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Abstract. The well established cosmic ray transport equation describes the physics of cosmic ray modulation in the
heliosphere and is thought to be complete. Its solution for anomalous cosmic rays has special characteristics due to the
local acceleration of these particles at the solar wind termination shock. Some of these characteristics are demonstrated
here, namely effects by the strength of the shock, shock drift, the cutoff in the spectrum at the shock, species scaling,
drift, and ionization.

INTRODUCTION

In a test particle approach the distribution of cos-
mic ray particles in the heliosphere can be described
by Parker's transport equation (TPE) [18]. In a recent
overview of the state of modulation theory [5] it is ar-
gued that the physics contained in this equation is suffi-
ciently complete to describe cosmic ray modulation pro-
cesses. The problem that remains is to develop a detailed
description of the time-dependent characteristics of the
solar wind plasma causing the modulation of cosmic rays.
This description needs to be put into the TPE to produce
a realistic modulation model. It is expected that such a
realistic model would consist of a system of equations,
including an MHD description of the solar wind plasma.

The characteristics of the modulation of cosmic rays
is determined to a large extent by the "source" or bound-
ary spectrum that is modulated. The source of anoma-
lous cosmic rays (ACRs) is widely believed to be the
the acceleration of so-called pick-up ions [6] at the so-
lar wind termination shock (SWTS) as proposed by [16].
In this paper solutions of Parker's equation will be used
to demonstrate the unique features of ACRs and their de-
pendence on the location, strength, diffusion parameters
at the SWTS, ionization, and drift effects.

A set of modulation parameters with simple spatial
and energy dependence is chosen to demonstrate these
features as clearly as possible. More realistic parameters
would yield results that are quantitatively different, but
still qualitatively similar. This paper is an extension of
the work published in [17, 20].

TRANSPORT AND ACCELERATION OF
COSMIC RAYS

The transport equation contains the modulation ef-
fects of convection, diffusion, drifts in the HMF, adiabatic
energy losses, and acceleration at the SWTS. In terms of
the omnidirectional distribution function /, the TPE can
be written as

(1)

where P = pc/Z is particle rigidity in terms of momen-
tum, /?, the speed of light, c, and ionic charge Z. Dif-
fusion and drift effects are described by the diffusion
tensor, K, V is the solar wind vector, and Q represents
sources/sinks of particles. The diffusion tensor contains
anti-symmetrical terms quantifying drift (KT) and diffu-
sion parallel and perpendicular to the mean magnetic field

The diffusive shock (first order Fermi) acceleration
mechanism produces spectra at the SWTS (e.g. [3]) of
the form

(2)

In the special case of a mono-energetic source spectrum
2(/>r) = Qo§(P-Pi)§(r-rs), where 8 is the Dirac-delta
function, injected at rigidity P/, into a steady, plane SWTS
with compression ratio s, positioned at a distance rs from
the sun, this reduces to

(3)
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with spectral index q — 3s/(s — 1). In terms of intensity,
JT x P2f, and kinetic energy, 7\ this accelerated spec-
trum reduces to

or (4)

in the non-relativistic and relativistic limits respectively.

This power-law accelerated spectrum will extend to
a maximum energy limited by the available acceleration
time, the finite dimensions of the shock, adiabatic energy
losses (e.g. [3, 9]), and also ionization [11]. Considering
the short acceleration time needed to extend the power
law to ACR energies [10], compared to the long-lived na-
ture of the SWTS, and the length of a solar cycle, the
acceleration time is not thought to be responsible for lim-
iting the maximum energy gain by ACRs at the quasi-
perpendicular SWTS.

Instead, particles are expected [3] to escape from a
spherical SWTS without further acceleration when the
diffusive length scale becomes comparable to the radius
of curvature of the shock

Krr (5)

Adiabatic deceleration will decrease this maximum
energy, as it competes with the diffusive shock acceler-
ation mechanism.

The maximum energy a particle can attain by acceler-
ation at the SWTS can also be estimated in an interest-
ing special case as follows: by noting [8] that in absence
of diffusion, for a purely perpendicular shock, and for
particles that can not escape from the shock, the energy
gain due to first order Fermi acceleration is equivalent to
an energy gain of a charged particle in a potential field
E — — V x B. In this case a positively charged particle
gains energy as it drifts along the shock from the equa-
tor to the pole (pole to equator) in the positive (negative)
drift cycle. The maximum energy gain is then limited by
the potential difference between equator and pole. This
upper limit was estimated to be a total energy of ~300
MeV by [11] and references therein.

fleeting inner boundary at 77 = 0.05 AU and outer free es-
cape boundary r& = 120 AU, with a discontinuous, strong
shock at rs = 90 AU [23]. A diffusion mean free path per-
pendicular to the SWTS of Xrr = 3Krr/v = k^P/P^V/V0
AU is used, with PQ = I GV, and v the particle speed in
the rest frame of the sun. The solar wind speed is V = Vb>
with Vb = 400 km/s inside the shock, and V = Vo(rs/r)2/s
outside the shock. A mono-energetic spectrum of parti-
cles are injected at a rigidity P, with the rigidity domain
divided into 400 logarithmically spaced intervals. The
model is run for a total of 4.8 years, after which the solu-
tion has reached a stationary state.

