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The Effect of Pump Coherence on Frequency
Conversion and Parametric Amplification

BRUNO CROSIGNANI, PAOLO D1 PORTO, URI GANIEL, SALVATORE SOLIMENO, axp AMNON YARIV

Abstract—The consequences of the deviation from ideal coherence
of the driving (pump) field in nonlinear processes are examined, A
detailed treatment of the processes of parametric amplification and
frequency upconversion is presented. The treatment utilizes two
different approximation methods to suit the two different physical
situations considered. For slow phase variations of the pump field
an adiabatic approach is useful, whereas in the treatment of fast
phase variations (the nonadiabatic case) an equation describing
the time evolution of the P representation is found to be a good
starting point. In this latter case, a closed hierarchy of equations
for the moments of the photon number distribution in the signal
(or idler) mode is found. In particular, we find that the efficiencies
of both the amplification and the upconversion processes are reduced
as a result of pump incoherence, the reduction becoming more
severe in the highly incoherent case. For the frequency converter,
the very nature of the process is modified as compared to the ideal
case, and this modification is again of particular significance for
the highly incoherent pump. Second-order moments are explicitly
calculated and some of the statistical properties of the output signals
are examined.

I. InTRODUCTION

N IMPORTANT class of nonlinear interactions
involves the exchange of energy between three
nearly harmonic fields of frequencies wy, s, and

wy Where wg = wy + we. This class of phenomena, usually
referred to as parametric interactions, has come to play
an important role in a number of areas. As an example we
may mention in the microwave field: varactor diode
amplifiers and frequency mixers, and in the quantum
electronics field: second-harmonic generation, parametric
oscillation, and frequency upconversion [1]. Nonlinear
parametrie interactions have also been found to play an
important role in plasma-heating experiments and as loss
mechanisms for propagating sound waves.

Turning our attention in particular to the optical re-
gime, two of the most important processes are parametrie
amplification (PA) and frequency conversion (FC), in
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which energy exchange between three electromagnetic
modes takes place. The first quantum mechanical treat-
ment of these processes is due to Louisell, Yariv, and
Siegman (LYS) [2], who treated the case of a perfectly
coherent, monochromatic pump (ideal laser field). In
their work, a simple approach is also outlined for obtain-
ing the statistical properties of the amplified, as well as
the upconverted signal. The case of the PA was later
extensively investigated by Gordon et al. [3], who were
able to find the moment-generating function of the output
signal and by Mollow and Glauber [4], who gave the
complete statistical description in terms of the so-called
P representation. More recently, von Foerster and Glau-
ber [5] have considered a traveling-wave PA in which
the signal is represented by a more realistic wave packet.
In all of these treatments, the pump was assumed to be
an external perfectly coherent field and no attention was
paid to the fact that an actual laser field always has a
finite coherence time,

In what follows, we consider some of the effects of this
limited coherence on the efficiency and on the statistical
properties of both the PA and the FC processes. Our
treatment, as well as those mentioned previously, is based
on the approximation that no reaction is exerted on the
pump by the two interacting modes. We assume the
interaction process to be driven by an external stochastic
centered field of constant amplitude as that associated
with a real laser operating well above threshold. We
explicitly treat the two limiting situations in which the
coherence time of the pump is large or small compared
with the characteristic times of the PA and FC processes,
when driven by a perfectly coherent field. The lack of
coherence of the pump is shown to induce significant
changes with respect to the ideal situation. Specifically,
the growth rate for the PA output and the efficiency of
the FC process are always reduced when the pump is
not fully coherent. This degradation becomes extreme in
the case of a strongly incoherent pump. In this case even
the qualitative nature of the interaction is changed from
that of the ideal case. The most striking departure from
ideal behavior concerns the gradual deterioration and
eventual disappearance of the periodic energy exchange
between the low- and high-frequency fields in the FC.

It should be noted that we concentrate in the present
investigation on the particular situation in which the
pump field drives two specific resonant modes (of fre-
quencies vy and es). Other situations, such as a singly
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resonant parametric oscillator [6], in which only one of
the excited fields is a resonant standing wave, are not
included in the present treatment and will be dealt with
in a separate investigation.

