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Corrections are found to the k-5’3 spectrum of Lundgren [Phys. Fluids 25, 2193 (1982)] for a 
stretched spiral vortex model (a is the stretching strain rate and k the scalar wave number) of 
turbulent fine scales. These take the form of additional terms arising from the early time evolution, 
when the stretching of vortex lines is small. For the special case when the spiral takes the form of 
a rolled-up shear layer, it is shown that the composite spectrum is divergent, thus requiring the 
introduction of a finite early cutoff time 7, in the time integral for the nonaxisymmetric contribution. 

-7 The identity VW = ZvJTk’E(k)dk which gives the dissipation is then satisfied self-consistently. 
Direct numerical calculation of the energy spectrum from the approximate vorticity field for a 
special choice of spiral structure nevertheless indicates that the one-term k-“‘3-spectrum result is 
asymptotically valid in the inertial range provided a 71 is 0( 1) but that the numerically calculated 
dissipation spectrum appears to lie somewhere between an exp( -B , k*) and an exp( - B,k) form. 
It is also shown that the stretched, rolled-up shear-layer model predicts asymptotic shell-summed 
spectra of the energy dissipation and of the square of the vorticity, each asymptotically constant, 
with no power-law dependence, for k smaller than the Kolmogorov wave number. The 
corresponding one-dimensional spectra each show -log(k,) behavior for small k, . The extension 
of the model given by Pullin and Saffman [Phys. Fluids A 5, 126 (1993)] is reformulated by the 
introduction of a long-time cutoff in the vortex lifetime and an additional requirement that the vortex 
structures be approximately space filling. This gives a reduction in the number of mode1 
free-parameters but introduces a dependence of the calculated Kolmogorov constant and skewness 
on the ratio of the initial vortex radius to the equivalent Burgers-vortex radius. A scaling for this 
ratio in terms of the Taylor microscale Reynolds number is proposed in which the stretching strain 
is assumed to be provided by the large scales with spatial coherence limited to the maximum 
stretched length of the structures. Postdictions of the fourth-order flatness factor and of higher 
moments of the longitudinal velocity gradient statistics are compared with numerical simulation. 

I. INTRODUCTION 

Lundgren’ henceforth referred to as L, proposed a mode1 
of turbulent fine scales in which the fine structure consisted 
of a collection of stretched spiral vortices described by ap- 
proximate solutions of the Navier-Stokes equations. Each 
vortex is subject to an axisymmetric external strain field 
which is supposed produced by the local strain-rate field of 
larger scales. It is assumed that these structures are created 
by a process external to the model, either by vortex amal- 
gamation or instability of larger scales, or by some other 
mechanism such that the production of vortex length per unit 
time per unit voIume is a quantity N with dimensions 
length-‘Xtime.-’ The strain field, although assumed to be 
uniform and constant with strain-rate a is to be viewed as a 
statistical average of more complex strain histories experi- 
enced by all members of the collection. In L it is shown that 
an ensemble of such spiral vortices has a keii3 range in the 
energy spectrum, independent of the detailed structure of the 
spiral. 

Pullin and Saffman.l henceforth referred to as PS, con- 
sidered a particular realization of the spiral vortex which 
took the form of a thin shear layer in the process of roll-up. 
We emphasize here and elsewhere that this is a special case 
of a more general structure proposed by L. In the PS model, 

all vortices comprising the small scale structure have the 
same initial radius R and circulation scale 1‘” which may be 
interpreted as averages, over unknown statistics, of distribu- 
tions of these quantities. This defines three dimensionless 
groupings; a production rate parameter NR”/a, a vortex Rey- 
nolds number rdv, where v is the kinematic viscosity, and 
the ratio aR’l4 v of R2 to the squared radius 4vla of an 
equivaIent Burgers vortex. To these PS added the Kolmog- 
orov prefactor ./?&, the skewness S, and a parameter a’v/e, 
where E is the average energy dissipation per unit mass. For 
these six quantities three equations, PS(37), PS(38), and 
PS(40) were obtained. These were independent of aR’l4v 
and PS proceeded by solving for a’uft/E, .JcO and S, with 
fixed vaIues of I’“/v= 100 and NR’fa = 0.6 chosen to give 
values .fii and S, in the range of experiment. An important 
constraint was the upper bound on r,iv of 0( 100) required 
to ensure that when an upper cutoff time in the vortex evo- 
lution, r2, was set to ~0, the composite spectrum was not 
dominated by the axisymmetric component in such a way as 
to obscure the k-“3 inertial range. PS calculated, directly 
from the assumed vorticity field, higher-order moments of 
the longitudinal and lateral velocity derivatives, and of one 
component of the vorticity. The 2pth vorticity moment, re- 
produced presently as Eq. (71), showed a (aR2/4vjP-3’2 
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dependence for ~32. In order to introduce a Taylor Rey- 
nolds number dependence PS proposed a closure assumption 

(1) 

where X is the Taylor microscale. This gave the result that 
the 2pth vorticity moment and the 2pth velocity derivative 
moments varied as Rf’2-3’4, ~32, where R, is the Taylor 
Reynolds number to be defined precisely in Sec. V. 

The PS analysis is subject to several shortcomings. First 
they (Sec. VI C) found that the kinematic identity 
~?=2JTk’E(k)dk is not satisfied, where the overbar, and 
double overbar notation used presently is in accordance with 
PS(50). Second their value of lYa/u is rather smaller than 
found in measurements of vortex tubes by Jimdnezs et al. in 
numerical simulations of isotropic turbulence. Third, numeri- 
cal simulations of the Lundgren-spiral vortex by Lundgren” 
and presently indicate that the PS value of ‘I/v is too small to 
produce an inertial range as predicted by the L asymptotics. 
Fourth, PS allowed individual vortices to evolve for infinite 
time, so that continuous production of vortex tube length at 
rate per unit volume N must necessarily overfill space. Fifth, 
as pointed out by Kida, Eq. (1) limits any inertial range of 
the model to rather large k. Sixth, the closure given by Eq. 
(1) was motivated not by physical argument but by interpre- 
tations placed by PS on observations of vortex-tube dimen- 
sions made by Vincent and Meneguzzi” from numerical 
simulations of 240” isotropic turbulence. Seventh, the Gauss- 
ian decay of the energy spectrum in the dissipation range 
does not agree with the exponential decay found experimen- 
tally and in simulations. 

In the present paper we extend the PS formulation in an 
attempt to address these difficulties. First it is shown in Sec. 
II that the L analysis captures only one component of the 
asymptotic spectrum for the strained spiral arising for a7 
large [T is a stretched time variable described by Eq. (6)]. For 
the form of the spiral shear-layer considered by PS, there 
exists an early period in the spiral evolution with a T-S 1 
which contributes a leading-order spectral term of the form 
k-‘E, [2+kL zfia], where it = 4/a is a lower cutoff time in 
the time integral and E, [z] is the exponential integral 
[Abramowitz and Stegun,? Eq. (5.1.1)]. Thus the composite 
spectrum is divergent in the sense of unbounded dissipation 
unless &-0. In Sec. III we calculate the shell-summed spec- 
tra of the dissipation and of the square of the vorticity for the 
model. Section IV describes an attempt to calculate the spec- 
trum from numerical evaluation of the spectrum integrals for 
the particular PS realization of the L spiral as a test of the 
asymptotic theory. 

In Sec. V the form of the model given by PS is reformu- 
lated. We introduce an additional requirement, namely, that 
the vortex structures be approximately space filling, together 
with a new assumption that there exists a finite upper cutoff 
q which limits the growth of the core and so allows an 
increase in the model Is/v while retaining a visible inertial 
range. The extended model is shown to have internal self- 
consistency through agreement of the skewness calculated by 
two independent methods, the first of which is essentially 
kinematic and the second of which makes use of the (dy- 

namical) K&man-Howarth equation. Further, an alternative 
to Eq. (1) is proposed based on the idea that the vortex struc- 
tures are initially O(R) in length as well as in lateral extent, 
and that the large-scale strain a is coherent only up to length 
scales that correspond to the length of the stretched vortex at 
rl. New postdictions of the fourth-order flatness factor and 
of some higher order moments of the velocity-gradient field 
are discussed. 

II. SPECTRUM OF THE SPIRAL 

A. The Lundgren analysis 

In L each vortex is subject to an axisymmetric external 
strain field, with velocity in cylindrical polar coordinates 
(r,B,z) givenby(~L,,u~,u,)=(--ar/2,0,az),whereaisthe 
constant rate of strain. The vorticity is (0,. ,wg ,oZ) 
=[O,O,o(r,t9,t)], where r is the time. There is alignment of 
vorticity with the positive principal rate of strain of the ex- 
ternal field; L gives a rather general asymptotic solution of 
the Navier-Stokes equations describing the spiral which we 
write as 

(L)(r,e,t)=ea’8(p,8,7), 
m 

cXp.fT,rj=C O,,(p,T)exp(in&, 
-m 

(2, 

(3) 

~,,(p,7)=fn(p)exp[-inn(p)~-lm2h2(~)$/3], 

PZ#O, (4) 

c,(P,r)=g(P,r)+fo(p,r), (5) 

p(rrt)=reaf’2, r(t)=(eaf- 1)/a, (6) 

where 

$ $ [p*~2(f)i=g(pj+fo(p), 

*=$. @I 

In Eqs. (2)-(S), (p,~) are stretched space and time variables, 
respectively, corresponding to a strictly two-dimensional 
evolution; exp(af)f,(p) is the H-averaged vorticity for the 
spiral and exp(at)g(p) specifies some axisymmetric back- 
ground vorticity field. 