For a baseline solution ACR O+, with atomic mass to
charge ratio A/Z = 16, is modulated by setting VrO =
0.5, with Pi = 0.2 GV (72 keV/nuc), and accelerated by a
strong (s = 4) shock. The resulting spectrum at the SWTS
is shown by the solid line in Figure 1 (top). This spectrum
has the expected form of a power law T"1 at low energies,
with a cutoff at 5.3 MeV/nuc, using a l/e deviation from
the power law as a cutoff criterion.

Also shown in Figure 1 are two parameter variations
relative to the baseline: (i) Changing only the compres-
sion ratio of the shock to s = 2.5, results in a shock spec-
trum with a power law of T~1'5 (dashed line), as expected
from (4). Note that the cutoff still occurs at 5.3 MeV/nuc.
(ii) Increasing the mean free path to Xrro = 1.0 results in
a shock spectrum (dash-dotted line) identical to the the
baseline, except that the cutoff energy is reduced by a
factor of two, to 2.65 MeV/nuc.

In the bottom panel of Figure 1 the modulated spec-
tra at 60 AU show that the spectral peak for case (i) is
moved to slightly lower energies, due to stronger modula-
tion which stems from the steeper spectrum at the shock.
In case (ii) the spectral peak is shifted to lower energies
by a factor of approximately two, with a lower level of
modulation than in the baseline solution.

It was found that for a wide range of parameters [17,
20] that the cutoff in the shock spectrum occurs where

(6)

THE POWER LAW SPECTRUM AND
CUTOFF

It is instructive to to solve (1) for a spherically sym-
metric heliosphere to illustrate the power law and its cut-
off at the SWTS.

Using the numerical model of [22], a baseline solution
of (1) is obtained for 140 radial intervals between a re-

where Cc « 4.5 for the above solutions, using the l/e
criterion to determine the cutoff energy. This number is
higher than the lower limit of Cc — 1, in (5), which may
be due to the effects of adiabatic energy losses not be-
ing taken into account in that estimate, or may simply
be dependent on the criterion used to determine the cut-
off energy. In comparison [17, 20] obtained a value of
C « 10, by essentially taking the smallest detectable de-
viation from a power law to indicate a cutoff.
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FIGURE 1. ACR O+ shock spectra (top) and at 60 AU (bottom)
for (i) baseline solution with 5 — 4, (ii) s = 2.5, (iii) solution with
Xrr0 = 1. Vertical lines (dots) indicate the cutoff energies of
the shock spectra (top), and the peak energies of the modulated
spectra (bottom). Both the cutoff energy, and peak energy of the
modulated spectrum in the Xrro = 1 case are lower by a factor
of two. The normalization was chosen arbitrarily to emphasize
the effects of the parameter variations.

More important than its value is the fact that Cc is a
constant, and that the cutoff energy can easily be deter-
mined from (6), as long as the same criterion for the cut-
off is applied consistently.

SPECIES SCALING

Modulated ACR spectra for different species (ele-
ments) have very similar shapes, but have different abun-
dances and appear to be shifted in energy per nucleon
([23] and references therein). The difference in abun-
dances are controlled by the seed particle abundance in-
jected into the shock, while the so-called species scaling
in energy is caused by the species dependence of diffu-
sion coefficients.

The species scaling of modulation can be derived
[4, 21] as follows: If the effective radial diffusion coeffi-
cient for more than one species of speed PC and rigidity
P has an energy dependence of PPY, the (non-relativistic)
energy per nucleon at which spectral features occur, scale
as TZ/TI w OC1/OC2 in the relativistic limit, with oc = A/Z.
In the non-relativistic limit, which is applicable to ACRs,
the species scaling factor is

r2/7i« ^- (7)

which only depends on the power y. In this derivation it
is assumed that the shock spectrum (or local interstellar
spectrum in the case of GCRs) that is modulated, has the
same form for both species, but scaled in energy accord-
ing to the species scaling factor above. This is the case
for ACR spectra accelerated at the SWTS with a power
law up to s characteristic cutoff energy. This cutoff is
controlled by the magnitude of the radial diffusion coef-
ficient in (6), so that the cutoff energies will scale with
species in the same way as modulation.

