
Mirrors with regular hexagonal segments
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The point-spread function and emissivity are calculated for a mirror made from regular hexagonal
segments of just a few different sizes. A mirror of this type has many similar segments, which is an
advantage for manufacturing, and for an �f�1 mirror with �1000 segments and �4 sizes of regular
hexagons the increase in intersegment gap area is negligible. This result raises the possibility of making
a mirror from very large numbers of identical small segments that are warped to the required figure.
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1. Introduction

A segmented mirror must have intersegment gaps to
accommodate segment manufacturing tolerances,
handling, and gravitational and thermal deforma-
tions of the mirror cell. For small segments, gravi-
tational deformations limit the gap width to w �
�d�D, where � is the gravitational deflection of the
cell, d is the segment diameter, and D is the mirror
diameter. For large segments, tolerances and han-
dling may be more important in setting the gap
width. Intersegment gaps are difficult to mask at a
cold image, so they increase the emissivity of the
mirror. Gaps also cause point-spread function
�PSF� sidelobes that can severely limit high-contrast
measurements.1 An obvious approach to minimiz-
ing these effects is to make the gap area as small as
possible. In addition, if the projection of the seg-
ments in the aperture plane is an array of regular
hexagons, the PSF will have a hexagonal array of
sidelobes, but there will be clean regions very close to
the PSF core. This scheme requires irregular hex-
agonal segments, and each size and shape of segment
is repeated only six times in the mirror.2 The ap-
proach is reasonable for a mirror with a few hundred
segments, but as the number of segments increases,
cost savings through high-quantity production favor
designs with many similar segments. Tiling a mir-
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ror with regular hexagons is an attractive option be-
cause it reduces the tooling cost, but hexagons of a
few different sizes are necessary to avoid a large gap
area. This idea can be extended to more radical
manufacturing approaches, such as making a mirror
from a few batches each of many, identical, small,
thin, regular hexagonal segments that are mechani-
cally warped3 into the appropriate figure for their
location in the mirror.

Design issues for a mirror with regular hexagonal
segments are explored in the following sections. In
Section 2 we calculate the gap area for a mirror tiled
with regular hexagons whose diameters decrease
with distance from the optical axis. The analysis is
expanded in Section 3 to include hexagons of just a
few different sizes, and the PSF for a mirror of this
type is calculated in Section 4.

2. Tiling with Regular Hexagons

When an axially symmetric curved surface is tiled
with regular hexagons, the gap area can be mini-
mized by varying the diameters of the hexagons with
distance from the axis. Starting with a planar array
of regular hexagons, we must apply a compression
function, v�r� � ¥n�1

� cnrn, and then fold the plane
onto the curved surface. The combination of com-
pression and folding must preserve the shapes �but
not the sizes� of the hexagons; i.e., the distortions in
the radial and azimuthal directions must be the
same. Applying v�r� causes a compression v��r� in
the radial direction and a compression v�r��r in the
azimuthal direction. Folding maps a circle of radius
r in the plane to a circle of radius 	�r� on the surface
�see Fig. 1�, resulting in an additional azimuthal com-
pression 	�r��r. The total azimuthal compression is




v�r��r� 	
v�r���v�r�, so for equal radial and azimuthal
compressions,

v��r� �
	
v�r��

r
. (1)

The distance along the surface from the origin to a
point at radius 	 is l
	�r�� � r �see Fig. 1�, and sub-
stituting 	 from Eq. �1� gives

l
rv��r�� � v�r�. (2)

The function l�	� is odd, with l��0� � 1 
see Eq. �6��, so
we can expand l�	� as

l�	� � �
n�0

�

a2n1	
2n1, (3)

with a1 � 1. Solving Eq. �2� as a power series then
gives

v�r� � r �
1
2

a3 r3 �
1
8

�9a3
2 � 2a5�r

5 � . . . . (4)

We want an expression for v�r� in terms of the profile
of the curved surface, z�	�. For an axially symmetric
surface,4

z�	� � �
n�1

�

b2n	
2n, (5)

so

l�	� � �
0

	


1 � z��t�2�1�2dt

� 	 �
2
3

b2
2	3 �

2
5

�4b2 b4 � b2
4�	5 � . . . , (6)

v�r� � r �
1
3

b2
2r3 �

1
5

�3b2
4 � 2b2 b4�r

5 � . . . . (7)

For a paraboloidal mirror, b2 � 1�2k, where k is the
radius of curvature, and b4 � 0; hence

v�r� � r �
1

12k2 r3 �
3

80k4 r5, (8)

v��r� � 1 �
1

4k2 r2 �
3

16k4 r4. (9)

The r6 term in v��r� is approximately �0.1927r6�k6

and is negligible for r�k �� 1, i.e., for focal ratios
larger than �f�0.5.

