter into the dynamic equations (notice the Ĩ^{−1}p term in Eq. 6.3). To give a motivating example of how these definitions differ, consider the problem of controlling an airplane in flight. The airplane can in a coarse sense be thought of as a system that is locally accessible, since it can basically reach an open set of points relative to its forward trajectory. It is, however, obviously not STLC, since the open neighborhood that it can reach after flying for some small time T does not contain the point at which it started. Notice that here we emphasize that this only holds for small time, or in a local neighborhood. If our requirement for a system to be controllable were only that it be able to move between two points, then the airplane would satisfy this condition, since it could perform a circle in order to return to the starting point. It is unclear as to what sense of controllability will be most important for the purposes of locomotion. To date, however, there are no strong theoretical results concerning questions of global nonlinear controllability, and so we must be satisfied with investigating small-time local controllability.

6.1.3 The Lie Algebra Rank Condition

For general systems of the form: ż = f(z) + h_i(z)u^i, z ∈ N, a standard method for determining accessibility is to compute the accessibility distribution. To do so, we define a sequence of distributions. Let

Δ_0 = span{f, h_1, . . ., h_m}

(the span taken over C^∞ functions on N), and iteratively define

Δ_k = Δ_{k−1} + span{[X, Y ] | X, Y ∈ Δ_{k−1}}.

This is a nondecreasing sequence of distributions on N, and so terminates at some k_f , under certain regularity conditions. We will call Δ_{kf} the accessibility distribution, and denote it by C:

C = Δ_{kf} = Δ_∞.

A standard result from nonlinear control theory (based on Frobenius’ Theorem), known as the Lie algebra rank condition (LARC), equates accessibility with the condition C = T N.

Theorem 6.10 (LARC) If dim C(z) = dim T_zN for all z ∈ N, then the system given by Eq. 6.4 is locally accessible.

As a means of illustrating the calculations necessary to compute the accessibility distribution, we include the following example from Nijmeijer and van der Schaft [77] (Example 3.14).

Example 6.11 Let N = R^2 with coordinates (z_1, z_2). Consider the system ( ż_1 ż_2 ) = ( 0 z^2_1 ) + ( 1 0 ) u.

We can write C as the span of the vector fields

f = z^2_1 ∂ ∂z_2 h = ∂ ∂z_1 [h, f] = 2z_1 ∂ ∂z_2 [h, [h, f]] = 2 ∂ ∂z_2 . Thus, dim C(z) = dim R^2 = 2 for all (z_1, z_2) ∈ N and so Theorem 6.10 implies that this system is locally accessible. Notice, however, that this system possesses a drift term so that ż_2 ≥ 0 everywhere. Given a starting point, (z^0_1 , z^0_2), the reachable sets will consist only of points with z_2 ≥ z^0_2 and hence will not contain (z^0_1 , z^0_2) in their interior. Therefore, this system is not STLC.

6.1.4 The Principal Kinematic Case

Kelly and Murray [43] have derived controllability results for the principal kinematic case. The kinematic case implies a driftless system where accessibility and controllability are equivalent. However, the conditions they give for controllability will be useful in the present context for checking accessibility and controllability in systems where momentum terms drive the system. In the kinematic case, however, momenta arising from symmetries are annihilated by the nonholonomic constraints. Therefore, p ≡ 0, and the equations of motion reduce to

g^{−1}ġ = −A (r)ṙ ṙ = u. (6.8)

Given specified control inputs, the local form of the connection, A (r), thus determines the motion in the full configuration space.

Notice also that for the purposes of establishing controllability, Eq. 6.8 can be viewed as a special case of the general result for nonholonomic mechanical systems given by Bloch, Reyhanoglu, and McClamroch (Theorem 5 in [12]). This result, however, does not make use of the special structure found in these types of problems. By using this structure, Kelly and Murray were able to derive straightforward computational conditions for controllability and suggest methods for generating desired trajectories. In their paper, they establish two important results that will be useful later. First, they observe that by taking the appropriate derivatives, the controllability analysis can be performed on the Lie algebra, i.e., at g = e. Furthermore, they show that the controllability of a kinematic system can be determined solely from the local form of the connection, A , its curvature, and higher covariant derivatives. The reader unfamiliar with exterior derivatives of differential forms is referred to [2].

Definition 6.12 Given a connection form A on Q, the curvature form is the 2-form DA determined by evaluating the exterior derivative of A on horizontal vectors. In other words, DA(X, Y ) = dA(hor X, hor Y ), for X, Y ∈ X(Q).

Noting that the connection form evaluates to zero on horizontal vectors, we can rewrite the curvature form as DA(X, Y ) = dA(X, Y ) + [A(X), A(Y )], where [A(X), A(Y )] is the Lie bracket on g.

The result is then developed using the local curvature form given by

DA (X, Y ) = dA (X, Y ) + [A (X), A (Y )],

where now X, Y ∈ X(M) are base vector fields.

If we rewrite Eq. 6.8 as

q̇ = X^h_i u^i,

with

X^h_i = ( −gA (e_i )_e i )

(recall that e_i is the vector in T_rM with a 1 in the i^{th} row), then it is shown in [43] that each of the brackets in the accessibility distribution C can be expressed in terms of derivatives of the connection. For example, the first order brackets between control vector fields can be expressed in terms of the curvature:

[X^h_i , X^h_j ] = ( −gDA (e_i , e_j) 0 ) , and the next higher order bracket in similar fashion:

[ [X^h_i , X^h_j ], X^h_k ] = ( −g(L_{ek} DA (e_i , e_j) − [A (e_k ), DA (e_i , e_j)]) 0 ) . Noting this, they construct a series of subspaces of g given by repeatedly taking higher derivatives of the connection:

h1 = span{A (X) : X ∈ T_rM } h2 = span{DA (X, Y ) : X, Y ∈ T_rM } h3 = span{L_ZDA (X, Y ) − [A (Z), DA (X, Y )], (6.9) [DA (X, Y ), DA (W, Z)] : W, X, Y, Z ∈ T_rM } . . hk = span{L_Xξ − [A (Z), ξ], [η, ξ] : X ∈ T_rM, ξ ∈ h_{k−1}, η ∈ h_2 ⊕ · · · ⊕ h_{k−1}}. Notice that in the above equations, the connection has been placed in the appropriate mathematical context as a Lie algebra valued one-form on M. Thus, derivatives of A will take their values in g when evaluated along the appropriate vector fields on M. We point out that the curvature of the connection is defined with respect to the structure equations as

DA (X, Y ) = dA (X, Y ) + [A (X), A (Y )],

where [A (X), A (Y )] is the Lie bracket on g and d represents exterior differentiation.

Next recall that for driftless systems local controllability and local accessibility are equivalent, so that the results given below in terms of the accessibility distribution will apply to controllability for systems with purely kinematic constraints. Kelly and Murray define two types of local controllability, adapted for problems of locomotion. Fiber controllability implies that we can use control inputs to move to any position in the fiber, but without regards to the intermediate or final conditions of the controlled variables. On the other hand, total controllability is a slightly stronger condition, basically equivalent to STLC, which includes the ability to fully specify the motion of the controlled variables.

Proposition 6.13 [43] The system given by Eqs. 6.8 is locally fiber controllable at q ∈ Q if and only if

g = h_1 ⊕ h_2 ⊕ h_3 ⊕ · · · ,

and is locally totally controllable if and only if

g = h_2 ⊕ h_3 ⊕ · · · .

The subspaces, h_k ⊂ g, will be used below to give sufficient conditions for local accessibility (and later controllability) of the general mixed case given by Eqs. 6.5.

In order to illustrate the above definitions (and to make clearer the distinction between fiber and total controllability), we include the example of the two-wheeled mobile robot, presented by Kelly and Murray in [43].

Example 6.14 Two-wheeled Mobile Robot (cont.)

Recall the two-wheeled planar mobile robot described in Chapter 2. The configuration space is Q = G × M = SE(2) × (S× S), with coordinates q = (x, y, θ, ϕ_1, ϕ_2). The constraints defining the no-slip condition can be written as in Eq. 6.8 so as to highlight their Lie group structure:

cos θ sin θ 0 − sin θ cos θ 0 0 0 1 ẋ ẏ θ̇ = − ρ 2 ρ 2 0 0 ρ 2w − ρ_2w ( ϕ̇_1 ϕ̇_2 ) .

From this, it is clear that the local form of the connection is given by

A (r) = ρ 2 ρ 2 0 0 ρ 2w − ρ_2w . (6.10)

Also, we note that it is easy to show that the base directions are controllable using Eqs. 2.9 and 2.10.

The connection is used to define h_1 for the controllability calculations, and so

h1 = span{(1, 0, 1 w )^T , (1, 0, − 1 w )^T }. In order to compute the curvature, DA , we use the formula DA = dA + [A , A ], for which we will need the structure constants of the Lie algebra. A straightforward calculation shows that for ξ, η ∈ g,

[ξ, η] = ξ^2η^3 − ξ^3η^2 ξ^1η^3 − ξ^3η^1 0 ,

using the standard basis for se(2). If we write A using differential forms as A = ρ 2 dϕ_1 +^ρ_2 dϕ_2 0 ρ 2w dϕ_1 −^ρ_{2w} dϕ_2 ,

then it is easy to see that dA = 0. Calculating the bracket, we get

DA = [A , A ] = − 0 ρ^2 2w dϕ_1 ∧ dϕ_2 0 .

Clearly, the Lie algebra element

(0, 1, 0)^T ∈ h_2

is in the span of DA , when applied to the appropriate tangent vectors. Thus, the two-wheeled mobile robot is fiber controllable, since h_1 + h_2 = g. However, Kelly and Murray show in [43] that the higher order derivatives of A (r) will never lead to terms with nonzero elements in the third slot (i.e., terms like (∗, ∗, 1)), and so the mobile robot in this example is not totally controllable (since h_2 + h_3 + · · · ≠ g). This surprising result is related to the geometric relationship between the two wheels, and the paths which they must follow.

