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ABSTRACT: We study the phase equilibrium and nucleation
behavior of polymers in poor solvent by accounting for the
large, localized ﬂuctuations in the form of single-chain globules
and multichain clusters. The density proﬁle and free energy of
the single-chain globule and multichain clusters are obtained
by self-consistent-ﬁeld theory. This information is then used in
the dilute solution thermodynamics to investigate the
equilibrium cluster size distribution, solubility limit, and
nucleation in the supersaturated state. Our results show that
the solubility of the polymer in the dilute side of the solution is
enhanced by several orders of magnitude relative to the prediction of the Flory−Huggins (F−H) theory, which scales with the
chain length to the 2/3 power rather than a linear power as predicted from the F−H theory. Our results also suggest a higher
critical value of χ, consistent with computer simulation and experiment results. In the supersaturated state, we work out an
eﬀective spinodal where the nucleation barrier to phase separation via growth of the clusters becomes comparable to the thermal
energy kBT. For a given supersaturation, we ﬁnd that the nucleation barrier is quadratic in the chain length, suggesting a much
slower precipitation rate for longer polymer chains.

I. INTRODUCTION
Polymer solutions are widely used in biomedical, pharmaceutical, food, and cosmetics industries.1−4 A basic question is
whether a prepared polymer solution under a given operation
condition is stable. The most widely used framework to
describe the thermodynamics of polymer solutions is the
Flory−Huggins (F−H) theory.5,6 It is a mean-ﬁeld theory,
which assumes random mixing of ideal chains and solvent
molecules, and characterizes the polymer−solvent interaction
by a phenomenological parameter χ.7,8 The F−H theory
predicts a coexistence of polymer concentrated phase and
polymer dilute phase above the critical χ (or equivalently below
the critical temperature). For polymer chains of length N, the
critical χ and the critical polymer concentration are 1/2 + N−1/2
and N−1/2, respectively. From the F−H theory, des Cloizeaux
and Jannink2 obtained the equilibrium polymer concentration
in the dilute phase well below the critical point as ϕL = (3/
e)(1/2 − χ) exp[−3/2(1/2 − χ)N]. The phase diagram calculated
by the F−H theory shows poor agreement with experiments
and simulation for the dilute phase and near the critical point:
the F−H theory predicts a much lower equilibrium polymer
concentration in the dilute phase and a lower critical value of
χ.9−12 Many modiﬁcations have been made to the F−H theory,
such as treating χ as a function of concentration, temperature,
and chain length,13−15 accounting for the local enrichment of
the chain segments due to chain connectivity,16 and performing
a perturbation expansion in the interaction strength and the
inverse of the lattice coordination number.17−19
An obvious fact that is not reﬂected in the F−H theory is the
large, local concentration ﬂuctuation in the dilute phase, which
originates from two physical mechanisms. First, a polymer
© 2012 American Chemical Society

chain is a connected object, so an instantaneous picture of the
solution will have localized high concentrations where the
chains are located and pure solvents elsewhere; this is a very
diﬀerent scenario than envisioned in the random mixing
pictured of the F−H theory. Second, the polymer chains will
form compact globules in the poor solvent as demonstrated by
numerous experiments and simulations.20−23 Globules can
further aggregate to larger clusters. In a series of papers,
Grosberg and Kuznetsov24−27 investigated the coil-to-globule
transition, the globule−globule interaction, and the resulting
phase equilibrium by using the Lifshitz theory,28 which assumes
ground-state dominance and viral expansion of the local
interaction. In this work, we use a diﬀerent approach to study
the solution behavior in the poor solvent. First, instead of the
ground-state dominance method, we employ the full selfconsistent-ﬁeld theory (SCFT) which aﬀords a more accurate
description of the density proﬁle of the globule and its free
energy for ﬁnite chain lengths.29,30 Second, we describe our
model and results in the language of F−H theory in terms of
the χ parameter and treating the solution as incompressible,
thus allowing a direct comparison with the predictions from the
F−H theory for the phase diagram. Third, rather than treating
the interaction between globules in a pairwise manner, we
include clusters of diﬀerent sizes to account for the aggregation
between the globules. And ﬁnally, we consider the nucleation of
polymer precipitation beyond the coexistence limit, which can
be naturally studied with the clusters approach.
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II. MODEL
We consider a closed system of homopolymers of N Kuhn
segments in a poor solvent. For simplicity, the volume of the
solvent molecule and the chain segment are assumed to be the
same v0. The polymer chains can form clusters of diﬀerent
aggregation number m (called m-cluster henceforth). m = 1 is
the single-chain globule. We investigate the ﬂuctuation
structure of the solution by focusing on the formation of a
single isolated cluster in a chosen subvolume. Anticipating the
low concentration of polymers in the polymer-poor phase well
below the critical point, we ignore the interaction between
diﬀerent clusters. The free energy density of the system,
including the translational entropy of the clusters, can be
written as

