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SI Text
Vortex Translation Operators. In the following, we derive the com-
mutation relations for the vortex translation operators

TxTy ¼ TyTx expð2πiN̂b∕NÞ; [S1]

and discuss their relation to the vortex Barry phase. Our deriva-
tion of Eq. S1 holds for any interaction strength U in the Bose
Hubbard model (Eq. 5). We consider the Hamiltonian of Eq. 5 on
a torus with N ¼ LxLy sites. The gauge field Arr0 describes one
flux quantum piercing the surface of the torus uniformly, whereby
the flux per plaquette is given by

B ¼ 2π

LxLy
: [S2]

An important gauge invariant quantity described by the gauge
field A is the Wilson loop functions

ΦxðyÞ ¼
I

dxAx; ΦyðxÞ ¼
I

dyAy: [S3]

We choose a continuous parametrization of the gauge field,
which yields a continuous family of Wilson line function. Our
gauge choice is given by

Ax
r;rþx̂ ¼ yBLxδx;Lx−1 þ

Θy

Lx
Ay
r;rþŷ ¼ xBLx þ

Θx

Ly
; [S4]

where x ¼ 0;:::;Lx − 1, and y ¼ 0;:::;Ly − 1. Our gauge choice is
shown in Fig. S1. The two Wilson loop functions are given by

ΦyðxÞ ¼ xBLy þ Θy; [S5]

ΦxðyÞ ¼ −yBLx þ Θx: [S6]

Note that the parameters Θx;Θy ∈ ½0;2π� define a continuous
family of Hamiltonians, which are inequivalent under gauge trans-
formation.

Let tx and ty be lattice translation operators, i.e.,

t†x brtx ¼ brþx̂; t†y brty ¼ brþŷ: [S7]

Translating the Hamiltonian by tx and ty leads to

t†αH½A�tα ¼ H½ ~AðαÞ�; ~AðαÞ
r;r0 ¼ At−1α ðrÞ;t−1α ðr0 Þ: [8]

The gauge invariant content of the new gauge fields ~AðαÞ is the
same flux per plaquette B as for A, however, the Wilson line func-
tions of Eq. S3 are shifted by one lattice constant,

tx:ΦyðxÞ → ~ΦyðxÞ ¼ Φyðx − 1Þ ty:ΦxðyÞ → ~ΦxðyÞ ¼ Φxðy − 1Þ:
[S9]

Note that the values of the Wilson lines cannot be changed by a
gauge transformation. Therefore, if we conjugate the Hamilto-
nian by tx or ty, we cannot make a gauge transformation back to
the original Hamiltonian. However, we can find gauge transfor-
mations Ux and Uy that yield the following relations:

U†
αt†αH½AðΘÞ�tαUα ¼ H½AðΘ − ΔΘðαÞÞ�; [S10]

where Θ ¼ ðΘx;ΘyÞ, and

ðΔΘðαÞÞβ ¼ ϵαβBLβ; [S11]

where ϵαβ is an antisymmetric tensor with ϵxy ¼ 1.
We parametrize the unitaries Ux and Uy as

Ux ¼ exp
�
i2π∑

r

χxrb
†
rbr

�
; Uy ¼ exp

�
i2π∑

r

χyrb
†
rbr

�
;

where the functions χαr are given by

χαr ¼
Z

r
dr0 · ½AðΘ − ΔΘðαÞÞ − ~AðαÞ�: [S12]

We now calculate the commutation relation between Tx and
Ty. An explicit formula for χαr using the gauge choice Eq. S4 reads

χxðrÞ ¼ −BLxyδx;0; χyðrÞ ¼ Bx: [S13]

Multiplying these operators, we get

TyTx ¼ tytx exp
�
i∑

r

ðχxr þ χyr−xÞb†rbr
�
;

TxTy ¼ txty exp
�
i∑

r

ðχxr−y þ χyrÞb†rbr
�

¼ TyTx expðiΥÞ: [S14]

In the above equation, we have used ½tx;ty� ¼ 0. The factor expðiΥÞ
is given by

Υ ¼ −∑
r

ωrb
†
rbr; [15]

with

ωr ¼ χxr − χxr−y þ χyr−x − χyr: [S16]

Using Eq. S13 we get

ωr ¼ −B; [S17]

and substituting this into Eq. S14, we arrive at our final result

TxTy ¼ TyTx expð2πiN̂b∕NÞ: [S18]

Here, N̂b is the boson number operator and N are the number
of sites.