II. FORMULATION OF THE PROBLEM

As outlined in the Introduction, we adopt a Hamil-
tonian that represents a model of two interacting modes of
the electromagnetic field [2]. We shall arbitrarily desig-
nate one of the modes by subseript 1 and refer to it as
the signal and the other will be designated by subsecript 2
‘(the idler). With @, a,* (r = 1, 2) being the photon
annihilation and creation operators and o, their respec-
tive frequencies, we write the Hamiltonian for the PA as

Ho — hlb(t) exp [—iwotla*as"
+ () exp [twollaa], (1)
where w, = w, 4+ wy.and for the FC
H,ooe = H, + k@) exp [—iwt]a,"a,
| + k*(t) exp [iwyt]a,a."), (2)
where w, = @, — w,. Here H, is the usual free Hamiltonian
Hy = h(wia:"a, + w:0.7a,), (3)

ke(t) exp [—2w,t] representing the coupling between the two
modes, which is induced by the pump field.

The equations of motion for the operators are obtained
from (1) and (2) utilizing the general relation governing
the time evolution of any operator A in the Heisenberg
representation th{dA /dt) = [4, H].

For the PA we have

da," /At = fw,a,” — () exp [iwgtla,, (4a)
da,* /At = iwa,T — k¥ exp [{wqtla, (4b)

with the corresponding equations for a; and a. obtained
as the Hermitian adjoint expressions.
By means of the substitutions

Hn.mn =

a, = b, exp[—ted], r=1,2 (5)

(4a) and (4b) become
db,"/dt = —ik*(O)by, (6a)
db,* Jdt = —ik*(£)b,. (6b)

From (6) and the corresponding Hermitian adjoints, we
obtain

&b, 1 dk(i) db,

dt’ k() dt di

These equations can be cast in a different form by means
of the substitution

|k(3}12 b, = 0, (?‘ = 1, 2)' (7)

1
. b” = 1, 2r
= Vi) J

thus giving
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3%k
4
where the dot will hereafter indicate a time derivative.

From this point on we shall assume the coupling coeffi-
cient k (£) to be of the form

k() = ko exp [i6()] ®

where ¢ (¢) is a real time-dependent phase, This assump-
tion is certainly a practical one in all cases where the
pump field in the parametric process is a laser field,
which, well above threshold, has negligible amplitude
fluetuation. Equation (8) now becomes

& + (_IkP - +é%) Cy = 0: r= 11 2, (8)

& + (—kcf + 16" + —;:{S)c, =0, r=12 (0

The FC is treated along analogous lines. Starting from
the Hamiltonian (2), performing the substitution as in

-(8) we obtaln

dbifdt = —ik(2)b,, (11a)
dby/dt = —1k*(£)b,, (11b)
whieh can be rewritten as
by — ‘;—: by + |k|* b, = 0, (122)
.. Jex
b, — 1= by + |k|* b, = 0. (12b)
Substituting
1 1
y = —= by, =—=1b
CTVEY TV

and assuming again a constant amplitude coupling, i.e.,
k(t) = ko exp [ip(£)], we obtain

& + (koz + 36" + %&i)cl =0, (13a)

é, + (kn2 + i‘ig — %{5)02 = 0.

Inspection of (10) and (13) clearly shows that the
problem as presented here is not analytically solvable in
general. However, for slow (in a sense that will be defined
more precisely later) phase variations, an approximation
scheme can be adopted that enables one to treat the
problem analytically. This treatment will turn out to be
relevant for many practical applications of lasers as the
pump sources in nonlinear processes,

The other extreme, namely the case where the phase
variations are fast, cannot be treated analytically using
(10) and (13) as the starting point, and thus has to be
approached by completely different methods [7]. This
will be done in some detail in Section V.