Figure 1. Eﬀect of F−H χ parameter on density proﬁle of globule. ρ(r)
is the local volume fraction of polymer. b is the Kuhn length of chain
segments. N = 100.

∞

F /V =

∑ {CmFm + kBTCm[ln(Cmam) − 1]}
m=1

(1)

diﬀuse. Although the solution itself is dilute, the globule core is
quite dense, and only a small amount of solvent molecules can
penetrate into the globule core. Given the spatial structure of
the globule, it is obvious that polymer−solvent interaction is
not uniform as envisioned in the random mixing approximation
in the F−H theory but is primarily concentrated in the
interfacial region.
Clusters of higher aggregation number have the same
structure as a single-chain globule except for the larger core.
Grosberg and Kuznetsov24 point out that the globule core
contains a number of uncorrelated parts of the chain, which
resembles a concentrated solution of independent polymer
chains. Approximating the core as a concentrated solution,
SCFT is simpliﬁed to F−H theory, which is an accurate
description for concentrated polymer solutions. The polymer
density of the cluster core can be evaluated by balancing the
osmotic pressure inside the cluster with that of the pure solvent
outside (i.e., zero), as

where Cm is the concentration of the m-cluster and Fm is the
standard free energy of an isolated m-cluster situated with a
ﬁxed center-of-mass position. am in eq 1 is a reference volume
which arises from the evaluation of the full partition function
for the cluster and cannot be determined from a mean-ﬁeld
theory such as SCFT.31,32 Aside from setting a length scale for
the concentration, the role of am is insigniﬁcant in the
thermodynamics of the system; therefore, for simplicity, we
take it to be the volume of the m-cluster, and thus Cmam
becomes just the volume fraction of the m-cluster. The free
energy of a single m-cluster along with its density proﬁle is
calculated numerically using SCFT in semicanonical ensemble
by focusing on a subvolume large enough to fully contain one
cluster but small enough so the probability of having more than
one cluster is negligible. No preassumption of the cluster
structure other than spherical symmetry is included in the
calculation. We note that in other contexts, for example,
micelles formed by block copolymers, questions have been
raised as to the validity of using SCFT,39 which does not
account for soft-mode ﬂuctuations, such as shape ﬂuctuation of
the micelles. However, well below the theta temperature, as is
the case of interest in our work, the interfacial tension between
the globule and the solvent is suﬃciently high to maintain the
shape and density proﬁle of the globule, and thus SCFT should
be well suited to study the properties of a single-chain globule
and multichain aggregates. We refer the interested readers to
the relevant literature for the formulation and numerical details
of SCFT.29,30

⎛
1 ⎞⎟
⎜1 −
ρ + ln(1 − ρ) + χρ2 = 0
⎝
N⎠

(2)

The nontrivial root of eq 2, denoted by ρ∞, is the polymer
density for an inﬁnitely large cluster. As shown in Figure 2a, the
actual polymer density at the center of a m-cluster ρm
(calculated by the full SCFT) is higher than ρ∞; this is
consistent with the eﬀect of the Laplace pressure in the