We will later consider in detail the special case where 
f,(P) =.mL n = 0, L..., in which case the spiral takes the 
form of a thin shear layer in the process of roll-up. In the 
inviscid limit, the spiral shape and vorticity distribution are 
given, respectively, by 

B=bl(p)r, (9a) 

Lj(p,6),7)=2~~(P)SCe-R(p)7l+g(p), (9b) 
where S is the Dirac delta function. 

L also calculates the spectrum produced by a random 
superposition of vortices with any specified core vorticity 
distribution. It is shown that an average over a shell of con- 
stant k in wave-number space gives, for the velocity (energy) 
spectrum (L Sec. III B), 
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E(k!=Eo(kj +E,$ikj, (10) 

Edkj=T “iz(k,rjd7, 
i 71 

E,(kj = 
i 

“E,Jk, rjd7, (12) 
71 

E&k, 7) = y ,-$ F,*(k d12, 

illm=ln4/l( -~)“,mp dp, 

(13) 

(14) 

where r1 and r2 are early and late cutoff times, respectively, 
whose values will generally be model dependent and J,, is 
the Bessel function of the first kind of order n. Equations 
(lo)-(14) are exact for straight vortices with vorticity inde- 
pendent of z. The spectrum separates into two components; 
E,(k) which is the axisymmetric part or core produced by 
the &averaged vorticity field, for which we may put r,=O, 
and E,(k) which arises from the In I> 1 Fourier components 
and which is referred to as the spiral. Unless where specified 
we will suppress the (r, ,rJ dependence of E,, E, . We re- 
mark that the stretching strain a appears only under the 
square root in Eqs. (lo)-(13). If a is set equal to zero the 
spectrum of a collection of either aligned vortices in two- 
dimensions or unstretched vortices in three dimensions is 
obtained. PS (Appendix B) show that these are given by the 
same formula. 

6. Dissipation in the spiral 

PS calculated e.?’ vorticity moments given by 

7 W-P=N (1 +a7-)2p-1 

’ cm 

X 
i 

2 &(p,rjexp(intl) “p d0 dp dq 
‘I= --ifl i 

p&l, (15) 

where we define the parameter (b by rI = &a. The special 
case p = 1 gives the dissipation E := e. + es = vo%, 

x h&,d+22: &p,rj 
i 

(16) 
n=l 

where E,, the dissipation in the spiral, corresponds to the 
n-sum term in Eq. (16). Expanding the 1 + a7 factor, using 
Eqs. (2)-(S) and changing variables using u=n’C? then 
gives for es, 

+ aC-“13n 4’3u -1’3)e-up dp du, (17) 

where C=2vA”(p)/3 and where, anticipating that the inte- 
grals will converge at m with our choice off, we have put 
71=w. 

We now distinguish two special cases: 

(1) The f,, retain an n dependency, but the decay with large 
fz is such that the sum C~n-2’31f,,]2 is convergent uni- 
formly in p. 

GJ) f,(p)=f(p), n=(J,.*- where the absence of a subscript 
indicates no II dependence. This case was considered by 
PS, and is that discussed earlier in relation to Eq. (9). 

We first consider case (1). Here the lower limit of integration 
with respect to u in Eq. (17) may be set to zero with small 
error, and we obtain, to leading order 

s 

- l.f,z(~)h dp 

0 lA(P)12’3 

(18) 

For case (2), convergence of the first sum in Eq. (17) 
requires retention of the lower limit of integration. Here Eq. 
(17) may be expanded as a series in powers of +ln by first 
breaking up the range of the u integration in the inner inte- 
gral followed by repeated use of the Euler summation for- 
mula in the form (see Carrier et aL8) 

ii q(F)=; [q(l)+q(=‘j]+ ,f;q(n)dn 
,t= I 

+2 [4’(~)-4’(l)]f*** , 09) 

where B2= l/6 is a Bernoulli number, and exchanging of 
limits of integration in the n-u plane. To 0( 4”‘) this gives 

E,$‘47rt$ -1,2( ;)I”4 ;]Na”2u”2/; l”;;;“” 

-7 ( ~)1’3r[f]Nay2~3/~ s2$ 

+f$ ( iizi3r[ ~])Jav1L3/~ ‘y[:$42 il ne413 

-4~+lD[~)1’2r[ f]Na’/‘v”‘J~ lf’~)i,?p , (20) 

where F[*--] denotes the gamma function. Note that ar+ 1 
has not been used. PS (Sec. VI Cj obtained the first and third 
terms of Eq. (20). 
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The spectrum of the spiral should satisfy the kinematic 
identity 

where UT again refers to the n-sum term in Eq. (16). When 
the k-5i3 spectrum of L is used in the right-hand side of Eq. 
(21), only the second term of Eq. (18) and the third term of 
Eq. (20) respectively, are obtained. Moreover the first term 
on the right-hand side of Eq. (20) is divergent when ++O, or 
equivalently ~r--+0. Since for case (2), the solution given by 
Eqs. (3j-(6) is asymptotic to a vortex sheet when 7-t-+0, this 
suggests that there exists a further contribution to E,(k) from 
the period a 6 1. 

Substituting Eqs. (2)-(6) in Eqs. (12) and (13) using the 
stationary-phase evaluation of the I,, integrals as in L (this 
requires kR8 1 j, and retaining all a r dependencies gives 
l?‘,(k,~) in Eq. (13) as 

E,(k,T)=-$$ (l+aT) 

(22) 
where h’(p)=dR/dp and, for given k, n and 7, p(n,T,k) is 
a solution of 

k-l-nR(p)~(1+a~)“2=0. (23) 

When Eq. (22) is used in Eq. (13) and the integral in r is 
transformed to a p integral using Eq. (23), then on letting 
r2-- 

E,(k),~ 5 jki~)l~ 
n=l PI 

Yexp[ -3(2:ty7,] “~::,~’ p dp, (24) 

where pl=p(n, r, ,k) and where r is now a function of k, n, 
and p through Eq. (23). When a # 0, the range of integration 
in Eq. (24) may be split into two parts, a& 1 and ar> 1. 
We shall refer to a r< 1, when, for case (2), the shear layer is 
thickening and both the stretching of vortex lines and the 
lateral compression of the vortex structure is small, as the 
vortex-sheet epoch. 

C. The vortex sheet epoch: aTeI 

We denote the contribution to the spectrum from this 
range by E,,. Setting a = 0 in Eq. (24)-(23) and using, from 
Eq. (23), T=k/n[h(p)l leads to 

2 vk3 
X I IfJP )12P 

-jnlA(p)l IA(p)1 dp* 05) 

For case (l), we can put p,-+O in Eq. (25), and so obtain an 
expression for ITT,(k). This fails for case (2), since the sum 
would then be divergent as n--s*. Approximating the n sum 
by an integral in (1,~) and exchanging the limits of integra- 
tion in the (n - p) plane then gives 

xexp[ -3n~~~b,l] B dp da. (26) 

On applying the transformation u = k/n1 h(p)] we obtain 

27TN 
&,W=~ 

which may be expressed in the form 

(27) 

2mN 
E,,(k)=7 EI 

CW 
where E r (z) is the exponential integral. Corrections from the 
Euler summation formula (19) give higher order terms in 4 
which have been omitted. When &-+O, E,, is divergent as 
k -’ log 4. Further, since Eq. (28) has been obtained by set- 
ting a=0 in Eq. (14) [note that the appearance of a in Eq. 
(28) is parametric through the definition of rt], then it must 
be the spectrum of the unstrained spiral. 

D. The ke513 contribution: aT>l 

Neglecting terms of O(1) in comparison to O(aY) in 
Eq. (24) gives 

E+(k) =$ Na “3k-s’3 

-4mN+“2k-’ exp 

(29) 

where the first term is the L k ‘I3 spectrum, obtained by 
putting pt=O, and the second term is an 0(+“2) correction 
which follows by retaining finite but small pI and using the 
Euler summation formula. To 0(+“2) the composite spiral 
spectrum is E,(kj 7, j = E,*(kl TV) + E,,(k) from Eq. (28) 
and Eq. (29) for case 2, where for emphasis we have tempo- 
rarily restored the dependence of the results on the early 
cutoff rt, and Eq. (25) (with pl=O) and Eq. (29) for case 1. 
When the composite E,(k) is used in the right-hand side of 
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Eq. (21) multiplied by v, [Eq. (18); case l] and [Eq. (20); 
case 21 are obtained. Hence’ Eq. (21) is satisfied self- 
consistently. 