(13b)

I11. SoLUTIONS FOR SLOW PHASE VARIATIONS

In this section we shall utilize the Wentzel-Kramers—
Brillouin (WKB) method [8] to arrive at an approxi-
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mate solution for (10) and (13). An equation of the form
E+QWz=0 (14)

in which the adiabatic condition |2/Q°] < 1 is satisfied,

has a pair of approximate independent solutions of the

form

() = v’lﬁ(T) exp l::i:i j; ") dc’]- (15)

Equations (10) and (13) are of the form (14), and the
adiabatic condition simply corresponds to demanding
that the rate of the phase variations of the pump is small
compared with k,, i.e., |¢/k| < 1.

A. Solution for the PA
For the PA we have from (10)

(16)

where a definite branch of the square root function must
be selected throughout the complex plane (e.g., the prin-
cipal value). We then have

o () = A, exp [i0()] + B, exp [—i0(1)],

where

Q) = k" + 1 + 15,

r=1,2 (17)

L]
6(l) = Q') at’
0= [ a0
and A, and B, are determined from the initial conditions,
which are all easily expressed in terms of a,(t = 0) =

a,, a,'(t = 0) = a,"(r = 1, 2), and ¢(0). This leads
directly to

) = exp [ 92| exp [ —icut) o exp [ 42
~cos O(f) + az" exp [ 4’(0)] sin a(t}] (182)
exp l:" %Q] exp {—iwst][aso exp [—1: 95292]

00 8(t) + @1o” exp [ & )] sin o(:)] (18b)

From (18) the quantum mechanical expectation values
of the photon number operators can be found to be

a,(t) =

(n:(0) = (a."(Da:(t)) = (Mo, a0 |a" (D@:()] 710, 720)
= M0 €08 0 cos 6% + (1 + n) sin fsin 6%,
(na(1)) = (a2" (Das(t)
= g0 08 # cos 0* 4 (1 + n,,) sin Osin ¢*, (19b)
where |n19, nao) is the eigenstate of the photon number
operator. Note that if ¢ is constant (ideally coherent
pump), (19a) and (19b) reduce exactly to the results of
LYS [2].
At this point we shall introduce some practical approx-
imations that will enable us to gain better physical in-

(19a)
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sight into the nature of the solutions. From (16) we have

8t) = f "aw) ar

el
f &) dt':l

1[?001
1
+ i [(8) — $(0)],

where the fact that ¢°, ¢ <« k,° has been used. Using this
expression for 6(¢) in (18) we check the boson commutation
relations

1«&_ i :| ;
oo 41;5’(” dt

(20)

la.(9), a,"(®)] = cos (6 + 6*) = cos [é t ;cué OJ:I

2
=1+ 0(};&5) (21)
(1]
to be correct to the lowest significant order. Using (20)

and well-known trigonometrical identities, the expressions
for the photon numbers (19) can be written as

(1) = 1o {c08 | 5 60 — 400 |
+ cosh [21:',: . f &(t) aw]}
[5k 6o - 400

1 : 2040 J
+ cosh[%.,t—ﬁj; -ﬁ(t)dt]},
with a similar expression for (n.(f)) (with n,, < 7).

B. Solution for the FC
For the FC we have from (13)

+ 11 + ns0) {—cos

(22)

o) = \fk.f ¥ +3 e-, (23a)
0u(t) = \{k: + 1 — 5‘& (23b)
and
¢, = A, exp[i6,(®)] + B,exp[—i0,(1)], r=1,2 (24)
where
0.(t) = j; o) dv. 25)

Proceeding as before we obtain

a() = exp [ (t ):| exp [-—-wlt]I:Gm exp [ ﬂzo_)]

-cos 6,(f) — dayy exp [ il )] sin 81{0] (26a)
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@(l) = exp [_%ﬂ)] exp I—wth[azo exp [ **(0)]

-eos 0.(f) — da,, exp |:—-1? i%—)] sin 92(3):I (26h)
and
(ny(E)) = nyo cOS 0, cos 8;* + ngy sin 6, sin 6, (27a)

(ﬂ-g(t)) = fay COS 05 COS 83* + Mo Biﬂ. 3: Sill ﬁg*, (27b)

which can again be seen to reduce to the LYS [2] result
if ¢ is constant. The 6, can again be approximated by

0 2 bt + g [ ) ar 28)

and hence

+ fku b(t) — $(0)]

(1) = o {cos [ 20t + 1 [0y ar |
+ cosh [2—}1% @@ — 4,(0))]} + 1m0 {- cos [2ka

+ 311;‘0 j;' &*(t) dt’:l + cosh [2—;1;; @) — ,5(0)):!} (29)

and a similar expression for (n,(f)) (with n,, < 2,,). As
before, the commutation relations satisfy

00, 801 = oo [ MO _ 1 4 o E) 30)

which again are correct to the lowest significant order.