III. SINGLE-CHAIN GLOBULES AND MULTICHAIN
CLUSTERS
The F−H χ parameter in this work is chosen to be far from the
θ region (χ > χc, χc is the critical value of Flory−Huggins
parameter at the θ point) to ensure the polymers are in globule
or cluster state. Because of the unfavorable interaction with the
solvent, chain segments tend to compact themselves to reduce
their contact with the solvent molecules. The increase in local
segment density is countered by excluded volume (modeled
here by the incompressibility) which prevents the globule or
cluster structure from collapsing into unbounded high density.
The density proﬁle of a globule is shown in Figure 1 for several
values of χ. The globule structure can be divided into a core
region with uniform density and an interfacial region. As χ
decreases, the globule core becomes smaller and has lower
polymer density while the interface becomes wider and more

Figure 2. Dependence of (a) core density ρm and (b) interfacial free
energy γm on cluster size. N = 100. ρm and γm are calculated from
SCFT, ρ∞ is the nontrivial root of eq 2, and γ∞ is obtained by a
separate SCFT calculation for a planar interface.
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spherical droplet due to the interfacial tension. ρm approaches
ρ∞ as m increases, roughly linearly with the cluster curvature
(∼m−1/3). The approach is faster for larger values of χ.
As shown in Figure 2b, the interfacial free energy of the mcluster, γm, is higher than the interfacial tension of the planner
interface (denoted by γ∞) due to the curvature correction of
the interfacial tension. γm approaches γ∞ with the increase of m
and χ. Based on the cluster structure, the free energy of the mcluster, Fm, can be approximated by adding the core term and
the interface term:
Fm ≈ fFH (ρm )Vm + γmA m

(3)

where f FH(ρm) is the F−H free energy density evaluated at
polymer density ρm. Vm = mNv0/ρm and Am = (6π1/2mNv0/
ρm)2/3 are the volume and the surface area of the m-cluster,
respectively. For clusters with very large aggregation number,
eq 3 provides a simple approximation of the cluster free energy
by using ρ∞ and γ∞ in place of ρm and γm; for small clusters
(especially the globule), the free energy is obtained with the full
SCFT.
The equilibrium concentration of the m-clusters in the
system can be obtained by minimization of the free energy
density in eq 1 subject to a ﬁxed total polymer concentration
∑∞
m=1mCm, which leads to
Fm + kBT ln ϕm = mμ

Figure 3. Standard formation energy of clusters versus the aggregation
number m: (a) for three levels of χ at N = 100; (b) for three levels of
N at χ = 1.0.

(4)

where ϕm is the volume fraction of the m-cluster. μ is the
Lagrangian multiplier ensuring mass conservation, which can be
interpreted as the chemical potential of a polymer chain.
Equation 4 thus is equivalent to equality of the chemical
potential of the polymer chain in all clusters. Expressing μ in
terms of the globule properties (i.e., μ = F1 + kBT ln ϕ1) results
in the following cluster distribution:
⎛ ΔF ⎞
ϕm = (ϕ1)m exp⎜ − m ⎟
⎝ kBT ⎠

Figure 4. Volume fraction of clusters versus the aggregation number m
for three values of ϕ1. χ = 1.0, N = 100. ϕ1 at phase equilibrium is 9.7
× 10−5.

(5)

where ΔFm ≡ Fm − mF1 is the free energy of formation of the
m-cluster from m single-chain globules. Based on eq 3, ΔFm is
proportional to (m2/3 − m)N2/3γm if we neglect the cluster size
dependence of ρm and γm. This simple formula explains the
behavior of ΔFm shown in Figure 3: ΔFm decays monotonically
with the increase of m and becomes more negative as either χ
increases (thus increasing γm) or N increases.
According to eq 5, the cluster distribution is determined by
the competition between the formation free energy ΔFm and
the translational entropy (manifested in (ϕ1)m). Larger cluster
is energetically preferable, while translational entropy favors
single-chain globules. In a stable dilute solution, the entropic
eﬀect dominates, and thus single-chain globules occupy the
largest volume fraction in the cluster distribution as shown in
Figure 4. ϕm decreases with increasing m. The volume fraction
of larger clusters increases as ϕ1 increases (i.e., approaching the
phase coexistence curve). Further increasing ϕ1 past the
coexistence curve, the solution becomes metastable. In this
regime, globules will aggregate and eventually precipitate from
the poor solvent, which we will discuss in section V.

