Submitted to the Annals of Statistics
arXiv: math.ST/0000000

LATENT VARIABLE GRAPHICAL MODEL SELECTION
VIA CONVEX OPTIMIZATION — SUPPLEMENTARY
MATERIAL

By VENKAT CHANDRASEKARAN *, PABLO A. PARRILO , AND ALAN S.
WILLSKY

Massachusetts Institute of Technology

1. Matrix perturbation bounds. Given a low-rank matrix we con-
sider what happens to the invariant subspaces when the matrix is perturbed
by a small amount. We assume without loss of generality that the matrix
under consideration is square and symmetric, and our methods can be ex-
tended to the general non-symmetric non-square case. We refer the interested
reader to [1, 3] for more details, as the results presented here are only a brief
summary of what is relevant for this paper. In particular the arguments pre-
sented here are along the lines of those presented in [1]. The appendices in
[1] also provide a more refined analysis of second-order perturbation errors.

The resolvent of a matrix M is given by (M — ¢I)~! [3], and it is well-
defined for all ¢ € C that do not coincide with an eigenvalue of M. If M
has no eigenvalue with magnitude equal to 7, then we have by the Cauchy
residue formula that the projector onto the invariant subspace of a matrix
M corresponding to all singular values smaller than 7 is given by

-1
1.1 Pyy==——¢ (M—¢I)"'d
( ) M,n omi - ( C ) §7
mn
where C,, denotes the positively-oriented circle of radius 7 centered at the
origin. Similarly, we have that the weighted projection onto the invariant
subspace corresponding to the smallest singular values is given by

.
(1.2 Pl = MPuty = 3 § € (M = ¢D)7.

Suppose that M is a low-rank matrix with smallest nonzero singular value
o, and let A be a perturbation of M such that ||All2 < s < §. We have the
following identity for any |(| = x, which will be used repeatedly:

(1.3) [(M+A) =™ = [M — ¢l = —[M — (I A[(M + A) = ¢I] 7
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We then have that
-1

Pyins — Puye = o a (M +A) =T = [M = ¢I)7dC
(1.4) = b M —CII7 A+ ) — T

Similarly, we have the following for Pyp

Piivan =Pl = 5o, C O+ 8) =™ (1 a1y g
— 1 1 -1
= 2m A CAIM = CITTA[(M + A) = I d¢

- f ¢ M — CIJ"LAIM — 1] de

27r2

74 ¢ M = CIVAAIM — CIJUA[(M + A) — CI) L.

o

(1.5)
Given these expressions, we have the following two results.

PROPOSITION 1.1. Let M € RP*P be a rank-r matriz with smallest
nonzero singular value equal to o, and let A be a perturbation to M such
that [|Allz < § with k < §. Then we have that

| Prrvas — Pargll2 < 1Al

K
(0 —r)(o— %)
Proof: This result follows directly from the expression (1.4), and the sub-
multiplicative property of the spectral norm:

1 1 1

| Prsas — Prgllz < o 2T K — [A[l2 >

= = 1Al
(o= K)o = %)
Here we used the fact that ||[M —(I] 7o < =2 and ||[[(M+A)—CI] 72 <
073_,{ for |¢| = k. O
2
Next, we develop a similar bound for Py; . Let U(M) denote the invariant

subspace of M corresponding to the nonzero singular values, and let P,y
denote the projector onto this subspace.

_ 3w
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PROPOSITION 1.2. Let M € RP*P be a rank-r matriz with smallest
nonzero singular value equal to o, and let A be a perturbation to M such
that [|Allz < § with k < . Then we have that

H2

(06— )20~ %)

IPa4as — Pirs — (I = Poan) AU = Pyan)l2 < A3
Proof: One can check that
1

2mi

7({: ¢ [M = CITTPAIM — 17N d¢ = (I — Pyn) AU — Pyar)-

Next we use the expression (1.5), and the sub-multiplicative property of the
spectral norm:

IPavisas— Parw — (I = Py AU — Pyany)ll2
1 1 1 1
< — 2 A A
S o W’i"éa_HH H2J_HH ||2(I_3_,.€

2

HQ

e

As with the previous proof, we used the fact that ||[M —(I]7 ! < -1 and
(M + A) = (I Hl2 < 5 for [¢] = . O

_ 3K
2

We will use these expressions to derive bounds on the “twisting” between
the tangent spaces at M and at M + A with respect to the rank variety.