Lundgren” has shown that the kesi3 form can be ob- 
tained from the spectrum of the unstrained flow via a simi- 
larity transformation. Since we have presently shown that 
E,(k) consists of the full spectrum of the unstrained spiral 
E,l(k) [to O($“j] plus the k-5’3 term, this may seem para- 
doxical. There is no inconsistency, however, since the extra 
terms arise presently from a splitting of the range of integra- 
tion in Eq. (14) which is only meaningful when a#O. 

is an invariant of the evolution. The choice (32)-(33) gives 
l?(a)=O. If Eq. (33) is replaced by g(J=O, we have a 
model with finite circulation at infinity T(~j=l‘,. We con- 
sider presently the case r(w)=O. Substituting Eqs. (27)-(32) 
into Eq. (34) and using the result in Eq. (14) then leads to 

jo(k,lq,T2)=r0 exp 
vrk’ 

i 1 
-l+aT H(kR,cu;aTj, 06) 

I I 
H(kR,a;ar)=G exp -1 

(37) 

E. The axisymmetric component 

For the remainder of this paper we will consider only 
case 2, except in Sec. III, where we will temporarily restore 
the n dependence of the f,, . We will later require the axisym- 
metric component of the spectrum at a finite upper cutoff 
time TV. In order to make a specific calculation of 
E,,(kl TV, T?) we introduce dimensionless forms of the shape 
functions f(p), g(p), a(p), and R(p) in the form 

_I 

where M is the confluent hypergeometric function. Making 
the approximation a+ 1 in the exponential of Eq. (36) and 
using the transformation u( r,kR) = k’R2/4( Z + a 7) we can 
obtain, using Eq. ill) 

fcP,=gh g(P)=; LaGI (30) 

no=; i=w), AiPJ=g ok-), (31) 

where e=p/R, To is a circulation scale and R is the lateral 
scale of the vortex structure. Following PS we make a choice 
off(& i?(5) as 

fiu= l rrq 1+ GJ/2] 
E”e 52, (32) 

g(t)=-; ,$Ze-B* (33) 

In Eq. (32) a is a parameter with values in the range 
O>CY~- 1. It is easily verified that A< 0 as required. For the 
choice a=-0.5 the radial circulation distribution shows a 
maxima near 5=0.945 where I’(0.95j=0.4801’n. 

The axisymmetric spectrum component can estimated 
for large k from knowledge of the evolution of the zeroth 
order component of Eq. 81, which we denote by o”(P,~). In 
PS this was obtained is a solution of the “stretched” heat 
equation, and is given by 

E,(kl r, , T2) =NR’I’&z - “‘v ‘/‘K 

Xexpt-K2/2)A(a,vl ,I+), 

,4(CX,V2,V~)=- v-1 

(38) 

++;,l,v)]‘-$du, (39) 

where K = 2k( via) “‘- v,=v(~,,kR), u2=u(r2,kR). If kR 
is large and a 7, is O(l), then the upper limit can be set to a 
with small error. The axisymmetric spectrum used by PS is 
recovered from Eq. !38) when r2 is set to 00. If I’(m) is 
nonzero, then the axisymmetric core may be shown to be 
asymptotic, for large 7; to the equilibrium Burgers vortex. 
The leading order axisymmetric spectrum is then of the form 
r, k .... ’ exp(-3k2v/a) in agreement with Townsend” (see 
Sec. VI for further discussion of this case). 

In terms of the parameters of Eq. (38), the L k-“‘3 spec- 
trum [leading term of Eq. (29)] is 

E,(k) =DO(a)NR’I’;‘3a _ “‘u~‘~K-~‘~ exp[ -K2/6)], 
(40) 

(41) 

III. SPECTRA OF ti2 AND e 

e at 
wo(r,tj =- 2 m(t) exp riu)I 

i z2 \ _ [reat’2zf] 
xexp\ --zzp~%$-$ du7 (34) 

where $t) is given by the second of Eq. (6) and IO is the 
modified Bessel function. It is easily verified from Eq. (34) 
that the total circulation in the vortex 

PS Eq. (B16j show that the power spectrum of the prod- 
uct of two arbitrary scalar-invariant functions of position in 
the vortex structures .Fiir, ,r2), Wrl ,r2), where 
r, = r cos 0, r2=r sin 0, can be expressed as 

Efg(kj=4&Nk 
?? 

I .Q 
.+(k, ,k,):i”(k, ,k2)d,r d&, 

71 
(42) 

rp)=2T m 
I 

~~(r,tjr dr=2n- 
0 I 

om[f(uj+g(u)]z~ dzz, 

(35) 

where .p((k, ,k2), L?i’(k, ,k2) are sectional Fourier transforms, 
k, = k cos 0,) k, = k sin 0, , and * denotes the complex con- 
jugate. The spectrum of the dissipation, given pointwise 
within vortex structures by 
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e=2v(e:+e~fe~), (43) 

where (er ,e2,e3) are the local principal rates of strain 
within a vortex structure, can be calculated by choosing 
.jG1=:F=e. PS also show (Sec. V B) that within the spiral 
structure the principal rates of strain associated with the non- 
axisymmetric spiral modes are given by, to leading order, 

el=-$z+$.d’, ez==-+--cd’, e3=a, (44) 
where the prime denotes that the n=O term is omitted. As 
will be demonstrated in Sec. V, the dissipation associated 
with the axisymmetric field is small compared to that con- 
tributed by the nonaxisymmetric modes. From Eqs. (43) and 
(44) it follows that E= &*~‘~+3 va2, and, since it will be - 
seen that a2/a? * 1, then to a good approximation E=VW’ 
pointwise for the spiral vortex. Therefore, the spectra of E 
and of wz are related as 

E,,(k)= v”E,z,z(k) (45) 
and we note that this result is model dependent. 

We estimate E ,:,a(k) by first writing, in (P-T) coordi- 
nates 

8% g ‘&p*, GW 
-m 

,,,=QJ 
A*= c 4d-L-1?1’ (47) 

m= --m 

By following the steps leading to Eqs. (10)-X11), but now 
with w replaced by w’, the shell-summed spectrum of w2 
may then be shown to be given approximately by 

E,02,2(k) =2rNk ,Ljoj2+2i 1&12 dr, 
n= I i 

(48) 

(49) 

where from Eqs. (4) and (47) 
m 

~n=e-ilIf1(p)7 2 f,~(Pjf,~-m(P)e-~[~~12+~11-~~)21~?3A2(~~/3, 

111 = - m 
(50) 

where we have temporarily restored the n dependence of the 
f,, . Using Eq. (SO) in Eq. (49), estimating the integral using 
stationary phase and putting r2=a in Eq. (48) gives, for 
EWLJ 

E ,wik)=y 5 j- ii frA~)f,mni~) 
n=l PI i I?, = - m 

[m2+(n-m)z]vk2~ 2 

3(l+a+z2 )) 

7-(1+ar)” 
X 

2+3aT P dp- 
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61) 

where Eq. i.23) and the discussion following this equation 
applies. In order to proceed further it appears necessary to 
introduce assumptions concerning the ir dependence of the 
f II 7 and we therefore again specialize to case 2. We then 
make the approximation 

a7(1+a7)4 1 
2+3ar 

-Lj ar(1 far)3, 

with small relative error over the range of large ur which 
contributes most to the integral, put a 7% 1 in the exponential 
and approximate the m sum by an integral. Expanding the 
(1 + a r)3 factor and using Eq. (23) with a r& 1 to e&mate 
7, we obtain, after some algebra 

4dN 
Ewq,,z(k)=- 

2’ 

32 
x x ,l?-2q/3 

s 
m Ifid14~ dp 

P, -Ih42q’3 ’ 
cm 

n= 1 

where Q,=Q4=1, Q2=Q3-3. We remark that use of 
a + 1 in Eq. (23) is not strictly valid for the q= 1 term in 
Eq. (52) which arises from the O(1) contribution in the 
( I+ a ~~~ expansion: use of k + aRr= 0 for this term gives a 
slightly different result for CJ= 1 in Eq. (52). The present 
approximation will be justified post hoc. 

As with Eq. (25) we cannot now put pl=O since this 
would produce a divergent series. We thus again approximate 
the iz sum by an integral and exchange the limits of integra- 
tion in the (n - p) plane. Performing the y1 integral then pulls 
down powers of k that just cancel the k”q’3-3 factor in each 
term of the ~7 sum of Eq. (52), to give, on putting 7, = 4/a, 

E,&k)=l.2r’Na3v-’ exp 

63 

The shell-summed spectrum of E follows from Eq. (45). We 
comment that Eq. (53) is independent of the probability dis- 
tributions (pdfs) of the orientations of the vortex structures 
with respect to laboratory axes, and so does not depend on 
statistical isotropy. The result does, however, depend on the 
assumed rz independence of the f, . When the right-hand side 
of Eq. (53) is integrated over all k, the resulting expression 
for 5;” is in exact agreement with expressions for this quan- 
tity given by PS(82a)-(82b) [see also the present Appendix 
B, Eq. (B3)]. This supports the validity of the approxima- 
tions used in obtaining Eq. (53). 

If statistical isotropy is assumed, that is, the pdfs of the 
orientations of the structures are assumed uniform on the unit 
sphere, then the one-dimensional spectra can be obtained 
from standard results. This gives, for the one-dimensional 
dissipation spectrum E(‘)(k,) EC 
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E”‘(k)=3$Na3vE 6E 

4 

XC 
Qq 

q=, i9-2qb$9’2-q ’ (54) 

where E I is the exponential integral. When k; vi3a 6 1, Eq. 
(54) shows that E(,‘)(k,)--log(k,). There is no inverse 
power-law range of either the shell-summed or the one- 
dimensional spectra. Tsinober et aZ.*’ used a 1Zwire hot- 
wire probe to measure three velocity components and their 9 
gradients in turbulent grid flow at Taylor Reynolds number 
R, in the range 60-90. The measured E!t)(k,) shown in 
their Fig. 9(a) does not appear to exhibit an inverse power- 
law range at wave numbers below the dissipation range. 

Iv. A NUMERICAL TEST 

A. Numerical evaluation of the spectrum integrals 

There have been several attempts to search for a k-“‘3 
spectrum using numerical simulations of vortex roll-up. 
Buntine and Pullin” studied two and severall vortices merg- 
ing in the presence of an axisymmetric strain field. They 
solved the Navier-Stokes equations with Burgers-like vorti- 
ces as initial conditions and-calculated the spectrum via the 
numerical evaluation of the I, integrals. Their maximum T/v 
was of order 10” and their effective R2a/4 v was O( 1). They 
found no inertial range. Lundgren” performed several two- 
dimensional calculations and used a similarity transforma- 
tion of the two-dimensional vorticity spectrum to obtain the 
energy spectrum for an equivalent strained vortex. In one 
case spectral solutions of the Navier-Stokes equations in a 
doubly periodic geometry were obtained using a specific 
model of Eqs. (2)-(5) as initial conditions. The results were 
compared to those found using a numerical implementation 
of an analytical spiral. In a second calculation Navier-Stokes 
solutions were obtained using as an initial condition a large 
vortex surrounded by ten small vortices. Values of r/v in the 
range lo”-10’ were used, and in terms of our notation the 
effective RZa/4v was O(T/v). For each flow a small ke513 
range was found. 