phase, and thus the calculated phase coexistence curve is very
much oﬀ. In this work, we use the free energy in eq 1 to
account for the large, local ﬂuctuation structure of the dilute
polymer solution, whereas the F−H theory is used in the
concentrated phase. Grosberg and Kuznetsov included only
globules in their calculation of phase equilibrium. They
accounted for the pair interaction between globules and
found that aggregation can lower the system free energy.26
Here, we allow the existence of larger clusters and determine
the coexistence by the respective equality of the chemical
potential of the polymer and the solvent in the two coexisting
phases:
F1
⎛
1⎞
+ ln ϕ1 = ln ϕH + ⎜1 − ⎟(1 − ϕH)
⎝
kBT
N⎠
+ χN (1 − ϕH)2
∞

−∑
m=1

IV. SOLUBILITY LIMIT
The free energy and distribution of clusters obtained above
allow us to construct an improved phase diagram for polymer
chains in poor solvents. The F−H theory signiﬁcantly
overestimates the polymer−solvent interaction in dilute

(6a)

ϕm*

⎛
1⎞
= ⎜1 − ⎟ϕH + ln(1 − ϕH) + χϕH 2
⎝
mN
N⎠

(6b)

where ϕH is the equilibrium volume fraction of polymers in
concentrated phase and ϕ*m is the equilibrium volume fraction
of the m-cluster in the dilute phase given by eq 5. We recognize
the sum on the left-hand side of eq 6b as the (dimensionless)
osmotic pressure in the dilute phase (in accordance with the
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van’t Hoﬀ law), as expected for an ideal dilute solution. Because
ϕm decreases rapidly with m (as shown in Figure 4), the
summation is dominated by the single-chain globules with
some signiﬁcantly reduced contributions from dimers and
trimers; we thus include clusters sizes only up to 3. The
resulting coexistence curve for the dilute phase is shown in
Figure 5. For the concentrated phase, the coexistence curve is
very close to that calculated by the F−H theory, which is not
shown here.

Figure 6. Linear relation between ln ϕL and N2/3.

V. NUCLEATION IN THE SUPERSATURATED STATE
Above the phase boundary in Figure 5, the solution becomes
supersaturated with polymers. Polymer chains will precipitate
from the solvent to form the polymer-rich phase through the
nucleation and growth mechanism.35 The precipitation rate is
related to the free energy barrier to forming the critical nucleus
(the cluster with critical aggregation number m*). The
formation free energy of an m-cluster from m free globules,
ΔGm, is given by
ΔGm = Fm − mμ = ΔFm − kBT ln ϕ1
(7)

Figure 5. Phase boundary on the dilute side of the coexistence for N =
100. ϕL is the equilibrium polymer concentration in the dilute phase
*. The lines denoted by “This Work” and “FH” are the
(ϕL = ∑∞
m=1ϕm
results calculated by our model and by the F−H theory, respectively.
The inset uses logarithmic scale of ϕL to illustrate the huge diﬀerence
between the results of the two models at large χ. The dashed line is the
pseudospinodal line discussed in section V.

Figure 7 shows a typical energy curve as a function of the
cluster size. If we take the cluster size m as the “reaction