Now we can start drawing hexagons. If d is the
diameter of the hexagons in the original planar array,
regular hexagonal segments of diameter hav�r� �
dv��r� will overlap adjacent segments at larger r �but
the average gap width around a segment will be close
to zero�. Hexagons of diameter dv��r  d�2� will fit
with no overlaps because only the outermost parts of
a hexagon must be compressed by v��r  d�2�, but we
can clearly tile with somewhat larger segments, i.e.,
with a diameter in the range of dv��r  d�2� to dv��r�.
The center of this range gives a rough estimate of the
maximum segment diameter,

h�r� � dv��r �
d
4�

� d�1 �
1

4k2 �r �
d
4�

2

�
3

16k4 �r �
d
4�

4� , (10)

and the corresponding gap width, expressed as a
change in segment diameter, is

�h�r� � hav�r� � h�r� � d�v��r� � v��r �
d
4�� �

d2r
8k2 .

(11)

The average gap width over the entire mirror is then

��h�r�� �
1

�R2 �
0

R d2r
8k2 2�rdr �

2
3

�h�R�, (12)

where R � ��1  �2�6k2� is the radius of the mirror
measured along the surface and � is the radius mea-
sured perpendicular to the optical axis �see Fig. 1�.
Table 1 compares estimates of the segment diameter
and average gap width from Eqs. �10� and �12� with
results from a computer simulation of tiling a 30-m
f�0.75 mirror with 1-m segments. The simulation
calculates the vertices of the irregular hexagonal re-
gions produced by compressing and folding a flat
sheet of regular hexagons. It then inscribes the
largest possible regular hexagon in each region, ad-
justing position and rotation in the plane of the hexa-
gon to maximize the diameter. Figure 2 compares
Eq. �11� with the simulation results for �h�r�. In
general, the simulation gives slightly larger seg-
ments, and hence smaller gaps, than the simple
model of Eqs. �10� and �11�.

3. Batches of Segments

To gain a significant manufacturing advantage, we
want to tile the mirror with regular hexagons of just
a few different diameters. Each batch of hexagons

Fig. 1. Folding a plane onto an axially symmetric curved surface.

Table 1. Segment Diameter and Gap Width for a 30-m f�0.75 Mirror
with 1-m Segments

Parameter Units Eqs. �10� & �12� Simulation

Minimum diameter m 0.973653 0.973263
Average diameter m 0.986206 0.986102
Average gap mm 0.619 0.580
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will occupy an annulus, and we must choose the
boundaries �r0 � 0, r1, r2, . . . , rn � R� to minimize
the gap area. The difference between the actual di-
ameter of a hexagon in the region ri � r � ri1 and
the diameter permitted by Eq. �10� is

��r� �
d

4k2 �ri1
2 � r2�, (13)

where ��ri� � 0 and we have ignored terms in r4 and
higher. �This results in a small error in the choice of
boundaries.� The average difference over the mirror
is

���r�� �
1

�R2 �
i�0

n�1

�
0

R

��r�2�rdr

�
d

8k2R2 �
i�0

n�1

�ri1
2 � ri

2�2, (14)

which is minimized by choosing ri
2 � iR2�n, so each

batch occupies the same area on the surface of the
mirror. The diameter of a hexagon in the region ri �
r � ri1 is then

h�ri� � d�1 � � i
n�

1�2 Rd
8k2 �

iR2

4nk2 �
3i2R4

16n2k4� . (15)

Now we can calculate the gap width and estimate
the emissivity of the mirror. The average diameter
of the batched regular hexagons is

�h�ri�� �
1
n �

i�1

n

h�ri�

� d�1 � �n � 1
2n �1�2 Rd

8k2 �
n � 1

2n
R2

4k2

�
�n � 1��2n � 1�

6n2

3R4

16k4� , (16)

where we have used the rms value of �i�n�1�2 as an
�over�estimate of �1�n� ¥i�1

n �i�n�1�2. The average di-
ameter of the irregular hexagonal regions occupied by
the segments is

�hav� �
1

�R2 �
0

R

dv��r�2�rdr � d�1 �
R2

8k2 �
R4

16k4� ,

(17)

so the gap width, expressed as a change in segment
diameter, is �hbatch � �hav� � �h�ri��. We must also
include a nominal spacing between hexagons to allow
for gravitational and thermal deformations of the
mirror cell, manufacturing tolerances, and segment
handling. If the nominal spacing is s, the average
diameter of the batched hexagons is reduced by 2s�
�3, so

�hbatch � �hav� � �h�ri�� �
2s

�3

� �n � 1
2n �1�2 Rd2

8k2 �
R2d
8nk2 �

3R4d
32nk4 �

2s

�3
.