Note that, although explicit gauge choices were made in the
derivation of Eq. S4, the result is gauge invariant: A different
gauge choice in Eq. S1 yields the same result.

To relate Tx and Ty to the vortex position, we note that the
vortex position can only depend on the values of the Wilson lines
ΦxðyÞ and ΦyðxÞ, because these are the only gauge invariant quan-
tities that break the translational symmetry on the torus. There-
fore, the ground states of the continuous family of Hamiltonians
H½AðΘÞ� correspond to many body states ΨðΘÞ with vortex
positions continuously parametrized by Θ as well. The vortex
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position in the many body states ΨðΘÞ has quantum fluctuations;
the amplitudes, however, are centered around a point RV, which
depends only onΘ (see refs. 1 and 2). As a result, the action ofTx
and Ty shifts the vortex position by one lattice site in the x and y
direction accordingly.

To relate Eq. S18 to 2πα, the Berry phase acquired by moving a
vortex around a dual lattice plaquette, we note that

expði2παÞ ¼ exp
�
i
I

dΘμAμ

�
¼ hΨðΘ0ÞjU4U3U2U1jΨðΘ0Þi;

[S19]

where Aμ ¼ ihΨðΘÞj∂Θμ
ΨðΘÞi, and the line integral is taken

around a plaquette in flux space of size ðBLy;BLxÞ. In Eq. S19,
Ui ¼ UðΘi;Θiþ1Þ are adiabatic evolution operators from Θi to
Θiþ1, and

Θ1 ¼ Θ0 þ ΔΘðxÞΘ2 ¼ Θ0 þ ΔΘðxÞ þ ΔΘðyÞΘ3

¼ Θ0 þ ΔΘðyÞΘ4 ¼ Θ0: [20]

Using U3 ¼ TyU
†
1T

†
y and U4 ¼ T†

xU
†
2Tx, and assuming that the

ground state jΨðΘÞi is nondegenerate, we find

exp
�
i
I

dΘμAμ

�
¼ hΨðΘ0ÞjT†

yT
†
xTyTxjΨðΘ0Þi

¼ expð−i2πnbÞ: [S21]

Finally, from Eq. S21, we see that the Berry flux through an ele-
mentary plaquette in flux space (which has the topology of a
torus) is 2πðnb þ pÞ. All of theN elementary plaquette on the flux
torus are identical. The Hall conductivity is given by the integral
of the Berry curvature on the whole flux torus (3) and, therefore,
in the presence of one vortex,

σxy ¼ Nðnb þ pÞ: [S22]

Vortex Hopping Hamiltonian. In the following, we derive the form
of the effective vortex Hamiltonian (Eq. 25). Let us start with the
terms arising from a change in the Aharonov–Bohm (AB) fluxes
Θ ¼ Θ0 þ ΔΘ, which moves the minimum of the vortex potential
UðR − RVÞ according to Eq. 24. We can now apply degenerate
perturbation theory in the subspace of jRi and jLi. The effect
of ΔΘ only leads to off-diagonal matrix elements between jRi
and jLi because both states have the same jψðR − RVÞj and
the perturbation is diagonal with respect to R. The state
jRi þ e−iφjLi has excess weight along arctanðx∕yÞ ¼ φ, and there-
fore becomes the ground state for ΔRV along that direction, i.e.,

HV ¼ ~Uð−ΔΘyσx þ ΔΘxσyÞ: [S23]

We now consider the effect of the particle-hole symmetry
(PHS) breaking terms of Eq. 19. We expect the two ground states
jRi and jLi to conform to two charge density wave orders cen-
tered at RV because the moving vortex exerts a force on the par-
ticles due to the Josephson relation. We note that the two charge
density wave orders decay exponentially with the distance from
RV (the decay length scale is the lattice constant) (1, 2). To see
which of the states (jRi or jLi) has an excess (reduced) density at
RV, we consider an analogy with a particle hopping on a ring
around RV.