IV. STATISTICAL AVERAGES

The solutions obtained in the previous section represent
a deterministic approach in the sense that the coupling
coefficient k(f) has been treated as a prescribed funetion
of time. In practice, k(¢) is a random function, hence all
the final results must be expressed in terms of appropriate
statistical averages. With this in mind, we quote here a
result of statistical physies known as the method of semi-
invariants [9]. Considering a random wvariable z, the
function (exp(iux)),, can bhe described by
. — (tu)"
(exp(iua))ay = exp [):1, = M.:' ;
where the quantities 3, are expressed in terms of the
moments (@'}, (8§ < n) and { ),, stands for an ensemble
average [9]. In particular, when z is a Gaussian variable,
(31) reduces to

(G2Y)

(EX]J (im))w = exp [-' %uz <m3>“]. (32.}

The quantities of interest to us are ((n,())).. and {(ny(t))) .-
We observe that the random wvariable of interest, (22)
and (29), is ¢({), which represents the mmstantaneous
deviation of the pump frequency from the central value
of w,. It is a realistic assumption to regard é(1) = w(l)
as a (iaussian variable [10]. This enables us to evaluate
immediately the averages of all terms containing expres-

IEEE JOURNAL OF QUANTUM BLECTRONICS, SEFIEMBER 1972

sions of the form exp [uw(f)]. On the other hand, &*(f) is
not a Gaussian variable and evaluation of the averages
involving it would require, in principle, a knowledge of
all the moments of its statistical distribution (31). In the
framework of the present calculation, however, it has been
assumed all along that ¢ = » < ky, so we shall keep in (31)
only terms up to second order, i.e.,

r w
{exp (tuzx)).. = exp | uM, — 5 M 2] (33)

where

M, = (T)., M, = (%) — ().

A. Average Photon Numbers
Utilizing (32) and (33), we obtain from (22) for the PA

(O |
o[-} - crn-)
+ 301 + na0) {exp [1’6]:?7 [[ew-eaa z“]
- cosh [(Qk(.—%gl)t] —exp [— T (G(O)—G(t))]} (39)

and a corresponding equation for ({(n,(f))). (with 1 < 2).
In deriving (34), w(f) has been assumed to be a stationary
Gaussian variable and thus the following factorization
property has been utilized

(@) (t"))ew = 2e@)t”))w" + @ (0)),

and

(35)

G = ") = (w@)ult”))m- (36)

The quantity G can be expressed in terms of the power
spectrum of the pump. This is done in the Appendix.

A similar procedure leads to the following result for the
FC

(e = 10 {ex0 [ €0 — 600 ]
+ exp [—16102 fo 3 fo @ - e ar dt”]
cos [ (2 + G2 )
exp [4—,% GO —~ G(t))]
~5i2 |, [ ew - enar dt”:l
e[l )], o
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and a corresponding equation for {(ns(1)))w (with 1 < 2).
In both (34) and (37) the terms of the form exp [+
(1/4k,*)(G(0) — G(t))] are instantaneous, i.e., their effect
is not cumulative in time, so that to the lowest significant
order exp [£(1/4k,")(G(0) — G(#))] = 1. We note here
that the Manley-Rowe relations [11] are satisfied by our
solutions, since we obtain’

i (®)))er F ((Ra(D)))er
= (N0 F 7o) €XP {:FZ’;% [G(0) — G() ]} (38)

where the lower and upper signs refer to the PA and the
FC, respectively.

