
Real-Space Decoupling Transformation for Quantum Many-Body Systems

G. Evenbly1 and G. Vidal2
1California Institute of Technology, Pasadena, California 91125, USA

2Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada
(Received 24 February 2014; published 4 June 2014)

We propose a real-space renormalization group method to explicitly decouple into independent
components a many-body system that, as in the phenomenon of spin-charge separation, exhibits separation
of degrees of freedom at low energies. Our approach produces a branching holographic description of such
systems that opens the path to the efficient simulation of the most entangled phases of quantummatter, such
as those whose ground state violates a boundary law for entanglement entropy. As in the coarse-graining
transformation of Vidal [Phys. Rev. Lett. 99, 220405 (2007)], the key ingredient of this decoupling
transformation is the concept of entanglement renormalization, or removal of short-range entanglement.
We demonstrate the feasibility of the approach, both analytically and numerically, by decoupling in real
space the ground state of a critical quantum spin chain into two. Generalized notions of renormalization
group flow and of scale invariance are also put forward.
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At low energies, an extended quantum many-body system
may decompose into several independent components, as in
the phenomenon of spin-charge separation, whereby a
system of interacting electrons decouples into spinons and
holons [1]. Another example is a Fermi liquid in D ≥ 2
dimensions, whose Fermi surface factorizes into an infinite
collection of one-dimensional critical systems [2]. More
exotic systems, such as spin-Bose metals displaying a Bose
surface [3], are also believed to decouple in a similar way. In
the above examples, the factorization of the many-body
Hilbert space into components at low energies becomes
evident when the Hamiltonian is expressed in terms of the
adequate collective quasiparticle operators in momentum
space. However, a generic interacting many-body system is
naturally modeled by some microscopic degrees of freedom
with a local Hamiltonian in real space, where this factori-
zation may no longer be manifest.
The purpose of this Letter is to propose a theoretical

framework and a numerical technique to obtain, in real
space, a factorized description of the ground state (more
generally, low energy subspace) of a many-body system
that experiences separation of degrees of freedom at low
energies. There are several good reasons, both conceptual
and computational, to search for one such description.
Fermi liquids and spin-Bose metals, which are among the
most entangled phases of quantum matter, pose an excep-
tional challenge to real-space renormalization group (RG)
methods. Recall that in D ≥ 2 dimensions, where the
ground states of many phases (both gapped and gapless)
conform to a boundary law for entanglement entropy [4],
the ground states of systems with emergent Fermi or Bose
surfaces display logarithmic violations of this boundary law
[5]. A logarithmic correction may seem small business.
However, it has the dramatic effect, as one flows towards

large length scales, of increasing the number of degrees of
freedom that one needs to deal with, thus rendering real-
space RG methods inefficient. In particular, it precludes the
use of all known forms of tensor network Ansätze [6,7],
which can only efficiently describe ground states that
strictly obey an entropic boundary law. This is most
unfortunate, since tensor networks have recently emerged
both as the basis of powerful nonperturbative approaches to
many-body systems on the lattice [6–10] and as the natural
language to describe and classify exotic phases of quantum
matter [11]. An ultimate goal of our work is to understand
the entanglement pattern in systems, such as Fermi liquids
and spin-Bose metals, that violate the entropic boundary
law, and to extend the tensor network formalism to these
exceptionally entangled phases of quantum matter.
Specifically, here we will show that entanglement renorm-