In Fig. S2, we show the energy of a particle on a ring for the two
states jRi with m ¼ 0 and jLi with m ¼ 1 as a function of the flux
ΦD through the center of the ring. Note that the energy of jRi for

ΦD ¼ π − δ is equal to that of jLi for ΦD ¼ π þ δ (at ΦD ¼ π the
two states are degenerate). Consider now the vortex Hamiltonian
of Eq. 23. At half-filling for hard-core bosons (HCBs), we can
consider two dual flux configurations, which at RV have
ΦDðRVÞ ¼ π � δ. Via ΦDðrÞ ¼ 2πhSzr þ 1

2
i, they are related to

two corresponding charge configurations (the two configurations
are related by charge conjugation). From the analogy to the par-
ticle on a ring, we can infer that these two charge configurations
lead to the vortex ground states jLi, jRi, respectively. We there-
fore conclude that the state jLi (jRi) has an excess (reduced) den-
sity at RV, respectively (see Fig. S2).

Whereas for the particle-hole symmetric point, these charge
configurations are equivalent energetically, the assisted hopping
(t2∕U) terms in Eq. 19 give different energies for the two config-
urations. Due to the exponential decay of the charge density wave
order (1, 2), the difference between the expectation value of these
terms in the states jLi, jRi is also going to decay exponentially
with the distance to RV.

To account for their effect, we estimate the energy change
using mean-field HCBs states for jLi, jRi of the form jΨi ¼Q

rjψ rðϑrÞi, with

jψðϑrÞi ¼ cosðϑrÞj ↓i þ sinðϑrÞeiφr j ↑i: [S24]

Here φr is the phase arising due to the vortex. Because of the
exponential decay of the charge density wave order, we only con-
sider the 3 × 3 cluster shown in Fig. S2. We evaluate the assisted
hopping (Eq. 19) in a state where the parameters ϑr are chosen
such that the center site has nb ¼ 1

2
� δ, its nearest neighbors

nb ¼ 1
2
∓δ∕4, and the sites at the corners of the cluster have

nb ¼ 1
2
. We find that the energy difference is dominated by as-

sisted hopping terms that hop over the central site RV

EðjLiÞ − EðjRiÞ ≈ −εm∑
r;r0

��
LjeiArr0 Sþr

�
SzRV

þ 1

2

�
S−r0 jL

�

−
�
RjeiArr0 Sþr

�
SzRV

þ 1

2

�
S−r0 jR

��
; [S25]

where r and r0 are nearest neighbors of RV. As discussed above,
the state jLi corresponds to higher density at RV, therefore, the
quantity above is negative.

The combined effect of moving the vortex position RV away
from a direct lattice site and the PHS breaking terms of [19] leads
to the low-energy effective Hamiltonian near the degeneracy
point

HV ¼ ~Uð−ΔΘyσx þ ΔΘxσyÞ þ ~ϵσz; [S26]

which is given in Eq. 25.

Exact Diagonalization.We calculate the ground-state wave function
for different AB fluxes using the Algorithms and Libraries for
Physics Simulations Lanczos application (4) on a 3 × 3 cluster.
We choose the same gauge choice as depicted in Fig. S1. To ob-
tain the phase diagram, we truncate the local Hilbert space to
include all occupation states up to five particles per site.

To get some insight into finite size effects, we also calculate σxy
for a 3 × 4 cluster at filling nb ¼ 1. To compare the two cluster
sizes, we estimate the Mott transition by considering the gap to
the first excited state. We attribute the transition to a kink in the
gap as a function of t∕U. If we rescale the results for the Hall
conductivity by the critical t∕U, the change from σxy ¼ 0 to
σxy ¼ 1 obtained with the two clusters fall on top of each other.
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Fig. S1. The gauge choice Eq. S4. Arrows on links represent the values for Ar;r0 : Black arrows represent a value of B; blue arrows represent BLx ; red represent
Θx∕Lx ; and magenta Θy∕Ly . Open links stand for periodic boundary conditions.

Fig. S2. Vortex Hamiltonian. The green curves show the energy for a particle on a ring as a function of the flux through its center. At slightly higher (lower)
flux thanΦD ¼ π, the statem ¼ 1 (m ¼ 0) is the ground state. Two charge density waves centered at RV lead toΦD ¼ π þ δ, π − δ and correspond to the states jLi,
jRi, which have the same energy. Therefore, the state jLi (m ¼ 1) corresponds to a charge density wave with excess density at the center site.
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