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This paper proposes a theory to describe the polarization and switching behavior of ferroelectrics

that are also wide-gap semiconductors. The salient feature of our theory is that it does not make

any a priori assumption about either the space charge distribution or the polarization profile. The

theory is used to study a metal-ferroelectric-metal capacitor configuration, where the ferroelectric

is n-type doped. The main result of our work is a phase diagram as a function of doping level and

thickness that shows different phases, namely, films with polarization profiles that resemble that of

undoped classical ferroelectrics, paraelectric, and a new head-to-tail domain structure. We have

identified a critical doping level, which depends on the energy barrier in the Landau energy and the

built-in potential, which is decided by the electronic structures of both the film and the electrodes.

When the doping level is below this critical value, the behavior of the films is almost classical. We

see a depleted region, which extends through the film when the film thickness is very small, but is

confined to two boundary layers near the electrodes for large film thickness. When the doping level

is higher than the critical value, the behavior is classical for only very thin films. Thicker films at

this doping level are forced into a tail-to-tail configuration with three depletion layers, lose their

ferroelectricity, and may thus be described as nonlinear dielectric or paraelectric. For films which

are doped below the critical level, we show that the field required for switching starts out at the

classical coercive field for very thin films, but gradually decreases. VC 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.3702849]

I. INTRODUCTION

Ferroelectric perovskite thin films used in device and

memory applications are often modeled following the classi-

cal Devonshire-Ginzburg-Landau theory as insulators. These

materials, however, are wide bandgap semiconductors. Con-

sequently, one has band-bending near the electrodes, deple-

tion layers, and the formation of Schottky barriers.1 The

polarization profiles can also be altered. Significantly, these

and many resulting properties of the ferroelectric films

depend on dopant concentration and the density of crystal-

line defects, such as oxygen vacancies.

The study of the coupling of polarization and space

charges in ferroelectrics has a long history—see, for exam-

ple, Fridkin2 and the literature review in Bratkovsky and

Levanyuk.3 Various technological applications, including

ferroelectric memories, very thin ferroelectric films and opti-

cal fixing of domain walls, has led to a renewed interest in

the subject. Tagantsev et al.4 assumed the existence of a

depleted layer of a given thickness W (which is treated as a

phenomenological parameter) and studied its effect on

switching and on fatigue. They showed that their results

agreed qualitatively with experimental observations. Brat-

kovsky and Levanyuk3 as well as Pintilie and Alexe5 assume

a priori a distribution of space charges and study its effect

on the ferroelectric phase transition. Watanabe6,7 treats the

ferroelectric as a semiconductor, but assumes that the polar-

ization is uniform through the thickness of a thin film. Zubko

et al. 8 modified the coefficients of the Devonshire-Ginz-

burg-Landau theory and introduced the notion of effective

polarization to account for space charges. Recently, Baudry,9

using a discrete approach, as well as Morozovska et al.,10

extending the Devonshire-Ginzburg-Landau, have developed

a coupled field theory of space charges and polarization, but

make a priori assumptions on the space charge distribution

when studying specific problems. Gureev et al.11 have stud-

ied head-to-head domain walls, while Eliseev et al.12 and

Maksymovych et al.13 have studied static and dynamic con-

ductivity of domain walls. All of these studies have provided

a number of insights into how space charges alter polariza-

tion behavior. Still, a comprehensive study that makes no a
priori assumptions on the polarization and space charge is

missing.

In this paper, we adapt the Devonshire-Ginzburg-Landau

theory to ferroelectrics, which are also wide bandgap semi-

conductors. This theory does not make any a priori assump-

tion about either the space charge distribution or the

polarization profile. We study a metal-ferroelectric-metal ca-

pacitor configuration. Ferroelectric perovskites are typically

p-type semiconductors in bulk, if undoped. However, n-type

inversion layers are observed in thin films near the surfaces.

And it is also possible to prepare n-type ferroelectric perov-

skites in bulk by growing the specimen in an oxygen-poor

atmosphere.1 Since we are mainly interested in thin films, for
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definiteness, we assume that the ferroelectric is n-type doped

and that the concentration of acceptor impurities is negligible.

We could proceed analogously for p-type ferroelectrics. We

show that the polarization profile and the space charge distri-

bution can be quite complicated, depending on the dopant

concentration and on the thickness of the film. We provide a

detailed characterization of the profiles for different dopant

concentration and thicknesses.

The current paper limits itself to equilibria as static

loads or loads that change slowly with respect to the relaxa-

tion times. An extension of this theory to a time-dependent

situation is presented in Suryanarayana and Bhattacharya.14

An early report of this current work was presented in Xiao

et al.,15 and a detailed mathematical derivation of the model

with deformation is described in Xiao and Bhattacharya.16

The paper is organized as follows: We present the theory

in Sec. II and describe some computational results in Sec.

III. Section IV presents an approximate analytical model,

which allows us to very easily and explicitly calculate the

polarization profile, the space-charge distribution and the

electric potential. We show that this approximate model is

very accurate by comparing these with detailed computa-

tions. We conclude in Sec. V.

II. THE MODEL

Consider a film of thickness L with metal electrodes on

the two surfaces. The total potential energy per unit area of

the film for a polarization field p(x) and charge distribution

q(x) is given by

E½p; q� ¼
ðL

0

jðxÞ
2

dp

dx

� �2

þWðp; xÞ þWqðq; xÞ
 

þ �0

2

d/
dx

� �2�
dx� r0/0 � rL/L; (1)

where / is the electric potential obtained by solving Max-

well’s equation,

d

dx
��0

d/
dx
þ p

� �
¼ q; (2)

on (0, L) subject to the boundary conditions

/ð0Þ ¼ /0; /ðLÞ ¼ /L; (3)

and r0, rL are the free charges that are induced on the ferro-

electric/metal boundary by the applied voltage boundary

condition,

r0 ¼ ��0

d/
dx
¼ p

� �
x¼0

; rL ¼ �0

d/
dx
� p

� �
x¼L

: (4)

The terms of the potential energy may be understood as fol-

lows: The first term penalizes rapid changes in polarization

and is related to the energy in forming a domain wall. The

coefficient j is positive. The second is the Devonshire-

Landau energy, which carries the information about the

spontaneous polarized state. It depends on temperature; how-

ever, this dependence has not been shown explicitly since we

shall only be interested in an isothermal situation. The third

term is the potential energy associated with injecting/deplet-

ing charges in semiconductors. Notice that we have allowed

the first three terms to explicitly depend on position, as, for

example, in a heterogeneous or heterogeneously doped film.