The purpose of the present numerical tests is to estimate 
the range of validity of the original analytical result given in 
L and to evaluate the magnitudes of the corrections found 
presently. In all calculations reported here we utilize the vor- 
ticity distribution given by the asymptotic form (2)-(8) of 
the Lundgren stretched-spiral with the functions f and g 
given by Eq. (30) and Eqs. (32)-(33). The numerical calcu- 
lation of E,(k) first requires calculation of the Bessel- 
function integrals (14) and evaluation of the sum in Eq. (13) 
to give kS(k,T), followed by numerical evaluation of the 7 
integral (12). We will discuss two separate numerical proce- 
dures. In the first, which we refer to as the numerical double 
integral method, both the Bessel-function integrals and the T 
integral are performed numerically. In the second, referred to 
as the stationary-phase-numerical method, the Bessel- 
function integrals are calculated by the L-stationary-phase 
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FIG. 1. Vorticity contours for spiral. (Y= -0.5, r,,/u= 104, (R'a/4 v) "2= 20. 
x, y scaled against 2.( v/a) “’ Times at top to bottom, left to right; at = 0.5, . 
1.0, 1.5, 2.x-, coo,-----, w<o. 

asymptotics, and I?,(k,Tj is calculated from Eq. (22)-i23). 
At fixed k the Q- integral is then calculated numerically. 

8. Numerical double integral method 

The vorticity components (j, , n # 0 were calculated di- 
rectly from Eq. (4). The Bessel-function integrals were com- 
puted by M-point numerical integration using decomposition 
of the range of integration based on a table of zeroes for each 
order, and for most calculations M=512. The series (13) 
was then summed to M  terms at each k and z Finally, at 
tied k the r integration was performed by Simpsons rule to 
give E,(k). The axisymmetric vorticity field o(p,r) was 
found from numerical integration of the stretched heat equa- 
tion PS(29) from the singular initial condition (30)-(33). The 
Bessel-function integration and r integration to give E,](k) 
were treated as for the nonaxisymmetric component. For 
nondimensionalization we set a = 4, v= 1, which gives k=K, 
and for purposes of comparison with the asymptotic results 
we put N= 1. The independent parameters are then cu, l?,/v, 
aR’/4v and the initial time which we characterize by (b 
where, using Eq. (5), atI =log( I+ a rl) and we. have previ- 
ously set rl= &a. For all cases the time integration was 
continued to at,=log( 1 +ar2) sufficiently large to ensure 
that the integrals (llj and (13) had converged. This generally 
required at,-0( 10) or larger, i.e., ar2=0(104). Calcula- 
tions reported presently were done with a=+.5 and 
+=0.475, the values used by PS. Their Table 1 shows 
D,(-0.5)=7.03 (see also present Table VI). Values of 
Reynolds number and vortex radius used were rdv=102, 
103, lo4 and (R2a/4v)“2=S, 20, 50. 

Figure 1 shows four snapshots of the vorticity distribu- 
tion at different values of at during the evolution with 
To/v= 10” and (R’aI4 v) ‘12=20. At each t(r) the nonaxi- 
symmetric component was computed by calculation of the 
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FIG. 2. Cumulative nonaxisymmetric energy spectrum E,(K), 
K=2k(via)“2. a=-0.5, lY~v=lO”, (R2a/4v)“*=20, 9=0.475.-, Nu- 
mcrical double-integral method. Times atz(aTz), 0.51(0.67), 1.5X3.48), 
25(11.2), 3.5(32.1), 5.01(148.9), 5.5(243.70); last two indistinguishable. ---, 
Lundgren kw5’3 asymptotic. 

sum in Eq. (3) from --M/2 to M/2 - 1, and this was then 
added to oo(r,7). As the spiral rolls up, the vorticity is swept 
inwards by the radial component of the external strain and 
the distance between turns reduces rapidly due to both dif- 
ferential rotation and compression. This is the mechanism of 
the cascade (see Appendix A for further discussion), in agree- 
ment with the temporal shift of enstrophy to higher wave 
numbers suggested by Lundgren.’ In Fig. 2 the cumulative 

lo* 

10’ 

lo6 

IO5 

lo4 

10" 

lo2 

IO1 

loo 

nonaxisymmetric spectrum [i.e., the numerically calculated 
value of the integral (12)] is plotted at a sequence of values 
of the upper cutoff time TV, for Ftjv=lO” and 
(R2a/4 vy = 20. At early times a K-” form extending over 
several decades is clearly visible, followed later by the for- 
mation of a short K-s/3 range as the spectrum of the spiral 
modes converges. Figure 3 shows the large-time converged 
spectra E,,(K) and E,(K) compared with Eq. (38) for 
E,(K), in the limit ur2-+m and with the L k-s’3 form (40) 
for the nonaxisymmetric asymptotic spectrum. At low K the 
numerical results show a K range in E,(K). It seems clear 
from Fig. 3(b) that the asymptotics for the nonaxisymmetric 
spectrum does not correctly capture the dissipation range 
spectrum and somewhat overestimates the inertial range. 

Figure 4 shows the calculated converged nonaxisymmet- 
ric spectra plotted in the form K”“E,(K) and compared with 
Eq. (40) for several combinations of l’a/v and R2a/4v. With 
lY,/v= 100, the value used by PS, there is no identifiable I?‘~ 
region. When l’,,/v=lO” a plateau in the calculated 
K”13E,(K) can be seen. This becomes more extended as Fe/v 
is increased with (aR’j4 v)“~= 20 and 50. 

Table I shows the calculated dissipation of the spiral 
modes. The fourth and fifth columns show this quantity cal- 
culated from v Y 

1 
b,l+Oti; and 2v J~k’E,(k)dk, respectively. 

Since these should agree, differences, which are 2%-5%, 
may be interpreted as a diagnostic for the accuracy of the 
spectrum calculation. The sixth and seventh columns show 
the spiral dissipation calculated, respectively, from the L 
k-“‘3 asymptotics, given by the third term of Eq. (20), and 
from the sum of all terms on the right-hand side of Eq. (20). 
It is evident that, for the range of parameters surveyed Eq. 
(.20) does not provide a better estimate than the single term L 
kMsf3 result, and in one case, F/v= lo”, aR’l(4v)=S, the 
complete Eq. (20) gives a negative dissipation. This suggests 

lo-'t 
10-2 10-l 10° lo1 1o-2 10-l loo lo1 102 

K K 
FIG. 3. Time integrated energy spectra vs K. CF -0.5, Ta/v=lD”, (Rza/4v) “a=20 4=0.475. (a) Axisymmetric E,(K):-numerical solution of heat , 
equation. (b) Nonaxisymmetric E,(K):-, numerical.---, Lundgren k-5’3 asymptotic. Time at,=12.1, ara=1.79X 10’. 
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FIG. 4. Time integrated nonaxisymmetric energy spectrum in form 
k?E,(K) vs K. LU=-0.5. Top r,,/~=lO’, middle I’e/~=ltI’, bottom 
r,)rv= 104. Left (R’u/~v)“~=~, middle (R2a/4v)“2=20. Right 
(R’a/4v)“Z-S0,-, numerical double-integral method. ---, Lundgren 
k-5/3. 

that the series in d, for which Eq. (20) gives the first few 
terms is asymptotic rather than convergent, and that the L 
k-“‘3 spectrum may be taken as a valid leading order ap- 
proximation provided $=0(l). We comment that the L 
k-5/3 asymptotics gives a good approximation to the dissi- 
pation over the range of parameterssurveyed despite the ap- 
parent inaccuracies in the upper dissipation range spectrum. 
We again emphasize that Eq. i20) does not depend on either 
a + 1 or on stationary phase evaluation of integrals. 

The third column of Table I gives the dissipation for the 
fully converged axisymmetric mode, and since three-four 
figure agreement was obtained between the computed .z 
and 2u Jrk’E,(k)dk, we tabulate only the former. When Eq. 
(38) with r?==-co is used to compute the dissipation with 
I’,/v=lO” we find values showing three-figure agreement 

with Table I. When Fa/v= lo’, Table I shows that the dissi- 
pation in the nonaxisymmetric modes exceeds that of the 
converged axisymmetric mode but this is reversed at 
Fa/u=lO”, 104. We stress that this true is for r2=m but not 
for the model with finite T, to be discussed in Sec. V, 

C. Stationary-phase-numerical method 

For this calculation .&,(k,T) is computed from Eq. (22). 
In order to evaluate the sum with k and r fixed, Eq. (23) must 
be solved numerically for p(n,k,T) for each IZ, II= l,..., 
n. max * This was done by a Newton-Raphson method. The 
functions of p(n,k,T) under the summation can then be cal- 
culated and the sum to n max performed. Presently n,,=2048 
was used. The time integral was then done at each k using 
Simpsons rule. 