6.2. Local Accessibility 99

6.1.5 Unconstrained Systems with Symmetries

In the same manner as for the principal kinematic case above, Montgomery [71] showed that similar tests can be used to show controllability for an unconstrained dynamical system with Lie group symmetries. His result applies to the case where the spatial momentum μ is zero (and hence the body momentum p = Ad^∗_g μ = 0), so that all motion is horizontal. For this situation, we see that, since the momentum is zero and constant (recall Noether’s theorem for unconstrained systems), the equations reduce to those of the principal kinematic case (Eq. 6.8), g^{−1}ġ = −A(r)ṙ ṙ = u, where A is again the mechanical connection. Using the same construction above, his result states that if

g = h_2 ⊕ h_3 ⊕ · · · ,

then any two configurations q_0 and q_1 can be connected by a horizontal path, i.e., one which satisfies the μ = 0 constraint. In other words, even though we have a fully dynamical system, it is possible to give simple controllability conditions based on the connection. Notice, however, that for μ ≢ 0 this presents a drift term which implies that controllability and accessibility are no longer equivalent, and so Chow’s theorem (LARC) implies only accessibility. One of our goals in the following sections is to derive tests for general systems with symmetries and constraints in order to establish basic controllability results.

6.2 Local Accessibility

We begin this section by examining a few of the lower order brackets in the accessibility distribution, C, which play an important role in the accessibility and controllability analyses to follow. Notice that we have chosen the control vector fields in such a manner that they are mutually orthogonal, and such that [h_i, h_j] = 0, ∀ i, j ∈ {1, . . ., m}. The remaining first order brackets (those in Δ_1) will be of the form of a control vector field bracketed with the drift vector field. A quick calculation shows that

α_i := [h_i, f] =

−A_i (r)

(σ_{ṙṙ})_{ij}ṙ^j + (σ_{pṙ})^j_i p_j e_i 0 .

At this point we direct the reader’s attention to the similarity between this set of vector fields and those for the kinematic case. If one disregards the variables which are eliminated in the kinematic case, i.e., the momentum and acceleration variables, then the two sets of equations are identical. A loose mathematical interpretation of this similarity is that the bracket operation pairing the drift and torque controls (given by α_i = [h_i, f]) yields a vector field that is “equivalent” to having integrated the input control torques, converting them to something approximating velocity controls. Hence they take on a form reminiscent of the kinematic case, where the control inputs are velocities. This, of course, is just a naive way of describing the similarities between the brackets α_i and the inputs in the principal kinematic case.

Moving to the second order brackets, an interesting thing happens when we bracket h_i with α_j :

β_{ij} := [h_i, α_j] = [h_i, [h_j, f] ] = 0 (σ_{ṙṙ})_{ij} 0 0 .

Thus, the σ_{ṙṙ} term, which is a cross-coupling term for the base variables, directly affects the momentum variables via the β_{ij} brackets. Viewing this coupling as a map, σ_{ṙṙ} : T M × T M → R^p, then σ_{ṙṙ} being surjective implies that all of the momentum directions can be generated via this second order bracket. This mapping will be quite useful for a variety of reasons, as detailed below.

Proposition 6.15 Assume that σ_{ṙṙ} is onto and that

g = h_2 + h_3 + · · · ,

where the h_k’s are defined as above (Eqs. 6.9) using the local form of the connection given in Eqs. 6.5. Then the system given by Eqs. 6.5 is locally accessible.

Proof: To show accessibility, we need to show that the distribution Δ_∞ spans T N at each point z. The assumption on σ_{ṙṙ} implies that the bracket given by [h_i, [h_j, f] ] will span the momentum directions, so it remains only to show that Δ_∞ contains the fiber and base directions. To do this, we begin with Δ_1. It will contain vectors of the form,

h_i = 0 0 0 δ_i and αi = −A_i (r)

(σ_{ṙṙ})_{ij}ṙ^j + (σ_{pṙ})^j_i p_j e_i 0 .

Thus, the base directions (velocity and acceleration vectors on M) will be contained in Δ_1. Next, we examine Δ_2. It will contain the vectors, α_i, and also vectors of the form,

β_{ij} = 0 (σ_{ṙṙ})_{ij} 0 0 .

Thus, for each z ∈ N we can cancel off the terms in α_i which act in the momentum direction, and so define a new set of vector fields to operate on:

α̃_i =

−A_i (r)_0 e_i 0 .

Using these vector fields, we define

Δ̃_2 := span{f, h_i, β_{ij}, α̃_i}.

and the subsequent distributions, Δ̃_k, similar to before. Then Δ̃_∞ ⊂ Δ_∞. As in the kinematic case, higher order bracketing of α̃_i and α̃_j will lead to higher order derivatives of the connection, A (r). By the assumption that h = g_2 + g_3 + . . ., we have it that Δ̃_∞ = T_zN, for each z ∈ N. The result follows since Δ_∞ ⊃ Δ̃_∞ = T_zN. � The criterion given in Proposition 6.15 will be used in the following sections as a basis for checking local controllability and for demonstrating accessibility and controllability properties for the snakeboard example.

6.3 Local Controllability

Unfortunately, for nonlinear systems with drift we have seen above that local accessibility may be quite different from local controllability. In order to provide a result for controllability, we will need to show that certain of the higher order brackets either vanish or can be written as a linear combination of lower order brackets. This result is due to Sussman [92], and is the strongest statement of local controllability for nonlinear control systems with drift of which we are currently aware. For further details on this construction, please refer to [12, 92].

Let h_0 := f so that Δ_0 = span{h_0 = f, h_1, . . ., h_m}. As above, we will represent brackets of these vector fields using a finite sequence of indeterminates, {X_0, . . ., X_m}. We have already defined the degree of X ∈ Br(X) and the θ-degree of X to be the sum and scaled sum of the δ^i’s, respectively.

We also need to define a symmetrizer operation, β(X), as β(X) = ∑ π∈Sm π̃(X), where S_m is the group of permutations on {1, . . ., m}, and π̃ is the operator on L(X) that fixes X_0 and permutes X_1, . . ., X_m, sending X_i to X_{π(i)}. Thus, β(X) is the sum of all permutations of the bracket X that leaves X_0 fixed. This is a technical definition used by Sussman, but which we will not actually need to compute in practice.

Then, we have the following theorem due to Sussman:

Theorem 6.16 [92] Given the system of Eq. 6.4, with h_0(z_0) = f(z_0) = 0 at an equilibrium point z_0 ∈ N, assume that g = (h_0, . . ., h_m) satisfies the LARC at z_0. Further, assume that there is a θ ∈ [1, ∞) such that whenever X ∈ Br(X) is a bracket for which δ^0(X) is odd and δ^1(X), . . ., δ^m(X) are all even, then there exist brackets Y_1, . . ., Y_k such that

Ev_{z0} (g)(β(X)) = α^iEv_{z0} (g)(Y_i),

for some α^1, . . ., α^k ∈ R, and δ_θ(Y_i) < δ_θ(X), i = 1, . . ., m. Then the system defined by Eq. 6.4 is STLC from z_0.

For ease of use, we restate this in a slightly weaker corollary that will help to simplify the necessary calculations.

Corollary 6.17 Given the system of Eq. 6.4, with h_0(z_0) = f(z_0) = 0 at an equilibrium point z_0 ∈ N, assume that g = (h_0, . . ., h_m) satisfies the LARC at z_0. Further, assume that whenever X ∈ Br(X) is a bracket for which δ^0(X) is odd and δ^1(X), . . ., δ^m(X) are all even, then there exist brackets Y_1, . . ., Y_k such that

Ev_{z0} (g)(X) = α^iEv_{z0} (g)(Y_i),

for some α^1, . . ., α^k ∈ R, and δ(Y_i) < δ(X), i = 1, . . ., m. Then the system defined by Eq. 6.4 is STLC from z_0.

Proof: The two things to show here are that δ(Y_i) < δ(X) implies δ_θ(Y_i) < δ_θ(X) and that we can remove the symmetrization operation, β. The first statement is obvious, since δ(X) = δ_θ(X)|_{θ=1}. To prove the statement regarding the symmetrizer, β, notice that if X is a bracket for which δ^0(X) is odd and δ^1(X), . . ., δ^m(X) are all even, then β(X) = ∑ π∈Sm π̃(X)

will also have δ^0(X) odd and each δ^1(X), . . ., δ^m(X) even, since it is just a permutation of the order of the elements. Thus, it is covered by the assumption that any bracket having these relative degrees must be expressible by a linear combination of lower order brackets. �

With this corollary in mind, we define a “bad” bracket to be those brackets for which the drift term appears an odd number of times and for which the control vector fields each appear an even number of times (including zero times). The sufficient conditions for small-time local controllability, then, can be simply restated as requiring that all “bad” brackets be expressible in terms of brackets of lower degree.

Proposition 6.18 Assume that the system defined by Eqs. 6.5 is locally accessible, that the map σ_{ṙṙ} is onto, and that (σ_{ṙṙ})_{ii} ≡ 0 for i = 1, . . ., m (no summation over i). Then this system is small-time locally controllable (STLC) from all equilibrium points, z_0 ∈ N.

Proof: In order to show controllability, we begin by demonstrating that all “bad” brackets as defined by Sussman will either be zero or be expressible in terms of lower order “good” brackets (in fact, of order 3). This, along with the assumption that the LARC is satisfied (using the results from the kinematic case), will give the result via Corollary 6.17.

First, we restrict our attention to the point z_0 = (0, 0, 0, 0) ∈ G × R^p× M × T_rM. It is easy to show that the result will hold for all equilibrium points, z ∈ N (of the form z = (g, 0, r, 0)), by translating Eqs. 6.5 appropriately. Also notice that f(z_0) = 0, satisfying the first requirement of Theorem 6.16.

Next, recall the definition of the degree of a bracket and notice two important facts that must be true of any bad bracket X: 1) δ(X) must be odd, and 2) δ^0(X) ≠ ∑m i=1 δ^i(X). These are both made true by virtue of there being exactly one odd term in the summation of Eq. 6.7. The first condition implies that all even order brackets are necessarily “good” brackets, while the second condition implies that for bad brackets the quantity

γ(X) := δ^0(X) − m∑ i=1 δ^i(X) is always odd, and thus never zero.

More specific to the system of Eqs. 6.5, let O(k) denote a function in (z, ż) which is a homogeneous polynomial of order k in (ṙ, p). Thus, f(z) = (O(1), O(2), O(1), 0). A straightforward set of calculations shows that for any bracket involving the drift vector field, f, bracketing by f will increase the order of these functions by 1, and that bracketing by any of the h_i’s will decrease the order of the bracket by 1. Thus, we will find that for any bad bracket, X, (which by definition must contain at least one X_0 in the bracket), it will evaluate to a vector field with the form Ev_{z0} (g)(X) = (O(γ(X)), O(γ(X) + 1), O(γ(X)), 0)^1, or will be identically zero, e.g., any bracket involving [h_1, h_2] ≡ 0. Viewed this way, it is easy to see that all bad brackets for which γ(X) ≠ −1 must have Ev_{z0} (g)(X) = 0.