The fourth term is the energy associated with the total elec-

tric field (applied and induced). The last two terms is the

work done by the battery in maintaining the applied

potentials.

We seek stable equilibrium states—p(x), q(x)—of this

potential energy. To derive the equilibrium equation, we

take the first variation,

dE ¼ d

dg
E½pþ gq; qþ gn�

���
g¼0
¼ 0; (5)

for some q, n. To evaluate this for some given q and n, let w
solve the Maxwell’s equation,

d

dx
��0

dw
dx
þ q

� �
¼ n; (6)

subject to w(0)¼w(L)¼ 0, and let f0, fL be the induced

charges defined analogously to Eq. (4). We may regard w as

the variation in the electric potential induced by the variation

in polarization and charge. It follows

dE ¼
ðL

0

j
dp

dx

dq

dx
þ @W

@p
qþ @Wq

@q
nþ �0

d/
dx

dw
dx

� �
dx

� f0/0 � fL/L ¼ 0: (7)

However,

ð
X
j

dp

dx

dq

dx
dx ¼

ðL

0

d

dx
jp

dp

dx

� �
� q

d

dx
j

dp

dx

� �� �
dx

¼ jq
dp

dx

� �L

0

�
ðL

0

q
d

dx
j

dp

dx

� �
dx; (8)

�0

ðL

0

d/
dx

dw
dx

dx ¼ �0 /
dw
dx

� �L

0

þ
ðL

0

/ � dq

dx
þ n

� �

¼ f0/0 þ fL/L þ
ðL

0

/nþ d/
dx

q

� �
dx; (9)

where we have used Maxwell’s to obtain the last equality.

Putting all this together into Eq. (7),

ðL

0

� d

dx
j

dp

dx

� �
þ @W

@p
ðp; xÞ þ d/

dx

� �
qdx

þ
ðL

0

@Wq

@q
ðq; xÞ þ /

� �
ndxþþ j

dp

dx
q

� �L

0

¼ 0: (10)

But this has to hold for arbitrary q, n; so we conclude that

� d

dx
j

dp

dx

� �
þ @W

@p
þ d/

dx
¼ 0; (11)
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@Wq

@q
þ / ¼ 0; (12)

dp

dx
ð0Þ ¼ dp

dx
ðLÞ ¼ 0: (13)

The first gives a relationship between the polarization and

the electric field, the second a relationship between the

charges and the electric potential, and the third is a natural

boundary condition. These along with the Eqs. (2) and (3)

are the governing differential equations for the variables p,
q, and /. We shall assume that Wq is convex, so that one can

invert Eq. (15) uniquely to obtain q¼ q(/), which we com-

bine with the Maxwell Eq. (2).

In summary, the governing equations that determine the

unknowns p, / are

� d

dx
j

dp

dx

� �
þ @W

@p
þ d/

dx
¼ 0; (14)

d

dx
��0

d/
dx
þ p

� �
¼ qð/Þ; (15)

subject to the boundary conditions

/ð0Þ ¼ /0; /ðLÞ ¼ /L;
dp

dx
ð0Þ ¼ 0;

dp

dx
ðLÞ ¼ 0: (16)

To close the system, we have to specify j, W, and q. We

shall assume that j is a fixed (material-dependent) constant

for the rest of the paper. We shall assume that

WðpÞ ¼ a

2
ðT � T0Þp2 þ b

4
p4 þ c

6
p6; (17)

where T is the absolute temperature, a, c, and T0 are materi-

als constants, and b may be a constant or a function of T,

depending on materials and the order of phase transition. For

example, for barium titanate, b¼ b0(T�T1), with b0 and T1

being constant. Finally, we assume that17

qð/; xÞ ¼ � eNcF1
2

Efm � Ec þ e/
KBT

� �

þ eNlF1
2

El � e/� Efm

KBT

� �

þ zeNdðxÞ 1� 1

1þ 1
g exp

Ed�e/�Efm

KBT

� �
0
@

1
A

� z0eNaðxÞ 1� 1

1þ 1
g0 exp

Efmþe/�Ea

KBT

� �
0
@

1
A; (18)

where KB is the Boltzmann constant, e the Coulomb charge

per electron, Nc(Nt) the effective density of states in the con-

duction (valance) band, Ec(Et) the conduction (valance)

band edge, Ed(Ea) the donor (acceptor) level, Efm the Fermi

level of the metal, Nd(Na) the donor (acceptor) density, z(z0)
the valency of the donor (acceptor), g(g0) the ground state

degeneracy of the donor (acceptor) level, and

F1
2
ðgÞ ¼ 1

2
ffiffiffi
p
p
ð1

0

ffiffi
�
p

1þ expð�� gÞ d� (19)

the Dirac-Fermi integral. It can easily be verified that, for

each x, q(/, x) is a monotone decreasing function, which jus-

tifies the convexity of Wq. In Table I, we list the material

constants for barium titanate (BaTiO3) and lead zirconate ti-

tanate (PZT);1,18–20 the work functions for common metals

are also listed.