2. Curvature of rank variety. For a symmetric rank-r matrix M,
the projection onto the tangent space T'(M) (restricted to the variety of
symmetric matrices with rank less than or equal to r) can be written in
terms of the projection Py onto the row space U(M). For any matrix N

Pron(N) = PyanN + NPy — PuonNPory-

One can then check that the projection onto the normal space T'(M )+

Prons(N) = [I = Pranl(N) = (I = Pyarn) N (I = Pyar)-

PROPOSITION 2.1. Let M € RP*P be a rank-r matriz with smallest
nonzero singular value equal to o, and let A be a perturbation to M such
that [|Alle < &. Further, let M 4 A be a rank-r matriz. Then we have that

p(T(M +8),T(M) < 2 AL,
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Proof: For any matrix N, we have that

(Pravsa)y — Pranl(N) =
[Prarsa)y — Puan] N I = Pyanl + [ — Pugasa)l N [Poorsa) — Puan)-

Further, we note that for x < §

Pyvsa) — Puonry = [ = Poanl — I — Puorsa))
— PM,/@ - PM—}—A,m

where Py, is defined in the previous section. Thus, we have the following

sequence of inequalities for k = 7:

p(T(M +A),T(M)) = IIJIﬁIa)él I1Prv+a)y — Poany] N I — Py
2>

+ I = Pyousa)l N [Puarsa) — Poan)ll2

< max |7 By N[I-P
- ||N||2)§1H[ vra) — Puon] N | vn]ll2

max |[[I — Pyusa)] N [Proarsa) — Poanlll2

IN]2<1
< 2|[|Pyias — Pusll
2
< = 1A,
ag

where we obtain the last inequality from Proposition 1.1. [J

PROPOSITION 2.2. Let M € RP*P be a rank-r matriz with smallest
nonzero singular value equal to o, and let A be a perturbation to M such
that ||A|| < §. Further, let M 4 A be a rank-r matriz. Then we have that

A3
P. Al < .
| T(M)J-( M2 < p

Proof: Since both M and M+A are rank-r matrices, we have that Pj; TAR =
Ph1 = 0 for £ = §. Consequently,

[Pranys (D)l = [[(I = Pyan) A (I = Pyan)ll2
A3

9

<
o

where we obtain the last inequality from Proposition 1.2 with k = 2. [J

a
4
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3. Proof of supplementary results of main theorem. Through-
out this section we denote m = max{1, %} Further Q = Q(Kp) and T =
T(Kp H(K;{)_IK;{,O) denote the tangent spaces at the true sparse matrix
S* = K{, and low-rank matrix L* = K&H(K}})_IK}}’O. We assume that

382 —v)ET)  va
va 282 v

We also let £, = X7 — X7, denote the difference between the true marginal
covariance and the sample covariance. Finally we let D = max{1, %}
throughout this section. For v in the above range we note that

D
(3.2) m < §T)
Standard facts that we use throughout this section are that {(7') < 1 and
that [|[M||eo < ||M||2 for any matrix M.
We study the following convex program:
(3.3)
(Sn, L) = argmin tr{(S — L) 53] ~ logdet(S — L) + AalyIS|h + 1Z]L.]

(3.1) v €

st. S—L=0.

Comparing (3.3) with the convex program (1.2) (main paper), the main
difference is that we do not constrain the variable L to be positive semidef-
inite in (3.3) (recall that the nuclear norm of a positive semidefinite matrix
is equal to its trace). However we show that the unique optimum (S, Ly)
of (3.3) under the hypotheses of Theorem 4.1 (main paper) is such that
L, = 0 (with high probability). Therefore we conclude that (S, L,) is
also the unique optimum of (1.2) (main paper). The subdifferential with
respect to the nuclear norm at a matrix M with (reduced) SVD given by

M =UDVT is as follows:
Ned|M|. & PranN)=UV", [[Pran(N)]l2 < 1.

The proof of this theorem consists of a number of steps, each of which is
analyzed in separate sections below. We explicitly keep track of the constants
«, B,v,1. The key ideas are as follows:

1. We show that if we solve the convex program (3.3) subject to the
additional constraints that S € Q and L € T” for some T” “close to” T
(measured by p(T’,T)), then the error between the optimal solution
(Sn, Ly,) and the underlying matrices (S*, L*) is small. This result is
discussed in Appendix 3.2.
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2. We analyze the optimization problem (3.3) with the additional con-
straint that the variables S and L belong to the algebraic varieties of
sparse and low-rank matrices respectively, and that the correspond-
ing tangent spaces are close to the tangent spaces at (S*,L*). We
show that under suitable conditions on the minimum nonzero singular
value of the true low-rank matrix L* and on the minimum magnitude
nonzero entry of the true sparse matrix S*, the optimum of this modi-
fied program is achieved at a smooth point of the underlying varieties.
In particular the bound on the minimum nonzero singular value of
L* helps bound the curvature of the low-rank matrix variety locally
around L* (we use the results described in Appendix 2). These results
are described in Appendix 3.3.

