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A method for the theoretical determination of the wall shear stress under imping-
ing jets of various configurations is presented. Axisymmetric and two-dimensional
incompressible jets of a wide range of Reynolds numbers and jet heights are con-
sidered. Theoretical predictions from this approach are compared with available wall
shear stress measurements. These data are critically evaluated based on the method
of measurement and its applicability to the boundary layer under consideration. It
was found that impingement-region wall shear stress measurements using the elec-
trochemical method in submerged impinging liquid jets provide the greatest accuracy
of any indirect method. A unique wall shear stress measurement technique, based
on observing the removal of monosized spheres from well-characterized surfaces, was
used to confirm the impinging jet analysis presented for gas jets. The technique was
also used to determine an empirical relation describing the rise in wall shear stress
due to compressibility effects in impinging high-velocity jets.

1. Introduction
Impinging gas jets have most commonly been exploited for their enhanced heat

and mass transfer characteristics when applied to industrial processes. Consequently,
impinging jet research has generally focused on understanding and quantifying heat
and mass transfer to a surface for a wide variety of impinging jet configurations.
The present work is concerned with an often overlooked aspect of the flow – the
wall shear stress produced on the surface. Recently, a few applications that utilize the
shear imposed at the surface by impinging jets have been discussed in the literature.
Deshpande & Vaishnav (1982) used submerged impinging saline jets to probe the shear
strength of the endothelial surface of a vascular tissue. The structure of this delicate
layer of cells can be visibly altered by excessive applied shear. Tu & Wood (1996) and
Bouainouche, Bourabaa & Desmet (1997) described a process known as jet stripping in
which impinging plane jets are used to control liquid coating thickness on continuous
metal strips. Impinging jets can also be used to extract particles from surfaces either
as a cleaning method or to collect samples for chemical analysis, e.g. for detection
of explosives or other contraband (Phares et al. 2000a). Smedley, Phares & Flagan
(1999) explored the entrainment of uniformly sized spherical particles by a normally
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impinging gas jet. The transition from complete adhesion to complete entrainment was
abrupt, indicating that micron-sized particles (Dp = 8.3 µm) could be used effectively
as quantized shear stress sensors once calibrated with an appropriate experiment. This
paper presents a theoretical and experimental study aimed at obtaining a reliable wall
shear stress map for a wide range of jet Reynolds numbers and jet-to-plate spacings.
In light of the aforementioned applications, both two-dimensional and axisymmetric
jets will be considered, and we will restrict ourselves to the normal impingement of
unconfined jets onto a flat surface.

Previous theoretical descriptions of the impinging jet flow field have involved two
main schemes. The first entails numerically solving the full Navier–Stokes equations
for the entire flow region. Several such studies have included calculations for the wall
shear stress distribution. Deshpande & Vaishnav (1982) considered the impinging
laminar axisymmetric jet. Looney & Walsh (1984) and Bouainouche et al. (1997)
considered the impinging turbulent plane jet. The second approach to describing
impinging jet flow fields involves separating the flow into regions where distinct ap-
proximations of the Navier–Stokes equations are valid (Strand 1964; Scholtz & Trass
1970; Rubel 1980, 1983). This approach is more desirable for our purposes, since we
are mainly concerned with the small region of flow located just above the impingement
plane, where boundary layer approximations can be made. The analysis presented in
§ 2 divides the flow into four regions: the free-jet region, the inviscid impingement
region, the impingement boundary layer, and the wall-jet region. Flow solutions in
the free jet and inviscid impingement regions provide the free-stream conditions for
solution of the boundary layer equations needed to determine the wall shear stress
in the impingement region. Farther from the stagnation point, as strong pressure
gradients vanish, wall shear stress trends should approach those predicted by previous
wall jet analyses (Glauert 1956; Poreh, Tsuei & Cermak 1967; Lauder & Rodi 1983).

Only a few of the many experimental investigations of impinging jets have included
measurements of the wall shear stress, but the disagreement between investigators
is higher than the reported uncertainties. In § 3, we use the model developed in § 2
to explore the cause of this disagreement and examine the influence of measurement
method. In § 4, we present wall shear stress measurements under an impinging circular
jet using the measurement technique described by Smedley et al. (1999), which involves
monitoring the removal of monodisperse microspheres from the impingement surface.
Results from these experiments confirm the incompressible model from § 2, and allow
the development of an empirical correction factor based on the jet Mach number, M,
for impinging compressible jets.

2. Theoretical analysis
Dividing impinging jet flow into separate regions was suggested by Bradshaw &

Love (1961), who stated that, since flow redirection occurred in such a small region,
an inviscid impingement solution coupled with a boundary layer solution might
accurately describe the flow. Scholtz & Trass (1970) applied this method to the short-
range impingement of a laminar axisymmetric jet and made accurate predictions
for mass transfer in the impingement region. Kataoka & Mizushina (1974) used
empirical free-stream conditions and a laminar boundary layer analysis at the surface
to accurately predict wall shear stress in the impingement region of an axisymmetric
impinging turbulent jet. The objective in this section is to generalize these approaches
to include the effect of the free-jet velocity profile on the inviscid solution and the
transition to turbulence in the boundary layer.
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Figure 1. Schematic of the free jet region.