Before concluding this section, let us briefly comment

on the stability of the solutions of Eqs. (14) and (15). A sta-

ble equilibrium solution, p(x), q(x), is a local minimum of

the potential energy E,

d2E ¼ d2

dg2
E½pþ gq; qþ gn�

���
g¼0
� 0; (20)

for any q(x), n(x). Evaluating this, we conclude that p(x),

q(x) is a stable solution if

ðL

0

j
dq

dx

� �2

þ q2 @
2W

@p2

�
pðxÞ; x

�
þ n2 @

2Wq

@q2

�
qðxÞ; x

�
þ �0

dw
dx

� �2
( )

dx � 0; (21)

TABLE I. Material constants.1,18–20

Ferroelectric parameter Properties units BaTiO3 Pb(Zr0.54Ti0.46)O3

a JmC�2 K�1 6.65� 105 1.5� 104

b Jm5C�4 … 5.7� 107

b0 Jm5C�4 K�1 1.454� 107 …

c Jm9C�6 3.92� 1010 5.1� 109

T0 K 383

T1 K 448

Nc m�3 1024 1024

Nt m�3 1024 1024

Nd m�3 1024 � 1026

Na m�3 0

Ec eV �3.6 3.5

Et eV �6.6 6.9

Ed eV �4.0

Ea eV �6.2

Metal property (Efm in eV)

Platinum �5.3

Bismuth �4.2

Silver �4.3
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for any q(x), n(x) where w is obtained from q, n as before as

a solution to the Maxwell’s Eq. (6). Since w depends linearly

on q and n, according to Eq. (6), we can rewrite the integral

above as a quadratic form in q and n, involving the linearized

operator. Thus, the condition above is exactly equivalent to

the well-known condition of asymptotic stability, which

requires the smallest eigenvalue of the linearized operator to

be non-negative.21 Notice that, if W, Wq are convex, then the

solution is assuredly stable. The latter is true given our con-

stitutive assumption on q(/) in Eq. (18), but the former may

fail for some solutions, since W in Eq. (17) may have a

multi-well structure at various temperatures. However,

notice that the pointwise convexity of W is not necessary, as

the other terms may compensate for it in the integral stability

condition of Eq. (21). For example, the integral may be posi-

tive, even if p takes values in both the convex and concave

domains of W, but if j is large enough. Therefore, we ignore

stability issues when we study approximate solutions is Sec.

III by taking j¼ 0. We note, however, that the numerical

method that we use in Sec. IV automatically picks a stable

equilibrium solution.

III. COMPUTATIONAL RESULTS

We solve the governing Eqs. (14) and (15) subject to

Eq. (16) using collocation method. Since these equations

may have multiple solutions, the numerical solution depends

on the initial guess. The method ensures that we only

obtained stable solutions (local minima). We present our

results for homogeneous n-type BaTiO3 films with Pt elec-

trodes at 300 K. Therefore, Na¼ 0 in Eq. (18).

We begin with zero applied voltage or short-circuited

films. The series of three figures on the left column of Fig. 1

show the results for three different thicknesses with dopant

(donor) concentration of 5.0� 1024 m�3. When the film is

very thin (e.g., 10 nm), the polarization is linear near the sat-

uration value of �0.27 C/m2 and the potential slightly bends

upward. As the film thickness increases, the polarization

continues to be linear with almost the same slope and the

potential rises further until, at around 200 nm, we begin to

see a distinct change. The polarization and the potential tend

to become constant near the middle of the film. The middle

region continues to grow with increasing film thickness, and

we obtain a film with almost constant polarization and poten-

tial with distinct boundary layers, as shown for 1000 nm.

Figure 2 shows the space charges in these films. As we can

see, the film is fully depleted for thin films, as was assumed

in the work of Baudry and Tournier,22 but only the boundary

layers are depleted in the thick films. We can indeed estimate

the width of the depletion layer (d) using the approximate

model in Sec. IV:15,29 d �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�r�0/c=ezNd;

p
where

�r ¼ ð@
2W
@p2 jp0�0Þ�1

. Finally, we note that we can have another

solution near the positive saturation polarization at each of

these film thicknesses. Thus, films at this dopant concentra-

tion behave like classical undoped films.

The situation is dramatically different as the dopant con-

centration is increased beyond a critical value. The series of

four figures on the left column of Fig. 3 show the results for

four different thicknesses with a higher dopant (donor) con-

centration of 5.0� 1025 m�3. We do not see much difference

when the film is very thin (e.g., 10 nm): the films are fully

depleted and the polarization is linear around the saturation

value of �0.27 C/m2. Also, as before, there is another solution

near the positive saturation polarization. However, dramatic

differences begin to emerge as the thickness increases. The

polarization profile is still linear, but explores a large range

starting from positive to negative, as shown for 60 nm and

100 nm. Further, the potential profile eventually develops two

FIG. 1. Electric potential and polarization profiles in n-type BaTiO3 films at

300 K with dopant density of 5.0� 1024 m�3 for various thicknesses. The

left column shows the computational results of the full model, while the

right column shows the results of the approximate model. The solid blue

lines are potential, and the dashed green lines are the polarization.

FIG. 2. Space charges in n-type BaTiO3 films at 300 K with dopant density

of 5.0� 1024 m�3 for various thicknesses.
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humps (e.g., 100 nm). Furthermore, there is only one solution,

suggesting a loss of switching behavior. As the film thickness

increases further, the polarization has a tail-to-tail profile, with

one region constant at the positive saturation value and

another at the negative saturation value separated by a transi-

tion layer and with two boundary layers at the two ends (e.g.,

1000 nm). There is, in fact, a one-parameter family of solu-

tions (the position of the central transition layer is indetermi-

nate); the one shown here is just one of them, chosen to have

a symmetric potential profile. This suggests the complete

shielding of the polarization by space charges. All of this is

emphasized in Fig. 4, which shows the space charge distribu-

tion for various thicknesses. The film is fully depleted at very

thin thicknesses (e.g., 10 nm and 60 nm). At larger thickness,

the film has three depletion layers—two boundary layers and

one transition layer in the middle. This suggests the loss of

ferroelectricity in intermediate and thick films of highly doped

material.