Figure 2 demonstrates the species scaling between
ACR O+, He+, and H+ by solving the TPE with the base-
line parameters for these species. In the top panel vertical
lines show the cutoffs in the three shock spectra at 5.3,
21.2, and 84.8 MeV/nuc, as expected from (7) for the
y = 1 used in all three cases. Similar lines are also drawn
in the bottom panels to show that modulated peak ener-
gies at about 2.6, 5.3, and 21 MeV/nuc for each species,
respectively.

Because the species scaling factor is a unique func-
tion of the rigidity dependence y in the non-relativistic
limit, the observed species scaling factor may be used to
determine this parameter. For Voyager 1 and 2 ACR O,
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FIGURE 2. ACR O+ shock spectra (top) and at 60 AU (bottom)
for (i) baseline O+ solution, (ii) He+, (iii) H+. Vertical lines
(dots) indicate the cutoff energies of the shock spectra (top), and
the peak energies of the modulated spectra (bottom). Both the
cutoff energy, and peak energies for He+ and H+ are higher by
factors of 4 and 16 respectively. The normalization was chosen
arbitrarily so that the modulated intensities at 60 AU are equal
at the spectral peaks.

He, and H, [21] found that the species scaling factor at
the spectral peaks was consistent with a value of y w 2.
Conversely, observed 1998 modulated spectra of several
different species was fitted [19] by solutions of the TPE
by using a value of y = 1.6 for rigidities up to 0.4 GV.

IONIZATION OF ACRS

Although ACRs are predominantly singly charged, re-
cent observations [15, 14] show that a significant fraction
may also be multiply charged. lonization effects were
consequently incorporated in a axisymmetrical time-
dependent modulation model [11] and subsequently ap-
plied to SAMPEX observations [2]. The method used in
that model was also applied to the Steenkamp [22] model,
and is summarized below.

ACRs are ionized by collisions with heliospheric neu-
tral hydrogen [11]. If the ionization rates of ACRs are
known, the source/sink function Qj in (1) for each charge
state, q, is given by

Qj - nn -Rq(T)fq] (8)

where Rq(T) is the ionization rate for charge state g,
and HH is the neutral hydrogen density. If the speed of
the neutral hydrogen atoms is negligible relative to the
speed of the ACR ions, and the particle distribution fq is
isotropic, the ionization rate is given by the product of the
collision cross section and the ion speed,

(9)

with Gq the ion-hydrogen ionization cross section.

To model the modulation of ACRs of TV charge states,
(1) must be solved for a system of N equations with the
correct ionization source/sink terms:

(10)

Each charge state undergoes modulation due to con-
vection, diffusion, drifts, adiabatic energy losses, accel-
eration at the shock, with an additional sink term to ac-
count for ionization losses. For the fully ionized state,

Assuming that only singly charged O+ is injected at
the shock, we repeat the baseline solution for ACR O
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and calculate the spectra and relative abundances of all
8 charge states, with the results shown in Figures 4 and
5. A neutral hydrogen density of HH — 0.115, an estimate
for the value at the SWTS [7], was used throughout the
heliosphere. lonization cross sections, oq, from [1] for O,
shown in Figure 5, have maxima in the energy range of
~ 100 to ~ 200 keV/nuc for charge states 1 to 5, and ~ 1
MeV/nuc for charge states 6 and 7. An injection energy
of 180 keV/nuc is used, instead of 72 keV/nuc in the base-
line solution, for stability reasons, and is sufficiently low
to allow a realistic demonstration.

Firstly, note that the O+ spectra are only slightly de-
pleted relative to the no-ionization baseline solution, with
the depletion increasing with energy. At low energies, the
T~l power law is also still clearly present at the shock.
This indicates that the source of particles due to acceler-
ation is large relative to the sink due to ionization in (8).
Secondly, there is also a clear trend that the abundance
of a particular charge state ON+ relative to O^"1)4" de-
creases with increasing charge, N: At 60 AU, O2+ makes
up 5% to 10% of the total in the energy range between 1
and 10 MeV/nuc, where the peak intensity occurs. In this
energy range, O3+ contributes 0.1% to 0.5% of the total.

At the shock, the spectra of multiply charged ACRs
do not have the T~l power law at low energies. This
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FIGURE 3. lonization cross sections for charge states 1 to 7 of
oxygen, from [1].

indicates that the majority of these particles are the prod-
ucts of ionization of lower charge states, rather than being
ionized mainly at low energies and then accelerated. As
expected from (6), the multiply charged ACRs are accel-
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FIGURE 4. ACR O+.. .O8+ shock spectra (top) and at 60 AU
(bottom). The number on each curve is the charge state, the
dashed line is the total of all 8 charge states. The line marked B
is the baseline solution.
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FIGURE 5. ACR O+.. .O8+ relative abundances at the shock
(top) and at 60 AU (bottom).

erated more efficiently at the SWTS, reaching higher en-
ergies (in energy per nucleon) than singly charged parti-
cles. In Figure 5 we show that at the shock, O2+ becomes
more abundant than O+ at 10 MeV/nuc (11 MeV/nuc at
60 AU), while O3+ in turn becomes more abundant at 40
MeV/nuc (44 MeV/nuc at 60 AU). These 'crossovers' are
a natural consequence of charge dependence of the accel-
eration cutoff.