2.1. The free-jet region

A free jet consists of a near-field region, where a potential core has not yet experienced
turbulent mixing with the quiescent fluid, and a far-field region, where the jet may be
treated as a point source (or line source in the case of the plane jet) and the mean
velocity profiles become similar (see figure 1). Mean velocity similarity generally occurs
at a downstream distance of about 8 jet diameters. The wall pressure distribution
produced by an impinging jet depends on the mean velocity profile of the fluid at
the top of the inviscid impingement region – taken to be the surface of departure
from the free-jet profile due to the effect of the wall. To maximize the range of
applicability of the present work, both near-field and far-field mean velocity profiles
for two-dimensional and axisymmetric free jets must be considered for the ensuing
inviscid analysis.

2.1.1. The far-field free-jet region

Since practical applications of impinging jets do not involve very small jet Reynolds
numbers, we employ Schlichting’s (1960) far-field solution for the laminar free jet,
wherein a constant longitudinal jet momentum is assumed. The far-field axial velocity
profiles are

u(x, y) = 0.4543

(
K2

νx

)1/3

(1− tanh2 ξ), (2.1)

ξ = 0.2752

(
K1/3

ν2/3

)
y

x2/3
(2.2)
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Velocity half-width Centreline velocity

Two-dimensional laminar bu/x = 3.20Re−2/3
o

(
x/D

)−1/3
um/uo = 0.454Re1/3

o

(
x/D

)−1/3

Axisymmetric laminar bu/x = 4.67Re−1
o um/uo = 0.0938Reo

(
x/D

)−1

Two-dimensional turbulent bu/x = 0.881/σ um/uo = 0.866σ1/2
(
x/D

)−1/2

Axisymmetric turbulent bu/x = 5.27ε0/K
1/2 um/uo = 0.106K1/2/ε0

(
x/D

)−1

Table 1. Velocity half-width and centreline velocity in far-field region in terms of jet exit
parameters.

for the two-dimensional jet, and

u(x, r) =
3

8π

K

νx
(1 + 1

4
η2)−2, (2.3)

η =
1

4

(
3

π

)1/2
K1/2

ν

r

x
(2.4)

for the axisymmetric jet, where ν and K are the kinematic viscosity and jet momen-
tum, respectively. As shown in figure 1, the coordinate system is chosen such that x
is oriented downstream along the jet axis, and y and r are oriented perpendicularly
outward from the jet centreline for the two-dimensional and axisymmetric jet, re-
spectively. The laminar solution is accurate only for jet Reynolds numbers under 30
(Looney & Walsh 1984). Extending the axisymmetric development to the turbulent
jet simply involves replacing the kinematic viscosity, ν, with the virtual kinematic
viscosity, ε0 (Schlichting 1960).

The far-field mean axial velocity profile for the two-dimensional turbulent jet is

u(x, y) =

√
3

2

(
Kσ

x

)1/2

(1− tanh2 ζ), (2.5)

ζ =
σy

x
, (2.6)

where σ is an empirical constant.
In addition to providing the influx conditions to the inviscid impingement region for

larger jet-to-surface separations, these similar velocity profiles also possess convenient
length and velocity scaling factors in the velocity half-width, bu, and the centreline
velocity, um. Table 1 lists these quantities in terms of the jet exit conditions, where D
is the nozzle size (diameter for a circular jet, and slit width for a plane jet), uo is the
jet exit velocity, and Reo = uoD/ν is the jet Reynolds number. Accepted values for the
empirical constants, σ and ε0/K

1/2, are 7.5–7.7 (Schlichting 1960; Looney & Walsh
1984) and 0.016–0.018 (Schlichting 1960; Bradbury 1972; Beltaos & Rajaratnam
1974), respectively.

2.1.2. The near-field free-jet region

Close to the jet nozzle, the development of the turbulent mixing zone between the
potential core and the quiescent fluid must be considered. For a uniform velocity at
the jet exit, the mixing zone mean velocity profile in a two-dimensional jet is described
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Figure 2. Schematic of the inviscid impingement region.

well by Tollmein’s solution (Abramovich 1963):

u

uo
= 0.0176 exp (−φ1) + 0.1337 exp

(
φ1

2

)
cos

(√
3

2
φ1

)
+0.6876 exp

(
φ1

2

)
sin

(√
3

2
φ1

)
, (2.7)

φ1 =
1

σ′

(
0.5D − y

x

)
, (2.8)

where the empirical constant is given by σ′ = 0.09. In this case, the jet half-width, bu,
grows very slightly with downstream distance:

bu

D
= 0.5 + 0.03

x

D
. (2.9)

For the near-field axisymmetric jet, the mixing-zone mean velocity profile is de-
scribed well by the empirical expression of Wall, Subramanian & Howley (1982):

u

uo
= 0.5(1 + cos(πφ2)), (2.10)

φ2 =
r + 0.12x− 0.5D

0.28x
, 0 6 φ2 <

1
2
, (2.11)

and
bu

D
= 0.5 + 0.02

x

D
. (2.12)

2.2. The inviscid impingement region

The velocity profile of the oncoming fluid deviates from the free-jet result as the fluid
approaches the surface. Within the small region bounded by this location and the
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top of the boundary layer on the surface, the streamlines are redirected from roughly
perpendicular to parallel to the surface. Using the coordinate system shown in figure
2, the inviscid flow is described by the stream function–vorticity equation:

∂2ψ

∂y2
+
∂2ψ

∂x2
= Ω(x, y) (2.13)

and
∂2ψ

∂y2
+
∂2ψ

∂r2
− 1

r

∂ψ

∂r
= r2Ω(r, y), (2.14)

for two-dimensional and axisymmetric impingement, respectively. In (2.13), the stream
and vorticity functions are defined:

∂ψ

∂x
= −v, ∂ψ

∂y
= u, (2.15)

Ω =
∂u

∂y
− ∂v

∂x
, (2.16)

and in (2.14):

∂ψ

∂r
= −rv, ∂ψ

∂y
= ru, (2.17)

Ω =
1

r

(
∂u

∂y
− ∂v

∂r

)
. (2.18)

Defining the stream function such that ψ = 0 along the surface and centreline and
assuming parallel outflow far from the stagnation point provides three boundary
conditions. The fourth is determined by the influx velocity profile. It is apparent from
figure 1 that a variety of impinging velocity profiles are possible depending on the jet
Reynolds number, Reo, and the jet height, H , from the surface. Therefore, treatment
of the inviscid impingement region must not be limited to a single velocity profile.

Phares, Smedley & Flagan (2000b) solved (2.13) and (2.14) for an arbitrary influx
stream function profile, Ψ , in terms of a surface integral involving the vorticity
function, Ω. By assuming an appropriate stream function distribution, the vorticity
function and, thus, the surface integral could be calculated, yielding a corrected stream
function distribution. For the purpose of calculating wall shear stress, the significant
quantity needed from the inviscid analysis is the velocity, U, at the surface y = 0,
which is assumed to be the velocity at the top of the boundary layer. It follows
from the development of Phares et al. (2000b) that this velocity distribution is the
converging infinite series:

U(x)

us
=

∞∑
n=1

[
Anγn −

∞∑
m=1

Bmnαm

γ2
n + α2

m

]
sin (γnx), (2.19)

An =
2

a sinh(γnb)

∫ a

0

Ψ (x′) sin (γnx
′)dx′, (2.20)

Bmn =
4

ab

∫ a

0

∫ b

0

Ω(x′, y′) sin (αmy
′) sin (γnx

′)dy′dx′, (2.21)

γn =
2n− 1

2a
π, αm =

mπ

b
, (2.22)
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for the two-dimensional case, and

U(r)

us
=

∞∑
n=0

[
Dnλn −

∞∑
m=0

Emnαm

λ2
n + α2

m

]
rJ1(λnr), (2.23)

Dn =
2

a2J2
1 (λna) sinh(λnb)

∫ a

0

Ψ (r′)J1(λnr
′)dr′, (2.24)

Emn =
4

ba2J2
1 (λna)

∫ a

0

∫ b

0

r′2Ω(r′, y′)J1(λnr
′) sin (αmy

′)dy′dr′, (2.25)

J0(λna) = 0, (2.26)

for the axisymmetric case. In equations (2.19) and (2.23), us is the centreline velocity
of the influx flow and a and b are the boundary locations chosen far enough away
from the stagnation point so as to not affect the solution. Equations (2.19) and
(2.23) are compared with available measurements for near-field and far-field jet
impingement in figures 3 and 4, respectively. The experimental data presented were
calculated from Bernoulli’s equation using surface pressure measurements. For fully
developed jet impingement (figures 3a and 4a) the data collapse to the inviscid solution
when scaled with bu. For developing jet impingement, the inviscid theory predicts a
noticeable effect of jet height on the surface velocity for the two-dimensional case
(figure 3b) and the axisymmetric case (figure 4b). The experimental data support these
predictions.

2.3. The impingement boundary layer

Having obtained the free-stream conditions for a wide range of impinging jet con-
figurations, we can now proceed with the boundary layer analysis that will enable
the determination of the wall shear stress distribution on the surface. Theoretical
treatment of the boundary layer requires some initial intuition about the flow. It could
be inferred that the strong favourable pressure gradients close to the stagnation point
not only surpress turbulence close to the surface, but also cause the boundary layer
to at least behave in a laminar fashion. This inference is strongly supported by the
work of Kataoka & Mizushina (1974) and Kataoka et al. (1982), who observed that,
in contrast to heat and mass transfer, the wall shear stress close to the stagnation
point is insensitive to the level of turbulence in the free stream. As the pressure
gradients subside, we expect the boundary layer to become turbulent. The location of
this transition will be explored using the available data later.

2.3.1. Laminar boundary layer

Following Polhausen (Schlichting 1960), the wall shear stress, τo, in a laminar
boundary layer subject to a pressure gradient is given by

τoδ

µU
= 2 +

Λ

6
, (2.27)

where δ is the boundary layer thickness, and Λ is a boundary layer velocity profile
shape factor defined as

Λ =
δ2

ν

dU

dx
. (2.28)
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Figure 3. Comparison between calculated (equation (2.19)) surface velocities with influx boundary
condition given by equations (2.5) (– - –) and (2.7), H/D = 1 (——), H/D = 5 (- - - -), and
impinging plane jet measurements. (a) Fully developed turbulent jet impingement (H/D > 6):
Schauer & Eustis (�); Kumada & Mabuchi (4); Beltaos & Rajaratnam (◦). (b) Developing jet
impingement (H/D < 6): Tu & Wood, H/D = 1 (O) and H/D = 4 (�).

Calculation of δ and Λ by the method of Holstein and Bohlen is detailed by
Schlichting (1960) for the two-dimensional case and by Kataoka & Mizushina (1974)
for the axisymmetric case and is thus not presented here.