The effect of the phase variations in the case of the
PA is clearly brought out by inspection of (34); it is
clear that the growth rate of the average photon number
(which in the absence of phase fluctuations would simply
be 2k;) is reduced by a (positive) quantity G (0) /4k, that
is proportional to the mean square value of the fre-
quency fluctuation «(f). In the case of the FC, the partial
incoherence of the pump has two interesting effects. First,
the rate of enmergy exchange between the two modes
increases, but the efficiency of the exchange process is
reduced. Second, comparing (37) with the eoherent pump
case [2, egs. (70), (71)] where complete energy exchange
between the signal and the idler fields occurs periodically,
we note that in the present case the efliciency of the ex-
change decreases with time (owing to the multiplying
factor

1 ! : 2 1] r r
exp [_E};;-f fo G — ) dt dt”])

until asymptotically the exchange becomes insignificant
and the photon numbers in both modes become practically
equal

((R@Mee = ((Ra(O)))ee = F(n10 + 720).  (39)

It is interesting to note that this equipartition effect takes
place regardless of how small the pump incoherence is.
One must bear in mind, however, that for this to happen
in practice the time needed may be longer than the actual
interaction time, in which case this effect will not be
observed. However, we would like to stress that all the
conclusions arrived at in this section have more than a
mere theoretical significance, since although derived from
some smallness assumptions with regard to the phase
variations, they point towards clear trends of the physical
processes involved. In Section V this trend will be brought
out in a more pronounced manner by considering the
case of high incoherence of the pump field.

! The presence of the term

1
exp [-— f ' f ‘e — t”)dt’dt”]
16k* J o4 o

can be checked not to affect this conclusion practieally.
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B. Further Consideration of Statistical Properties

In order to gain better insight into the statistical prop-
erties of the system, one needs to calculate the higher
moments of the photon number operator. A point that is
important in this context is the choice of the initial state
of the physical system. Up to this point, the states
|10, M20), which are eigenstates of the photon number
operator, have been used. A better choice for the calcula-
tion of the moments is to use the coherent states [12],
which are, in general, the most appropriate description
of laser fields, especially well above threshold. The co-
herent states are defined as the eigenstates of the annihi-
lation operator a, with an eigenvalue «

(40)

In evaluating the first moments ({(n,({)}),,) such an
approach leads to the results we have obtained previously.
In calculating higher order moments this would no longer
be true, hence we shall use the coherent states in the

a|a) =ala)

following calculations.
We shall concern ourselves with the calculations for
the FC only.” Starting from
(D)) = <ﬂ!u a:| @ " (Dau(t) [“1; as) (41)
(ﬂlg(t}) = (o, a’i+(t)afl (t}a;*(t)a,(t) |0‘1: 052): (42)
it follows directly that
(ﬂlz‘(t)) el (011: 05'2! I:f11+(t)]2|:ar1(t)]2 {C!t: ﬂz)
+ (Gfx: azl a1+(£)‘11(t) |a!: aﬂ)
= (nl(t))i + (ﬂl(t))' (43)
Taking the statistical average, we have
(' ONer = (s + (1)) s
= (((D)Nwe + (O’
+ (Y )e — (ONar?),  (44)

where the term in circular parenthesis on the right-hand
side (RHS) represents the deviation from the case of
coherent (Poissonian) light. Assuming mode 1 to be
initially empty, which represents the situation in a prae-
tieal upconverter, i.e.,

Ay 1 oy 0!3) =0 (45)
we obtain
(@) ) — {uD)))er” = |e’|* ({sin® 6, sin® §,*),,
— (sin 6, sin 6,*).."), (46)

where (26a) has been used. Evaluating (46) explicitly

2 For the PA, detailed treatment of the statistical properties for
the coherent pump case has been presented by Mollow and Glauber
[3]. Their general result was that the signal coherence deteriorates in
time even for an ideally coherent pump.
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and keeping terms only to the lowest significant order,
we have

(Ein-z al sz 61*)37 - <Si-rl el Sin- ﬂl$ avg

2 ]
=%+ % exp [—-4—%02]; fc G — ) dr dt”]
f(o 2]
cos [(4?00 4 o, i
I —_ 1 : . 2080 __ 42! ’ H']
tew [~ [ [ 0w - vy a