Because the F−H theory overestimates the penalty of
polymer−solvent interaction, it predicts a much lower solubility
of polymers in a poor solvent compared with experiments and
simulation. By including large, localized ﬂuctuation in the form
of globules and clusters, the coexistence volume fraction of
polymers in the dilute phase calculated by our model is much
higher than predicted by the F−H theory, as shown in Figure 5.
The improvement can be as large as tens of order of magnitude
with the increase of χ. Although our calculation cannot be
extended to the critical region, it can be seen from the trend of
the coexistence curve that the critical χ extrapolated from our
model would be higher than that predicted by the F−H theory,
in agreement with the experiment and simulation results.9,10,33
In addition to the large quantitative discrepancy in the phase
boundary, our model also yields diﬀerent scaling behavior for
the equilibrium concentration of polymers in the dilute phase
(ϕL = ∑∞
*) with the polymer chain length N. Using the F−
m=1ϕm
H theory, des Cloizeaux and Jannink2 obtained ϕL = (3/e)(1/2
− χ) exp[−3/2(1/2 − χ)N]; i.e., ln ϕL scales linearly with N. In
our model, ln ϕL decreases linearly with N2/3, as shown in
Figure 6. The diﬀerent N-dependence arises from the fact that
the F−H theory assumes random, uniform mixing between the
solvent and the chain segments whereas the solvent−polymer
contact in our model mainly takes place at the cluster surface.
Moreover, the slope of ln ϕL versus N2/3 is a function of χ and
becomes more negative with increasing χ, as shown in Figure 6.
By measuring the slope of ln ϕL versus N2/3, our model suggests
a method for determining χ from experiment.

Figure 7. Free energy to form a cluster from free globules as a function
of the aggregation number. ϕ1 is ﬁxed at 5 × 10−4. N = 100.

coordinate”, the ﬁgure can be interpreted as the free energy
path for cluster growth. The maximum of the free energy gives
the size of the critical nucleus (m*) and the nucleation barrier
(ΔGm*).
The size of the critical nucleus and nucleation barrier as a
function of χ at ﬁxed concentration of the free globules are
shown in Figure 8. Both m* and ΔGm* diverge at the phase
coexistence curve, as demanded by thermodynamic consistency.
m* and ΔGm* decrease rapidly as χ increases away from the
coexistence curve, reﬂecting the fact that the metastable
solution becomes less stable. For our system, ΔGm* becomes
less than 10kBT (with m* ≈ 3) when χ > 1.55. When the
nucleation barrier becomes comparable to kBT, the lifetime of
the metastable state becomes suﬃciently short that an
equilibrium description of the system becomes questionable.
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m* ∼ γ∞3ρ∞−2 N 2(kBT ln S)−3

(11)

ΔGm ∼ γ∞3ρ∞−2 N 2(kBT ln S)−2
(12)
*
The dependence on the supersaturation S is consistent with the
CNT.35,36 Importantly, however, ΔGm* shows a strong
dependence with the chain length as N2 (for suﬃciently long
chains, ρ∞ and γ∞ become independent of N). At the same
supersaturation, the nucleation barrier increases with chain
length. Equation 12 can also be viewed in another perspective:
the supersaturation required to reach the pseudospinodal (by
setting the right-hand side of eq 12 to 10kBT) increases
exponentially with the molecular weight. Therefore, it is more
diﬃcult to precipitate polymers than small molecules; polymer
precipitation requires a much higher supersaturation.
Figure 8. (a) Size of critical nucleus and (b) the nucleation energy
barrier as a function of χ. ϕ1 is ﬁxed at 5 × 10−4. N = 100. χ at phase
coexistence curve is 1.07. Circles and solid lines are the results
obtained by the exact method and the approximate method,
respectively.