1We have allowed γ(X) to be negative, and so define O(k) = 0 for all k < 0.

Thus, the only bad brackets that we need worry about are those with γ(X) = −1, for which Ev_{z0} (g)(X) = (0, O(0), 0, 0). These are brackets which lie in the momentum direction. But we have already assumed that the map σ_{ṙṙ} is onto, which means that these directions are captured by a bracket of degree 3:

β_{ij} = Ev_{z0} (g)([X_i, [X_j, X_0] ]) = 0 −(σ_{ṙṙ})_{ij} 0 0 .

Unfortunately, brackets of the form [X_i, [X_i, X_0] ] (i = j) are also bad brackets, which explains the necessity of assuming that (σ_{ṙṙ})_{ii} ≡ 0. Given this, however, we see that any bad bracket which is not zero at z_0 can be rewritten in terms of brackets of the form [h_i, [h_j, f] ], where i ≠ j. �

6.4 Locomotive Gaits

Let us briefly consider an important aspect of locomotion that is intricately related to the study of control for these types of systems. A very common observation of locomotion is that it is most often generated by cyclical shape changes [24, 32]. The motion takes on a characteristic form, called a gait.

Definition 6.19 A locomotive gait is a specified cyclic pattern of internal shape changes (inputs) which couple to produce a net motion.

One very interesting phenomenon that arises in the study of locomotion is the presence of a very limited set of basic motion patterns. For each species, there usually exist at most a handful of gaits, often tailored for specific needs or environments. For instance, a human will walk or run, depending on the desired speed, but may also hop or skip (though these two gaits do not seem to serve any evolutionary function). On the other hand, snakes will generally move in a serpentine fashion, but can adapt to other environments. For instance, on a slippery surface, a snake may push off the walls of its environment and move in a concertina (inch-worm) gait. Also, snakes in the desert are known to use a sidewinding gait in order to minimize the amount of time that body surfaces spend in contact with the hot sand, and maximize the time that surfaces are off the ground and hence cooled by the air. What is interesting about all of this is that there is a small set of gaits that are used, and almost universally these gaits are based on a single frequency of oscillation. In studying locomotion, and in particular when examining related control issues, it will be important to ask the question of how our models and control laws reflect these naturally occurring patterns of motion.

6.5 Examples

We provide here a brief discussion of the gaits that have been found for our two examples, the snakeboard and the Hirose snake. Obviously, the analysis of gaits is intricately related to issues of controllability for locomotion systems.

6.5.1 The Snakeboard

We return to the snakeboard example to investigate controllability and gait patterns. Obviously, the bracket of the control inputs, [h_ψ, h_ϕ], is identically zero. The only other first order brackets are those mixing the drift vector field with the control inputs:

α_ψ = [h_ψ, f] = (Jr sin 2ϕ 2ml cos θ, J_r sin 2ϕ 2ml sin θ, −J_r sin^2 ϕ ml^2 , 2ϕ̇J_r cos^2 ϕ, 1, 0, 0, 0 )_T

and α_ϕ = [h_ϕ, f] = ( 0, 0, 0, 2ψ̇J_r cos^2 ϕ − p tan ϕ, 0, 1, 0, 0 )_T . Notice that these vector fields have “1’s” in the appropriate velocity directions. As mentioned above, this loosely corresponds to integrating the control torques to velocity controls. Notice that this will also encode the information given by the local form of the connection, A (r), since the connection relates input velocities to fiber velocities.

The vector fields above imply control of the base (assumed to be controllable). In order to show accessibility and controllability (STLC), the first criteria to be satisfied are the conditions on σ_{ṙṙ}, given by the following third order brackets. First, we need the diagonal elements of σ_{ṙṙ} to be zero. This is seen to be true via a direct calculation:

β_{ϕϕ} = β_{ψψ} = 0.

Then we look at off diagonal terms to show that σ_{ṙṙ} is onto (and hence that the momentum direction is contained in the accessibility distribution). To see this, we simply write down the necessary bracket:

β_{ϕψ} = [h_ψ, α_ϕ] = ( 0, 0, 0, 2J_r cos^2 ϕ, 0, 0, 0, 0 )_T , which is nonzero for all ϕ ≠^π_2 .

Finally, to demonstrate that the snakeboard is controllable, we need show that g = h_2 + h_3 + . . . , using the connection, A (r). We begin by computing [α_ϕ, α_ψ], which gives us the curvature of the connection, DA . This yields terms of the form: ( Jr ml cos 2ϕ, 0, −^{Jr}_{ml2} sin 2ϕ )_T ∈ h_2.

Then, [α_ϕ, [α_ϕ, α_ψ] ] yields ( −^2J^rml sin 2ϕ, 0, −^2J^rml_2 cos 2ϕ )_T ∈ h_3,

and [α_ϕ, [α_ψ, [α_ψ, [α_ψ, α_ϕ] ] ] ] gives ( 0,^{2Jr 2}_{m2l3} cos 2ϕ, 0 )_T ∈ h_5.

Thus, g = h_2 + h_3 + h_5, and the conditions for Proposition 6.18 are satisfied.

The reader should note that while the condition that (σ_{ṙṙ})_{ii} ≡ 0 in Proposition 6.18 may appear slightly artificial, it is required for satisfying Sussman’s criterion for controllability. This is due to the fact that there are no other brackets of lesser degree (or for that matter, lesser θ-degree) that are nonzero and with elements in the momentum directions. In fact, research by Lewis and Murray [56] suggests that similar conditions may be needed for general mechanical systems. They study accessibility and controllability for unconstrained mechanical systems (not necessarily with symmetries), and report similar conditions on third order brackets of the type [h_i, [f, h_i] ]. In their case, these brackets are allowed to be nonzero if they are contained in the control input vector field; however, it is not difficult to show that for our purposes these brackets must be identically zero.

Finally, having shown that the snakeboard is controllable, we return to the question of how these calculations relate to the gait patterns demonstrated by the snakeboard. A major part of this issue, then, is asking the question, “what role do the connection and its derivatives really play in describing the actual motion of the system?” In particular, “what is the relationship between the connection and its derivatives and locomotive gaits?” Although the results at present are only qualitative, they certainly suggest that we are on the right track. Along with this, they provide some hints as to what directions to follow in future research.

Extensive simulations of the snakeboard gaits can be found in [57], some of which are included here to provide a new perspective on how these results fit into the present context. To date, there have been three basic gait patterns studied for the snakeboard: the “drive” (or “serpentine”) gait, the “rotate” gait, and the “parallel parking” gait. In each of these, we assume complete control of the base variables, ϕ and ψ, and specify their trajectories as sinusoidal inputs of the form:

ϕ = a_ϕ sin(ω_ϕt) and ψ = a_ψ sin(ω_ψt).

A gait will be referenced by an integer ratio of the form ω_ϕ : ω_ψ, corresponding to the ratio between ω_ϕ and ω_ψ. For instance, a 3:2 gait (the parallel parking gait) would correspond to ω_ϕ = 3 and ω_ψ = 2. For the simulations, the following parameters were used:

m : 6 kg J : 0.06 kg·m^2 J_r : 0.167 kg·m^2 J_w : 0.00167 kg·m^2 l : 0.3 m

These values roughly reflect the physical parameters used to build a working prototype snakeboard (shown in Figure 6.1).

Figure 6.1 A working demo version based on the snakeboard model

Figure 6.2 Position of the center of mass for the 1:1 (drive) gait

The “drive” gait The drive gait is characterized by a 1:1 frequency ratio, and demonstrates a forward, serpentine motion resembling that of a snake. A simulation of this gait is shown in Figure 6.2, using the parameters: a_ϕ = 0.7 rad, a_ψ = −1 rad, and ω_ϕ = ω_ψ = 1 rad/sec. We remark that the scaling of the axes given in this figure and those to follow is chosen so as to maximize the visibility and spread of the data presented in these figures, and so this must be taken into account when interpreting the results in terms of physical quantities. Notice that in Figure 6.2 the amplitude of the motion in the transverse or y-direction steadily increases. This is due to the fact that momentum is continually being built up by this gait. Human riders use feedback to control this effect, and are visibly seen modifying their input patterns once a desired speed is reached.

In relationship to the Lie bracket calculations, we notice that the 1:1 frequency

Figure 6.3 Position of the center of mass for the 2:1 (rotate) gait

ratio has a direct correspondence to the 1:1 bracket, [α_ϕ, α_ψ]. In fact, evaluated at ϕ = 0 (the center of the wheels’ rotation), the bracket gives a Lie algebra element of ( Jr ml , 0, 0 )_T . This is written in the body frame of the board, and so corresponds to forward motion, along the length of the board.

The “rotate” gait The rotate gait uses a 2:1 frequency ratio, and generates a rotational motion (in θ) that leaves the (x, y) position relatively unchanged in the mean. The input parameters for the simulation shown in Figure 6.3 were a_ϕ = 0.7 rad, a_ψ = 1 rad, ω_ϕ = 2 rad/sec, and ω_ψ = 1 rad/sec. The snakeboard moves steadily around a central point, while undergoing large rotations– moving π radians, or one half rotation, in approximately four cycles.

Again, we return to examine the correspondence of this motion with the Lie bracket. We see that the necessary bracket direction, the θ-direction, is given by a 2:1 Lie bracket. Namely, [α_ϕ, [α_ϕ, α_ψ] ] | | ϕ=0 produces the element ( 0, 0, −^{2Jr}_{ml2} )_T . The “parking” gait The final gait studied is the parallel parking gait, so called because its motion resembles that of a car performing a parallel parking maneuver (see Figure 6.4). It is based on a 3:2 frequency ratio and generates a net lateral motion, transverse to the length of the board. The parameters used in the simulation were a_ϕ = 0.7 rad,

Figure 6.4 Position of the center of mass for the 3:2 (parking) gait

a_ψ = 1 rad, ω_ϕ = 3 rad/sec, and ω_ψ = 2 rad/sec.

The 3:2 bracket, [α_ϕ, [α_ψ, [α_ψ, [α_ψ, α_ϕ] ] ] ], in which α_ψ appears 3 times and α_ϕ appears twice, gives ( 0,^{2Jr 2}_{m2 l3} , 0 )_T . Other permutations of the fifth order, 3:2 bracket give Lie algebra elements that are either in the same direction or are identically zero. The nonzero entry in the second position of the Lie algebra element above corresponds directly to the direction transverse to the board, namely the y-direction when the board is at θ = 0.