(18)

The fraction of the mirror area in the gaps is 2�h�d,
so the emissivity is

ε � �n � 1
2n �1�2 1

16f
d
k

�
1

64nf 2 �
3

4096nf 4 �
4s

d�3
,

(19)

where f � k�4� is the focal ratio. Figure 3 shows the
emissivity for several segment diameters and nomi-
nal gap widths. If we allow the emissivity due to the

Fig. 2. Gap width predicted by Eq. �11� and results from a com-
puter simulation �points� for a 30-m f�0.75 mirror tiled with 1-m
diameter regular hexagons.

Fig. 3. Emissivity as a function of focal ratio 
Eq. �19�� for mirrors
with four �solid curves� and eight �dashed curves� batches of reg-
ular hexagonal segments with d�k � 1�90 �light curves� and d�k �
1�900 �bold curves�. The nominal gap width is s�d � 0.004.
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gaps to increase by a factor � because of batching, the
segment diameter is limited to

d
k

� � 2n
n � 1�1�2�64fs�� � 1�

d�3
�

1
4fn �1 �

3
64f 2�� ,

(20)

which is shown in Fig. 4 for � � 1.35. As an exam-
ple, the 30-m f�1.5 California Extremely Large Tele-
scope5 has 1-m diameter segments �d�k � 1�90� with
4-mm nominal gaps �2-mm physical gaps and 1-mm
safety bevels, giving s�d � 4 � 10�3�, so tiling with
four batches of regular hexagons would increase the
emissivity due to gaps from 0.92% to 1.13%. This is
a small effect compared with 3–6% emissivity for the
three reflections in the telescope.

4. Point-Spread Function

In a mirror tiled with regular hexagons, the segment
diameter decreases away from the axis. In addition,
the projection of the segments onto the aperture
plane causes a radial contraction that increases away
from the axis. These effects smear the PSF side-
lobes and can limit the sensitivity of high-contrast
measurements near the PSF core.

Calculating the PSF for a mirror with hexagonal
segments is fairly straightforward once the segment
vertices are known because the projection of each
segment in the aperture plane is a linear transfor-
mation of a regular hexagon. This can be written as
the sum of three linear transformations of a square.
If H�x� is a hexagon centered at the origin with H�x�
� 1 inside the hexagon and H�x� � 0 outside, and
S�x� is a unit square with its lower left corner at the
origin, then

H�x� � �
ij�12,23,31

S�Aij
�1x�, (21)

where Aije1 � xi and Aije2 � xj; x1, x2, x3 are vectors
from the center to three alternating vertices of the
hexagon; and e1 � �1, 0� and e2 � �0, 1� are the
standard basis vectors. For hexagons not centered
at the origin, there is a translation factor that we will
add later. The Fourier transform �FT� of H�x� is

��u� � �
ij�12,23,31

FT
S�Aij
�1x�� � � det�Aij���Aij

tu�,

(22)

where we have used FT
S�A�1x�� � det�A���Atu�,
where ��u� � FT
S�x�� �see Appendix A�. The Fou-
rier transform of S�x� is a separable product, ��u� �
F�u � e1�F�u � e2�, where F�u� � �1�u�
sin u � i�1 � cos
u�� for a square of unit area,6 so

��u� � �
ij�12,23,31

det�Aij� F�Aij
tu � e1� F�Aij

tu � e2�

� � det�Aij� F�Aije1 � u� F�Aije2 � u�

� � det�Aij� F�xi � u� F�xj � u�. (23)

Each determinant in Eq. �23� represents the area of a
transformed square, so det�A12� � det�A23� �
det�A31�. The area includes three scale factors:
�3 for converting a unit square into a parallelogram
that is part of a unit hexagon; 
h�	��2�2 for scaling the
hexagon to edge length h�	��2; and 
1  z��	�2��1�2,
which is the cosine of the radial tilt of the surface at
radius 	. For a hexagon centered at �, we must also
include the phase factor exp��iu � ��, so