alization, or removal of short-range entanglement—already
the basis of a renormalization group transformation for
quantum systems on a lattice [12]—can also be used to
identify and decouple, in real space, different components of
a system that experiences separation of degrees of freedom.
For illustrative purposes, we will demonstrate the perfor-
mance of the approach in D ¼ 1 dimensions only, by
numerically decoupling a critical quantum spin chain into
two independent components. However, most of our
discussion also readily applies to D ≥ 2 dimensions.
Decoupling in real space leads to a generalized multiscale
entanglement renormalization Ansatz (MERA), the branch-
ingMERA [13], which is a tensor network Ansatz capable of
reproducing a variety of violations to the entropic boundary
law [14]. It also defines a holographic geometry [15] with
branches for each of the components, drastically reducing
computational costs, and suggesting a generalized notion of
scale invariance.
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Let L be a one-dimensional lattice made of N sites,
where each site is described by a Hilbert space V of finite
dimension χ. We denote by H and jΨi a local Hamiltonian
acting on V⊗N and its ground state, respectively. Here we
are interested in a very particular class of lattice models.
Namely, we will assume that the model can be decoupled
into two models, with lattices LA and LB, each made of
N=2 sites, under a suitable decoupling transformation V to
be introduced below.
Let us first clarify what we mean by “decoupling” a

lattice model into two, since this term may be used to
describe several inequivalent scenarios. The strongest
notion refers to “Hamiltonian decoupling”: V maps the
HamiltonianH into a sum of two HamiltoniansHA andHB
for sublattices LA and LB,

H → H0 ≡ V†HV ¼ HA þHB: ð1Þ

Notice that the ground state jΨi is then mapped into the
product of ground states for HA and HB,

jΨi → jΨ0i≡ V†jΨi ¼ jΨAi ⊗ jΨBi: ð2Þ

Asecond,weaker notionof decoupling is that of “ground state
decoupling,” where the transformed Hamiltonian H0 may
contain interactions between sublattices but, nevertheless,
its ground state jΨ0i still factorizes as in Eq. (2). We note for
later reference that in this case jΨAi and jΨBi are also the
ground states of the reduced Hamiltonians H0

A and H0
B,

H0
A ≡ hΨBjH0jΨBi; H0

B ≡ hΨAjH0jΨAi: ð3Þ

Decoupling transformation.—Our decoupling transfor-
mation V is a unitary transformation implemented in real
space by means of local gates, as depicted in Fig. 1. It is
made of two types of local gates: (i) disentanglers that in the
present example appear organized in two rows, and
(ii) SWAPs, used to regroup the sites of sublattices LA and

LB. Disentanglers u and v are two-site transformations,
i.e., u∶ V⊗2 → V⊗2 and v∶ V⊗2 → V⊗2, constrained to be
unitary, i.e., uu† ¼ u†u ¼ vv† ¼ v†v ¼ I⊗2, with Oðχ4Þ
complex coefficients, which can be treated as variational
parameters (to be determined, for instance, through numeri-
cally optimization). The role of disentanglers is to remove
short-range entanglement between sublattices LA and LB so
as to produce a factorized ground state, Eq. (2) and Fig. 2(a),
or to eliminate interaction terms that couple the two
sublattices to produce a decoupled Hamiltonian, Eq. (1).
Disentanglers are then followed by SWAP gates, each of
which permutes the basis states of a pair of lattice sites.
For bosonic degrees of freedom a SWAP gate acts just as

SWAP∶ jii ⊗ jji → jji ⊗ jii; ðbosonsÞ; ð4Þ

where fjiig denotes a basis in V , whereas for fermionic
degrees of freedom it includes a conditional minus sign,

SWAP∶ jii⊗ jji→ ð−1Þfði;jÞjji⊗ jii; ðfermionsÞ; ð5Þ

where fði; jÞ ¼ 1 if both jii and jji carry an odd fermionic
particle number and fði; jÞ ¼ 0 otherwise. For anyonic
degrees of freedom, the SWAP gates will embody the
appropriate representation of the braid group.
A key question is what type of many-body systems are

susceptible to decouple, in the sense of Eqs. (1) or (2),
under the decoupling transformation V. A concrete exam-
ple is given by the XX quantum spin chain,

HXX ¼
X

r

�
XrXrþ1 þ YrYrþ1 þ

μ

2
Zr

�
; ð6Þ

FIG. 1 (color online). Decoupling transformation V for a
one-dimensional lattice L. V maps the lattice model into two
decoupled lattice models, with lattices LA and LB. The decou-
pling transformation V decomposes as the product of two rows of
(two-site) disentanglers u and v, and a number of (two-site) SWAP

gates that bring all the sites of sublattice LA (LB) together to the
left (respectively, right).