3. The next step is to show that the variety constraint can be linearized
and changed to a tangent-space constraint (see Appendix 3.4), thus
giving us a convex program. Under suitable conditions this tangent-
space constrained program also has an optimum that has the same
support /rank as the true (S*, L*). Based on the previous step these
tangent spaces in the constraints are close to the tangent spaces at
the true (S*, L*). Therefore we use the first step to conclude that the
resulting error in the estimate is small.

4. Finally we show that under suitable identifiability conditions these
tangent-space constraints are inactive at the optimum. Therefore we
conclude with the statement that the optimum of the convex pro-
gram (3.3) without any variety constraints is achieved at a pair of
matrices that have the same support/rank as the true (S*, L*) (with
high probability). Further the low-rank component of the solution is
positive semidefinite, thus allowing us to conclude that the original
convex program (1.2) (main paper) also provides estimates that are
algebraically correct.

3.1. Proof of main paper Proposition 5.1 — Bounded curvature of matrizc
inverse. Consider the Taylor series of the inverse of a matrix:

(M 4+ =M1 - M7TAM™ + Ry 1(A),

where
o0

Ry-1(A) =M1 [Z(—AMl)k
k=2

This infinite sum converges for A sufficiently small. The following proposi-
tion provides a bound on the second-order term specialized to our setting:
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PROPOSITION 3.1.  Suppose that v is in the range given by (3.1). Let
gv(Ag,Ar) < ﬁ Jor C1 =¢(1+55), and for any (Ag,Ar) with Ag € Q.
Then we have that

2 2
0y (AT By (A(As, Ap)) < 220008 B0)

&(T)
Proof: We have that
[A(As, Ap)ll2 < [[Asllz + |AL]2
Aslloo
< @12k jag,
< (A +vu(Q))gy(As, AL)
«
< (1+— Ag, A
< (14 50 (As.A0)
1
< PR
= 9%

where the second-to-last inequality follows from the range for v (3.1) and
that v € (0, %], and the final inequality follows from the bound on g, (Ag, Ap).
Therefore,

Ry (A(As, Ap))l2 < &) (I1As + ALll2p)*
k=2

1
< 3 AS + A 2
«
S 20001+ 55) 0 (As, Ar)’
= 2¢Cig,(As,Ap)*.
Here we apply the last two inequalities from above. Since the || - [|s-norm is
bounded above by the spectral norm || - ||2, we have the desired result. OJ

3.2. Proof of main paper Proposition 5.2 — Bounded errors. Next we
analyze the following convex program subject to certain additional tangent-
space constraints:

(3.4)
(S, L) = axgmin tr[(S — L) ¥ ~ logdet(S — L) + Aul|ISlly + L.

st. S—L=0, S€Q, LeT,

for some subspace T”. We show that if 7" is any tangent space to the low-
rank matrix variety such that p(T,T") < @, then we can bound the error
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(Ag,Ar) = (Sq — S*,L* — Lyv). Let Cpv = Ppvo(L*) denote the normal
component of the true low-rank matrix at 7”, and recall that E, = X} —
Y5 denotes the difference between the true marginal covariance and the
sample covariance. The proof of the following result uses Brouwer’s fixed-
point theorem [4], and is inspired by the proof of a similar result in [5] for
standard sparse graphical model recovery without latent variables.

PROPOSITION 3.2. Let the error (Ag,Ar) in the solution of the con-
vex program (3.4) (with T" such that p(T',T) < @) be as defined above.
Further let C; =¥ (1 + %), and define

8
r = max {E [g,Y(ATEn) + g, (AT Cpr) + )\n] ; ||CT/H2} .

If we have that

r < min L 7045(T)
- 4C," 64Dy C? |7

for «y in the range given by (3.1), then
gv(Ag,Ar) < 2r.