It follows from equations (2.27) and (2.28) that the wall shear stress distribution
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Figure 4. Comparison between calculated (equation (2.23)) surface velocities with influx bound-
ary condition given by equations (2.3) (– - –) and (2.10), H/D = 6 (——), H/D = 1.2 (- - - -),
and impinging circular jet measurements. (a) Fully developed turbulent jet impingement (H/D > 8):
Bradbury (◦); Beltaos & Rajaratnam (4); Giralt, Chia & Trass (�). (b) Developing jet impingement
(H/D < 8): Giralt et al., H/D = 6 (O) and H/D = 1.2 (�); Kataoka et al., H/D = 6 (×).

can be written in the universal form

τ

ρu2
s

(
usbu

ν

)1/2

= g

(
x

bu

)
, (2.29)

for fully developed turbulent jet impingement, where x is replaced by r for the
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Figure 5. Predicted wall shear stress distributions based on laminar boundary layer theory for
H/D > 8 (——), H/D = 6 (— —), H/D = 4 (- - - -), H/D = 2 (– · – ·), and H/D = 1 (· · · · · ·) for:
(a) plane jet impingement; (b) circular jet impingement.

axisymmetric case. Using this scaling and table 1, the wall shear stress can be scaled
in terms of the jet nozzle parameters yielding the universal functions g1 and g2:

τ

ρu2
o

Re1/2
o

(
H

D

)5/4

= g1

(
x

H

)
(2.30)

for the two-dimensional case, and

τ

ρu2
o

Re1/2
o

(
H

D

)2

= g2

(
r

H

)
(2.31)

for the axisymmetric case. These functions are plotted in figure 5 for two-dimensional
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and axisymmetric fully developed jet impingement along with the non-similar wall
shear stress distributions resulting from developing jet impingement (H/D < 8). The
magnitude, τm, and location, xm(rm), of the shear stress maximum for fully developed
jet impingement are

τm = 7.30ρu2
oRe

−1/2
o

(
H

D

)−5/4

,
xm

H
= 0.12 (2.32)

and

τm = 44.6ρu2
oRe

−1/2
o

(
H

D

)−2

,
rm

H
= 0.09 (2.33)

for two-dimensional and axisymmetric impingement, respectively.

2.3.2. Turbulent boundary layer

The transition from a laminar to a turbulent boundary layer within the impingement
region can be accompanied by a sharp increase in the wall shear stress as observed
by Kataoka & Mizushina (1974) and Alekseenko & Markovich (1994) (see § 3). The
location and magnitude of this increase is variable within their experiments. In the
following boundary layer analysis, the magnitude of the increase will be calculated in
terms of the transition location, rt. Since the available measurements involve circular
jets, only the axisymmetric case will be considered here.

Schlichting (1960) showed that the axisymmetric momentum equation could be
written

U2 dθ

dr
+ (H + 2)

θ

U

dU

dr
+
θ

r
=

τ

ρU2
, (2.34)

where θ is the momentum thickness, and the ratio, H , of the displacement and
momentum thicknesses is generally taken to be equal to 1.4. The shear stress, τ, can
be related to θ for turbulent boundary layers:

τ

ρU2
= α

(
Uθ

ν

)1/n

, (2.35)

where the constants were given by V. M. Falkner to be α = 0.0065 and n = 6
(Schlichting 1960). Combining equations (2.34) and (2.35) and integrating directly
yields

θ =

[
0.0076ν1/6U−3.97r−7/6

(
C +

∫ r

rt

r7/6U3.80dr

)]6/7

. (2.36)

The constant of integration, C , is determined from the laminar result at rt.
Figure 6 depicts the wall shear stress distribution for fully developed jet impinge-

ment assuming three different turbulence transition locations, rm/H = 0.2, 0.3, and
0.4. Based on this analysis, it appears that the magnitude of the shear stress jump will
increase as the distance of the transition location from the stagnation point increases.
This is consistent with the observation of Alekseenko & Markovich (1994) that the
turbulence transition is more pronounced for lower jet heights, which exhibit lower
free-stream turbulence levels, and thus longer laminar boundary layer lengths from
the stagnation point.

Soon after the transition to a turbulent boundary layer occurs, viscous dissipation
results in a wall jet and the free-stream conditions obtained from inviscid theory are
no longer accurate. Wall jets have been studied thoroughly both experimentally and
theoretically (Launder & Rodi 1983) and are, therefore, not considered in the present
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Figure 6. Wall shear stress distribution for three turbulence transition locations:
rt/H = 0.2 (· · · · · ·), rt/H = 0.3 (- - - -), and rt/H = 0.4 (——).

Study H/D Reo Measurement technique

Bradshaw & Love (1961) 18 1.50× 105 flat Preston tube
Beltaos & Rajaratnam (1974)
‘Run 4’ 21.1 8.04× 104 standard Preston tube
‘Run 5’ 65.7 3.00× 104

Kataoka & Mizushina (1974) 3.86 & 8.24 9.60× 103–3.62× 104 electrochemical method
Kataoka et al. (1982) 6 4.00× 103–1.50× 104 electrochemical method
Alekseenko & Markovich (1994) 2–8 4.16× 104 electrochemical method

Table 2. Impingement-region wall shear stress data for axisymmetric impinging jets.

work. However, we will make use of the empirical expression of Poreh et al. (1967)
for the mean shear stress in a radial wall jet,

τ

ρu2
o

Re1/2
o

(
H

D

)2

= 0.34Re1/5
o

(
r

H

)−2.3

, (2.37)

in order to describe the circular jet data beyond the turbulence transition location.