In Fig. 5 we compare E,(K,at) computed using the two 
methods described above at various at for To/v= lo3 and 
(aR2/4vj “‘=70 This figure can be considered as a test of - . 
the accuracy of the sum over n of the Bessel-function inte- 
grals evaluated by stationary phase. For the range of at 
which contributes most to the time integral, the comparison 
is good but not excellent for kR & 1. A notable feature of the 
stationary-phase results is that there is a definite transition 
from a near-K-r behavior to a K-” behavior at a value of K 
which increases with increasing at. Figure 6 shows the time- 
integrated nonaxisymmetric spectrum E,(K) calculated by 
the stationary-phase-numerical method and compared with 
the L asymptotic result. There is very good agreement in the 
K-sr3 range, indicating that in the time integral, the weight- 
ing of the K-’ and K-’ ranges of E,JK,at) is such that a 
K-“‘3 time-averaged spectrum results. In the dissipation 
range the numerical evaluation of the time integral gives a 
spectrum which substantially exceeds the asymptotic 
exp( - 2k2v/3a) form. This apparently comes from the time 
integration. In Fig. 7 both sets of calculations show that the 
instantaneous spectrum in the dissipation range is approxi- 
mately of the exp[ - 2 vk’T/3( 1 + a T)] form. Thus roll-off 
occurs at different K for different at. When integrated over 
time this shift then gives rise to an E,(K) with slower than 
exp( -2vk’/3a) roll-off. In the asymptotics leading from 
Eq. (24) to Eq. (2Y), however, the approximation T/( 1+ a 7) 
=1/a is made in the exponential, and this seems to lead to 
inaccuracies in the dissipation range arising from contribu- 

TAB1.E I. Dissipation from axisymmetric vorticity, and dissipation calculated from vorticity field and from 
energy spectrum for nonaxisymmetric field. Numerical and asymptotic results. 4=0.475. 

TO UR’ 
Numerical Asymptotic 

- 
v 4v VG VH2 2 v.p2E,T(k)dk Lundgren’ km”’ Eq. (18) 

IO2 5 4.48X103 Y.25XlO” 9.08X lo3 8.46X10" 9.26X10' 
IO2 20 6.88X10' 1.23X10” 1.18xlos 1.35Xlo"~ 1.42X105 
101 SO 4.21X10" 7.42X10" 7.10x10' 8.46X 10s 8.65X105 
l@ 5 4.48X10' 3.82X lo4 3.81X104 3.93x104 3.37x104 
10’ 20 6.88X10" 6.40X10" 6.06X10" 6.28X10' 6.81X105 
lo” SO 4.21X lo7 3.54x106 3.37x106 3.92x lob 4.09X10h 
104 5 4.48X lo7 6.16X104 6.14X104 1.82X 10s -1.6X to” 
10J 20 6.88X10S 3.18X10' 3.15x106 291X10" 3.16~10~ 
JO4 so 4.21X10' 1.81~10' 1.72X lo7 1.82X 10’ 1.96X lo7 

*Reference 1. 
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FIG. 5. Instantaneous nonaxisymmetric energy spectrum E,(K,at). LY 
~-0.5, ra/u=103, (R*a/4 u) “a= 20. (a) Numerical double-integral 
method. ib) Stationary-phase numerical method. In both cases times from 
upper curves downward are at=O.5, 1.0, 1.5,2.0, 2.5,3.0, 3.5.4.0, 4.5,5.0. 

tions to the time integral near a~=0(1). In Fig. 7 the spec- 
tra of Fig. 6 are plotted in the form K5’3E,(K) on a log- 
linear plot. It is evident that the spectrum given by the 
stationary-phase-numerical method lies somewhere between 
exp( - B tK2) and exp( - B ,K) and is perhaps closer to the 
latter. The same may be true of the dissipation spectrum 
calculated in Sec. III but we have not verified this numeri- 
cally. 

From this section we may conclude that the stationary- 
phase evaluation of the integrals in the L asymptotics is ad- 
equate but not excellent when compared to direct numerical 
evaluation of the integrals. The asymptotics of the time inte- 
gration is good in the inertial range but poor in the dissipa- 

10’0 
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$06 
4 

r :,“2 

2 100 

10-z 

104 

1O‘6 

104 

10.10 

10.'2 

10-14 

FIG. 6. Time-averaged nonaxisymmetric energy spectrum E,(K). cy= -0.5, 
r&=103, (R2a/4v)“*=20.--, stationary-phase-numerical method, ---, 
Lundgren k-‘/j asymptotics. 

tion range and this leads to a significant asymptotic under 
estimate of the dissipation range spectrum. For reasons that 
are not fully understood these errors in the inertial and dis- 
sipation range seem to approximately cancel in the calcula- 
tion of the dissipation integral over the range of ru/u and 
(aR2/4vj1/2 surveyed, giving good agreement between nu- 
merics and the L asymptotics. 

V. AN EXTENDED MODEL 

A. An upper cutoff time and volume filling properties 

PS put the upper cutoff time r2=m in all calculations but 
found that this placed an upper bound on values of 
I-,,/ v- 0( 100) above which the axisymmetric part of the 
spectrum was dominant. Although PS did not consider the 
space filling properties of the structures, it is clear that, if 
there exists a process which creates N unit lengths of vortex 
per unit time per unit volume, then the vortex lifetime must 
be finite in order not to overfill space. The spiral lifetime is 
limited by the process of viscous diffusion between turns and 
is approximated by PS(25) 

FIG. 7. Time-averaged nonaxisymmetric energy spectrum E,(K) on log- 
linear axes. (Y= -0.5, r,/v= lo”, (R*a/4u) I”= 20.--, stationary-phase nu- 
merical method, --- , Lundgren k-5’3 asymptotics. 

Phys. Fluids, Vol. 6, No. 9, September 1994 Pullin, Buntine, and Saffman 3019 

Downloaded 16 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



TABLE II. (A) Calculated values of KR and K,, and ratio of spectra, V(m)=O. Fourth column gives the 
maximum ratio of spectra components when ar2=m. (B) Calculated values of KR and Kr and ratio of spectra. 
IY=)#O. 

A 

To - 
1’ 

kk 
&I(KRlQ~5pir) E”(2pJ) 

Es(K,) E,(2) 
5 

100 1.016 0.152 0.94 1.01 0.868 
500 0.654 0.398 8.01 0.724 0.720 

1000 0.530 0.572 20.2 0.591 0.644 

B 

r,, KR v 
R, &WJ 

E,(K,J+E,,W,) 

100 0.388 0.425 0.631 0.734 
500 0.243 0.902 0.382 0.5% 
1000 0.196 1.24 0.298 0.474 

where C is a constant which can be estimated from PS(2) and 
the present Eqs. (6j-(8) and Eqs. (30)-(33) as C= 15. The 
present numerical simulations, however, all showed effective 
convergence of the integral (13) in a time given by Eq. (5.5) 
with C= 10, and in the estimates to follow we will adopt this 
value. 

We now introduce two model assumptions. The first is 
that 

ar2=ar . spu 2 (56) 

where the right-hand side is given by Eq. (5.5). Equation (56) 
supposes that there exists some mechanism for limiting the 
lifetime of the vortex core, such as vortex reconnection or 
vortex core instability. We justify Eq. (56) on the grounds 
that larger ~~ would give a core-dominated spectrum unless 
lY,/v<O( 100) while smaller 72 would not allow the spiral 
roll-up process to proceed to completion, and there would be 
no inertial range. Therefore, Eq. (56) may be viewed as a 
consistency hypothesis when I’,/u@0( 100). Substitution of 
Eqs. (55)-(56) into Eq. (38) then gives the core spectrum at 
the cutoff, which we write in the form 

X exp( -K”/2)A [ K’(2p)2’3], (57) 

2 1 
;;,dv. (58) 

The ratio E”(KJa~s,,)/E,(K) is then, using Eq. (40) 

xexp(-K~,3)A[K2(~~)2/91. (59) 

The right-hand side of Eq. (59) has a maximum we denote 
by K=K, which is a function only of (I’,/v)“‘~/~C. This 
can be found numerically and calculated values are given in 
Table II A obtained with C= 10. Also tabulated are the cor- 
responding ratios EO(K,la Tspir)/Es(KR)y the latter calculated 
using CY= -0.5 and Do= 7.03 (see Table VI). If in lieu of the 
cutoff (56) we put a~~=m as used by PS then the lower limit 
of integration in Eq. (58) may be set to zero which gives 
A =B, where B,(a) is the parameter defined by PS(3.5). The 
right-hand side of Eq. (57) then has a maximum at K,=2 
with corresponding E,,(K=2la)/E,(K= 2) given in the 
fourth column of Table II A, and calculated using 
BO(-0.5)=0.008 48 (PS Table I). Thus the cutoff (56) 
allows a much larger ro/v than that used by PS while retain- 
ing a k”‘13 spectrum which is not buried by the E, compo- 
nent at large K. From Eqs. (57)-(58) may also be obtained 
the core dissipation at the cutoff E(a Tapir) 
=2vJ,” k”Eo(KIa~,,i,)dk. The double integral can be re- 
duced to a single integral using exchange of the limits of 
integration in the v-k plane. Setting a=4, u=l, N= 1 as in 
Sec. IV we obtain, for r,,lv=lO”, (aR2/4v)“2= 5, 20, 50, 
values Aa ~~spir)=4.5X lo”, 6.6X104, and 4.5X lo”, respec- 
tively, which, from Table I may be seen to be small com- 
pared to the spiral dissipation. 