Proof: Based on Proposition 3.3 (main paper) we note that the convex
program (3.4) is strictly convex (because the negative log-likelihood term has
a strictly positive-definite Hessian due to the constraints involving transverse
tangent spaces), and therefore the optimum is unique. Applying the opti-
mality conditions of the convex program (3.4) at the optimum (Sq, Lgv), we
have that there exist Lagrange multipliers Qo1 € Q+, Q.. € T'* such that

58— (Sa—Lr) Qg1 € —Aayd||Salli, p—(Sa—Lr) ' HQpis € X L]+
Restricting these conditions to the space ) = Q x T”, one can check that
PalSt — (Se — L)' = Za, Pr[Zh — (Sa — L)™' = Zp,

where Zg € Q, Zp € T" and | Zq|loc = MY, | Z177]]2 < 2\, (we use here the
fact that projecting onto a tangent space T” increases the spectral norm by
at most a factor of two). Denoting Z = [Zq, Z7+|, we conclude that

(3.5) PYATEE — (Sq — Ly)7Y = 2,

with g,(Z) < 2\,. Since the optimum (Sq, Lyv) is unique, one can check
using Lagrangian duality theory [6] that (Sq, L) is the unique solution
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of the equation (3.5). Rewriting % — (Sq — Ly/)~" in terms of the errors
(Ag,Ar), we have using the Taylor series of the matrix inverse that

55— (Sa—Lr)™ = 84— [A(As,AL) + (55) 71
E, — RZB (.A(As, AL)) +I*.A(AS, AL)
(3.6) = b, — RZZ} (A(Ag,AL)) + T APy(As,AL) + Z*Cypr.

Since 7" is a tangent space such that p(7",T) < @, we have from
Proposition 3.3 (main paper) that the operator B = (Py.ATI*APy)fl from
Y to ) is bijective and is well-defined. Now consider the following matrix-

valued function from (dg,07) € Y to V:
F(65,01) = (95, 01)~ B { Py AT[E, — Ry (A(0s, 01 + Cr)) + T APy (3, 01) + TCr] - 2}

A point (8g,07) € Y is a fixed-point of F if and only if Py A'[E,— Ry (A(ds, 61+
Cr)) + Z* APy (ds,0r) + Z*Cp] = Z. Applying equations (3.5) and (3.6)
above, we then see that the only fixed-point of F' by construction is the
“true” error Py(Ag, Ay ) restricted to V. The reason for this is that, as dis-
cussed above, (5’9, f/T/) is the unique optimum of (3.4) and therefore is the
unique solution of (3.5). Next we show that this unique fixed-point of F' lies

in the ball B, = {(ds,0r) | 94(6s,0r) <r, (0s,01) € V}.

In order to prove this step, we resort to Brouwer’s fixed point theorem
[4]. In particular we show that the function F' maps the ball B, onto itself.
Since F' is a continuous function and B, is a compact set, we can conclude
the proof of this proposition. Simplifying the function F', we have that

F(ds,0r) =8B {'Py.AT[—En + Rz*o (A(bs,0r, +Cpr)) = Z*Cpr] + Z} .
Consequently, we have from Proposition 3.3 (main paper) that

2
0,(F(65,01)) < = gy (PyAl[Ey — Ry (A(5s, 01+ Crv)) + T'Crr] - Z)

«
4
< a {g»Y(AT[En — RZZ} (.A((sg, or, + CT/)) +I*CT/]) + )\n}
4
< 5+ o (AT Re (AGs. 61 +Cr)),

where in the second inequality we use the fact that g,(Py(-,-)) < 2g5(-,")
and that g(Z) < 2\,, and in the final inequality we use the assumption on
T
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We now bound the term gy(ATRg*O (A(ds,01))) using Proposition 3.1 as
g’Y(A57AL) < ﬁ:

4 8Dy C%(g4(8s,01) + ||Crr[]2)?

& (AR (AGs, 00+ Cr))) < §(T)al
32Dy C3r?
< 22Dyplirt
BRIV
_ 32DYCEr ag(T)
= {T)a  64DyC?
<

r
27

where we have used the fact that r < 2520 Hence gv(Py(As,Ap)) <r
1
by Brouwer’s fixed-point theorem. Finally we observe that

9v(As, Ap) 9v(Py(As, Ar)) +[[Cr |2
2r.

IN A

O

3.3. Solving a wvariety-constrained problem. In order to prove that the
solution (S,,, L) of (3.3) has the same sparsity pattern/rank as (S*, L*), we
will study an optimization problem that explicitly enforces these constraints.
Specifically, we consider the following non-conver constraint set:

M = {(S,L)] S e€Qs*), rank(L) < rank(L*),

§(T)An
Dy?