��u� � �h�	�

2 �2� 3
1 � z��	�2�1�2

exp��iu � ��

� �
ij�12,23,31

F�xi � u� F�xj � u�

� �h�	�

2 �2� 3
1 � z��	�2�1�2

�
exp��iu � ��

�x1 � u��x2 � u��x3 � u�

� �
i�1

3

�xi � u�cos�xi � u�. (24)

The PSF for the mirror is the sum of ��u� for all the
segments. This is shown in Fig. 5�a� for a 30-m
f�0.75 mirror tiled with four batches of 1-m diameter
regular hexagons with a nominal gap width of 4 mm.
In this case the mirror is spherical, which is compu-
tationally a little easier than a paraboloid. For com-
parison, Fig. 5�b� shows the PSF for segments that
are projected as 1-m regular hexagons in the aperture
plane. The inner sidelobes are higher for the
batched regular hexagons, but the outer sidelobes are
lower because they are smeared by variations in the
projected segment diameter and intersegment gap
width. If the focal ratio is increased to f�1.5, the
PSF plots become essentially identical. For con-
stant s�d, smaller segments give lower PSF sidelobes
because the gap width due to batching is smaller.

Fig. 4. Maximum segment diameter as a function of focal ratio

Eq. �20�� for a 35% increase in emissivity due to tiling with four
�solid curves� and eight �dashed curves� batches of regular hexa-
gons with s�d � 0.004 �light curves� and s�d � 0.002 �bold curves�.
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This allows the construction of faster mirrors, as well
as mirrors with lower PSF sidelobes. Figure 6
shows the PSF for a 30-m f�0.75 mirror with four
batches of 0.1-m diameter regular hexagons. The

corresponding PSF for segments that are projected as
regular hexagons in the aperture plane is almost
identical. Figures 5 and 6 illustrate an important
advantage of very small segments for high-contrast
observations of extrasolar planets, where a low side-
lobe level �0.1–1 arc sec from the PSF core is criti-
cal.7 With 1-m segments, the gaps cause significant
sidelobe structure to within a few tenths of an arc
second of the PSF core, but with 0.1-m segments, the
first sidelobe due to intersegment gaps is at a few arc
seconds.

5. Discussion

Mirrors with more than �1000 segments can be tiled
with regular hexagons without compromising the
emissivity and PSF. The approach could reduce
tooling costs for existing large telescope designs and
is very important for highly segmented mirrors be-
cause high-quantity production of identical segments
can significantly reduce the cost. Small, thin, me-
chanically warped, regular hexagonal segments could
make a cost-effective off-axis telescope possible.
This would avoid secondary support diffraction ef-
fects, resulting in a very clean PSF. Since small
segments have low mass, gravitational deflections in
the mirror cell are reduced and the fractional gap
width can be made smaller. Small segments also
require small safety bevels and small handling gaps,
so a highly segmented mirror made with regular
hexagons can achieve very low emissivity.

Appendix A: Fourier Transform of a Two-Dimensional
Linearly Mapped Function

This is the Similarity Theorem6 for a linear map L:
R2 3 R2. Let A�x�, y�� � �x, y�, where

A � �a c
b d� ,

and let f �x, y� be a complex-valued function. The
Fourier transform of f 
A�1�x, y�� is

FT� f 
A�1� x, y��� � �
��

�

�
��

�

f 
A�1� x, y��

� exp��iux�exp��ivy�dxdy

� �
��

�

�
��

�

f � x�, y��exp
�iu�ax�

� cy���exp
�iv�bx� � d y���dxdy

� �
��

�

�
��

�

f � x�, y��exp
�ix��ua

� vb��exp
�iy��uc � vd��

� �J�A��dx�dy�

� det�A� F
At�u, v��,

where F�u, v� � FT
 f �x, y��.

Fig. 5. �a� PSF for a 30-m f�0.75 mirror tiled with four batches of
1-m diameter regular hexagons with 4-mm nominal gaps. The
plot is taken through the sidelobes closest to the PSF core, and the
wavelength is 1 �m. �b� PSF for a 30-m mirror with segments
that are projected in the aperture plane as 1-m diameter regular
hexagons with 4-mm gaps.

Fig. 6. PSF for a 30-m f�0.75 mirror tiled with four batches of
0.1-m diameter regular hexagons with 0.4-mm nominal gaps.
The wavelength is 1 �m.
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