FIG. 2 (color online). (a) Decoupling transformation V, map-
ping the ground state jΨi of a local Hamiltonian H on lattice L,
into the tensor product of states jΨAi and jΨBi for lattices LA and
LB, as in Eq. (2). (b) Coarse-graining transformationW, mapping
the ground state jΨi of a local HamiltonianH on lattice L into the
state jΨ0i of a coarse-grained lattice L0.
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where X, Y, and Z are Pauli matrices. As discussed in
exercise 12.1 on p. 480 of Ref. [16], for μ ¼ 0 this
Hamiltonian can be exactly decoupled into two indepen-
dent copies of the quantum Ising chain with critical
transverse magnetic field,

HIsing ¼
X

r

ðXrXrþ1 þ ZrÞ: ð7Þ

Moreover, as can be easily seen by rewriting HXX in
Majorana fermionic modes [17], this Hamiltonian can be
decoupled as in Eq. (1) by a transformation V made of
analytical disentanglers (that simply permute some of these
modes) and the fermionic SWAPs of Eq. (5) [18].
Holographic branching.—Generically, however, separa-

tion of degrees of freedom is likely to take place at a length
scale, the decoupling length λ⋆, that is much larger than the
microscopic lattice spacing, i.e., λ⋆ ≫ 1 (we express length
scales in units of the lattice spacing in L). In this case, we
will proceed by first coarse graining the microscopic model
into an effective lattice model whose lattice spacing is of
the order of λ⋆.
Let W denote the coarse-graining transformation of

Ref. [12], shown in Fig. 2(b), which maps a lattice L with
N sites into an effective lattice L0 withN=2 sites, and which
uses disentanglers u in order to remove short-range
entanglement, before applying isometries w to map two
sites into one. (Those familiar with Refs. [7,12] may have
noticed that W is a particular case of V in which one of the
two resulting lattices is in a product state). We will use the
scale parameter s≡ log2ðλÞ to label the lattice LðsÞ
obtained after applying s times the transformation W on
L. Then, in a system with decoupling scale s⋆ ≡ log2ðλ⋆Þ,
we obtain a factorized description by (i) applying a total of
s⋆ coarse-graining transformations W to the microscopic
model, which result in a sequence of effective lattices
fLð0Þ;Lð1Þ;…;Lðs⋆Þg, (ii) applying the decoupling trans-
formation V on Lðs⋆Þ, which produces two decoupled
models with lattices Lðs⋆þ1Þ

A and Lðs⋆þ1Þ
B , and (iii) applying

transformations W individually on each of the decoupled
models to further coarse grain them, as illustrated in Fig. 3.
Recall that the coarse-graining transformation W alone

produces the MERA [7,12]. In much the same way, if we
collect all the two-site gates (disentanglers, isometries, and
SWAPs) contained in transformationsW and V in Fig. 3, we
obtain a new class of tensor network state, which branches
into two independent tensor networks at scales s larger than
the decoupling scale s⋆ and which, accordingly, we refer to
as the branching MERA [13]. This is a variational Ansatz
for states of the microscopic lattice Lð0Þ, which inherits
many of the computational advantages of the MERA, such
as the efficient evaluation of local expectation values, e.g.,
energy and local order parameters, and of correlation
functions.
To illustrate the performance of the approach, let us