[Pro(L—LY)[2 < gy (AT A(S — 5%, L* — L)) < 11),}
Recall that S* = K{ and L* = KaH(KI’;)_lK}‘LO. The first constraint
ensures that the tangent space at S is the same as the tangent space at S*;
therefore the support of S is contained in the support of S*. The second and
third constraints ensure that L lives in the appropriate low-rank variety,
but has a tangent space “close” to the tangent space T'. The final constraint
roughly bounds the sum of the errors (S —.S*)+ (L* — L); note that this does
not necessarily bound the individual errors. Notice that the only non-convex
constraint is that rank(L) < rank(L*). We then have the following nonlinear
program:

(37)

(St L) = argmin tr[(S — L) Bp] —log det(S — L) + An[y[[S]l +[|1L]]

st. S—L=0, (S,L)€eM.
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Under suitable conditions this nonlinear program is shown to have a unique
solution. Each of the constraints in M is useful for proving the consis-
tency of the solution of the convex program (3.3). We show that under
suitable conditions the constraints in M are actually inactive at the opti-
mal (Suq, L), thus allowing us to conclude that the solution of (3.3) is
also equal to (Su, L); hence the solution of (3.3) shares the consistency
properties of (S ™, L M). A number of interesting properties can be derived
simply by studying the constraint set M.

PROPOSITION 3.3.  Consider any (S, L) € M, and let Ag = S—S*, A, =
L* — L. For ~ in the range specified by (3.1) and letting Co = 473 + #, we
have that gy(Ag,Ar) < Cop,.

Proof: We have by the triangle inequality that

9, (AT A(Pa(As), Pr(AL) < 1A, + gy (AT A(Py. (As), Pro (AL)))
1A, + my? | Pro(Ar) |

12\,

ININ N

%. Therefore, we have that gW(PyATI*APy(AS,AL)) < 24\,
where ) = Q x T'. Consequently, we can apply Proposition 3.3 (main paper)

to conclude that

as m <

48\,
9+(Py(As,Ap)) < ~

Finally, we use the triangle inequality again to conclude that

94(As,AL) < gy(Py(As,AL)) + g4(PyL(As,AL))

48\,
< — +m||Ppe(AL)|l2
< Coh,.

O

This simple result immediately leads to a number of useful corollaries.
For example we have that under a suitable bound on the minimum nonzero
singular value of L* = KaH(K}‘{)*lK}kio, the constraint in M along the
normal direction T is locally inactive. Next we list several useful conse-
quences of Proposition 3.3.

COROLLARY 3.4. Consider any (S,L) € M, and let Ag = S—S*, A =
L*—L. Suppose 7y is in the range specified by (3.1), and let C3 = (M + 1) C34?D

v

and Cy = Cy+ % (where Cy is as defined in Proposition 3.3). Let the
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minimum nonzero singular value o of L* = K H(K* ) LK o be such that
o> 50(57:\3 for C5 = max{Cs,Cy4}, and suppose that the smallest magnitude
nonzero entry of S* is greater than Cﬁ’\” for Cg = %Z‘;) Setting T' = T(L)
and Cpr = Py (L*), we then have that

1. L has rank equal to rank(L*), i.e., L is a smooth point of the variety
of matrices with rank less than or equal to rank(L*). In particular L

has the same inertia as L*.

An
1Pro(AL)ll: < §555% -

p(T, 1) < 8.
g~ (ATI*CT/ ) < é" Vu)

16(3—v) A\
[Crr|2 < gfaT,),,)

sign(S) = sign(S*).

S

Proof We note the following facts before proving each step. First Cy >
ﬁ > d)g > fj(gg Second £(T) < 1. Third we have from Proposition 3.3
that ||Azll2 < Co\,. Finally ( Y) > 18 for v € (0, 1]. We prove each step
separately.

For the first step, we note that

Cshn 19C342 D, S 19C:A,
ST T 1) D)

Hence L is a smooth point with rank equal to rank(L*), and specifically has
the same inertia as L*.
For the second step, we use the fact that o > 8||Ap||2 to apply Proposi-

tion 2.2: ) ) .
IALIE _ G362 _ €(DA
o C3 A\, ~ 19D?”