We now examine the switching behavior of films with var-

ious thicknesses and dopant concentrations by studying their

switching fields and hysteresis loops. Since the polarization

across the films is not uniform, we use the effective polarization

based on the charges induced on the top plate at x¼L in plot-

ting the hysteresis loops. This is a reasonable choice, consider-

ing the common Sawyer-Tower circuit used in observing the

ferroelectric hysteresis loops.18 In this setup, a linear capacitor

C0 with known capacitance is connected in series with the spec-

imen film. The Y signal in the hysteresis loop is indeed the

voltage across C0 or, equivalently, the charges induced on C0,

which is assumed to be equal to the charges induced on the

specimen film (i.e., the electric displacement D on the surface),

and thus approximates the polarization of the film, the film is

ferroelectric and p� �0E. We shall return to discuss the conse-

quences of this choice in some detail later.

We begin with a low dopant concentration of

5.0� 1024 m�3. Figure 5 shows the effective polarization as

a function of applied electric field for thick films of 1000 nm.

In doing these calculations, we gradually increase or

decrease the applied field using the previous state as the ini-

tial guess. Ec in the abscissa is the slope of the Devonshire-

Landau energy at the spinodal point (Fig. 15),

Ec ¼
���� @W

@p
ð6psÞ

���� where
@2W

@2p
ð6psÞ ¼ 0; (22)

or the classical coercive field. For the material parameters

we choose for BaTiO3 in Table I at 300 K, Ec¼ 1.572

� 107 Vm�1. We notice that the switching field Es in Fig. 5

is significantly smaller than the classical value Ec. The insets

in the figure show the polarization and potential profiles at

four different points. Starting from (A), where the film is

under positive electric field, the polarization near the elec-

trode at x¼L gradually marches to the negative domain (B)

with increasing negative electric field, while the majority of

the polarization profile across the film is kept unchanged.

Upon reaching the switching field, the polarization profile

across the whole film suddenly changes to the negative do-

main (C). The switching process from (C) to (D) to (A) is

similar—only a small portion of the film is involved most of

FIG. 3. Electric potential and polarization profiles in n-type BaTiO3 films at

300 K with dopant density of 5.0� 1025 m�3 for various thicknesses. The

left column shows the computational results of the full model, while the

right column shows the results of the approximate model. The solid blue

lines are potential, and the dashed green lines are the polarization.

FIG. 4. Space charges in n-type BaTiO3 films at 300 K with dopant density

of 5.0� 1025 m�3 for various thicknesses.
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the time. This implies that the boundary layers near the elec-

trodes provide a mechanism for the nucleation of an

opposite-polarized region, which enables switching at a

lower field than Ec. Recall, however, that the boundary

layers disappear at smaller thicknesses at this doping layer.

We find a higher switching field, as shown in Fig. 6, for a

100-nm film.

In addition, we notice that the hysteresis loop for the

1000-nm case is asymmetric in the sense that the switching

field under positive field is smaller than the one under nega-

tive field. This asymmetry has been widely observed in both

bulk ferroelectrics (e.g., Arlt and Neumann23 in Ni-doped

BaTiO3, Hall and Ben-Omran24 in Co-doped BaTiO3), where

it has been described as the development of an internal bias
field, as well as in thin films (e.g., Warren et al.25 and Oka-

mora et al.26 in Pt/PZT/Pt films). For the 100-nm case, the

hysteresis loop is more symmetric, as obviously shown in

Fig. 6. We elaborate on this asymmetry in Fig. 7. The blue

stars are for positive electric field, while the red circles are

for negative electric field. As obvious from the figure, the

switching field increases with decreasing film thickness and

reaches the classical value in the limit of zero thickness. In

addition, the switching field is symmetric only in very thin

films. For thicker films, the switching field under positive

field is substantially lower than the one under negative field.

Even though the Pt-BaTiO3-Pt configuration is symmet-

ric, there are, in fact, two sources of asymmetry in the situa-

tion under consideration. The first source is the fact that we

consider materials that are assumed to be n-type doped. This

causes the switching field under positive field to be lower

than the one under negative field. The second is that we are

reporting this polarization based on the charge at the top

plate (x¼L). For a classical ferroelectric film with q¼ 0,

from the Maxwell Eq. (2), the electric displacement D is

constant across the film. However, for a doped film, these

quantities are no longer constants across the film. In

particular,

Dx¼L ¼ Dx¼0 þ
ðL

0

qdx ¼ Dx¼0 þ Q; (23)

where Q is the space charges stored in the film. Thus, one

would measure a different response if the reference capacitor

FIG. 6. The effective polarization vs electric field hysteresis curves for a

100-nm n-type BaTiO3 film at 300 K with dopant density of 5.0� 1024 m�3.

The insets show the polarization and potential profiles at the points A, B, C,

and D.

FIG. 5. The effective polarization vs electric field hysteresis curves for a

1000-nm n-type BaTiO3 film at 300 K with dopant density of

5.0� 1024 m�3. The insets show the polarization and potential profiles at the

points A, B, C, and D.

084105-6 Shenoy, Xiao, and Bhattacharya J. Appl. Phys. 111, 084105 (2012)

Downloaded 01 Jun 2012 to 131.215.220.186. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



were connected to the bottom plate (e.g., Zheng et al.27)

These values also differ from the spatial average of the

polarization, which is commonly reported in computational

studies: this tends to be more symmetric, since it samples the

bulk and is relatively unaffected by the depletion layers.

Another interesting finding of Fig. 7 is that the switching

potential is almost constant beyond some critical film thick-

ness. We will revisit this in Sec. IV.

At the high dopant concentration of 5.0� 1025 m�3,

very thin films behave similarly as the low doping case, as

shown in Fig. 8. However, for thicker films, the switching

behavior is quite different, as demonstrated by Figs. 9 and

10, for a high-doped film with thickness of 100 nm and

500 nm, respectively. The hysteresis loops now reside

entirely in the negative field domain. In addition, in both fig-

ures, by looking into the polarization profiles of points A, B,

C, and D, we find that the polarization at x¼ 0 is almost

fixed, regardless of the applied field. Recall from Fig. 3 that,

for these thicknesses, the emergence of a central dip in the

voltage profile suggests a loss of traditional ferroelectricity.