.+ cos” [(2?.:0 + %ﬂ—?)f] “n

From (47), (46), and (44) and (37) the variance of the
number of photons can be calculated directly. We shall
write here explicitly the asymptotie result that holds for
times in which the equipartition effeet (39) takes place.
In this case the normalized variance of the upconverted
light is

o O = N o 1
CETT o S Ty

where &, is the normalized variance of coherent (Pois-
sonian) light. Equation (48) represents an intermediate
behavior between Poissonian and thermal (Gaussian)
light, for which

(48)

chhs + 1. (49)

z _
€4hermal

V. SoLuTioNS FOR FAsT PHASE VARIATIONS

As stated previously, (10) and (13) cannot be solved
analytically in general, once the phase variations (¢, ¢)
become too large. In this section we present a different
approach that enables us to treat the problem under quite
general conditions. However, having treated the slow
variation case previously, we concentrate on the other
limiting case. A short version of this treatment has been
recently reported [7].

Our starting point is again the Hamiltonian (1) for the
PA or (2) for the FC. We use a recent formulation [13]
for writing down the equation of motion of the so-called
P representation, using the Hamiltonian of the system.
We obtain the following equations in the interaction
representation®

U3/ P({ew, ew; 1) = ADP({an®, au}; ),  (50)

where for the PA

3 We should comment here that the equation derived in [13] is
written in the Schrédinger picture. It is straightforward to obtain
the corresponding equation in the interaetion representation. This
is done simply by starting from the equation of motion for the
density operator p in the interaction representation and diagonaliz-
ing p by means of a corresponding function P.
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AY) = — k(t)((.j,&,fj‘;a2 — o* E'Zj =t 52;)
- k*m( _Bm*a;ag* o o 5—%"? T 53}) (51)
and for the I'C
A() = k*(t}(az* 50%; ™ 5?2;)
+ ka)(al* 3:%3 S a_g:) (52)

Ag before k(t) is the coupling coefficient that represents
the coupling between modes 1 and 2 induced by the pump
field. The advantage of introducing the P-representation
formalism lies in the fact that it furnishes a direct way
for evaluating the complete statistical properties of the
system. In particular, it enables one to express statistical
averages of operators of the form

I;I ( a'k-l-)wabn
as integrals of the form

(( I;I (ﬂfjmﬁ’*‘»a‘

= fP({CE;‘*, 0:;;}; t) 1;‘[ (ak*)ma; dga,,.

Equation (53) will turn out to be extremely useful in
what follows.
From (50) we obtain

P(lap*, aif; &) = P(lan®, au}; 0)

(53)

—i [ A@IPUar, a); 1) ar

and resubstituting this expression for P into the RHS
and taking the time derivative leads to

(0/00P({a*, an}; 8) = —iA@DP({ar*, as}; 0)

— f., AQAWIP(e*, il 1) dE. (54)

where A(t) is given by (51) and (52) for the cases of
the PA and FC, respectively. Taking the ensemble
average we obtain

0/00P({a*, an}; ) = —HAD)P(le*, ) ; O
- [ aoa@Par, ad; 0. dr, )

where P denotes the ensemble average of P. At this point
we note that the fluctuating part of A(f) is k() [or k*(8)],
which we assume to describe a centered (i.e., (k())., = 0)
stationary stochastic process. Hence the first term on the
RHS of (55) vanishes. Furthermore, we assume that the
coupling between modes 1 and 2 induces only small
changes in P during a characteristic time period {., which
describes the decay rate of the correlation function
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(A(t)A(0)),,.* This enables us to simplify the integrand on
the RHS of (55) and obtain for t > ¢,

@/a0P((at, ) )
= = [ (AOAC - NP, aafit = 9 ds. (50

It is important to note that this Markov-process assump-
tion was not made in the adiabatic case, treated in Sec-
tion III, hence the results obtained below cannot be
applied there.