For the third step we apply Proposition 2.1 (by using the conclusion from
above that o > 8||Al]2) so that

AALls _ 20T _ 2T _ E(T)
o~ C; T 19C,Dy? — 4

> 8Cy\, > 8J|ALl2.

g

IPro(AL)] <

p(T, T <

For the fourth step let ¢’ denote the minimum singular value of L. Con-
sequently,

O3
(T)?

19C5 D)
§(T)?

o' >

— Cydn > Cahy [ - 1} > 8[| ALl

I
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Using the same reasoning as in the proof of the second step, we have that

1AL]3 3N, C3E(T)* M
ICrrlla < e T 22602 202 2
o7 (g ~ O CEDYA(REH) + C3DY2 — Cog(T)
P AR VE(T)A,
T C2py2(tE ”>) 6(2 — v)Dy?
Hence
02 (AT Cp) < m?ep s < 2
7 - ~6(2—-v)
For the fifth step the bound on ¢’ implies that
Cihp, 3C2a(2 —v)
I > — O\, > 2727\ 7 "
T2 emE M e o)

Since o’ > 8||ALl|2, we have from Proposition 2.2 and some algebra that

C3\2  16(3 —v)\,
/ < n<L .
ICrll2 < o’ 3a(2 —v)

For the final step since ||Ag|loc < 7C2A,, the assumed lower bound on
the minimum magnitude nonzero entry of S* guarantees that sign(S) =
sign(S*). O

Notice that this corollary applies to any (S, L) € M, and is hence appli-
cable to any solution (S ‘™, L M) of the M-constrained program (3.7). For
now we choose an arbltrary solution (S M,L M) and proceed. In the next
steps we show that (S m, L M) is the unique solution to the convex program
(3.3), thus showing that (SM, L) is also the unique solution to (3.7).

3.4. From variety constraint to tangent-space constraint. Given the solu-
tion (5’ ‘v, L M), we show that the solutlon to the convex program (3 4) with
the tangent space constraint L € Ty £ T(LM) is the same as (SM,LM)
under suitable conditions:

(3.8)
(Sa, Lry,) = argmin tr((S — L) 35| —logdet(S — L) + Aa[y[ISll + [IZ]l.]

st. S—L=0, Se€Q, LeTpy.

Assuming the bound of Corollary 3.4 on the minimum singular value of
L* the uniqueness of the solution (Sq, L7,,) is assured. This is because we
have from Proposition 3.3 (main paper) and from Corollary 3.4 that Z* is
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injective on 2 @ Th. Therefore the Hessian of the convex objective function
of (3.8) is strictly positive-definite at (Sq, L1,,).
We let Caq = Ppo (L*). Recall that E,, = ¥}, — X7, denotes the difference
M
between the sample covariance matrix and the marginal covariance matrix
of the observed variables.

PROPOSITION 3.5.  Let 7y be in the range specified by (3.1). Suppose that
the minimum nonzero singular value o of L* = K¢, y(Kj) " K}y o is such

that o > 5(573‘)3 (Cs is defined in Corollary 3.4). Suppose also that the mini-
CsAn

mum magnitude nonzero entry of S* is greater than or equal to () (Cs is
defined in Corollary 3.4). Let gV(ATEn) < 6()5"_';). Further suppose that

30(2 — v) min{ 1 ag(T) }

n < — A AT 2
~16(3 —v) 4C4” 64DpC?

A

Then we have that o R R
(Sa, L1y,) = (Snm, Lm)-

Proof: Note first that the condition on the minimum singular value of
L* in Corollary 3.4 is satisfied. Therefore we proceed with the following two
steps:

1. First we can change the non-convex constraint rank(L) < rank(L*)
to the linear constraint L € T(L ). This is because the lower bound
assumed for o implies that L M 1s a smooth point of the algebraic
variety of matrices with rank less than or equal to rank(L*) (from
Corollary 3.4). Due to the convexity of all the other constraints and
the objective, the optimum of this “linearized” convex program will
still be (Saq, L)

2. Next we can again apply Corollary 3.4 (based on the bound on o)

to conclude that the constraint ||[PpL(L — L*)||2 < 5(;)[;‘" is locally

inactive at the point (Spq, Lay).

Consequently, we have that (5' ‘M L M) can be written as the solution of
a CONVET program:

(3.9)
(Sa; Lan) = argmin tr((S — L) £p] —logdet(S — L) + AabylIS]h + [IZI]:]
st. S—L>=0, S5€Q, Le&Ty,
gy (ATT*A(S — §*, L* — L)) < 11\,.
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We now need to argue that the constraint g, (ATZ*A(S — S*,L* — L)) <
11\, is also inactive in the convex program (3.9). We proceed by showing
that the solution (Sq, Lr,,) of the convex program (3.8) has the property
that g,(ATZ*A(Sq — S*, L* — Lz,,)) < 11)\,, which concludes the proof of
this proposition. We have from Corollary 3.4 that g,(ATZ*Cr,,) < %.