Although ionization is a relatively unimportant modu-
lation mechanism compared to convection, diffusion, adi-
abatic energy losses and acceleration, it is a significant
source of particles for the acceleration mechanism at the
shock. The sum of the accelerated spectra of all charge
state can be a significantly broader spectrum compared
to a similar spectrum calculated for singly charged ions
without taking ionization into account. This is expected
to be particularly important for interpreting observations
of ACRs with larger ionization cross-sections. The con-
tribution of multiply charged ACRs should be more easily
detectable for species where the GCRs are significantly
less abundant than ACRs.

DRIFT EFFECTS

During the solar minimum period, drift effects are ex-
pected to play an important role in both GCR and ACR
modulation, [5] and references therein. The effects of
drifts at current sheets on accelerated spectra was de-
scribed in detail by [13], and could be summarized as
follows: a) Accelerated spectra are enhanced (depleted)
near current sheets where particles drift upwind (down-
wind), b) The spatial extent of the enhancement/depletion
increases with particle energy and c) the effects should be
more pronounced for electrons than protons.

In the heliosphere, positive drift cycle, positively
charged particles drifts outward along the wavy neutral
sheet, towards the poles along the shock surface, and in-
ward from the poles to the sun in the positive drift cycle,.
That is, the drift motion of particles are downstream near
the ecliptic, and upstream over the pole in this cycle. We
therefore expect an enhancement of the accelerated spec-
trum over the pole and a depletion near the ecliptic.

To demonstrate the drift effects, equation (1) is solved
for an axisymmetric two-dimensional heliosphere, di-
vided into 30 equally spaced intervals, assuming isotropic
diffusion in the radial and latitudinal (6) directions (i.e.
assuming ^99 = A,rr), and a modified [12] Parker spiral
magnetic field, with magnitude Be = 5 nT at earth. The
diffusion parameters and the solar wind were multiplied
by /(0) = 1.5-h 0.5 cos26, thereby increasing their magni-
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tude by a factor of 2 over the poles relative to the ecliptic.
A simulated wavy neutral sheet with a tilt angle of 10°
was used to approximate solar minimum conditions.

A comparison of the drift solution with the baseline
solution is shown in Figure 6. At the shock, the ecliptic
spectrum is depleted by 20% relative to the no-drift base-
line at the cutoff energy of 5.2 MeV/nuc, while the spec-
trum at the pole is enhanced by a factor of 4 at this energy,
taking the latitudinal gradient into account. In both cases,
the modification does neither destroy the power law shape
of the spectra at low energies, nor is the cutoff energy
significantly modified. For our choice of parameters, the
modulated ACR spectra at 60 AU are not substantially
modified by drift effects.

SUMMARY

One-and two-dimensional solutions of the cosmic ray
transport equation was used to demonstrate important
characteristics of ACR spectra accelerated at the SWTS,
which can be summarized as follows:

• Modulated ACR spectra have a peak intensity that
is determined by the cutoff in the spectrum at the
SWTS.

• ACR spectra at the SWTS have a characteristic
power law form, with a spectral index determined
by the compression ratio of the shock.

• This power law extends to a certain cutoff energy,
which occurs at an energy where Vrs = CcKrr.
Defining the cutoff to be where the spectrum has
fallen to l/e of its power law extrapolation, it is
found that Cc ~ 4.5.

• The species dependence of the diffusion and drift
terms in the diffusion tensor and the dependence of
the cutoff in the shock spectra on Krr give rise to
species dependent modulation, or species scaling, of
ACRs.

• The power law spectrum may be modified by drift
effects, which either enhances of suppresses acceler-
ation, depending on the direction of the particle drift
motion relative to the direction of convection by the
solar wind.

• ACRs are ionized by collisions with neutral hydro-
gen atoms in the heliosphere, giving rise to multiply
charged ions.

•
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FIGURE 6. ACR O+ shock spectra (top) and at 60 AU (bottom)
comparing the no-drift baseline spectra (solid lines) with drift-
modified spectra in the ecliptic (dashes), at 45° latitude (dash-
dot), and at the pole (dash-dot-dot). Vertical lines (dots) show
the cutoff at 5.2 MeV/nuc (top), and the spectral peaks at ~2.6
MeV/nuc. The drift spectra are offset by a factor of 10 relative
the the baseline spectra.
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Multiply charged ACRs give rise to modulated spec-
tra that are broader in energy than those consisting
only of singly charged ACRs.
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