VI. CONCLUSIONS
In this work, we have studied the phase equilibrium and
nucleation behavior of a dilute solution of polymer chains in
poor solvents by taking into account the large, localized
ﬂuctuations in the form of globules and clusters. The free
energy and the density proﬁle of the single-chain globule and
multichain clusters are obtained by the SCFT. This information
is then used in the framework of the dilute solution
thermodynamics to predict the equilibrium cluster size
distribution, solubility limit, and nucleation in the supersaturated state. Our theory yields a much higher solubility limit
(by several orders of magnitude) for the polymer than that
given by the F−H theory and also suggests a higher critical
value of χ for the phase diagram. Moreover, our theory predicts
diﬀerent scaling between the equilibrium concentration of
polymers at the solubility limit ϕL and the chain length N: ln ϕL
decreases linearly with N2/3 instead of N. In addition, by
examining the nucleation barrier in the supersaturated state, we
obtain the physical limit of metastabilitythe pseudospinodalat which the barrier becomes comparable to the thermal
energy. For a given supersaturation, we ﬁnd that the nucleation
barrier is proportional to N2, which suggests a slower
precipitation rate of longer polymer chains.
We close with two perspective remarks. First, the eﬀects we
study in this work are clearly due to large ﬂuctuations that
cannot be captured by the usual mean-ﬁeld theory. However,
when the ﬂuctuations are local and uncorrelatedsuch as in
the form of isolated globules and clusters studied hereit is
possible to address the non-mean-ﬁeld eﬀects with a mean-ﬁeld
theory (the SCFT) if we judicially identify and isolate these
local ﬂuctuations.31,37,38 We note that if we applied the SCFT
on the polymer solution as a whole, we would merely recover
the F−H theory. Wang et al.31 used a similar strategy to study
the eﬀects of disordered micelles on the order−disorder
transition in asymmetric diblock copolymer melts. We thus
advocate such a strategy as a simple and eﬀective means for
studying large, localized ﬂuctuation eﬀects in polymeric
systems.
Second, from the point of view of nucleation theory, our
results show that the classical nucleation theory provides a good
description of the nucleation in the precipitation of the
polymers in supersaturated state. For nucleation in smallmolecule systems, such as condensation of supersaturated
vapor, or vaporization of superheated liquids, some of the key
assumptions concerning the nuclei, such as the spherical shape
and uniform, bulklike core, do not hold for small nuclei.35 For
polymers in poor solvents, however, even a single chain takes

In addition, in this regime the concentration of clusters is no
longer small to justify ignoring their interactions. Nevertheless,
one may deﬁne an operational limit of metastability (what has
been termed the pseudospinodal34) when the nucleation barrier
is 10kBT. This pseudospinodal line is shown as the dashed
curve in Figure 5.
We can obtain approximate analytical expressions for the
critical nucleus size and the nucleation barrier by using the
approximate expression for ΔFm, eq 3, in eq 7 and subsequently
replacing ρ∞ and γ∞ with γm and ρm. ΔGm now becomes
ΔGm ≈ fFH (ρm )Vm + γmA m − mF1 − mkBT ln ϕ1
≈ [fFH (ρ∞)Nv0/ρ∞ − F1 − kBT ln ϕ1]m
+ γ∞(6π 1/2Nv0/ρ∞)2/3 m2/3

(8)

Clearly, ΔGm contains a volume term (∼m) and a surface term
(∼m2/3); this is just the classical nucleation theory (CNT).35,36
The critical nucleus is obtained by ∂ΔGm/∂m = 0, leading to
m* =

32π (Nv0)2 γ∞3
3ρ∞2 [F1 + kBT ln ϕ1 − fFH (ρ∞)Nv0/ρ∞]3

8π (Nv0)2 γ∞3
ΔGm =
*
3ρ∞2 [F1 + kBT ln ϕ1 − fFH (ρ∞)Nv0/ρ∞]2

(9)

(10)

As shown in Figure 8, these analytical expressions, which only
require the free energy of the globule F1, the bulk concentration
ρ∞, and interfacial tension γ∞, are good approximations to the
results obtained using the full SCFT. Therefore, whereas the
classical nucleation theory is known to be a poor description for
small-molecule systems, for the precipitation of polymers in
poor solvents, CNT provides a good description of the
nucleation behavior.
It is instructive to express m* and ΔGm* in terms of
supersaturation S. S in our case is deﬁned as ϕ1/ϕ*1 , with ϕ*1
the volume fraction at phase coexistence (where m* in eq 9
diverges). S measures the relative distance from the phase
coexistence and can be considered the driving force to form the
new phase from the metastable solution. Based on the
deﬁnition of S, eqs 9 and 10 can be rearranged to give the
following scaling behaviors:
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the form of a spherical globule with a fairly uniform core when
the chain is long enough. Therefore, the system studied in this
work is as close as one can get to an ideal case for the
application of the classical nucleation theory.
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