Since g,(ATE,) < 6&"_”” by assumption, one can verify that

2 o+ 9 (AVE) + gy (AT Cry )| < 8An [1 + L]

a 32—-v)
16B - )\,
 3a(2-v)

(1 agm)
< ming —, ———5 .
1C,’ 64Dy C?
The last line follows from the assumption on \,,. We also note that ||Cr, |2 <

16(3—1)An 1 _og(T)
3a(2—0) 4C1 7 64DyC? [

Letting (Ag,Ar) = (Sq — S*, L* — fLTM), we can conclude from Proposi-

. —)An
tion 3.2 that g,(Ar,Ag) < %
gv(ArL,Ag) < ﬁ) to conclude that

from Corollary 3.4, which implies that ||C7,,[|2 < min {

. Next we apply Proposition 3.1 (as

2DyC3g,(Ag, AL)?
§(T)
2DYC? 32(3 — v)\, a&(T)
- LT) 3a(2-v) 32DYC?
2(3—v)A\,
- 32-v)

gy(ATRgy (Ag + AL))

(3.10)

From the optimality conditions of (3.8) one can also check that for J =
Q x TM,

9y (PYATT*" APy(Ag, AL)) < 2Xn + gy (PyATRy: (As + AL))
+9,(Py A T*Cr,,) + g1 (Py A'E,)
2[An + g4(ATRy: (Ag + AL))
+9~ (ATEn) + 9y (ATI*CTM )]

< 15

Here we used (3.10) in the last inequality, and also that g,(A'Z*Cr,,) <

% (as noted above from Corollary 3.4) and that g,(AE,) < %.

IN
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Therefore,

16,
3 9

(3.11) 9y (PyATT* APy(As, AL)) <

because v € (0, 3]. Based on Proposition 3.3 in the main paper (the second
part), we also have that

16, < 16)\n.

(3.12) 9y(Py Lt ATT* APy (Ag, AL)) < (1 —v) - -

Summarizing steps (3.11) and (3.12),

gy (ATT*A(Ag, AL)) < gy (PyATT* APy(As, AL))
+0y(Pyr AT APy(As, AL)) + g5 (ATT*Cry,)
16X, 16Mn  Auv

<

R A S R
_oBh A

- 3 18

< 1\,

This concludes the proof of the proposition. [
This proposition has the following important consequence.

COROLLARY 3.6.  Under the assumptions of Proposition 3.5 we have that
rank(Lr,,) = rank(L*) and that T(Lt,,) = Tam. Moreover, Lr,, actually
has the same inertia as L*. We also have that sign(Sq) = sign(S*).

3.5. Proof of main paper Proposition 5.3 — Remouving the tangent-space
constraints. The following lemma provides a simple set of sufficient condi-
tions under which the optimal solution (S, f/TM) of (3.8) satisfies the op-
timality conditions of the convex program (3.3) (without the tangent space
constraints).

LEMMA 3.7. Let (SQ,i/TM) be the solution to the tangent-space con-
strained convez program (3.8). Suppose that the assumptions of Proposi-
tion 3.5 hold. If in addition we have that

o (AR (A8, 80) < g3,

then (SQ,ﬁTM) is also the unique optimum of the convex program (3.3).
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Proof: Recall from Corollary 3.6 that the tangent space at f/TM is equal
to Th. Applying the optimality conditions of the convex program (3.8)
at the optimum (SQ,IA/TM), we have that there exist Lagrange multipliers
Qa1 € Q-+, QT/%4 € T/ﬁ such that

S~ (Sa—Lry) '+ Qa1 € =A10Sallt, BH—(Sa—Lry) ' +QrL € Audl| Lyl
Restricting these conditions to the space ) = 2 x T\, one can check that
Pa[S8—(Sa—Lry) '] = —Awysign(S*), Pry[E6—(Sa—Lr,) '] = MUVT,

where i/TM = UDVT is areduced SVD of ﬁTM- Denoting Z = [—\,7ysign(S*), A, UV 1],
we conclude that

(3.13) PyATES — (Sq — L1, )7 = 2,

with ¢,(Z) = A,. It is clear that the optimality condition of the convex
program (3.3) (without the tangent-space constraints) on ) is satisfied. All
we need to show is that

(3.14) 9y (Pyr AT[SS — (S — Lr,,) 7Y < A

Rewriting 37 — (Sq — f/TM)_l in terms of the error (Ag,Ar) = (Sq —
S*,L* — Lt,,), we have that

E% — (SQ — iTM)_l =F, — RZB (.A(AS, AL)) +I*.A(AS, AL).