Thus, these unusual hysteresis loops may reflect space

charge leakage instead of polarization.

To explore this, we recall that the hysteresis loops are

plotted using the polarization at x¼ L. In Figs. 11, 12, and

13, we show the result of alternate choices. From these three

figures, we can see that the polarization p still approximates

the electric displacement D at the two ends: The black line

(p at x¼L) is covered by blue crosses (D at x¼L), which, in

turn, are covered by green diamonds (sum of Q and D at

x¼ 0), and the magenta line (p at x¼ 0) is covered by yellow

crosses (D at x¼ 0).

For a 10-nm BaTiO3 film with high dopant density, as

shown in Fig. 11, we notice that the total charge Q stored in

the film is almost constant, with a positive value under dif-

ferent electric field. Therefore, the hysteresis loops measured

by charges at the top electrode and bottom electrode are a

simple vertical shift from each other. The difference is

related to the contribution to the polarization by the space

charges. This is consistent with the observations of Dawber

et al.,28 who found that extrapolating the measured inverse

capacitance versus thickness in lead-zirconate-titanate (PZT)

films to zero thickness gives a nonzero intercept.

In contrast, for a 100-nm and a 500-nm BaTiO3 film

with high dopant density, as shown in Fig. 12 and Figure 13,

respectively, the polarization measured at the top and the

bottom electrodes are completely different: the bottom elec-

trode shows no apparent polarization, while the top electrode

does. We also notice that the difference is consistent with

FIG. 7. The potential (a) and field (b) required for switching a film with low

doping (Nd¼ 5.0� 1024 m�3). The red circles are for negative electric field,

while the blue stars are for positive electric field. FIG. 8. The effective polarization vs electric field hysteresis curves for a

10-nm n-type BaTiO3 film at 300 K with dopant density of 5.0� 1025 m�3.

The insets show the polarization and potential profiles at the points A, B, C,

and D.
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change in total space charge Q through the cycle. In other

words, these films are not ferroelectric, confirming our ear-

lier speculation.

In summary, our numerical simulations show that the

films with low dopant concentration behave like classical

films, except for depletion layers at larger thickness, which

enables easy switching. For films with high dopant concen-

tration, the classical behavior is preserved only by very thin

films. For thicker films, a significant part of the film remains

unswitched, no matter how high the applied field is. The hys-

teresis loop is more a reflection of the space charges than the

true polarization status of the film. The superficially high

polarization at x¼L induced by spaces charges is highly

unsustainable, because of leakage (the so-called retention

problem).1 Therefore, we conclude that thick films with high

dopant concentration are not suitable for conventional appli-

cations, such as in memory devices or actuators.

IV. ANALYSIS OF AN APPROXIMATE MODEL

To understand the behavior in some detail, we simplify

our model. The highest (second) order terms in the governing

Eqs. (14) and (15) are linear, with very small coefficients j

and �0. Thus, the behavior is driven by the nonlinear lower

terms, with the second order terms smoothing things out in

boundary and transition layers. Thus, we can understand the

essential behavior by dropping the second order terms in

Eqs. (14) and (15), i.e., by assuming that j¼ �0¼ 0. Thus,

we consider

dW

dp
þ d/

dx
¼ 0; (24)

dp

dx
¼ qð/Þ; (25)

subject to the boundary conditions

/ð0Þ ¼ /0; /ðLÞ ¼ /L: (26)

We further assume, by examining Eq. (18) and Table I that

qð/Þ ¼
�

0 / � /c;
q0 / < /c;

(27)

FIG. 9. The effective polarization vs electric field hysteresis curves for a

100-nm n-type BaTiO3 film at 300 K with dopant density of 5.0� 1025 m�3.

The insets show the polarization and potential profiles at the points A, B, C,

and D.

FIG. 10. The effective polarization vs electric field hysteresis curves for a

500-nm n-type BaTiO3 film at 300 K with dopant density of 5.0� 1025 m�3.

The insets show the polarization and potential profiles at the points A, B, C,

and D.

084105-8 Shenoy, Xiao, and Bhattacharya J. Appl. Phys. 111, 084105 (2012)

Downloaded 01 Jun 2012 to 131.215.220.186. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



where /c is the ideal build-in potential for a semiconducting

film coated with metal electrodes. For the n-type BaTiO3

film and platinum electrodes at 300 K, we consider, in this

paper, /c ¼ ðEBT
fm � EPt

fmÞ=e ¼ ðEc þ Ed � 2EPt
fmÞ=2e ¼ 1:5V:

And q0¼ eNd> 0, assuming the valency of the donors is 1.

Please refer to Xiao29 for detailed discussion of this simplifi-

cation. We can now integrate these equations explicitly by

dividing them into three regimes.

Regime I. Assume /</c on some interval (x1, x2).

Then, q¼q0, according to Eq. (27). We conclude, from Eq.

(25), that

pðxÞ ¼ q0xþ k (28)

for some constant k. It follows, then, from Eq. (24) that

/ðxÞ ¼
ð
� dW

dp
ðq0xþ kÞdxþ k̂

¼
ð
� dW

dp
ðpÞ dp

dx

� ��1

dpþ k̂ ¼ � 1

q0

Wðq0xþ kÞ þ k̂

(29)

for some constant k̂. Thus, in regime I, the polarization is lin-

ear with slope q0, while the potential / follows the graph of

�W scaled vertically and horizontally by q0.

Regime II. Assume / 	 /c on some interval (x1, x2).

Then, q¼ 0, and we conclude from Eq. (25) that

pðxÞ ¼ k ¼ constant: (30)

It follows, then, from Eq. (24), that

dW

dp
ðkÞ ¼ 0: (31)

Thus, in regime II, the polarization p is constant at an equi-

librium point of W, and the potential / is constant at /c.