6.5.2 The Kinematic Snake

With the kinematic snake of Hirose, there is obviously a principal gait pattern in which we are most interested— the gait found in common snakes as they slide along the ground. This gait was described by Hirose as being closest to a “serpenoid” curve, and we show below that the serpentine gait generated by our theoretical model is strikingly similar to the pattern of the serpenoid curve. We also present two other gaits not normally seen in nature, but which arise for the particular model we are using. These could be implemented in a snake robot based on Hirose’s ACM III.

At this point, we do not have useful results regarding controllability of the kinematic snake, but this is the goal of work in progress. One of the factors hindering this effort is the presence of singularities in this type of model. These will occur any time the axes of the three wheels of the kinematic snake intersect at a point, which occurs frequently for the gaits we are examining. These singularities force us to choose carefully the form of the inputs. Further work is obviously necessary, perhaps with extensions to include in the model slipping of the wheels and friction forces acting internally and externally.

The gaits presented below are only a selection of the more interesting gaits that have been explored. As with the snakeboard, they are all based on integrally related frequencies of the shape inputs. The ratios we give will relate the frequency of bending of the inter-segment angle, ψ_i, versus the frequency of the rotation of the wheels, measured in ϕ_i. Thus, a 2:1 gait represents the segments bending at twice the speed as the turning of the wheels. Unlike the snakeboard, however, the relative phasing of each of these angles will play a critical role in generating locomotion, as well as in avoiding the kinematic singularities (while phasing is important for the snakeboard, it is not nearly as crucial as it is for the kinematic snake).

The “serpentine” gait We begin the analysis by examining the serpentine gait, which arises when using a 1:1 frequency ratio. For this, we use sinusoids of the form:

ϕ_i = a^ϕ_i sin(ω^ϕ_i t + p^ϕ_i ),

where similar values for ψ_i will be superscripted with a ψ. The serpentine gait is demonstrated using common values for the amplitude and frequencies, so that

a^ϕ_1 = a^ϕ_3 = 0.2 = −a^ϕ_2 , a^ψ_1 = a^ψ_3 = 0.6,

ω^ϕ_1 = ω^ϕ_2 = ω^ϕ_3 = 1, ω^ψ_1 = ω^ψ_3 = 1,

and with the length from the wheel base to inter-segment pivot point set to 0.1m (hence a full segment would measure 0.2m).

Figure 6.5 A plot of (x, y) for the kinematic snake in serpentine mode

Figure 6.6 A trace of the kinematic snake in serpentine mode

For the phasing, we send a traveling wave down the length of the snake (done by using an increasing value for the phase of the wheels), while forcing the intersegment angle to move 90^∘ out of phase with their corresponding wheels. Thus, for the simulation shown in Figure 6.5, the phases are given by

p^ϕ_1 = −^π_{16} , p^ϕ_2 = 0, p^ϕ_3 =^π_{16} , p^ψ_1 =^{7π}_{16} , p^ψ_3 =^{9π}_{16} .

Notice that each of the wheel angles differs by^π_{16} , while the joint angles are^π_2 out of phase of their respective wheel angles. To give an idea of how this resembles the motion of a snake, we include a trace of the serpentine motion in Figure 6.6.

By varying the magnitudes of the wheel angles (or the inter-segment joint angles), slightly different patterns of locomotion are found to occur. Figure 6.7 shows the resultant gaits for three different values of a^ψ_1 = a^ψ_3 = a^ψ. Each of these simulated gaits is run for the same length of time, which indicates that certain parameter values will result in a greater distance being traveled. This information can be very useful in designing an actual snake robot by helping to optimize the parameters chosen for locomotion. We present in Figure 6.8 two parameter sweeps (one on ϕ and on ψ) which show obvious peaks indicating possible optimal parameter choices, given the phasing between segments (^π_{16} rad) and segment length (0.2m).

One point of interest is to examine how this motion compares with the serpenoid curve proposed by Hirose [33]. We generate this curve using the following

112 6. Controllability and Gaits

Figure 6.7 Three different shapes for the serpentine gait

Figure 6.8 Joint angle parameter sweeps versus “forward” distance traveled

Figure 6.9 A comparison of the kinematic snake model versus the serpenoid curve

parameterization:

ẋ = cos (α sin(βs)) (6.11) ẏ = − sin (α sin(βs)) . (6.12)

We have observed that the parameters α and β can be chosen such that the serpenoid curve defined by Eqs. 6.11 and 6.12 can be made to match arbitrarily closely any of the serpentine patterns generated using the 1:1 gait. An example of this is given in Figure 6.9, with α = 0.85 and β =^{23π}_{16} ≃ 4.52rad.

As a final note on the serpentine gait, we mention that it seems to work well when additional segments are added using the methods described in Chapter 5 above. At this point we measure this only qualitatively, and refer to Figure 6.10 in which the trace of a 5-segment snake robot is given. Notice that the additional two segments seem to follow the leading three segments quite well. Further analysis of these extensions is still required to explore the possibility of adding segments when following other gaits and patterns of motion.

The “rotate” gait Finally, there are two other types of gaits, both producing a net rotation, though by very different types of motion. The first gait uses a more “natural” type of gait for a snake, characterized by forward and backward motions similar to the snakeboard rotate gait (and reminiscent of how humans turn a car in tight situations, e.g., a “three-point turn”). The other gait does not seem practical for a real snake, but might be employed by a mobile robot. The frequency ratios for these two gaits are the inverses of each other. For the more “natural” gait, shown in Figure 6.11, the frequency ratio is 2:1, with the parameters used being the same as above, except that ω^ψ_1 = ω^ψ_2 = 2 and all joint magnitudes, a^ϕ_1 , . . ., a^ψ_2 being set to 0.4 and 0.5, respectively.

114 6. Controllability and Gaits

Figure 6.10 Traces of the 5-link kinematic snake

Figure 6.11 A central body segment trace of the 2:1 gait

Figure 6.12 A trace of the angle θ for the 1:2 gait

Finally, the 1:2 rotate gait, with the parameters set so that a^ϕ =^π_4 and a^ψ =^{3π}_8 , is shown in Figure 6.12. Notice that we have plotted the variation of θ, the angle of the central body segment, with respect to time. This is because the actual (x, y) position of this segment moves only very insignificantly during the motion of this gait.

116 6. Controllability and Gaits

Chapter 7

Conclusions and Future Work

7.1 Conclusions

The primary goal of this work has been to develop and explore new results in the theory of nonholonomic mechanical systems with symmetries, emphasizing in particular how these results can be used as a unifying framework for analyzing locomotion. Obviously, the theory presented here is not restricted to just locomotion systems. In fact, it can be applied to general principal fiber bundles with G-invariant Lagrangian functions [10]. From an engineering perspective, however, we have found the theory to be quite revealing when restricted to mechanical systems on trivial principal fiber bundles, which covers a large spectrum of locomotion systems. The intent of this thesis has been to present these ideas with enough mathematical rigor to justify the results, but at a level that is approachable by engineers interested in studying problems of locomotion.

In Chapter 2 we have provided a brief introduction to the tools needed to understand the processes involved in Lagrangian reduction and, in particular, for the setting of constrained systems. The important symbols and notation are first highlighted, followed by a development of the theory of Lie groups, including the concepts of Lie algebras, principal fiber bundles, and symmetries for functions, vector fields, and one-forms. The second half of Chapter 2 was devoted to developing the equations of motion for dynamical systems with constraints, and theorems that are standard to the literature, including Noether’s theorem for unconstrained systems and Frobenius’ theorems for distributions. The theory in Chapter 2 is illustrated through the use of two examples: Elroy’s beanie and the two-wheeled mobile robot. These examples were chosen to give some intuition into unconstrained systems and systems with principal kinematic constraints, respectively.

Having established the notation and basic theoretical foundations, we returned in Chapter 3 to discuss the process of Lagrangian reduction in the absence of constraints. Basic to this theory is the use of a connection on a principal fiber bundle. Along with this, we described the momentum map and connection one-form. In Chapter 3, we have attempted to give some motivation as to why the connection is a very important concept that can be used to help understand the generation of net locomotion from basic shape changes. We also presented two methods for Lagrangian reduction in unconstrained systems: the more traditional Routhian method and an alternative formulation in terms of the constrained Lagrangian. The utility of the constrained Lagrangian method lies in the fact that it is quite straightforward for unconstrained systems, and generalizes easily to the case in which nonholonomic constraints are present. It also allows us to write down the reduced base equations using simple matrix operations.

In Chapter 4, we have given a complete exposition of the reduction and reconstruction procedure for mechanical systems with symmetries and constraints. This chapter starts with explicit statements of the main assumptions used in developing the generalized momentum, and includes a constructive method for generating a basis for the constrained Lie algebra. The remainder of Chapter 4 was centered around the generalized momentum developed by Bloch et al. [10]. The generalized momentum describes the momentum of the system along the constrained symmetry directions. An alternative derivation using the nonholonomic variational principle was used to develop the generalized momentum equation, which includes forcing functions in the directions of symmetry. The generalized momentum (and its governing equation) is very important for locomotion systems since the momenta (and hence, velocities) along the unconstrained directions effectively describe the net motion of the system. Thus, the generalized momentum equation plays an important role in determining how the internal shape changes can be used to build a net velocity for a locomotive body. We also showed that the momentum and momentum equation can always be chosen to be invariant, given that the constraints are themselves G-invariant. These facts were then used to synthesize a nonholonomic connection for this system (along the lines of [10]). Using this connection, it was demonstrated how to reduce the equations of motion to an extended base space, using basic matrix manipulations. Using these formulas, the reduced dynamics on the base space can easily be computed using standard symbolic manipulation packages such as Mathematica or Maple. Finally, we briefly discussed the process of reconstruction, using the connection and generalized momentum equation.

The theory presented herein has been applied to many different examples in locomotion and beyond. In Chapter 5, we have presented two new examples which illustrate various facets of the theory. The treatment of the snakeboard is the more comprehensive of these two examples, both in the analysis performed and in the ways in which it illustrates the theory. The model we use for the snakeboard clearly falls in the category of “mixed” constraints, so that there is a non-trivial generalized momentum term. By reducing to the base space, it was easily shown that the base dynamics are controllable. This fact was used later in Chapter 6 to discuss issues of controllability for the snakeboard. The kinematic snake of Hirose, on the other hand, demonstrates the theory as applied to the principal kinematic or Chaplygin case. Thus, there is no generalized momentum equation, but the same principles of building a connection on a trivial principal fiber bundle apply. We have used the decomposition into base and fiber variables to gain an insight into how to extend our model to include many more segments in the body of the snake.