Restating the condition (3.13) on ), we have that
(3.15)
Py AT APy(As, Ar) = Z + Py Al[-E, + R (A(As, Ar)) — TCry)-

(Recall that Cr,, = PT/ﬁ (L*).) A sufficient condition to show (3.14) and
complete the proof of this lemma is that

97(Pyr AIT* APy (As, AL)) < An—gy(Pyr Al[~En+Ryy (A(Ag, AL))~T*Cr,)).

We prove this inequality next. Recall from Corollary 3.4 that g, (ATZ*Cr,,) <

6&":}). Therefore, from equation (3.15) we can conclude that

9y (PyATT* APy(As, AL)) < An+ 2(gy(AT[—En + Ry (A(As, AL)) — T7Cry]))
3\ v
6(2 — V):|

A

w2
22X\,

2—v
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Here we used the bounds assumed on g, (A'E,,) and on gy(.ATRg*O (A(Ag,AL))).
Applying the second part of Proposition 3.3 (main paper), we have that

2, (1 —
9y (Pyr AT APy (As, AL)) < %
VA,
= A 2—v
vy
< An 2(2 —v)
< A — 9y (A= Ep + Ry (A(Ag,AL)) — I*Cry])

< An— 9y(PyL AT[-E, + Ry (A(As, AL)) — I*Cry,)).

Here the second-to-last inequality follows from the bounds on g,y(.ATEn),
G (ATRE*O (A(As,AL))), and g, (ATZ*Cr,,). This concludes the proof of the
lemma. [

3.6. Proof of main paper Lemma 5.4 — Probabilistic analysis. All the
analysis described so far in this section has been completely deterministic in
nature. Here we present the probabilistic component of our proof. Specifi-
cally, we study the rate at which the sample covariance matrix converges to
the true covariance matrix. The following result from [2] plays a key role in
our analysis:

THEOREM 3.8.  Gliven natural numbers n,p with p < n, let ' be a p X n
matriz with i.4.d. Gaussian entries that have zero-mean and variance %
Then the largest and smallest singular values s1(I") and s,(I') of T' are such

that

maX{Pr [Sl(r) 2 1"’\/%"‘75] , Pr [Sp(r‘) < 1—\/%—4} Sexp{—”—;2}7

for any t > 0.

Using this result the next lemma provides a probabilistic bound between
the sample covariance X formed using n samples and the true covariance
Y5 in spectral norm. This result is well-known, and we mainly discuss it here
for completeness and also to show explicitly the dependence on ¢ = ||X5|]2.

LEMMA 3.9. Let ¢ = ||[X5]l2. Given any 6 > 0 with 6 < 8, let the
number of samples n be such that n > 64§§p2. Then we have that

* 2
Pr{|s6 — Shlla > 0] < 2exp {— g3y |
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Proof: Since the spectral norm is unitarily invariant, we can assume that

_ 1
o 1s diagonal without loss of generality. Let X" = (X7) 2X3(X5)" 2,
and let s1(X"),s,(X") denote the largest/smallest singular values of X".

Note that X" can be viewed as the sample covariance matrix formed from
n independent samples drawn from a model with identity covariance, i.e.,

xn

=TIT7 where I" denotes a p x n matrix with i.i.d. Gaussian entries that

have zero-mean and variance E We then have that

v - ol =0 < Pr|I" — 1l 4]
< Pr _31(2")21—1—%]—1—131" [sp(i]")gl—%]
= Prlsil)? 214 8] +Pr[s,)? <1- 9]
< Pr _sl(I‘) >1 4 &] +Pr [sp(r) <1- &]
< Pr si(D) > 14 %—i—%]—l—Pr[sp(F)gl—

Here we used the fact that n > 64p

Theorem 3.8 to obtain the final mequahty by setting ¢t =

< 2exp { 128w2}
)2

in the fourth inequality, and we applied

8¢D

The following corollary describes relates the number of samples required
for an error bound to hold with probability 1 — 2exp{—p}.
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