FIG. 11. The hysteresis loops formed by various quantities for a 10-nm

n-type BaTiO3 film at 300 K with dopant density of 5.0� 1025 m�3.

FIG. 12. The hysteresis loops formed by various quantities for a 100-nm

n-type BaTiO3 film at 300 K with dopant density of 5.0� 1025 m�3. The

insets show the polarization, potential, and space charge profiles at point F.

FIG. 13. The hysteresis loops formed by various quantities for a 500-nm

n-type BaTiO3 film at 300 K with dopant density of 5.0� 1025 m�3. The

insets show the polarization, potential, and space charge profiles at point F.
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Regime III. Assume />/c on some interval (x1, x2).

Then, q¼ 0, and we conclude from Eq. (25) that

pðxÞ ¼ k ¼ constant: (32)

It follows, then, from Eq. (24), that

/ðxÞ ¼ � dW

dp
ðkÞxþ k̂ (33)

for some constant k̂. Thus, in regime III, the polarization p is

constant, and the potential / is linear with slope �dW/dp.
We can now construct solutions by piecing together solu-

tions from different regimes. Since / follows the graph of

�W scaled vertically and horizontally by q0 when /</c, the

doping level and the film thickness are two very important pa-

rameters in constructing the solutions. We demonstrate this

for a film at a temperature (e.g., 300 K considered in this pa-

per) below the Curie temperature so that W has two minima

at 6p0 and a maximum at 0. Let W
 ¼ jWðp0Þj ¼ �Wðp0Þ be

the energy barrier between the two minima and 6 p*= 0 be

the points where W(6p*)¼ 0, as shown in Fig. 14. It is con-

venient to consider two cases separately.

• Low doping: q0j/cj < W


• High doping: q0j/cj > W


For the material parameters we choose for BaTiO3 in

Table I at 300 K, W*¼ 2.34� 106 Jm�3, and the critical dop-

ing level that differentiates the high/low doping cases is

9.74� 1024 m�3.

A. Low doping

We assume that q0j/cj < W
 in this section. Let 6pd

and 6pc (0< pd< p0< pc) be the points, as shown in Fig.

14(a), which satisfy

Wð6pdÞ ¼ Wð6pcÞ ¼ Wðp0Þ þ q0j/cj: (34)

We can have three types of films depending on thickness.

For the material parameters and doping level we consider in

Fig. 1, films with L< 191 nm belong to the thin film regime,

films with L> 815 nm belong to the thick film regime, and

the intermediate film regime incudes films with thickness in

between.

Thin films. Let q0L< pc� pd. We begin with the case of

zero applied field, /0¼/L¼ 0. It is possible to find solutions

which only use regime I. We use the boundary conditions to

find the constants k; k̂ in Eq. (29). There are three possible

solutions:

1. p linear near �p0

2. p linear near 0

3. p linear near p0

and /</c for each of these solutions. Solution 1 is shown

in Fig. 1 in the right top for a BaTiO3 film for the same pa-

rameters as that used in the computational results of the full

model shown on the left. We see that the agreement is good.

We discard solution 2 as being unstable.

Let us now apply a field by applying the potentials

/0¼ 0, /L¼�V to the electrodes. For definiteness, assume

that V> 0, so that the electric field E¼V/L> 0. If V is small,

we look for a solution close to solution 1 above that only use

in regime I. To do so, let p�, pþ (Fig. 15) be close to p0 and

solve

WðpþÞ �Wðp�Þ ¼ q0V; pþ � p� ¼ q0L: (35)

We can now identify the constants k; k̂ in Eqs. (28) and (29)

by setting p(0)¼ p� and p(L)¼ pþ. We can have a similar

solution close to p0. Returning to the solution near �p0, we

see that, as V increases, p�, pþ increase, until at some point,

one or both are above the spinodal �ps and the solution

becomes unstable. At this point, the solution near p0 is the

only stable solution. It is clear, therefore, that, in the limit of

FIG. 14. The Devonshire-Landau energy and terminology for low doping

(a) and high doping (b). FIG. 15. The Devonshire-Landau energy and switching plot.
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very thin films, the switching field corresponds to the spino-

dal and is equal to the classical value Ec. As the thickness

increases, the potential for switching increases, but at a rate

slower than the thickness, so that the switching field

decreases. In addition, in the limit of very thin films, p�, pþ

simultaneously cross the spinodal �ps from �p0 or cross the

spinodal ps from p0, resulting in a symmetric and classic

switching field. This agrees with our computational results.

Intermediate films. Let pc� pd<q0L< 2pc. The analysis

in this case is similar to that of Morozovska et al.10 Under

zero applied field, as L increases, solutions 1 and 3 above

involve higher and higher potentials and eventually reach re-

gime II. There are three possible solutions:

1. p is linear, constant, linear near �p0 as the potential /
increases to /c, remains constant, and then decreases to 0

pðxÞ¼
q0x�pc 0� x< ðpc�p0Þ=q0;
�p0 ðpc�p0Þ=q0� x�L�ðp0�pdÞ=q0

q0ðx�LÞ�pd L�ðp0�pdÞ=q0< x�L:
;

8<
:

(36)

2. p linear near 0

3. p is linear, constant, linear near p0 as the potential /
increases to /c, remains constant, and then decreases to 0

pðxÞ¼
q0xþpd 0� x< ðp0�pdÞ=q0;
p0 ðp0�pdÞ=q0� x�L�ðpc�p0Þ=q0

q0ðx�LÞþpc L�ðpc�p0Þ=q0< x�L:
;

8<
:

(37)

Solution 1 is shown in Fig. 1 in the right middle for a BaTiO3

film for the same parameters as that used in the computa-

tional results of the full model shown on the left. We see that

the agreement is good. We discard solution 2 as being

unstable.