return to the critical quantum spin chain of Eq. (6). For

μ ≠ 0, Hamiltonian HXX can no longer be decoupled
analytically into two copies of Hamiltonian HIsing, because
the magnetic field ðμ=2ÞPrZr (or chemical potential in
fermionic variables) turns into an interaction between the
two sublattices. However, we managed to numerically
factorize the ground state of the model. For instance, for
μ ¼ 2 cosðπ=4Þ (or 1=8 filling in the fermionic representa-
tion), an infinite lattice was first coarse grained three times
(i.e., s⋆ ¼ 3) with transformation W and then decoupled
into two chains with a transformation V containing fer-
mionic SWAPs. Then, assuming a factorized ground state
[Eq. (2)] at that length scale, we used a scale-invariant
MERA to find the ground state of each of the two reduced
Hamiltonians [Eq. (3)]. All variational parameters of the
branching MERAwere numerically optimized with simple
variations of the standard, energy minimization algorithms
of Refs. [8,9,19].
Specifically, using a local dimension χ ¼ 16 (χ ¼ 8) for

scales s smaller than (respectively, larger than) the decou-
pling scale s⋆ ¼ 3, the energy optimization took less than a
day on a 2.66 GHz workstation with 8 GB of RAM. The
resulting branching MERA approximated the exact ground
state energy per site with an accuracy of 8 × 10−7 and duly
captured the structure of large scale correlations in the
system: from each branch we were able to extract [8,9]
accurate conformal data corresponding to the conformal
field theory [16] that describes the critical Ising chain of
Eq. (7), see Fig. 4.
Discussion.—Two remarks are in order. First, in the

example above decoupling was possible by using fermionic
SWAPs (any other choice of particle statistics results in
persistent interactions or correlations between the two
sublattices), and applying V at a proper scale s⋆. The

FIG. 3 (color online). (a) Sequence of coarse-graining trans-
formationsW and decoupling transformation V for a system with
separation of degrees of freedom, with s⋆ ¼ 3. Each trans-
formation V or W decomposes into two-site gates as in Fig. 2.
The resulting quantum circuit defines the branching MERA.
(b) Corresponding holographic tree. The decoupling transforma-
tion V produces branching in the holographic or scale direction
(vertical axis).
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particle statistics and decoupling scale s⋆ constitute impor-
tant knowledge, which we acquired by trial and error.
Second, let ρL denote the ground state reduced density
matrix for a block of L contiguous sites of Lð0Þ. The
entanglement entropy SL ≡ −tr½ρL log2ðρLÞ�, which scales
as SL ≈ 1=3 logðLÞ [17], receives contributions from all
length scales λ ≤ L. Consider a block L larger than the
decoupling length λ⋆. Then it can be seen that the
contribution to SL from a length scale λ ∈ ½λ⋆; L� is split
evenly in contributions from the two decoupled chains
(each of which asymptotically contributing ð1=6Þ logðLÞ,
Fig. 4), which implies

SL ≈ SðAÞL þ SðBÞL ; L ≪ λ⋆: ð8Þ

In other words, the (real-space) entanglement of a large
block is roughly the sum of entanglements from each of the
components into which the model decomposes.
Generalizations to D ≥ 2 dimensions are best discussed

by introducing a holographic tree, Fig. 3(b), which captures
the branching structure of a system under real-space coarse
graining. In a general setting, we can imagine a holographic
tree with a complex branching structure, corresponding to
several instances of factorization of degrees of freedom
occurring at various decoupling scales. This leads to an
intriguing, multisystem generalization of the RG flow, with
a variable number of independent many-body systems as a
function of the scale parameter s. During the flow towards
low energies, new systems may be added through branch-
ing. In particular, a new notion of RG fixed points arises,
corresponding to a self-similar holographic tree, see Fig. 5,
which represents a many-body system with branching at all
length scales.
A branching MERA in D ¼ 2 dimensions can describe

the ground state of free fermions on a square lattice with a

Fermi surface [20]. The system seems to correspond to
one of these novel, multibranched RG fixed points.
The entanglement entropy of a large block of L × L sites
receives contributions from all relevant branches, general-
izing Eq. (8) in such way that a logarithmic violation of
the boundary law, SL ≈ L log2ðLÞ, is reproduced [14].
Accordingly, we expect the branching MERA to also
provide an efficient description of Fermi liquids and
spin-Bose metals.
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