We now consider the moments

(m, n; )

- f d'ay d'ay(oy*en)"(@a*a)"P({an*, an}; 1), (57)
which satisfy the equation
(d/dt)(m, n; t)
e f " ds [ @ dasfonon) (s e AOACE — D
Plan*, eu}; t — 8), (58)

where (56) has been used. Utilizing repeated integration
by parts leads to the following expression

(d/dt){m, n; t)
_ —j:dsfd'al ParP(fen®, ) ; t — 8)

(At — 8)A(t)ur (%)™ (0a*aa)".  (59)
In (59), (A(t — 8)A(f)).,' defines an operator that is
obtained from (A(f — s8)A(f)), by the substitution
/0a; — — 8/da;.
In writing (A(¢ — s)A(f))..' explicitly, we note that
averages of the type (k(t — s)k(t))., or (k*(t — 8)k*(#))w
vanish, and we define

9(8) = 2(k@Ok*({t — 8))ur-
Using (51), (52), and (60) we obtain from (59)

(60)

(d/dt){m, n;'t) = j: ds g(8){m’'n’(m — 1,n — 1;t — s)

+ m'@n + 1){(m — 1,n;t — 5
+2'Cm+ D{m,n — 1;¢ — 3)
+m'(m—1,n+1;¢ —s)
+n{m-+1,n—1;t—s)

+ 2mn + m + n)(m, n; t — s)}
for the PA and

(61a)

4 This is true in the spirit of the present calenlation that assumes
fast variations of k(t), or equivalently, t, << |k(t)|. As a reference
for the agglgnt ion of the so-called Born approximation to the evolu-
tion of t (see [14]).
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(d/dty(m,n; t) = ]: ds g(s){m"(m — 1,n + 1;t — 8)

+2m+1,n—1;t—3s)

— @mn+ m+n)m,n;t — )} (61b)

for the FC.

Equations (61a) and (61b) constitute the central
result of this section. It is easy to realize that they define
a closed hierarchy of integrodifferential equations. so
that any moment (m, n; t) can be calculated from them
once g(s) is given. Note that our results depend only on
g(s), which is essentially the Fourier transform of the
power spectrum of the pump field (see the Appendix).
This, however, is a direct consequence of ithe Markov-
process assumption mentioned above.

We note that (61a) and (61b) are of the general form

Ly = [ do g@F ¢~ o) = [ ds ot — 9FQ

= [ asa - 9F0), ©
where we have defined
9(x), =0
#@) =
0, z<0. (63)
Taking the Laplace transform defined as
o) = [ ep —paf0 a, 9
we get from (62)
py(p) — yt = 0) = g(p)F(p). (65)

With this result we can transform (6l1a) and (61b)
immediately into

p(m, n; p)—(m, n; t=0)=g(p){m'n*(m—1, n—1; p)
+ m’(2n + 1)(m — 1, n; p)
+ 2'Cm + 1){m,n — 1;p)
+m'm—1,n4+1p)+n'(m+ 1,n— 1;p)

+ (2mn + m + n)(m, n; p)}
for the PA and

(66a)

p{m,n; p) — (m,n; t = 0)
=gp){m'(m — L,n+ L;p) +n'm + 1,n — 1;p)

= (2mn + m + n)(m, n; p)} (66b)

for the FC, which define a closed hierarchy of algebraic
equations. We shall be interested in the quantities
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((ni(t)»s.v = (1: 0! t)
{na(ONav = 0, 1; )
(R ENar = (2,05 8) + (1, 0; &)

{n’ (@er = €0, 2; B + (0, 1; 1), (67)
which ean be evaluated from (66a) and (66b) once g(s)
ig specified.
In the following, we take the pump field to have a
Lorentzian power spectrum [10], so that

g(s) = 2k," exp [—7s]. (68)

In this ease the moments (67) can be evaluated in closed
form. The expressions, although straightforward, are
cumbersome and will not be reproduced here. However,
as has already been noted, we are dealing in this section
with a situation where kg is much smaller than the in-
verse of the characteristic variation time of the pump ¢,,
or equivalently

7= ko/y K 1. (69)

Under this condition, rather simple expressions for the
moments (67) can be written down applying suitable
approximations. Assuming the idler mode to be initially
empty ((n20) = 0), we obtain for the PA