3. Wall shear stress measurements
3.1. Axisymmetric jets

Table 2 lists available wall shear stress measurements under impinging axisymmetric
jets. The most notable feature of these measurements is the agreement with laminar
boundary layer theory of the wall shear stress distribution under the submerged
impinging liquid jets (see figure 7), and the lack of agreement for the impinging gas
jets (see figure 8). Figure 7 displays the wall shear stress measurements of Kataoka
& Mizushina (1974), Kataoka et al. (1982), and Alekseenko & Markovich (1994)
for various jet heights, H , and jet Reynolds numbers obtained using mass transfer
techniques. In figures 7 and 8, the radial location is non-dimensionalized with jet
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Figure 7. Wall shear stress measurements of Kataoka & Mizushina (1974) (Reo = 10 600–36 200)
(4); Kataoka et al. (1982) (Reo = 4000–15 000) (◦); and Alekseenko & Markovich (1994)
(Reo = 41 600) (+); compared with the impingement-region model (——) and the wall-jet-region
expression (equation (2.37)) (- - - -) for (a) H/D > 8; (b) H/D = 6.

height (λ = r/H). Not only is the collapse to the predicted scaling for laminar flow
clear, but the transition from laminar to turbulent boundary layer is evidenced by a
sharp increase in shear stress in some of the data (see figure 7a).

In the case of the normally impinging axisymmetric gas jet, the only impingement-
region wall shear stress data found in the literature were provided by Bradshaw &
Love (1961) for one jet configuration and Beltaos & Rajaratnam (1974) for two jet
configurations (labelled ‘Run 4’ and ‘Run 5’). The latter compiled all three data sets,
and non-dimensionalized the wall shear stress distributions with the maximum shear
stress. The resulting curves appeared to collapse to a general curve determined from
the axial boundary layer equation, and given by

τ

τm
= 0.18

(
1− e−114λ2

λ

)
− 0.9.43λe−114λ2

, (3.1)
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Figure 8. Wall shear stress measurements of Bradshaw & Love (1961) (Reo = 150 000, H/D = 18)
(◦); and Beltaos & Rajaratnam (1974), Run 4 (Reo = 80 400, H/D = 21.1) (�); and
Run 5 (Reo = 30 000, H/D = 65.7) (4); compared with impingement-region model (——)
and wall-jet-region expression (equation (2.37)) (- - - -).

where λ = r/H and the maximum shear stress, τm, is given by

τm = 0.16
ρu2

o(
H/D

)2
. (3.2)

The agreement between the data and this theoretical approach is misleading. Since
the equation of motion was solved in the axial direction, the wall shear stress was
erroneously defined as proportional to the radial variation in the radial velocity. Thus,
the reported theoretical development and equation (3.1) are not valid. The correct
approach would have been to solve the boundary layer equation in the radial direction
along the surface, as in § 2.3. Equation (3.2) is an empirical relation deduced from the
three distributions, and appears to hold only to within 15% for these cases.

Figure 8 displays the three measured wall shear stress distributions along with the
predictions from laminar boundary layer theory for the same jet parameters. It is
curious that the measured shear stresses are not consistently higher or lower than
the corresponding laminar predictions. In Run 4 from the experiments of Beltaos
& Rajaratnam, laminar theory seems to overpredict the measured shear stress closer
to the stagnation point and then switches to underpredicting at a non-dimensional
radius of about 0.12. Laminar theory overpredicts the shear stresses from Run 5
and underpredicts the Bradshaw & Love shear stresses throughout the impingement
region.

An explanation of the differences observed between gas jet data and submerged
liquid jet data may be derived from the manner in which the wall shear stress was
measured. Kataoka & Mizushina (1974), Kataoka et al. (1982), and Alekseenko &
Markovich (1994) used electrochemical probes and shear stress was calculated from
the diffusion current. Bradshaw & Love used a flat Preston tube of height 0.38 mm,
and Beltaos & Rajaratnam used a standard Preston tube with an outside diameter of
1.2 mm. In both cases, the probes were calibrated in fully developed turbulent shear
flows. The use of Preston tubes to measure wall shear stress in pressure gradients was
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Figure 9. Turbulent boundary layer (——) compared to the location of the top of the Preston
tube (∗) in the laminar boundary layer under an impinging jet studied by Bradshaw & Love (1961)
(· · · · · ·) and Beltaos & Rajaratnam (1974), Run 4 (- - - -) and Run 5 (– · – ·) at radial locations of
(a) λ = 0.08, (b) λ = 0.12, and (c) λ = 0.17. (d) Correlation of relative shear stress measurement
error for Run 4 (◦) and relative difference between assumed boundary layer profiles.

examined by Patel (1965), who found that laminarization of a turbulent boundary
layer severely affects Preston tube accuracy in favourable pressure gradients. More
recently, Champion & Libby (1994) applied an asymptotic analysis to impinging jet
flows and found stagnating turbulent flows to be significantly different close to the
surface than turbulent shear flows. Since there is strong evidence from the submerged
liquid jet experiments that the boundary layer in the impingement region is laminar,
we would expect that the Preston tube cannot be used to measure shear stress within
the impingement region of an impinging gas jet. Whether this holds for jets of larger
Reynolds numbers or large jet heights – such as the three presented here – requires
additional analysis of the boundary layer in conjunction with the available Preston
tube data.