Finally, in Chapter 6 we have established initial results concerning accessibility and controllability tests for nonholonomically constrained systems with symmetries.

After reviewing some concepts on free Lie algebras, we presented a summary of the relevant results from the principal kinematic and unconstrained cases (both of which can be considered as driftless problems). These results were then used as a basis for establishing sufficiency tests for accessibility and controllability in the general case in which the generalized momentum enters as a drift term. We concluded Chapter 6 with a discussion of gaits and a summary of the many gaits found in the examples presented in Chapter 5.

7.2 Future Work

We have presented in this thesis a comprehensive theory that can be used as a basis for further study of locomotion problems. This theory, however, has opened up as many questions for future research as it has answered regarding our basic understanding of locomotion. This section is divided into a series of subsections, each of which is devoted to a separate area of possible future research.

7.2.1 Averaging Theory for Lie Groups

One of the more obvious goals in studying locomotion is to begin to develop methods for generating and tracking trajectories. Until basic steps toward this goal are taken, the feasibility of actual robotic implementations of alternative modes of locomotion is severely limited. In Section 6.4, we have presented a first cut at this goal, by providing basic gaits that generate certain directions of motion. However, due to the nonlinearities of the problem, the concept of using superposition to blend two gaits into other hybrid gaits is not possible.

In this section, we discuss in some detail results on averaging theory for Lie groups developed by Leonard and Krishnaprasad [51]. The structure that they use most closely resembles the structure found in the principal kinematic case, and so these would be the first types of problems to examine in attempting to extend their theory. As a basic synopsis of what they have done, the theory allows one to give explicit results for (locally) equating Lie bracket directions with the motion that is generated by small-amplitude periodic controls. They also develop a constructive control algorithm designed to exploit the averaging results [52]. While the results are only valid for drift-free systems in which the local form of the connection is constant, it is hoped that future research will reveal how their techniques can be applied to control systems on fiber bundles and to systems with drift.

First, we write the control system as

g^{−1}ġ = ϵU(t), U(t) = f_iu^i(t), (7.1)

where f_1, . . ., f_l form a basis for g, u^i(t) ∈ R are the control inputs, and ϵ > 0 is a scaling parameter which reflects the use of small-amplitude inputs, such that ϵu^i is small. Although we have defined Eq. 7.1 using a full set of inputs, in general it is assumed that some of the u^i are identically zero. In fact, from the perspective of control theory, the really interesting cases occur when there are fewer controls than states.

For the purposes of averaging, certain terms will arise repeatedly. We use periodic inputs of common period T , and so let

ũ^i(t) = ∫ t 0 u^i(τ)dτ and u^i_{av} = 1 T ũ^i(T ). Also, let Ũ = ũ^if_i. They make the additional assumption that u^i_{av} = 0 for each i, which implies that each ũ^i also has common period T .

Along with demonstrating that the Lie brackets specify the directions of motion, Leonard and Krishnaprasad also show that the magnitude of that motion is proportional to certain areas bounded by the inputs. With this in mind, define the quantities Area^{ij} (T ) = 1 2 ∫ T 0 ( ũ^i(τ) ˙ũ^j(τ) − ũ^j(τ) ˙ũ^i(τ) ) dτ and m^{ijk}(T ) = 1 3 ∫ T 0 ( ũ^i(τ) ˙ũ^j(τ) − ũ^j(τ) ˙ũ^i(τ) ) ũ^k(τ)dτ to be, respectively, the areas and the moments defined by the simply connected, closed curves ũ^i, ũ^j, and ũ^k. As might be expected, Area^{ij} will give the contribution given by the second order brackets, while m^{ijk} will do the same for third order brackets.

In representing the solution to Eq. 7.1, they use the single exponential representation given by Magnus [59]. Under certain conditions (discussed in [51]), the solution to Eq. 7.1 with g(0) = e (the group identity) can be written as g(t) = e^{Z(t)}, where Z(t) = ϵ ∫ t 0 U(τ)dτ + ϵ^2 2 ∫ t 0 [Ũ(τ), U(τ)]dτ + ϵ^3 12 ∫ t 0 [Ũ(τ), [Ũ(τ), U(τ)] ]dτ + . . . In a local region, we will denote a norm on g by || · || and from this construct a metric on G, denoted d̂(·, ·). Using these definitions, we are ready to state their main theorem.

Theorem 7.1 (Area-Moment Rule) In the appropriate local neighborhoods, let Z_0 be an initial condition such that g(0) = e^{Z0} and || Z_0 ||= O(ϵ^2), and define

Z^{(3)}(t, ϵ) = ϵŨ + ϵ^2t 2T Area^{ij}[f_i, f_j] − ϵ^3t 2T m^{ijk}[ [f_i, f_j], f_k] + Z^{(3)}_0 ,

g^{(3)}(t) = e^{Z(3)(t)},

where || Z_0 − Z^{(3)}_0 ||= O(ϵ^3). Then d̂(g(t), g^{(3)}(t)) = O(ϵ^3), ∀ t ∈ [0, b/ϵ], where b is chosen such that convergence requirements from [59] are satisfied.

Thus, we have an approximation to the fiber trajectory, g^{(3)}(t) = exp Z^{(3)}(t), which has first order brackets scaled by Area^{ij} and ϵ^2, and second order brackets (degree 3 brackets) scaled by m^{ijk} and ϵ^3. The result implies that this approximation will be within O(ϵ^3) of the actual trajectory, g(t), for a time of order^1_ϵ .

As was mentioned above, a natural extension to this framework would be to derive results in the case that the connection is a function of the base variables, i.e., A = A(r). In this case, Eq. 7.1 would become g^{−1}ġ = ϵU(t), U(t) = f_i(r)u^i(t). Other future work includes extending these results to the unconstrained case with nonzero momentum (where some type of momentum shift might be possible) and to some specific classes of systems with drift, for example, systems in which the drift has a zero average over one period. We note here, however, that for unconstrained systems in which the reduced Lagrangian is a function only of ξ and ṙ (i.e., it is independent of the shape variables, r), then the above theorem on averaging applies directly.

7.2.2 Optimal Control and Optimality of Gaits

In discussing the control of robotic systems, a natural question that arises is whether there are some controls which are “optimal.” How we define optimal is very much left up to us, but most often optimal controls are chosen so as to minimize some cost function, very often a norm of the control inputs. For the purposes of studying locomotion, issues of optimal control can play a significant role in two ways.

First, since we are really interested in having a locomotive system move from point A to point B, we would certainly like to be able to say that the robot is using controls that optimize (minimize) the amount of energy required to move along this path. This will be particularly true for fully autonomous systems which may have only a finite power reserve, so that energy expenditures for moving the robot play a critical role in the duration of the experiment (and hence to some extent the utility of the robot).

Additionally, the study of optimal control may provide us with the answers to more fundamental (and philosophical) questions regarding the optimality of gaits chosen by animals in nature. For instance, does the serpentine motion of the snake somehow optimize its use of energy in generating locomotion? A similar question could also then be asked for animals which use various gaits for different operating regimes, e.g., horses changing gaits at different speeds. While there are obviously many other factors entering into the evolutionary choice of particular gaits that would hinder us from rigorously showing that a specific gait is chosen for the reason of optimality, it would at least provide us with some evidence to support these claims.

There is extensive literature on optimal control, including work done specifically for reduced systems, mostly using the Pontryagin maximum principle combined with Poisson reduction. We highlight here one result of a slightly different nature which applies directly to nonholonomic mechanical systems with symmetries. In [46], Koon and Marsden describe a method that uses Lagrangian reduction directly to establish necessary conditions for the existence of optimal controls for these types of systems. Given a cost function on the shape velocities, C(ṙ), they use Lagrange multipliers to relax the constraints and in the process define a new Lagrangian, L, for the optimal control problem: L = C(ṙ) + ⟨λ(t); ξ + A (r)ṙ − Ĩ^{−1}p⟩ + ⟨ṗ − ṙ^T σ_{ṙṙ}ṙ − ṙ^T σ_{ṙp} − p^T σ_{pp}p; κ(t)⟩, where λ(t) ∈ g^∗ and κ(t) ∈ g^S . Then the main result is given by the following theorem.

Theorem 7.2 If q(t) = (g(t), r(t)) is a (regular) optimal trajectory for the above stated optimal control problem, then there exist λ ∈ g^∗ and κ ∈ g^S such that the reduced curve, (ξ(t), r(t), ṙ(t)) ∈ T Q/G satisfies the reduced Euler-Lagrange equations: d dt ∂L ∂ṙ − ∂L ∂r = 0 d dt ∂L ∂ξ − ad^∗_ξ ∂L ∂ξ = 0 d dt ∂L ∂ṗ − ∂L ∂p = 0,

along with the fiber and momentum equations given by

ξ = −A (r)ṙ + Ĩ^{−1}p ṗ = ṙ^T σ_{ṙṙ}ṙ + ṙ^T σ_{ṙp} + p^T σ_{pp}p.

With this general formulation (for mechanical systems with symmetries), they also provide detailed coordinate calculations in bundle coordinates. Finally, they apply the theory to examples, including the snakeboard, to give necessary conditions for optimal controls using a cost function of C(ψ̇, ϕ̇) =^1_2 (ψ̇^2 + ϕ̇^2). The equations they obtain are fairly simple in form, but further work is still necessary to interpret these results in terms of basic gait patterns and locomotion.

7.2.3 Other Control Issues

The accessibility and controllability tests presented in Chapter 6 are just the beginning of the research needed to fully address the question of controllability for locomotion systems. As such, they offer easily computable tests that work well for some initial examples, but which may not be strong enough in more general applications. Along with a desire to extend these results, there are obviously many other related control issues that should be considered.

For example, Bloch and Crouch implicitly show in [8] that Brockett’s sufficiency test for exponential stabilizability does not hold for mechanical systems with nonholonomic constraints. This implies that we cannot use smooth state feedback to exponentially stabilize a locomotion system about an equilibrium point. In order to achieve this, we would need to explore other types of control laws, such as discontinuous or time-varying feedback. It would be interesting to see how these types of controllers might be synthesized using the knowledge of gait patterns and connections.

7.2.4 Extensions to Other Systems

In this dissertation, we have discussed three particular examples of locomotion systems, as well as several problems in mechanics to which this theory applies. A very important topic to consider when discussing future work is the possibility of extending the theory to further examples. To this extent, we consider a few areas of interest.