Our second assumption is that the structures are approxi- 
mately space filling. We suppose that a structure is created at 
time t, , or equivalently r, = &a, and dies at time a r2 given 
by Eq. (55). If the vortex is of lateral extent of O(R) at t,, 
then if it occupies the same volume in tl<t<t2 [this should 
be true up until the final viscous decay period, during which 
the radius will be constant and approximately equal to the 
Burgers radius 2(v/a)“‘], then the fraction of the total vol- 
ume occupied by the vortices will be approximately 

The factor of 2 is included on the right-hand side of Eq. (60) 
first, to allow for the fact that the contribution to integral (41) 
determining D,( a~) comes from within a circle of radius ap- 
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TABLE III. Calculated values of NR2/a, u’vle, .J!:O, S3, R, for a=-0.5, 
IJ=l. Top; r,,/v=500. Bottom; r,,/~=lOO0. 

flR? NR2 2, 

41, 
- . X(, 5’3 R A 

a E 

16 0.279 0.0129 2.14 -0.357 45 
25 0.175 0.0198 1.75 -0.430 215 
36 0.131 0.0258 1.60 -0.478 732 
49 0.108 0.0310 1.48 --OS12 2020 
64 0.093 0.0354 1.39 -0.536 4814 
x1 0.082 0.0393 1.33 -0.555 10287 

100 0.075 0.0428 1.27 -0.569 20194 

16 0.607 0.0039 3.32 -0.204 10 
25 0.284 0.0080 2.51 -0.287 54 
36 0.191 0.0116 2.17 -0.341 195 
49 0.147 0.0149 1.97 -0.381 556 
64 0.122 0.0179 1.84 -0.411 1354 
81 0.10s 0.0204 1.74 -0.435 2940 

100 0.093 0.0228 1.66 -0.455 5843 

proximately vT!R (the effective vortex radius is larger that R), 
and second, because the tubes cannot perfectly pack the vol- 
ume. We fix $=l and put the left side of Eq. (60) equal to 
unity. This together with Eqs. (5.5) and (56) [and 
ata=log(a 7spir+ l)] then gives an equation containing the 
model parameters. 

Equations PS(37), (38), and the present Eq. (60) (with 
the left side unity) are three equations for the five quantities 
IT&I, NR’Ia, .Zo, ~‘v/E, and aR2/4v. In evaluating the 
core contribution to the dissipation we use the present Eqs. 
(.57)-(58) in lieu of PS(34) to account for the finite cutoff. 
There is a weak dependence on 43 since at, =log( 1 + 4) in 
Eq. (60). We take aR”/4 v as a free parameter, tix To/v and 
4=1.0, and solve these equations for the remaining three 
parameters. When this is done the skewness S, 

( dUl%K)3 
s3===--- 

((dz~ldX)2)3’2 ’ 
(61) 

can be corn 
P 

uted from direct evaluation of the average value 
of (~9u/&) . Using the model, this leads to the formula 

s3=; (15) 3,2[4[$)3’2-j$)1’2] 
I- (62) 

This equation is derived as Eq. (C8) in Appendix C. 
Table III shows calculated results for T,/v=500, 1000 

tabulated against aR’/4 v. Also shown are values of the Tay- 
lor Reynolds number R, , the calculation of which, in terms 
of the model parameters, is discussed in the next section. By 
comparison PS use l’dv=lOO and find .X0=1.55, 
S3=-0.34, and a’ui~=0.0126 independent of aR2/4v. 
From Table III it may be seen that the present model gives a 
decrease in .???a and a slow increase in S3 with increasing 
aR”l4v and R h, the latter trend being in qualitative agree- 
ment with the experimental compilation of Van Atta and 
Antonia.r3 As an alternative to Eq. (62) for calculating the 
skewness, we may use K&man-Howarth equation; see 
PS(40). It is shown in Appendix C that when ar2=m, the 
two approaches give exactly the same answer, which is a 

check on the dynamic self-consistency of the model. With 
the present finite cutoff rz?, the unsteady terms in the 
I&man-Howarth equation must be included and the neces- 
sary corrections are derived in Appendix C. The two methods 
were found to give eight to ten figure agreement for S3 over 
the range of parameters given in Table III which is a further 
check on dynamical consistency. 

B. The Taylor Reynolds number 

We seek an alternative closure to Eq. (1) which will 
relate the the model parameters to the Taylor Reynolds num- 
ber R, . Since the problem of relating the small-scale vortex 
structures to the energy containing eddies is unsolved, we 
appeal to scaling arguments, and note that, in what follows, 
several dimensionless quantities which appear in scaling re- 
lations are assigned arbitrary values of 0( 1). We denote the 
initial longitudinal scale of the vortex structure (i.e., in the 
direction of the stretching strain) by 2L, . At the upper cutoff 
tz the stretched length is 

2L~=2L~ent2~2L~a7~=2L,a~sg. (63) 

The velocity near the end of the structure due to the strain 
field is aL,. We now assume that this velocity can be 
equated to the typical velocity of a large scale 

u=aLz, (64) 

where u is the large-scale velocity u = (u,) Y *I2 and the 
turbulent kinetic energy is 3212. Equation (64) says that, on 
the average, the large scale strain a is coherent over a length 
with upper bound L2. From a physical standpoint (64) seems 
natural since if there existed stretched vortex lengths exceed- 
ing Lz, continuous stretching would generate, on average, 
velocities larger than u, which produces an inconsistency. We 
cannot, however, rule out aL,<u. 

Use of the relations for isotropic turbulence 

Rh=;, 
15 vu2 

CT= A2 ’ (65) 

where A is the Taylor microscale, and Eq. (55) with Eq. (56) 
is then sufficient to obtain 

(66) 

We now put 

where L is the integral scale. We will subsequently take 
Al =const= 1. Sreenivasanr4 collates experimental evidence 
supporting A = 1 for square-mesh grids for R,>50 but finds 
larger values for other types of grid. From Eqs. (64)-(67) 
may be obtained 

(68) 

Equation (66) still contains L,/R. We now assume 
2L, =R, i.e., the longitudinal initial scale is of order the 
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TABLE IV. Calculated values of length scale ratios. (Y= -0.5, I’&= 103, 
+=l.A=l. 

OR? L A L A 
z r-L & ii it 

RA 

23.8 1 0.34 1.2 0.4 45 
36 5 0.42 9.8 0.75 195 
64 47 0.52 149 1.6 1354 

100 228 0.58 1138 2.9 5843 

lateral initial scale. Use of this in Eq. (66) then gives a rela- 
tion between R, and the model parameters. Typical values 
are listed in Tables III and IV. Thus, for fixed I’n/v the results 
of Sec. VA allow all dimensionless groups to be calculated 
in terms of Rh . It now may also be shown that 

L -2g;;,T ($) “3( ;) -2’gR:‘3, 
R 

1. _15”;“3 (y3(r!l)-2’9Rl,3* 

R 

(69) 

(70) 

Table III shows that a’ule is an increasing function of 
Rx. Therefore, from the first of Eq. (68) Ls,C, at large R, . 
This is illustrated in Table IV where all length scales are 
tabulated against R, . When R, = 4.5 we find L/L,= 1, which 
suggests that this value may be interpreted as a Reynolds 
number below which there is no turbulence. We remark that 
X/L,=O( 1) while X/R increases slowly with R, and re- 
mains O(1) at R,=O( 1000). Since the vortex structures 
can only provide an inertial range down to kR = 0( 1) (which 
in the stretched vortex is provided by the tightening of the 
spiral turns) then at very large R, the full inertial range 
would require either some other mechanism or a distribution 
of vortex scales (i.e., a distribution of R) for which we might 
interpret the present fixed scalings (with Rh) as averages. 

Jimdnez3 et al. study the structure of the intense vorticity 
in numerical simulations of isotropic turbulence at R,=170. 
They find that the most intense vorticity, defined as vorticity 
with magnitude greater than several times the root mean 
square vorticity o’, is organized into tubes or ribbons with 
length of order the integral scale L. However these intense 
regions appear to make negligible contribution to the enstro- 
phy, and occupy negligible volume. They also find that the 
so-called background vorticity, with magnitude between o’ 
and that of the intense regions is aIso organized into coherent 
structures that account for some 80% of the enstrophy. Visual 
inspection of the the right-hand part of their Fig. 5, which 
shows the background vorticity at R,= 170, appears to in- 
dicate the presence of structures with lengths of order L/5. 
Our Table IV shows that at R, = 196, the maximum lengths 
of the spiral structures (2L2) is about L/3. These estimates 
are not inconsistent if it assumed that the structures observed 
by Jiminez” et al. are still undergoing stretching at the in- 
stant of the snapshot, and thus may not have reached their 
full lengths. Thus, although these background structures may 
not contain vorticity field phase-amplitude correlations with 

102 

F4 

IO' 

100 

PIG. 8. Flatness factor F, vs R, . ---, L’,jv=SOO.-, I-,+=1000. Top; 
&0.75. Middle; c$= 1.00. bottom; @=1.2-5. 

the strong coherence of the present model, they may never- 
theless provide candidates for fine-scale vortices of the 
Lundgren-Townsend type. 