Patel found that reducing the diameter of the Preston tube counterintuitively
increases the overestimate of the actual wall shear stress in a strong favourable
pressure gradient. This can be attributed to the departure of the boundary layer
profile from the logarithmic law for fully turbulent flows to a laminar profile. Figure
9(a–c) depicts the laminar velocity profiles, as calculated by the method of Holstein
and Bohlen, for all three impinging jets at three non-dimensional radii. The symbols
represent the location of the Preston tube within the boundary layer. Similar to the
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Figure 10. Transition to turbulence exhibited in three impinging jets: Reo = 21 500, H/D = 8
(�) (Kataoka & Mizushina 1974), Reo = 42 600, H/D = 4 (+) and H/D = 2 (4) (Alekseenko
& Markovich 1994); compared with transition theory (equation (2.35)) (——) and wall jet theory
(equation (2.37)) (- - - -).

observations of Patel, it appears that the data of Beltaos & Rajaratnam are more
accurate because the deviations from the logarithmic law are not as great at the
location prescribed by the size of the Preston tube, despite the fact that their tube
is three times the size of the tube used by Bradshaw & Love. Furthermore, there
is correlation between the deviation of the measured shear stress from the laminar
prediction and the difference between the laminar velocity profile and the logarithmic
law at the Preston tube location. Figure 9(d) displays this loose correlation for Run
4. A better correlation could be achieved by considering the integral of the velocity
over the entrance surface of the Preston tube rather than the velocity at the top of
the tube; but the correlation presented is sufficient to demonstrate the high error that
could result from using Preston tubes close to the stagnation point of an impinging
jet.

The prominent shear stress rise indicative of the transition to a turbulent boundary
layer appears under impinging jets with lower jet heights and jet Reynolds numbers.
A few of these examples are displayed in figure 10 along with the predictions from
§ 2.3.2. The wall shear stress immediately after transition is described well by turbulent
boundary layer theory, and quickly conforms to the radial wall jet expression (equation
(2.37)).

3.2. Plane jets

Indirect measurements of wall shear stress under impinging plane jets (including the
measurements of Schauer & Eustis 1963, Beltaos & Rajaratnam 1973, and Tu &
Wood 1996, see table 3) provide similar results to those presented for impinging
circular jets and are not analysed here. However, one experiment run by Tu & Wood
(1996) may provide some additional insight into the form of the boundary layer close
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Study H/D Reo Measurement technique

Schauer & Eustis (1963) 40 4.3× 104 flat Preston tube
Beltaos & Rajaratnam (1973) 43.6 & 66.1 5.3× 103–7.1× 103 flattened Preston tube
Baines & Keffer (1976) 3.86 & 8.24 7.0× 103 hot film, hot wire
Tu & Wood (1996) 1–21 3.04× 103–1.10× 104 Preston and Stanton tubes

Table 3. Impingement-region wall shear stress data for two-dimensional impinging jets.

20

100

y+

30

15

5

2τ
m

ax
/ρ

u
2 o

0

10

25

101 102 103 104

u+

(b)

Probe size (mm)

5

3

2

4

0.1 2 5 2

(×10–3) (a)

5 1

Figure 11. (a) Maximum shear stress under impinging plane jet (H/D = 20.6, Reo = 6300) measured
by Tu & Wood (1996) (+) with various probe sizes compared with predicted laminar value (- - - -),
and (b) corresponding probe locations (∗) in laminar boundary layer (——) compared with turbulent
boundary layer (· · · · · ·).

to the stagnation point. Various sized Stanton and Preston probes were used to map
the wall shear stress distribution under a single impinging plane jet configuration
(H/D = 20.6, Reo = 6300). The smaller probes yielded consistently higher wall shear
stresses along the surface. Figure 11(a) exhibits the measured wall shear stress at
the location of maximum shear stress as a function of probe size. The dashed line
represents the maximum shear stress value as calculated from equation (2.32). Figure
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11(b) displays the laminar velocity profile at the location of maximum shear stress
for the given jet, with the symbols representing the location of the top of the probe
within the boundary layer. Again, the correlation between the measurement error and
the difference between the laminar and turbulent boundary layer profiles at the probe
location is clear. It can be concluded from these analyses that shear stress probes
calibrated in turbulent boundary layers yield misleading results close to the stagnation
point in an impingement flow. This is significant because the maximum shear stress, a
quantity important to the processes of surface cleaning and coating thickness control,
is located within this region. The electrochemical method seems to provide the most
accurate data close to the stagnation point, but there are no such data available
for impinging gas jets. The hot-film and hot-wire measurements of Baines & Keffer
(1976) exhibit large discrepancies close to the stagnation point and are unlikely to be
accurate for circular jet impingement due to the three-dimensionality of the flow. The
next section presents a unique method to probe wall shear stress under impinging
circular gas jets in order to support the theoretical development in § 2 and the previous
analyses.

4. Particle resuspension experiments
A main motivation of the present work is to predict the conditions under which

impinging gas jets produce efficient resuspension of fine particles from surfaces.
Usually, the surface needing to be cleaned contains a polydisperse distribution of
uncharacterized particles possessing a wide distribution of particle–surface adhesion
forces. In this case, knowledge of the wall shear stress distribution under an impinging
jet is necessary to predict removal efficiencies. However, if the surface is laden with
a uniform distribution of identical spherical particles, then all removal occurs within
a very narrow wall shear stress range and the particles behave as quantized shear
stress sensors. The removal patterns beneath the jet serve as contours of constant
shear stress and can aid in determining the complete shear stress distribution. In these
experiments, a particle-laden surface was translated under an impinging air jet so
that a larger number of particles could be examined in a single experiment, and no
particles were exposed to jet startup transients that might affect resuspension.