The class of undulatory locomotion systems is quite large, with many more forms of locomotion than have been discussed here. One subset of undulatory systems that has not been directly addressed consists of examples such as swimming and flying, where the motion is not generated by pushing off the ground (or some rigid surface), but instead comes from a complex interaction of the body with the ambient environment (i.e., water, air, etc.). In some limiting cases, models have been developed which make use of the same structure of connections and trivial principal fiber bundles, including the paramecia studied by Shapere and Wilczek [87, 88] and the viscous models of snakes and inchworms developed by Kelly and Murray [43]. However, these models do not include the full fluid dynamics which occur for swimming in moderate to high Reynolds number. It is not clear, even, if the theory of reduction and connections can be used in these cases, though there is some reason to believe that the presence of symmetries (common to basically all locomotion systems) can be incorporated into the analysis. Having an understanding of these other locomotion regimes can be quite useful from a robotics perspective. The topic of underwater research has been widely discussed recently, and it would be very interesting to explore fish-like methods of propulsion, as this appears to be a very efficient form of locomotion in a fluid environment. Similarly, the construction of micro-robots will most certainly require a better understanding of the mechanics of swimming (as motivation, we include in Figure 7.1 a picture of a micro-robot built by Fukuda et al. [29] which uses a propulsion mechanism similar to a water-bug).

Also suggested by the title, there are certain problems of locomotion which ob-

Figure 7.1 Underwater micro-mobile robot and schematic drawing

viously lie outside the theory presented in this dissertation. Namely, it is fairly clear how this theory can be used for general problems of undulatory locomotion, such as snakes, inchworms, and wheeled robots, but it is not nearly as clear how these ideas can be extended to legged robots. The reason for this is that the kinematic constraints for legged systems (which manifest themselves as no-slip constraints between the legs and the ground) are not continuous. While the fundamental concept of internal shape changes leading to locomotion may still be important to consider, it is no longer possible to model the interaction in a straightforward and continuous manner. In order to make use of the results from nonholonomic mechanical systems with symmetries, one possibility may be to recognize the symmetries which occur in the interchangeability of the legs. This would involve a reduction by a discrete group, e.g., the group of permutations on the configuration variables. Using reduction for a legged system could then allow us to study the dynamics of a smaller set of legs, and make inferences about how they drive the locomotion patterns of the total system. This would be very much like Raibert’s use of a “virtual” leg in analyzing quadrupeds [82]. Use of discrete symmetries could then lead to analysis of different gait patterns being generated by different symmetries, similar to the discussions by Collins and Stewart [24, 26] of coupled nonlinear oscillators.

Bibliography

[1] R. Abraham and J. E. Marsden. Foundations of Mechanics. Addison-Wesley, Reading, MA, second edition, 1978.

[2] R. Abraham, J. E. Marsden, and T. Ratiu. Manifolds, Tensor Analysis, and Applications. Springer-Verlag, New York, 1988.

[3] M. Asano, T. Matsuoka, H. Okamoto, S. Mitsuishi, and T. Matsui. Study for micro mobile machine with piezoelectric driving force actuator. In Proc. IEEE Int. Conf. Robotics and Automation, pages 2955–2960, Nagoya, Japan, May 1995. IEEE.

[4] P. Ashwin and J. W. Swift. The dynamics of n weakly coupled identical oscillators. Journal of Nonlinear Science, 2:69–108, 1992.

[5] L. Bates and J. Sniatycki. Nonholonomic reduction. Reports on Mathematical Physics, 32:99–115, 1993.

[6] R. D. Beer, H. J. Chiel, and L. S. Sterling. An artificial insect. American Scientist, 79(5):444–452, 1991.

[7] T. B. Benjamin and A. T. Ellis. Self-propulsion of asymmetrically vibrating bubbles. J. Fluid Mech., 212:65–80, 1990.

[8] A. M. Bloch and P. E. Crouch. Kinematics and dynamics of nonholonomic control systems on Riemannian manifolds. In Proceedings of the 31st IEEE Conference on Decision and Control, pages 1–5, Tucson, AZ, December 1992.

[9] A. M. Bloch, P. S. Krishaprasad, J. E. Marsden, and G. S. de Alvarez. Stabilization of rigid body dynamics by internal and external torques. Automatica, 28:745–756, 1992.

[10] A. M. Bloch, P. S. Krishnaprasad, J. E. Marsden, and R. M. Murray. Nonholonomic mechanical systems and symmetry. Technical report, California Institute of Technology, Pasadena, CA, 1994. To appear, Archive for Rational Mechanics and Analysis. Available electronically via http://avalon.caltech.edu /cds/reports/cds94-013.ps.

[11] A. M. Bloch and N. H. McClamroch. Controllability and stabilizability properties of a nonholonomic control system. In Proceedings for the IEEE Conference on Decisions and Control, 1990.

[12] A. M. Bloch, M. Reyhanoglu, and N. H. McClamroch. Control and stabilization of nonholonomic dynamic systems. IEEE Transactions on Automatic Control, 37(11):1746–1757, 1992.

[13] H. Bondi. The rigid body dynamics of unidirectional spin. Proc. Royal Society of London, Series A, 495:265–274, 1986.

[14] W. M. Boothby. An Introduction to Differentiable Manifolds and Riemannian Geometry. Pure and Applied Mathematics. Academic Press, Inc., Boston, MA, 1986.

[15] R. W. Brockett. Control theory and singular Riemannian geometry. In P. J.

Hilton and G. S. Young, editors, New Directions in Applied Mathematics, pages 11–27. Springer-Verlag, New York, 1982.

[16] R. W. Brockett and L. Dai. Nonholonomic kinematics and the role of elliptic functions in constructive controllability. In Z. Li and J. F. Canny, editors, Nonholonomic Motion Planning, pages 1–21. Kluwer, 1992.

[17] J. W. Burdick, J. Radford, and G. S. Chirikjian. A sidewinding locomotion gait for hyper-redundant robots. In IEEE Int. Conf. on Robotics and Automation, pages 101–106, Atlanta, GA, May 1993.

[18] J. W. Burdick, B. Goodwine, and J. P. Ostrowski. The rattleback revisited. In preparation, 1995.

[19] C. I. Byrnes and A. Isidori. On the attitude stabilization of rigid spacecraft.

Automatica, 27:87–95, 1991.

[20] C. Canudas de Wit and O. J. Sørdalen. Exponential stabilization of mobile robots with nonholonomic constraints. IEEE Transactions on Automatic Control, 37(11):1791–1797, November 1992.

[21] T. K. Caughey. A mathematical model of the rattleback. International Journal of Nonlinear Mechanics, 15:293–302, 1980.

[22] G. S. Chirikjian and J. W. Burdick. Kinematics of hyper-redundant locomotion with applications to grasping. In Proc. IEEE Int. Conf. on Robotics and Automation, pages 720–727, Sacramento, CA, April 1991.

[23] G. S. Chirikjian and J. W. Burdick. An obstacle avoidance algorithm for hyperredundant manipulators. ASME J. Mechanical Design, 114(4):580–585, December 1992.

[24] J. J. Collins and I. Stewart. Symmetry-breaking bifurcation – a possible mechanism for 2/1 frequency-locking in animal locomotion. Journal of Mathematical Biology, 30(8):827–838, October 1992.

[25] J. J. Collins and I. Stewart. Coupled nonlinear oscillators and the symmetries of animal gaits. Journal of Nonlinear Science, 3(3):349–392, 1993.

[26] J. J. Collins and I. Stewart. A group-theoretic approach to rings of coupled biological oscillators. Biological Cybernetics, 71(2):95–103, 1994.

[27] P. E. Crouch. Spacecraft attitude control and stabilization: Application of geometric control theory to rigid body models. IEEE Transactions on Automatic Control, AC-29:321–331, April 1984.

[28] A. M. Flynn, R. A. Brooks, W. M. Wells III, and D. S. Barrett. Intelligence for miniature robots. Sensors and Actuators, 20(1-2):187–196, 1989.

[29] T. Fukuda, A. Kawamoto, F. Arai, and H. Matsuura. Steering mechanism of underwater micro mobile robot. In Proc. IEEE Int. Conf. Robotics and Automation, pages 363–368, Nagoya, Japan, May 1995.

[30] J. Furusho and A. Sano. Sensor-based control of a nine-link biped. Int. J.

Robotics Research, 9(2):83–98, April 1990.

[31] P. Gambaryan. How Mammals Run: Anatomical Adaptations. Wiley, New York, 1974.

[32] M. Hildebrand. Symmetrical gaits of horses. Science, 150:701–708, 1965.

[33] S. Hirose. Biologically Inspired Robots: Snake-like Locomotors and Manipulators. Oxford University Press, Oxford, 1993. Translated by Peter Cave and Charles Goulden.

[34] S. Hirose, T. Masui, H. Kikuchi, Y. Fukuda, and Y. Umetani. Titan III: A quadruped walking vehicle. In 2^{nd} International Symposium on Robotics Research, Tokyo, Japan, 1985.

[35] S. Hirose and A. Morishima. Design and control of a mobile robot with an articulated body. The International Journal of Robotics Research, 9(2):99–114, 1990.

[36] S. Hirose and Y. Umetani. Kinematic control of active cord mechanism with tactile sensors. In Proc. 2^{nd} Int. CISM-IFT Symp. on Theory and Practice of Robots and Manipulators, pages 241–252, 1976.

[37] J. K. Hodgins and M. H. Raibert. Adjusting step length for rough terrain locomotion. IEEE Transactions on Robotics and Automation, 7(3):289–298, 1991.

[38] T. Huang, M. Tsuyuki, and M. Yasuhara. A learning algorithm of the neural network based on Kalman filtering. IEICE Transactions on Communications Electronics Information and Systems, 74(5):1059–1065, 1991.

[39] H. Ishihara, T. Fukuda, K. Kosuge, F. Arai, and K. Hamagishi. Approach to distributed micro robotic system – development of micro line trace robot and autonomous micro robotic system. In Proc. IEEE Int. Conf. Robotics and Automation, pages 375–380, Nagoya, Japan, May 1995. IEEE.

[40] S. Kajita and K. Tani. Study of dynamic biped locomotion on rugged terrain. In Proc. IEEE Int. Conf. Robotics and Automation, pages 1405–1411, Sacramento, CA, April 1991.

[41] I. Kato and H. Tsuiki. The hydraulically powered biped walking machine with a high carrying capacity. In Proc. 4^{th} Int. Symposium on External Control of Human Extremities, Dubrovnik, Yugoslavia, 1972.