Let us now apply a positive field by applying the potentials

/0¼ 0, /L¼�V with V> 0 to the electrodes. The situation

is very similar to that discussed above for thin films if

q0L< pc. If, however, q0L� pc, we see that solution 1 ceases

to exist as V increases beyond W
=q0 � j/cj. Thus, inde-

pendent of thickness, the switching potential is equal to

W
=q0 � j/cj as long as q0L� pc. This also means that the

switching field decreases with film thickness. Recall the

computational results (blue stars) we obtained from the full

model in Fig. 7; we find a very good agreement. When

the film thickness is beyond pc/q0, the switching potential

under positive field (blue stars) is almost constant at

W
=q0 � j/cj.
Further, as we point out before, the switching field/poten-

tial under negative field (red circle) is higher than the one

under positive field. This asymmetry can be partially

explained by looking at the right well in Fig. 15. We apply a

negative field by applying the potentials /0¼ 0, /L¼V with

V> 0 to the electrodes. As we increase V slowly from 0 to /c,

the polarization at x¼ 0 is fixed at pd, while the polarization at

x¼L slowly decreases from pc toward p0. When V is

increased further, electrons start to flow into the film from the

electrode at x¼L, forming a negatively charged layer nearby,

This, however, cannot be accounted by the simplified relation

in Eq. (27); for more info, please refer to Xiao.29 and the

polarization across the whole film starts to decrease until, at

some point, the solution near the right well becomes unstable

and the whole film suddenly switches to the left well. For the

doping level we choose in computing Fig. 7, /c¼ 1.5 V is al-

ready slightly higher than W
=q0 � j/cj ¼ 1:42 V. Therefore,

the switching potential under negative field is higher than the

one under positive field. In addition, we notice that, similar to

the positive case, the switching potential here is almost con-

stant when the film thickness is beyond some value. For the

negative field case here, this value is (pc� pd)/q0, which is

consistent with our analysis above.

Thick films. Let 2pc<q0L. As L increases ever further

with zero applied field, solutions 1 and 3 above remain the

same, but the potential in solution 2 also now reaches /c, so

that one has now got to add regime II to this solution as well.

So, the solutions are:

1. p is linear, constant, linear near �p0 as the potential /
increases to /c, remains constant, and then decreases to 0,

as in Eq. (36)

2. p is linear, constant at �p0, linear near 0, constant at p0

and linear as the potential / increases to /c, remains con-

stant, decreases and increases to /c, remains constant, and

then decreases to 0

pðxÞ ¼

q0x� pc 0 � x < ðpc � p0Þ=q0;
�p0 ðpc � p0Þ=q0 � x � x
;
qðx� x
Þ � p0 x
 < x < x
 þ 2p0=q0;
p0 x
 þ 2p0=q0 � x � L� ðpc � p0Þ=q0;
q0ðx� LÞ þ pc L� ðpc � p0Þ=q0 < x � L;

8>>>><
>>>>:

(38)

where x* satisfies (pc� p0)/q0< x*< L� (pcþ p0)/q0. This

is really a one parameter family of solutions, since x* can be

chosen from a range of values.

3. p is linear, constant, linear near p0 as the potential /
increases to /c, remains constant, and then decreases to 0,

as in Eq. (37).

Solution 1 is shown in Fig. 1 in the right bottom for a

BaTiO3 film for the same parameters as that used in the

computational results of the full model shown on the left.

We see that the agreement is good, except the potential

is cut-off in the middle. We discard solution 2 as being

unstable.
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As to the switching behavior for thick films, the situa-

tion is very similar to intermediate films with L� pc/q0 under

positive field and L� (pc� pd)/q0 under negative field. Both

switching potentials are kept constant, thus the switching

fields continue to decrease with thickness. This is again con-

sistent with our computational results.

B. High doping

We assume that q0j/cj > W
 in this section. Let 6 pc

(pc> p0) be the points, as shown in Fig. 14(b), which satisfy

Wð6pcÞ ¼ Wðp0Þ þ q0j/cj: (39)

We can have three types of films, depending on thickness.

For the material parameters and doping level we consider in

Fig. 3, films with L< 67.8 nm belong to the thin film regime,

films with L> 101 nm belong to the thick film regime, and

the intermediate film regime includes films with thickness in

between.

Thin films. Let q0L� 2p0. We begin with the case of

zero applied field. It is possible now to find solutions which

only use regime I. We use the boundary conditions to find

the constants k; k̂ in Eq. (29). There are three possible

solutions:

1. p linear near �p0

2. p linear near 0

3. p linear near p0

and /</c for each of these solutions. There are no other sol-

utions, as the potential can never get high enough to /c. Solu-

tion 1 is shown in Fig. 3 in the right top for a BaTiO3 film for

the same parameters as that used in the computational results

of the full model shown on the left. We see that the agreement

is good. We discard solution 2 as being unstable. Two thick-

nesses are considered in Fig. 3 for the thin film regime, one

with L¼ 10 nm and one with L¼ 60 nm. The profile of the

10-nm case is very similar to the one with the same thickness,

but lower doping considered earlier in Fig. 1. The 60-nm case,

however, has a slightly different profile, reflecting the fact that

the polarization is ranging from negative to positive domain.

The situation with applied field, including the switching field,

is similar to the lower doping cases.

Intermediate films. Let 2p0<q0L� 2pc. In the case of

zero applied field, as L increases beyond 2p0/q0, the solutions

near6p0 are lost, as the potential is unable to climb back to

zero. Therefore, we are left with a unique solution:

1. p linear near 0

This solution is shown in the right column in Fig. 3 for a

BaTiO3 film with L¼ 100 nm for the same parameters as that

used in the computational results of the full model shown on

the left. The agreement between the full and the approximate

models is again very good.