4.1. Apparatus and sample preparation

The translating jet apparatus, illustrated in figure 12, used in this study is identical
to that used in the particle entrainment experiments of Smedley et al. (1999). The
system consists of a high-speed rail table with a vacuum-chuck sample holder and
a circular jet nozzle mounted to a y-z traverse at the translation point. The rail
table motions were controlled via RS-232 communications from the computer to
a Compumotor PDX-15 motor controller. The jet pressure is adjusted using the
regulator and measured with a Lucas P4100 pressure transducer reported to have
an accuracy to 0.03% of full scale with a range 0 to 6.9 MPa sealed gauge relative
to standard atmospheric pressure. The height and horizontal position of the jet are
adjusted using linear micrometer stages. A HeNe laser sheet provides glancing angle
illumination of the particles on the glass substrate so that they appear bright against
a dark background. Dark-field images of the particle-laden surfaces were recorded
using a CCD camera equipped with a telephoto lens and connected to a Macintosh
computer using a Scion LG3 frame grabber card.

Well-characterized monodisperse particles of polystyrene and ammonium fluores-
cein were produced with a vibrating orifice aerosol generator (VOAG), specially
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Figure 12. Translating gas jet experimental setup.

designed to work with organic solvents (Levendis & Flagan 1989). The particles were
deposited on carefully cleaned microscope slides by gravitational sedimentation and
then stored in a dry box for a minimum of 24 hours prior to use in the experiments.
The standard deviation for the particles used in this study was less than 0.5 µm.

4.2. Procedure

The procedure and data analysis is described in detail by Smedley et al. (1999),
so only the main points will be summarized here. A glass slide with a uniform
deposit of monodisperse microspheres (∼ 300 particles/mm2) was mounted flush on
the translation stage and secured with the vacuum chuck. Three dark-field images
spanning 58 mm of the length of the slide were recorded. The gas jet was started
and the slide translated at a constant velocity, Vtrans, under the jet. The slide was
then returned to the camera location and three more images were taken to record
changes in the average pixel intensity profile across the width of the slide. Particle
uniformity ensured that equal light intensity was scattered by each particle and, thus,
the average pixel intensity in the images was directly related to the surface density of
the deposited particles.

A typical experiment involved passing the slide under the jet 12 times with succes-
sively increasing jet pressure ratios, Pjet/Patm. As the jet pressure ratio was increased,
an increasing number of particles was entrained from a path directly beneath the jet
until 100% removal was achieved in the path, now resembling a dark stripe. Further
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(a) (b) (c)

Figure 13. Images of Sample 10 recorded (a) before experiment, and after exposure to air jet;
(b) Pjet/Patm = 2.02, and (c) Pjet/Patm = 6.71.

increase in the jet pressure ratio resulted in a widening of the path (see figure 13). The
two quantities measured from the recorded images were: (i) the removal efficiency in
the removal path passing directly beneath the jet, and (ii) the width, w, of the removal
path, which was measured between the locations of 50% removal efficiency.

Since a narrow distribution of particle–surface adhesion forces exists for a given
sample, due to slight variation in particle size and non-uniformities in the glass
surface, the threshold shear stress for particle resuspension is defined as the shear
stress needed to entrain 50% of the particles exposed to the shear. Thus the threshold
shear stress, τ50%, is the maximum shear stress under a jet with pressure ratio,
(Pjet/Patm)50%, which causes 50% removal efficiency in the removal path. As the path
widens, the removal path half-width, w/2, represents the radial location of the shear
stress contour corresponding to τ50% for the subsequent increasing jet pressures. This
technique can be used to map the τ50% contour only outside the maximum shear
stress location, since all particles within the initial removal path are exposed to the
maximum shear stress during translation.

A total of 16 samples were analysed: six 15.7 µm ammonium fluorescein particle
samples and ten 10.0 µm polystyrene particle samples. For the ammonium fluorescein
samples, the jet height was held constant (H/D = 10) and the translation speed
was varied. For the polystyrene samples, the translation speed was held constant
(Vtrans = 1.8 mm s−1) and the jet height was varied. Tables 4 and 5 summarize the
experimental parameters imposed on the ammonium fluorescein and polystyrene
samples, respectively.

4.3. Results

4.3.1. Ammonium fluorescein particles

Table 4 lists the threshold results for the ammonium fluorescein particle samples.
The threshold shear stresses, τ50%, were calculated from the threshold jet pressure
ratio, (Pjet/Patm)50%, and jet dynamic pressure, (ρu2

o)50%, using equation (2.33). The
threshold shear stress increase with translation speed suggests an effect of force
duration on the threshold particle resuspension force. This dynamic property of
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Vtrans (ρu2
o)50% τ50%

Sample (mm s−1) (Pjet/Patm)50% (kPa) Re50% (Pa)

1 1.8 1.15 2.85 5031 179
2 1.8 1.16 3.05 5211 189
3 9.0 1.21 3.99 5959 231
4 9.0 1.19 3.69 5728 217
5 270.0 1.24 4.46 6300 251
6 270.0 1.25 4.66 6440 259

Table 4. Experimental parameters and threshold results for 15.7 µm ammonium fluorescein
particle samples (H/D = 10).
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Figure 14. Observed τ50% shear stress locations for Vtrans = 1.8 mm s−1 (+), Vtrans = 9.0 mm s−1 (◦),
and Vtrans = 270.0 mm s−1 (4) compared with impingement-region model (——), and wall-jet-region
expression (equation (2.37)) (- - - -).

particle resuspension allowed different shear stress contours to be examined with
identical test samples by varying the translation speed.