C. Velocity derivative moments 

PS calculated velocity derivative and vorticity moments 
from an analysis of the strain field interior to a vortex 
coupled to an integration over the vortex cross section and 
lifetime, and an average over the assumed random orienta- 
tion of the vortex structures in space. Their Eq. (84a) gives 
the 2pth moment of the vorticity in the structure as 

-- 
JP,?2P-: _ ia”PL2p( &k2p( !I$) (Lg ( f!Jp-3’2, 

pa527 (71) 

where the quantities LZp((p), kzp are calculated from the 
detailed vorticity distribution. The moments of the longitudi- 
nal velocity-derivative field are then 

.- 
au 2p __ 

( i ax = fi,p w2p, 
.-____ 
& 2P+l 

i i 

n- 

ax 
= -aV2p02p, 

(72) 

where the numbers cap and k2p follow from integration 
over the orientations of the structures [the definition of the 
overbar and double-overbar notation is given by PS(50)]. 
The hyperflatness and hyperskewness factors 

--.-I_ - -___ -. 
Fzp~(au/ax)‘P/(au/ax)’ ‘, 

-. 
s2p+L~(~~~l(au/dxj2~2p+11~2, 

(73) 

can then be calculated. We presently repeat this process re- 
placing the closure (1) with the present Eq. (66) together 
with the present calculated dependence on aR2/4v of the _-___ 
groups in Eq. (71) and in the expression for (&/a~)~. The 
results for F4 obtained with I’a/v=SOO, 1000 are plotted vs 
R, in Fig. 8. The results are rather insensitive to Fdv but 
show dependence on the early cutoff time defined by 4. They 
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TABLE V. Comparison of velocity derivative moments ---I____ 
(drc/dx)“)/(drc/dx!*) “‘* with results from 240” numerical simulation at 
R,- 150 (Ref. 6j.A; a=-0.5, I-dv=SOO, C#J= 1.0. B; (Y=-0.5, T&=1000, 
cp= 1.0 

Present 
V&M V&M 

II No tails Exp. Tails A B 

4 5.85 6.00 13.0 12.0 
5 -1.01x10’ --9.92 -13.4 -8.85 
6 1.05x lo2 1.32~10~ 3.36X 10’ 2.75X 102 
7 m~3.89x lo2 -3.39x lo* -4.92X IO* -3.11x102 
8 4.33 x 10’ 9.36X lo” 1.72X104 1.24x 10” 
9 -2.69x10’ -1.69X 10’ ~3.4OX104 -1.9x10’ 

10 3.45x10” 1.34x10” 1.1x10” 7.4x lo” 
11 --3.11x10° -8.49xN’ -2.9x lob ~ lL4XlO” 
lQ * 4.61X10’ 258X 10x &9X107 5.1x107 

show a rather steeper increase with Rx than the Rkf4 power- 
law found by PS. The higher order moments are compared in 
Table V with unpublished results of Vincent and Meneguzz? 
calculated from 240” numerical simulations of isotropic tur- 
bulence at R,= 150. 

VI. CONCLUDING REMARKS 

We have demonstrated that a model of turbulent flow 
consisting of stretched spiral vortices (originally suggested 
by Lundgren’) can be used to make predictions about prop- 
erties of homogeneous turbulence. For example, the depen- 
dence of the Kolmogorov constant and skewness coefficient 
on Reynolds number can be estimated, and energy dissipa- 
tion and squared vorticity spectra can be obtained. Also, the 
model suggests that the energy and enstrophy spectra are 
composed of two components arising from the asymmetric 
spiral and axisymmetric core part of the spiral vortex, which 
should produce at large Reynolds number an observable 
bump in the vicinity of the peak of the enstrophy spectrum at 
a wave number kp , say. A recent examination of experimen- 
tal spectra by She and Jackson15 shows this feature. (It is also 
seen in some numerical simulations.) These authors also 
show that the energy and vorticity spectra collapse when 
scaled with E(k,,), while the spectra scaled against (~2)~‘~ 
and wave numbers against (J3)“4 depend upon Reynolds 
number. We now show that the model has this property pro- 
vided, as has been assumed, that the vortex Reynolds number 
l?dn and other model parameters such as C and CY are inde- 
pendent of R, . 

For we have 

where A is defined by Eq. (58) and the reader is reminded 
that K=2k(v/a)“2. Defining Kp as the root of the equation 

-& t.K2b%W)+&W))~=0, (75) 

FIG. 9. Vorticity spectrum vs K. LU=-0.5, I’0/u=500, T(m)=lJ, finite upper 
cutoff T*.--. K’E(K)I(K~E(K,)). ---, K*E,(K)/(K;E(K,)). 

we see that according to the model K, is independent of Rh 
because A and Do are independent of R,, and hence 
K2E(K)/KiE(K,) depends only on K and therefore only on 
KfK,= k/k,. We solve Eq. (75) for Kp numerically with 
C= 10 and I,lu fixed. Values for F,,lv=lOO, 500, and 1000 
are given in Table II A along with the corresponding ratio 
E,(.K,,)JE(K,). Figure 9 shows the bump in a plot of 
K2E(K)/K~E(K,). Also shown is K’E,(K)IKiE(K,) vs 
KIK, . The curves of Fig. 9 are not inconsistent with the data 
depicted in Fig. 2 of Ref. 15. The dimensional wave number 
k, is 2K,,(alv) “2 and hence the dimensionless Kolmogorov 
scaled wave number 

kJ v3/e) li4,kF -- = $K,(a’v/e) l/4 

k7 

is, according to Table III, a slowly increasing function of R, . 
This is shown in Fig. 10 which compares Eq. (76) using 
values a2v/e obtained from Table III with data from Fig. 3 
of Ref. 15. 

There are, however, two conflicts. First, the analytical 
estimates of both E, and E,v used presently have a Gaussian 
decay with large wave number rather than the observed ex- 
ponential decay. At present, we do not regard this as a seri- 
ous difficulty, since as was demonstrated in Sec. IV C, the 
asymptotics appears to underestimate the true model E, in 

FIG. 10. kp( ~~/e)“~=k~/k,, vs R h. ---, r~v=500.-, rdv=looo, r-+)=0, 
finite upper cutoff q. 0 Data scaled from Fig. 3 of Ref. 15. 
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TABLE VL Values of D,, , r(a)=0 and lYm)#O for three values of LY. 

&I 110 
cy l-(-4=0 r(m)#O 

-0.25 12.19 15.85 
-0.5 7.03 8.31 
-1.0 2.21 2.41 

the dissipation range while, surprisingly, providing good ap- 
proximations to the integrals determining 6. Alternatively PS 
showed that adding noise to the values of the parameters 
converts the Gaussian to an exponential decay. In other 
words, this is a consequence of the clearly unsatisfactory 
assumption that the parameters have the same values for all 
structures. 

Second, our results predict that the modification to the 
Kolmogorov spectrum is proportional to K, not K- *. Figure 
9 compared with Fig. 2 of Ref. 15 shows, however, that this 
difference is hard to detect in the neighborhood of the dissi- 
pation cutoff. The K dependence is due to the assumption 
[see Eq. (34)] that I’(a)=O, i.e., the total strength of the 
spiral structure is zero. This assumption is attractive as it 
ensures that the mean vorticity is zero, whatever the orienta- 
tion of the structures, and also gives rise to a finite life time 
for the structures, so that a long-time cutoff is not necessary, 
although as discussed in Sec. II it is desirable. This choice 
also allows vortex lines to close at the end of the structures 
and avoids the problem of open vortex lines which occurs 
with F(a)#O. However, it may not be appropriate and alter- 
natives should be considered. 

With a long-time cutoff ra, it is possible to investigate 
the properties of a model with F(w)#O. The simplest way to 
proceed is to follow the analysis of Sec. II D and put g = 0 in 
Eq. (29). Eqs. (40)-(41) remain unaltered, and the asymmet- 
ric part of the spectrum is still given by Eqs. (40)-(41) ex- 
cept for one quantitative difference in that the function A([) 
in the denominator of (41) now involves only 7 [see Eqs. 
(7)-(8)]. The new values of Da (Table VI) are slightly 
higher. 

In contrast, there are qualitative changes to the contribu- 
tion to the spectrum from the axisymmetric core. The for- 
mula for E, is again Eq. (37), but the integrand in the inte- 
gral for A is altered. Now, 

A=& /;e +I[ -; ,I,u)]‘$, (77) 

As before, we take u, =m and u,=K”(~,,/v)~‘~/~C. 
When Fa/v is large, A-(C/~T)(T,/~)~“~K-’ and 

(78) 

Notice the K ’ behavior. suggested by She and Jackson” 
from analysis of experimental data and by others on theoreti- 
cal grounds [e.g., Yakhot and Zakharovi6). Of course, it is 
obvious that the model with finite strength has the property 
that the structures will asymptote to Burgers vortices and 
hence the K- * behavior follows from Townsend’s” results. 

With the cutoff given by Eq. (5.5) calculated values of K, 
and K, for this case, together with the corresponding 
maxima in the spectral ratios, are shown in Table II B. 