((ﬂl(t)»nv = %((“w} + 1) exp (4qkot) + ‘3?("10) - % (70)
and
(@O = %(2(?3102) — 5{no) + 5)

+ %((nwz} — 3) exp (4nk,t)

+ (nio”) + 5o} + 2) exp (I2nkot).  (71)

For the FC, assuming (n,,) = 0, the same approximations
lead to

{01 ()Y)er = 3{n20)[l — exp (—4nkt)] (72)

and
(DN = E2Anzo') — (M20)) — 32"} exp (—4nkot)

+ §(n20") + (n20)) exp (—129kol).  (73)

Equation (70) for the PA can be contrasted with (34),
which also reproduces the coherent pump case by sub-
stituting G = 0. It is easily seen that in the present case
the growth rate is drastically reduced, being multiplied
by a factor y < 1.

In the case of the FC, the effect is still more dramatie,
since the very nature of the process is changed. Con-
trasting (37) with (72) we see that in the present case
the osecillatory character of the process is completely
damped. The efficiency of energy exchange between the
two modes is so drastically reduced that the maximum
possible conversion efficiency is 50 percent, since asympto-
tically

(i (0)D)av = 3{n20)-
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In most practical cases the interaction times involved
are such that ket < 1, so that this equipartition situa-
tion is not reached and the conversion efficiency is there-
fore much lower.

IV. CoNCLUSIONS

The effects of pump coherence on optical parametric
amplifiers and frequency converters have been examined
in detail. Two cases have been examined in particular,
namely those of “slow’’ and “fast” frequency fluctuations.
The first case has been treated using the adiabatic ap-
proximation, whereas for the second case it was found
advantageous to resort to a different technique, utilizing
the equation deseribing the time evolution of the P repre-
sentation. Important deviations from the ideally coherent
pump situation have been found. In both cases, one finds
that the growth rate of the signal field of the PA is
reduced, rather slightly for the slowly fluctuating pump
and much more significantly for the fast fluctuating
pump. For the FC, the rate of energy exchange is modi-
fied in both cases as shown qualitatively in Fig, 1. While
for the fast fluctuating pump case this is obvious, the
periodic nature of the exchange process being completely
damped out, in the other case the modification of this
process depends on the detailed nature of the correlation
funetion of the frequency fluctuation. The rate of the
energy exchange is enhanced somewhat, while the ef-
ficiency of the process is reduced.

Finally, we would like to mention that although our
detailed treatment concerns only the optical PA and FC,
they are two examples of a large family of nonlinear
processes to which similar considerations ean be applied.

APPENDIX

A laser field of constant amplitude and random phase
can be written as

E(t) = B, exp [iwyt] exp [-a: f () dt’]- 74)

The Wiener-Kintchine theorem enables one to express
the power spectrum S(w) in terms of the correlation fune-
tion of the field (E (£)E* (0)),, as

(E@E0).. = f S(9) exp [i04) dQ. (75)

Using (74) and introducing the normalized spectrum s ()
= S(w)/|E,l?, one can write

(o [i [ wwrar]),

_ f s(2 + wy) exp [(0t] d2.  (76)

Assuming the distribution function of instantaneous fre-
gquency fluctuations w(¢) to follow the Gaussian station-
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Fig. 1. Typical time behavior of the average number of up-
converted photons for the cases. Continuous line—ideally co-
herent pump—see (37) with G = O. Dashed-dotted line—see
(37). Dashed line—see noncoherent pump (72).

law, (76) becomes

]‘ : ’ r 'y r i
exp[—zj; fo G — ) dv di ]

= [ s(@ +w) exp lin a2, (@77)

Equation (77) immediately yields
s(Q + wy) = Lf exp [—1Q¢]

s 20

1 4 ; 4 Fr r rr

.exp [—2.& f Gt — ) dt’ di ]dt. @9)
Furthermore, utilizing the identity
f f G — ¢ryar ar' = 2 f t — NG dr, (79
o a 0
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ary one easily obtains

G() = _j_; In [f (2 + w,) exp [190i] dsz]- (80)
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