Figure 14 presents the shear stress distribution, scaled with the appropriate jet
exit conditions, for all of the ammonium fluorescein test samples. The predicted
impingement-region shear stress distribution is represented by a solid line; and
the wall-jet-region distribution by a dashed line. Despite the variation in threshold
shear stress for the various translation speeds used, all of the data collapse to the
curve predicted by the impingement-region model close to the maximum shear stress
location. Farther from the stagnation point, the data lie above the wall-jet-region shear
stress curve. This suggests that particle resuspension scales with some percentage of
the amplitude of the wall shear stress fluctuations, which increases significantly at the
turbulent transition location.

4.3.2. Polystyrene particles

The smaller polystyrene particles required higher jet pressure ratios to achieve
removal efficiencies comparable to those observed for the ammonium fluorescein
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(ρu2
o)50%

Sample H/D (Pjet/Patm)50% (kPa) Re50% M50%

7 3 1.17 1.84 4182 0.36
8 4 1.08 1.46 3708 0.32
9 6 1.09 1.48 3726 0.32

10 10 1.20 3.67 6103 0.52
11 10 1.24 4.39 6764 0.56
12 10 1.21 3.97 6389 0.53
13 12 1.36 6.46 8482 0.68
14 15 1.45 7.96 9640 0.75
15 17 1.54 9.28 10623 0.81
16 20 1.62 10.49 11496 0.86

Table 5. Experimental parameters and threshold results for 10.0 µm polystyrene particle samples
(Vtrans = 1.8 mm s−1).
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Figure 15. Comparison between measured threshold jet parameters (present experiment (◦) and
experiment of Smedley et al. 1999 (�)) and incompressible flow theory (—–).

particles. For the higher jet heights, the threshold jet pressure ratios produced com-
pressible jets, which were not considered in § 2. Although large jet pressure ratios
were used in the ammonium fluorescein experiments, particle removal had already
extended far into the wall jet region of the flow and, thus, the effect of compressibility
could not be studied. In the polystyrene experiments, threshold jet pressure ratios,
(Pjet/Patm)50%, produced compressible jets, facilitating investigation of the effect of
compressibility on impingement-region wall shear stress. Table 5 lists the threshold
results measured for each case, including the threshold Mach number at the jet exit,
M50%.

Since translation velocity was held constant, the threshold shear stress, τ50%, was
assumed to be the same for all of the polystyrene samples. This notion was tested with
three repeatability experiments run at the same jet height (H/D= 10) on Samples
10, 11, and 12. Only a 3% variablity in (Pjet/Patm)50% was measured, supporting the
assumption of threshold shear stress uniformity among all samples.

The variation in measured threshold jet conditions with jet height is presented in
figure 15 along with the predictions from incompressible flow theory. The data show
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Figure 16. Measured Mach number correction function (present experiment (◦) and Smedley
et al. (1999) (�)) with overlaid polynomial fit (equation (4.2)) (——).

a definite trend away from the incompressible model for increasing jet heights. The
measured threshold jet conditions of Smedley et al. (1999) for 8.3 µm polystyrene
particles, also plotted in figure 15, exhibit a similar deviation from the incompressible
model, but for even lower jet heights. This suggests that the deviation is indeed due
to jet compressibility.

To account for the deviation, we introduce a compressibility correction factor to
equation (2.33):

τm = 44.6ρu2
oRe

−0.5
o

(
H

D

)−2

[1 + f(M)], (4.1)

where f(M) is some function of the Mach number. Figure 16 displays the values of
f(M) calculated from the present data set and from the measurements of Smedley et
al. (1999). The data were fitted to a fourth-order polynomial to obtain an empirical
expression for the compressibility correction factor in an impinging air jet given by

f(M) = 0.66M − 3.2M2 + 3.9M3. (4.2)

5. Concluding remarks
The assumption of a fully developed turbulent boundary layer close to the stagna-

tion point of an impinging jet has led to inaccuracies in the description of the wall
shear stress distribution. Reported measurements using pressure probes calibrated
in fully developed turbulent boundary layers have included errors in the magnitude
and location of the maximum wall shear stress, two quantities which are critical for
predicting shear-induced resuspension for surface cleaning or particulate sampling
applications. Similarly, numerical solutions (Looney & Walsh 1984; Bouainouche et
al. 1997) of the impinging jet flow field have also assumed a fully developed tur-
bulent boundary layer throughout the impingement region by employing turbulent
wall functions as the surface boundary condition, resulting in underpredictions of
the mean shear stress in the impingement region. A laminar boundary layer analysis
was employed to describe discrepancies between previously reported wall shear stress
measurements for jet Reynolds numbers as high as Reo = 105. The laminarization of



374 D. J. Phares, G. T. Smedley and R. C. Flagan

the boundary layer close to the stagnation point is analogous to the relaminarization
of a turbulent boundary layer in a strong favourable pressure gradient (Patel 1965).
Observing the removal of monosized spheres to map out wall shear stress contours
also yielded results which corroborated the predictions of laminar boundary layer
theory. This technique was applied to impinging compressible jets, and the wall shear
stress rise due to compressibility effects was measured for various Mach numbers.
An empirical expression relating the wall shear stress maximum and the jet Mach
number was obtained for impinging air jets.

Support for this work was provided by the FAA under Grant 93-G-060.
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