Finally, we again emphasize the restrictions on the 
present results. For much of the present paper, we have con- 
sidered a special realization of the Lundgren spiral vortex, 
consisting of a thin shear layer in the process of roll-up, 
whilst undergoing stretching in the direction of vortex lines. 
This is motivated by the idea of a formation process based on 
the roll-up of vortex sheets and has the attraction that the 
relative simplicity of the vorticity held allows progress in the 
analysis. The typical vorticity signature of such a structure 
wouId consist of something like a central “vortex tube” sur- 
rounded by “sheetlike” layers. In the latter stages of the 
evolution process, only the nearly axisymmetric central em- 
ber would remain, and this would be essentially a Burgers 
vortex if the total circulation were nonzero. A formation pro- 
cess different from the roll-up of vortex sheets can be ex- 
pected to produce a dependencey of the f,, on n, and there- 
fore a vorticity field that may not resemble rolled-up shear 
layers; for example, if f,l-n-‘, a vorticity field more like 
the winding of a vorticity discontinuity than a velocity dis- 
continuity, could be expected, with no sheetlike concentra- 
tion of the vorticity field. Although the k-“‘3 form of the 
energy (velocity) spectrum is robust in the sense that it does 
not depend on the details of the f,, , provided the series in the 
first term of Eq. (29) converges, our results for the dissipa- 
tion and vorticity-squared spectra indicate that this may not 
be true of the spectra of higher-order quantities. To date we 
know of no systematic search of experimental or numerical 
data bases for vortices which might resemble the stretched- 
spiral type, although we have identified some possible can- 
didates in the work of Jimenez3 et al. The need to consider 
more general types of structure than the shear-layer proto- 
type considered here, would need to be recognized in such an 
investigation. 
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APPENDIX A: THE ENERGY SPECTRUM 

Here we outline an alternative derivation for the leading 
order terms in the energy spectrum utilizing a form of the 
vorticity distribution in the Lundgren spiral given in PS, Ap- 
pendix A. This is of interest since it does not require station- 
ary phase evaluation of spectral integrals, and can therefore 
be used as an independent check on this method. In local 
coordinates (x-y) in a region surrounding a point on the 
rolling-up thin shear-layer with extent much smaller than the 
local sheet radius of curvature p, and with x tangential and y 
normal to the layer which stretches to ?m in the x direction, 
this takes the form 
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2%-f(p) 
8(y,7)=-------- 

3y” 

A(pj7[$~vT]1’2 
exp 

i i 
-~ , 

4ur (Al) 

where y- [ 0- n(p) r]/A(p) r is normal to the layer center- 
line. This approximation describes an unstretched or purely 
two-dimensional spiral evolution including the effect of the 
coarse-grained axisymmetric strain field epl)= p/l(p)/2 felt 
locally by the thin shear layer. An analysis of the &’ mo- 
ments based on Eq. (Al) is given in Appendix B. 

Equations (.lO)--(14) may be written in the equivalent 
form 

E(k) = & /~dr~~vdOkl Jilir exp[ $r 

1 2 

X cos(fl-Ok) Q(p,&~)p dp d6’ , m4 

where ~~ and Q-? are early and late cutoff times, respectively. 
We first consider a~< 1 and make the approximation 
lp&- 1 in the exponential of Eq. (A2). Further, consider 
a length 2D of the shear layer in -DCXCD whose thick- _- 
ness of order $~r is small compared to its radius of curva- 
ture. The contribution to the area integral in vertical braces in 
(7) from this section is j’!uJ?lm.*~dx dy where locally 
x=pcos0,y=psinBand 

exp[ikp COG 0- 0,)] 

= exp[ikx cos tlk+ iky sin ok]. (A3) 

Using Eq. (Al) the x and y integrals can now be evaluated to 
give 

exp[ikx cos Ok+ iky sin &] 

i 
Xa(y,r)dy dx d& 

32,rr”fZ[p) 

J‘ 

71 sin”(kD cos 0,) 
= h”lpjGk2 

1 
” COS’ 0k _ 

X exp (A4) 

On applying the transformation E=cos tik, the contribution 
per unit length of shear layer to the integral may be ex- 
pressed as 

(A5) 
Next we restrict attention to the range of wave numbers 

L46) 

The exponential under the integral in Eq. (A-5) is then nearly 
unity and the integral can be easily calculated to be 
rr+ 0 [ (kD) - t 1. We now consider a length ds of the nearly 
circular spiral layer, which from Eq. (9) we can approximate 
ds-JpR(p)r dp. Integrating in O<p<m and substituting 
into Eq. (A2) then gives a contribution to E,Jk) which we 
denote by E,, 

E,,(k,=$$ /;,T+ exp[+i 

(A7j 

In Eq. (A7) the lower limit of integration is 7, = &a and we 
have taken r2-+m since the main contribution comes from 
small UT and the r integral is convergent at m. Putting 
u = a Q-, Eq. (A7) may be written as 

VW 

When (6-0, E,, is weakly divergent as k-” log $. Further, 
since Eq. (A8) has been obtained by setting a = 0 in Eq. (A2) 
[note that the appearance of a in Eq. (A8) is parametric 
through the definition of r,], then it must be the asymptotic 
spectrum of the unstrained spiral. 

An estimate for the k -s’3 spectrum can also be obtained 
from Eq. (A2j using the analysis leading to Eq. (A5). In 
obtaining Eq. Q&j, we began by putting a = 0 in Eq. (7). We 
now repeat the integrations but replace k by k/a~“~ [i.e., 
putting (1 +ar)“2=(ar)1’2 in Eq. (A2)]. After the 8 inte- 
gration, the equivalent of Eq. (A5j is then 

16rr3a*‘2f”(pj 
1*.-I’ dflk= A2(pJg,2k MY) 

Repeating the steps giving Eq. (A7) and putting r,--+O, 
q-m we find 

2rNa’12 
E.+V = k” 

X (AlO) 

where we have left the lower limit of integration p, an un- 
specified function of T since putting pl=O gives a divergent r 
integral. As the spiral vortex rolls up, the spacing between 
turns at time t and radius r can be shown to be 

(All) 

where recall that (p,~) are related to (r,t) by Eq. (5). Thus if 
we track a material particle in the spiral, the distance be- 
tween turns reduces owing to two distinct effects, first the 
differential rotation which tightens the spiral through a wind- 
ing process, and second, through the compressive radial 
strain. 

We now introduce a cutoff approximation by assuming 
that at fixed k and 7, the only portion of the spiral that can 
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contribute to the spectrum is that for which Sra2rrlk. At 
this (k,p) the inner portion, for which &<2r/k, will con- 
tribute, by coarse graining, only to the axisymmetric spec- 
trum E,(k). From Eq. (All) this then fixes p, in Eq. (AlO) 
as the solution of the equation 

k-~R(p,)~a”273’2. 6412) 

Exchanging the limits of integration in the r,p plane in Eq. 
(AlO) and using Eq. (A12) then gives 

27rNa”’ 

m 

il 

72 x ‘r-1/2 If(p)12p dp (tr 
0 0 IA(P)l ’ 

L413) 

where r7_=(k/lh(p)ja”2)“3. Evaluating the r integral then 
leads to 

(A14j 

Equation (A14) does not exactly agree with the first term of 
Eq. (29), differing by a constant factor Zyn-“J3/3 = 1.27. 

APPENDIX B: VORTICITY MOMENTS 

PS calculate the & moments by substitution of Eqs. 
(2)-(8) into Eqs. (15) and expansion of the Zpth power of 
the Fourier series. Here we give a simpler intuitive deriva- 
tion for ~22 using Eq. (Al). We write 

T *-P=N 

C 1 +ar)‘P-‘&p dr ds dy 2 (Blj 

where A refers to the vortex cross section and S to integration 
along the shear layer. Using Eq. (Al) and performing the y 
integration, and using ds=ph(p) r dp gives 

7 &7r(3p)“-“2N m (l+ar)‘P-’ “-p=yqqj- I,,, $p-312 dr 

iB2) 

On performing the r integral we find a result which agrees 
with Eqs. (82a) and (82b) of PS 

--T- o-P= 

L,C@= 
21/%C[2p](3~)“-~‘= 

6 
Ip-l 

d 
q+5/2-3p 

xc 
q=lJ l.6p--2q-S)Uq+ llJT@-ql ’ 

U33) 

The following kinematic results are well known: 

(Cl) 

1”“- 
&=2 k’E(k)dk, iC2) 

The following relations are consequences of the model. See 
Sec. V B of PS 

ele2e,=a’/4-uef,, (C4) 

7 cro= t2/4, (CS) 
-.... 

? E=IJW’+3vn2. ((26) 

Combining Eqs. (Cl), (C2), (C4), and (CS), we obtain 

7 fjjjj=G-a /yk’Eik)dk. ((27) 

Dividing by {(d~/&)‘-}~‘~, we obtain using Eqs. (C2j, (C3), 
and (C6), 

C.(3) 

This is Eq. (62), used to calculate the skewness for Table III. 
Alternatively, we can apply the K&m&-Howarth equa- 

tion PS(40) to the model, to obtain another expression for the 
skewness 

; [$jj=;-; /;k’E(k)dk. ic9) 

Now if 

E(k)=C,Ke~..“2/2+C2R-s/3e-K1/6, (ClO? 

with C, and C, independent of K, direct calculation [remem- 
bering that k=Kf2(a/v)1’2] shows that 

(Cllj 

and iC7) and (C9) are the same. 
Hence the two methods of calculating the skewness 

agree when the energy spectrum is of the form (ClO). Ac- 
cording to Eq. (37), this is the case for the E, contribution 
when A is independent of K, which happens when r.=m. The 
condition always holds, according to Eq. (40), for the asym- 
metric spiral contribution, which in general dominates. Note 
that Eq. (Cllj depends sensitively on both the index of the 
power law and the coefficient and power in the exponential, 
and provides therefore a good check on the consistency of 
the model for T(a)=0 and r2=m. 
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When 7;im, we find that Eq. (.Cli) is not satisfied. In 
this case, we note that PS(40) is not exact and its derivation 
from PS(39) neglects the left hand side of this equation 
which describes the time evolution of the vorticity. [There is 
a misprint in PS(39); the left-hand side should be multiplied 
by -1.1 Taking the time average of the left hand side of 
PS(39), which is equivalent to taking an ensemble average, 
we replace Eq. (C9) by 

ld IJ 
-4Tg- 0 s 

k”E”(k)dk, tcw 

where E,(k) is defined as a function of r, and q by Eq. (11). 
It is assumed that only the core contributes to the unsteady 
term because the spiral dies relatively quickly. The formula 
(C12) was employed to check the values of S3 given in Table 
III. For the calculations reported presently agreement be- 
tween Eqs. (C8) and (C12) to S-10 decimal places was 
found. 
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