Let us now apply a negative field by applying the poten-

tials /0¼ 0, /L¼V with V> 0 to the electrodes. We con-

tinue to have a unique solution for a moderate V and start to

have two solutions when V increases further. When the origi-

nal solution becomes unstable, the polarization at x¼ L
jumps from positive value to negative value, while the polar-

ization at x¼ 0 hardly changes. If we apply a positive field

by applying the potentials /0¼ 0, /L¼�V with V> 0 to the

electrodes, we continue to have a unique solution with

increasing V. When V increases further, passing a point

(1.3 V) when the approximation in Eq. (27) is no longer

valid,29 huge positive charges start to accumulate near the

electrode at x¼L, pushing the polarization nearby to a

superficially high level, while the polarization at x¼ 0 hardly

changes.

Thick films. Let 2pc �q0L. In the case of zero applied

field, as L increases further, the potential increases to /c, so

that one has to use regime II. The solution now is

1. p linear, constant at �p0, linear around 0, constant at

p0, and linear as the potential increases from zero to

/c, remains constant, decreases and increases back to

/c, remains constant, and decreases back to zero

pðxÞ ¼

q0x� pc 0 � x < ðpc � p0Þ=q0;
�p0 ðpc � p0Þ=q0 � x � x
;
q0ðx� x
Þ � p0 x
 < x < x
 þ 2p0=q0;
p0 x
 þ 2p0=q0 � x � L� ðpc � p0Þ=q0;
q0ðx� LÞ þ pc L� ðpc � p0Þ=qc < x � L;

8>>>><
>>>>:

(40)

where x* satisfies (pc� p0)/q0< x*< L� (pcþ p0)/q0. We

now have a solution with “tail-to-tail” domains. Further,

notice that this is really a one parameter family of solutions,

since x* can be chosen from a range of values. This solution

is shown in Fig. 3 in the right bottom for a BaTiO3 film for

the same parameters as that used in the computational results

of the full model shown on the left. We see that the agree-

ment is good.

Suppose we apply a positive field with /0¼ 0, /L¼�V
for some V> 0. Let pV> 0 be the solution to W(6

pV)¼ q0VþW(pc). For V small enough so that pVþ pc<q0L,

we have a one-parameter family of solutions,
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pðxÞ ¼

q0x� pc 0 � x < ðpc � p0Þ=q0;
�p0 ðpc � p0Þ=q0 � x � x
;
q0ðx� x
Þ � p0 x
 < x < x
 þ 2p0=q0;
p0 x
 þ 2p0=q0 � x � L� ðpV � p0Þ=q0;
q0ðx� LÞ þ pV L� ðpV � p0Þ=q0 < x � L:

8>>>><
>>>>:

(41)

It is easy to verify that the energy associated with this solu-

tion is independent of x*. This implies that, as long as V is

small enough so that pVþ pc< q0L, the film feels no ener-

getic driving force to switch. In effect, the high doping level

and ample length create enough charges to “screen” the

effect of the field. Notice that, for any V, the part of the film

in regime II has length L� (pVþ pc)/q0. Therefore, as V
increases to reach the point that pVþ pc¼q0L, the part of the

film in regime II shrinks to zero and we have a unique solu-

tion. However, for the case we consider in Fig. 10 and also

in Fig. 13, before V even reaches that point, a very thin layer

with large positive charges appears near the electrode at

x¼ L (see the insets in Fig. 13 for point F) for the reason that

we discussed in the intermediate case. This thin layer at

x¼ L pushes the polarization nearby to a superficially high

level and keeps the polarization at x¼ 0 almost unchanged.

If we now apply a negative field with /0¼ 0, /L¼V
for some V> 0. And pV> 0 is the solution to

W(6pV)¼W(pc)�q0V. Assume V is small enough so that

pV> p0, we still have a one-parameter family of solutions the

same as Eq. (41). As V increases, the polarization at x¼L
decreases toward p0, while the left part near x¼ 0 is kept

unchanged. When V further increases and passes /c (point B in

Fig. 10), the solution becomes unstable and the polarization at

x¼L suddenly jumps from positive to negative value, while

the polarization at x¼ 0 hardly changes. Therefore, the hystere-

sis loop formed by the effective polarization at x¼L and the

electric field resides entirely in the negative domain, exactly as

shown in Fig. 10.

V. SUMMARY AND CONCLUSIONS

We have presented a theory for ferroelectrics, which are

also wide bandgap semiconductors. The theory does not

make any a priori assumption about either the space charge

distribution or the polarization profile. We have studied a

metal-ferroelectric-metal capacitor configuration, where the

ferroelectric is n-type doped in some detail. Our main result

is summarized in Fig. 16. We can identify a critical doping

level, which depends on the energy barrier in the Landau

energy and the build-in potential /c, which is decided by the

electronic structures of both the film and the electrodes.

When the doping level is below this critical value, the behav-

ior of the films is almost classical. We see a depleted region,

which extends through the film when the film thickness is

very small, but is confined to two boundary layers near the

electrodes for large film thickness. When the doping level is

higher than the critical value, the behavior is classical for

only very thin films. Thicker films at this doping level are

forced into a tail-to-tail configuration with three depletion

layers, lose their ferroelectricity, and may thus be described

as nonlinear dielectric or paraelectric.

For films which are doped below the critical level, we

show that the field required for switching starts out at the

classical coercive field for very thin films, but gradually

decreases as indicated in Fig. 17. In fact, the potential

required for switching is constant beyond a certain thickness,

as shown in Fig. 7(b). The depletion boundary layers provide

a natural mechanism for the nucleation of the oppositely

FIG. 16. Behavior of films of different thickness and doping level.

FIG. 17. The potential required for switching a film with low doping.
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polarized domain. However, we also notice the limitation of

our 1D model, since domain patterns and switchings are

absent here. Without domain patterns, the switching process

is not realistic and complete. However, the switching behav-

ior we obtain here nevertheless provides us very fresh and

surprisingly useful insights in understanding the switching

behavior of defect films and motivates us for future work on

more complex models.

Finally, the importance in the choice of the electrode is

highlighted by the fact that the width of depletion layers

depends on /c, which, in turn, depends on the work function

of the electrode. The higher the work function, the higher the

build-in potential, and the wider the depletion layers, the

harder the film subject to failure,15 and thus the better the

behavior of the films.
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