[42] T. Kato, A. Takanishi, H. Jishikawa, and I. Kato. The realization of the quasi-dynamic walking by the biped walking machine. In K. K. A. Morecki, G. Bianchi, editor, 4^{th} Symposium on Theory and Practice of Robots and Manipulators, pages 341–351, Warsaw, Poland, 1983.

[43] S. D. Kelly and R. M. Murray. Geometric phases and locomotion. Journal of Robotic Systems, 12(6):417–431, June 1995.

[44] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry, volume I.

John Wiley and Sons, New York, 1963.

[45] J. Koiller. Reduction of some classical non-holonomic systems with symmetry.

Archives for Rational Mechanics and Analysis, 118(2):113–148, 1992.

[46] W.-S. Koon and J. E. Marsden. Optimal control for holonomic and nonholonomic mechanical systems with symmetry and Lagrangian reduction. Technical Report CIT/CDS 95–022, CIT, Pasadena, CA, 1995. Builds sufficient conditions for establishing optimal controls for systems with constraints. Nice formulation using Lagrangian method, including for the snakeboard.

[47] N. Kopell. Toward a theory of modelling central pattern generators. In A. H.

Cohen, S. Rossignol, and S. Grillner, editors, Neural Control of Rhythmic Movements in Vertebrates, pages 369–413. Wiley, New York, 1988.

[48] P. S. Krishnaprasad and D. P. Tsakiris. G-snakes: Nonholonomic kinematic chains on Lie groups. In Proc. 33^{rd} IEEE Conf. on Decision and Control, Lake Buena Vista, FL, December 1994.

[49] V. R. Kumar and K. J. Waldron. A review of research on walking vehicles. In O. Khatib, J. J. Craig, and T. Lozano-Perez, editors, The Robotics Review 1, pages 243–266. MIT Press, 1989.

[50] S. Lang. Algebra. Addison-Wesley, Reading, MA, 1984.

[51] N. E. Leonard and P. S. Krisnaprasad. Motion control of drift-free, left-invariant systems on Lie groups part I: Averaging and controllability. Technical Report TR 94-8, University of Maryland, 1994.

[52] N. E. Leonard and P. S. Krisnaprasad. Motion control of drift-free, left-invariant systems on Lie groups part II: A general constructive control algorithm. Technical Report TR 94-9, University of Maryland, 1994.

[53] A. D. Lewis. Aspects of Geometric Mechanics and Control of Mechanical Systems. Ph.D. thesis, California Institute of Technology, Pasadena, CA, April 1995. Available electronically via http://avalon.caltech.edu/cds/reports/cds95- 017.ps.

[54] A. D. Lewis. The geometry of the Gibbs-Appell equations and Gauss’ principle of least constraint. Available electronically via http://avalon.caltech.edu/cds /reports/cds95-014.ps, CIT, Pasadena, CA, 1995.

[55] A. D. Lewis and R. M. Murray. Variational principles for constrained systems:

Theory and experiment. Technical Report CDS-94-016, Caltech CDS, 1994. To appear, International Journal for Nonlinear Mechanics.

[56] A. D. Lewis and R. M. Murray. Equilibrium controllability of a class of mechanical systems. Submitted to the 34^{th} IEEE Conference on Decision and Control, 1995. Available electronically via http://avalon.caltech.edu.

[57] A. D. Lewis, J. P. Ostrowski, R. M. Murray, and J. W. Burdick. Nonholonomic mechanics and locomotion: The snakeboard example. In Proc. IEEE Int. Conf. Robotics and Automation, pages 2391–7, San Diego, CA, May 1994.

[58] R. A. Liston and R. S. Mosher. A versatile walking truck. In Proc. of the Transportation Engineering Conference, London, 1968. Institution of Civil Engineers.

[59] W. Magnus. On the exponential solution of differential equations for a linear operator. Communications on Pure and Applied Mathematics, VII:649–673, 1954.

[60] J. E. Marsden. Lectures on Mechanics. Cambridge University Press, New York/Port Chester/Melbourne/Sydney, 1992.

[61] J. E. Marsden, R. Montgomery, and T. S. Ratiu. Reduction, symmetry and phases in mechanics. Memoirs of the American Mathematical Society, 88:436, 1990.

[62] J. E. Marsden and T. S. Ratiu. Introduction to Mechanics and Symmetry.

Springer-Verlag, New York, 1994.

[63] J. E. Marsden and J. Scheurle. Lagrangian reduction and the double spherical pendulum. ZAMP, 44:17–43, 1993.

[64] J. E. Marsden and J. Scheurle. The reduced Euler-Lagrange equations. Fields Institute Comm., 1:139–164, 1993.

[65] T. McGeer. Passive dynamic walking. Int. J. of Robotics Research, 9(2):62–82, April 1990.

[66] R. B. McGhee. Some finite state aspects of legged locomotion. Mathematical Biosciences, 2(1):67–84, 1968.

[67] T. Miloh and A. Galper. Self-propulsion of general deformable shapes in a perfect fluid. Proc. Royal Society London A, 442:273–299, 1993.

[68] H. Miura and I. Shimoyama. Dynamic walk of a biped. Int. Journal of Robotics Research, 3(2):60–74, 1984.

[69] F. Miyazaki and S. Arimoto. A control theoretic study on dynamical biped locomotion. ASME J. Dyn. Sys. Meas. Control, 102:233–239, 1980.

[70] R. Montgomery. Isoholonomic problems and some applications. Communications in Mathematical Physics, 128(3):565–592, 1990.

[71] R. Montgomery. Nonholonomic control and guage theory. In Z. Li and J. F.

Canny, editors, Nonholonomic Motion Planning, pages 343–378. Kluwer, 1993.

[72] R. M. Murray. Nonlinear control of mechanical systems: A Lagrangian perspective. In IFAC Symposium on Nonlinear Control Systems Design (NOLCOS), pages 378–389, Tahoe City, June 1995.

[73] R. M. Murray, Z. Li, and S. S. Sastry. A Mathematical Introduction to Robotic Manipulation. CRC Press, Boca Raton, 1994.

[74] R. M. Murray and S. S. Sastry. Nonholonomic motion planning: Steering using sinusoids. IEEE Transactions on Automatic Control, 38(5):700–716, 1993.

[75] E. Muybridge. Animals in Motion. Chapman and Hall, London, 1899. Republished by Dover Publications, New York, 1957.

[76] Y. Nakamura and R. Mukherjee. Exploiting nonholonomic redundancy of freeflying space robots. IEEE Transactions on Robotics and Automation, 9(4):499– 506, August 1993.

[77] H. Nijmeijer and A. J. van der Schaft. Nonlinear Dynamical Control Systems.

Springer-Verlag, New York, 1990.

[78] D. E. Okhotsimski, V. S. Gurfinkel, E. A. Devyanin, and A. K. Platonov.

Integrated walking robot development. Machine Intelligence, 9, 1977.

[79] J. P. Ostrowski, J. W. Burdick, A. D. Lewis, and R. M. Murray. The mechanics of undulatory locomotion: The mixed kinematic and dynamic case. In Proc. IEEE Int. Conf. Robotics and Automation, pages 1945–1951, Nagoya, Japan, May 1995.

[80] J. P. Ostrowski, A. D. Lewis, R. M. Murray, and J. W. Burdick. Reduction of mechanical systems with constraints, 1994. In preparation.

[81] F. G. Pin and S. M. Killough. A new family of omnidirectional and holonomic wheeled platforms for mobile robots. IEEE Transactions on Robotics and Automation, 10(4):480–489, August 1994.

[82] M. H. Raibert. Legged Robots that Balance. MIT Press, Cambridge, MA, 1986.

[83] M. H. Raibert. Trotting, pacing and bounding by a quadruped robot. Journal of Biomechanics, 23:79–98, 1990.

[84] M. H. Raibert and I. E. Sutherland. Machines that walk. Scientific American, 248:32–41, January 1983.

[85] R. Rand, A. H. Cohen, and P. J. Holmes. Systems of coupled oscillators as models of central pattern generators. In A. H. Cohen, S. Rossignol, and S. Grillner, editors, Neural Control of Rhythmic Movements in Vertebrates, pages 333–367. Wiley, New York, 1988.

[86] J.-P. Serre. Lie Algebras and Lie Groups. Springer-Verlag, Berlin, 1992.

[87] A. Shapere and F. Wilczek. Efficiencies of self-propulsion at low Reynolds number. Journal of Fluid Mechanics., 198:587–599, January 1989.

[88] A. Shapere and F. Wilczek. Geometry of self-propulsion at low Reynolds number. Journal of Fluid Mechanics, 198:557–585, January 1989.

[89] J. C. Simo, D. R. Lewis, and J. E. Marsden. Stability of relative equilibria I:

The reduced energy momentum method. Archive for Rational Mechanics and Analysis, 115:15–59, 1991.

[90] A. B. Slatkin and J. W. Burdick. The development of a robot endoscope. In Proc. Int. Symposium on Experimental Robotics, pages 100–105, Stanford, CA, June 1995.

[91] S.-M. Song and K. J. Waldron. Machines that Walk: the Adaptive Suspension Vehicle. MIT Press, Cambridge, MA, 1989.

[92] H. J. Sussman. A general theorem on local controllability. SIAM Journal on Control and Optimization, 25(1):158–194, January 1987.

[93] A. Takanishi, M. Ishida, Y. Yamazaki, and I. Kato. The realization of dynamic walking by the biped walking robot WL-10RD. In Proc. of the 1985 ICAR, pages 459–466, 1985.

[94] D. J. Todd. Walking Machines: An Introduction to Legged Robots. Kogan Page Ltd., London, 1985.

[95] D. P. Tsakiris. Motion Control and Planning for Nonholonomic Kinematic Chains. Ph.D. thesis, University of Maryland, 1995.

[96] V. S. Varadarajan. Lie Groups, Lie Algebras, and Their Representations.

Springer-Verlag, New York, 1984.

[97] M. Vukobratovic. Legged locomotion robots: Mathematical models, control algorithms, and realizations. In 5^{th} IFAC Symposium on Automatic Control in Space, Genoa, Italy, 1973.

[98] G. C. Walsh and S. S. Sastry. On reorienting linked rigid bodies using internal motions. IEEE Transactions on Robotics and Automation, pages 139–146, 1995.

[99] L. S. Wang and P. S. Krishnaprasad. Gyroscopic control and stabilization.

Journal of Nonlinear Science, 2:367–415, 1992.

Author Index

Abraham, R., 21, 25, 55, 58, 95 Arai, F., 2 Arai, T., 123 Arimoto, S., 7 Asano, M., 2 Ashwin, P., 8

Barrett, D. S., 6 Bates, L., 10 Beer, R. D., 6 Benjamin, T. B., 6 Bloch, A. M., 4, 5, 9–12, 35, 40, 51, 54, 56, 65, 68, 82, 95, 101, 117, 118, 123 Bondi, H., 5 Boothby, W. M., 15, 17, 18, 35 Brockett, R. W., 2, 4, 10 Brooks, R. A., 6 Burdick, J. W., 1, 3–5, 10, 12, 75, 90, 106 Byrnes, C. I., 5

Canudas de Wit, C., 4 Caughey, T. K, 5 Chiel, H. J., 6 Chirikjian, G. S., 1, 3 Cohen, A. C., 8 Collins, J. J., 8, 104, 124 Crouch, P. E., 5, 123

Dai, L., 10 Devyanin, E. A., 6

Ellis, A. T., 6

Flynn, A. M., 6 Frank, A. A., 6

Fukuda, T., 2, 123 Fukuda, Y., 6 Furusho, J., 7

Galper, A., 6 Gambaryan, P., 8 Goodwine, B., 5 Gurfinkel, V. S., 6

Hamagishi, K., 2 Hildebrand, M., 8, 104 Hirose, S., 1, 2, 6, 85, 112 Hodgins, J. K., 7 Holmes, P. J., 8

Ishida M., 7 Ishihara, H., 2 Isidori, A., 5

Kajita, S., 7 Kato, I., 6, 7 Kato, T., 6 Kawamoto, A., 2, 123 Kelly, S. D., 3, 4, 10, 29, 95–98, 123 Kikuchi, H., 6 Killough, S. M., 4 Kobayashi, S., 34 Koiller, J., 9, 10 Koon, W., 122 Kopell, N., 8 Kosuge, K., 2 Krishnaprasad, P. S., 4, 5, 9–12, 35, 40, 51, 54, 56, 65, 68, 72, 82, 117, 118, 120 Kumar, V. R., 1

Lang, S., 18

Leonard, N. E., 119, 120 Lewis, A. D., 4, 5, 10, 12, 27, 28, 75, 90, 91, 106 Lewis, D. R., 10 Li, Z., 15, 19 Liston, R. A., 6

Magnus, W., 120, 121 Marsden, J. E., 5, 9–12, 20–22, 25, 33, 35, 40, 41, 51, 54–56, 58, 65, 68, 82, 95, 117, 118, 122 Masui, T., 6 Matsui, T., 2 Matsuoka, T., 2 Matsuura, H., 2, 123 McClamroch, N. H., 4, 5, 9, 10, 95, 101 McGeer, T., 7 McGhee, R. B., 6, 8 Miloh, T., 6 Mitsuishi, S., 2 Miura, H., 7 Miyazaki, F., 7 Montgomery, R., 5, 9, 10, 22, 33, 99 Morishima, A., 2, 85 Mosher, R. S., 6 Mukherjee, R., 5 Murray, R. M., 3–5, 9–12, 15, 19, 28, 29, 35, 40, 43, 51, 54, 56, 65, 68, 75, 82, 90, 91, 95–98, 106, 117, 118, 123 Muybridge, E., 8

Nakamura, Y., 5

134 Author Index

Nijmeijer, H., 93, 94 Nomizu, K., 34

Okamoto, H., 2 Okhotsimski, D. E., 6 Ostrowski, J. P., 4, 5, 10, 12, 75, 90, 106

Pin, F. G., 4 Platonov, A. K., 6

Radford, J., 3 Raibert, M. H., 1, 6, 7, 124 Rand, R., 8 Ratiu, T. S., 9, 10, 20, 22, 25, 33, 95 Reyhanoglu, M., 5, 9, 10, 95, 101

Sánchez de Alvarez, G., 10 Sano, A., 7 Sastry, S. S., 4, 5, 15, 19, 91 Scheurle, J., 33, 41, 58 Shapere, A., 6, 10, 123 Shimoyama, I., 7 Simo, J. C., 10 Slatkin, A. B., 3 Sniatycki, J., 10 Song, S., 1, 6 Sterling, L. S., 6 Stewart, I., 8, 104, 124 Sussman, H. J., 90, 92, 93, 101, 102 Sutherland, I. E., 6 Swift, J. W., 8 Sørdalen, O. J., 4

Takanishi, A., 6, 7

Tani, K., 7 Todd, D. J., 6 Tsakiris, D. P., 4, 72 Tsuiki, H., 6, 7

Umetani, Y., 1, 2, 6

van der Schaft, A. J., 93, 94 Varadarajan, V. S., 18 Vukobratovic, M., 6

Waldron, K., 1, 6 Walsh, G. C., 5 Wang, L. S., 10 Wells III, W. M., 6 Wilczek, F., 6, 10, 123

Yamazaki, Y., 7

Index

Note: Italicised numbers indicate where the indexed quantity is defined.

accessibility, 93, 97

distribution, 94 for nonholonomic constraints, 100 local, 93 action, 17, 20

free, 20 lifted, 19 of G on G, 17, 19 of G on Q, 15, 20 adjoint action, 17, 43 lifted, 19 of g on g, 44, 44 of G on g, 19 affine control system, 89 algebra, 18

free, 91 averaging on Lie groups, 119 base space, 15, 20, 20 extended, 47 body coordinates, 19, 36, 37, 42

canonical projection, 20 Chaplygin constraints, 10, 30, 34 configuration space, 15 connection, 9, 31, 34, 46, 60 local form of, 36 mechanical, 37 nonholonomic, 62, 63 one-form, 35 conservation laws, 9, 37, 42, 47, 58 constant of the motion, 26 constrained fiber

distribution, 52, 56 constrained Lagrangian, 47, 68 constrained Lie algebra, 54 constraint distribution, 27, 51 constraints, 27, 44

Chaplygin, 10, 30, 34 external, 34 internal, 5, 9, 26, 39 mixed, 10, 34, 60, 69, 77, 118 nonholonomic, 4 principal kinematic, 10, 30, 34, 69, 85, 86, 89, 95 controllability, 93, 97 for nonholonomic constraints, 101, 103 local fiber, 97 local total, 97 small-time local

(STLC), 93, 102 Sussman’s criteria, 102 covector, 16 curvature form, 41, 48, 95 cyclic variables, 23

degree of a bracket, 92 θ-degree, 92 relative, 92 differential, 16 distribution, 26

constrained fiber, 52 constraint, 27, 51 fiber, 33 integrable, 27 involutive, 26 local basis for, 26 rank of, 26 dual mapping, 16 dual space, 16 dual vector, 16

Elroy’s beanie, 22 Euler-Lagrange

equations, 25, 45 evaluation map, 92 examples, 75

Elroy’s beanie, 22, 38 kinematic snake, 85, 108 rigid body, 41, 67 snakeboard, 67, 75, 90, 105 two-wheeled mobile robot, 29, 52, 97 exponential mapping, 19, 35 extended base space, 47, 64, 68

fiber bundle

principal, 20, 53 trivial, 20, 53 fiber distribution, 33 fiber space, 20 forcing function, 58 free algebra, 91

136 Index

free Lie algebra, 91 Frobenius’ theorem, 27

gait, 7, 104 generalized momentum, 56, 61 invariance of, 59 generalized momentum equation, 56 invariance of, 64 Gibbs-Appell equations, 27 horizontal lift, 35 horizontal projection, 35 horizontal subbundle, 34

ideal, 18

two-sided, 18, 91 identity element, 17 indicial notation, 15 infinitesimal generator, 15, 21 integral curve, 19 integral manifold, 27 invariance

of functions, 22 of one-forms, 22, 51 of the Lagrangian, 23 of vector fields, 22, 51 invariant decomposition, 43 involutivity, 26

Jacobi identity, 18

kinematic snake, 85

additional segments, 87 constraints, 86 gaits, 108 nonholonomic

connection, 86

Lagrange multipliers, 28 Lagrange-d’Alembert equations, 28 Lagrange-d’Alembert principle, 24

Lagrangian function, 15 reduced, 42 Lagrangian reduction unconstrained, 68 unconstrained case, 33 using the constrained Lagrangian, 42, 67 using the Routhian, 40 Legendre

transformation, 58, 59 legged locomotion, 124 Lie algebra, 15, 18, 24, 91 constrained, 54 dual basis for, 24 free, 91 rank condition, 94 structure constants of, 18 Lie bracket, 18

bad, 103 Lie group, 15, 17

Abelian, 17 non-Abelian, 17, 19 lifted action

of G on G, 19 of G on Q, 21 locked inertia tensor, 37, 43 local form of, 43

magma, 91

free, 91 length of an element, 91 mechanical connection, 37, 69, 99 mechanical system, 25 metric, 15, 43 micro-robots, 123 mixed constraints, 10, 34, 60, 69, 77, 118 momentum map, 26, 36 nonholonomic, 61 momentum shift, 40

natural pairing, 15, 16

Noether’s theorem, 26, 37 nonholonomic

connection, 62, 63 nonholonomic

constrained variational principle, 28, 44 reduced, 44

optimal control, 121

Philip Hall basis, 91 position variables, 4 principal fiber bundle, 20, 53 base space, 20 fiber space, 20 trivial, 20 principal kinematic

constraints, 10, 30, 34, 69, 85, 86, 89, 95 principle of virtual work, 28 reconstruction, 72 reduced Lagrangian, 42 invariant

decomposition, 43 reduced mass-inertia matrix, 44, 48, 69, 71 reduced space, 20 Routhian function, 40

serpenoid curve, 2, 109, 112 shape space, 5, 11, 20 snake robots, 85 snakeboard, 67, 75, 90 constrained

Lagrangian, 82 constraints, 77 controllability, 105 gaits, 106 generalized

momentum, 79 generalized

momentum equation, 81

Index 137

nonholonomic

connection, 80 reconstruction, 83 reduced equations, 82, 90 spatial coordinates, 19, 36 structure constants, 18, 66 structure group, 20 summation convention,

15 symmetrizer, 101 synthesized connection, 62, 69

tangent bundle, 16 tangent map, 16 tangent space, 16 trivial principal fiber bundle, 20 vector field, 16

invariant, 19 vectors

dual, 16 tangent, 16 vertical, 33 vertical projection, 35 vertical subbundle, 33, 34