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The problem of crystal sizes is one of the central problems of differentiation of a terrestrial
magma ocean and it has been an arbitrary parameter in previous models. The crystal sizes are
controlled by kinetics of nucleation and crystal growth in a convective magma ocean. In contrast
with crystallization in magma chambers, volcanic lavas, dikes, and other relatively well studied
systems, nucleation and crystallization of solid phases occur due to the adiabatic compression

in downwardmoving magma (adiabatic "cooling"). This problem is solved analytically for an
arbitrary crystal growth law, using the following assumptions: convection is not influenced by the
kinetics, interface kinetics is the rate controlling mechanism of crystal growth, and the adiabatic
cooling is sufficiently slow for the asymptotic solution to be valid. The problems of nucleation
and crystal growth at constant heat flux from the system and at constant temperature drop rate
are shown to be described with similar equations. This allows comparison with numerical and
experimental data available for these cases. A good agreement was found. When, during the cooling, the temperature drops below the temperature of the expected solid phase appearance, the
subsequent evolution consists of three basic periods: cooling without any nucleation and crystal-

lization, a short time interval of nucleationand initial crystallization (relaxation to equilibrium),
and slow crystallization due to crystal growth controlled by quasi-equilibrium cooling. In contrast
to previously discussed problems, nucleation is not as important as the crystal growth rate function and the rate of cooling. The physics of this unusual behavior is that both the characteristic
nucleation rate and the time interval during which the nucleation takes place are now controlled
by a competition between the cooling and crystallization rates. A probable size range for the

magmaoceanis found to be 10-2 - 1 cm, whichis closeto the upper bound for the critical crystal
size dividing fractional and nonfractional crystallization discussed elsewhere in this issue. Both
the volatile content and pressure are important and can influence the estimate by 1-2 orders of
magnitude. Different kinds of Ostwald ripening take place in the final stage of the crystal growth.

If the surfacenucleation is the rate-controlling mechanismof crystal growth at small supercooling,
then the Ostwald ripening is negligibly slow. In the case of other mechanismsof crystal gro•vth,
the crystal radius can reach the critical value required to start the fractional crystallization. It
can happen in the latest stages of the evolution when the crystals do not dissolve completely and
the time for the ripenlug is large.
INTRODUCTION

crystals even at small crystal fractions, and nonfractional
crystallization when the convection is strong enough to pre[Sooatov
this
vent any differentiation. The switch between these two cases
it has been found that the differentiation
of a terrestrial
is probably determined by the energetics of convection and
magma ocean strongly depends on the crystal sizes. The
is sharply defined compared with uncertainties in other pacrystal sizes cannot be estimated just from the observed
rameters such as the boundary conditions determining the
surface rocks: it is well-known that the crystal sizes can
heat flux or crystal sizes determining the settling velocity
vary from microscopic sizes of the order of several molecular
and dissipational heating. In the case of nonfractional crysthicknesses
(10-? - 10-6 cm) to the largestobserved
sizes tallization, differentiation eventually occurs in a solid matrix
(1- 10 cm), dependingon the coolinghistory. In this paper
with percolating melt. The crystal size determines the dewe make a first step in this problem to determine the crystal
gree of differentiation in this regime becauseit influencesthe
sizes in the convective magma ocean.
competition between the percolation rate and the rate of solidification. The crystal size is also an important factor for
General Description of the Problem
the problems of nonequilibrium thermodynamics and rheA simplifiedpicture of the magma ocean [Solomatovand ology. For investigation of nonfractional crystallization, it
Stevenson,this issue (a), (b)] and the processesof nucle- is sufficient to assume here that differentiation is negligible
ation and crystal growth follow. The total depth of the and the magma ocean is chemically uniform.
The temperature of the magma ocean approximately folmagma ocean can be 1000- 3000 km. The heat flux of
106- 109ergscm
-2 s-• is mostlydue to the coolingof the lows a two-phase adiabat of the multicomponent system conmagma ocean and is controlled by the atmosphere cover- sidered. In the simplest general case, when this adiabat

ing the magma ocean. The convection is very strong and
turbulent. The convective velocities are about 102 cms -x.

passesthrough all the depths, it passesthrough a completely
molten uppermost,layer, then through a layer containing

The presenceof crystals has two possible consequences:fractional crystallization when the magma ocean cannot suspend

only the first solid phase, then a layer where the second solid
phase enters the melt, and so on. Eventually, the adiabat

reachesa completely solid region, though this region may be
absent in the beginning of the evolution. The depth interval through which the adiabat follows from the liquidus to
solidusis comparable with the magma ocean thickness,and
thus eachlayer occupiesa significantportion of the magma
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TEMPERATURE

Nucleation and crystal growth are controlled not by the

entire magma oceancoolingrate (as it would be, for example, in a conductivelayer), but by the circulationrate of the
fluid between layers where the crystals appear and disap-

pear. Consequently, the nucleation and crystallization are
cyclic processeswhich take place in quasi-steady conditions.
The final crystal size is influenced by Ostwald ripening,
which takes place when the crystals circulate in regions of
their stability When the crystals have no possibility to dissolve completely, it can be a dominant process. This case
is possible during the latest stages of the evolution, when
the completely molten layer is absent and the temperature

NO CRYSTALS

is below the liquidus (or subsequentphaseboundaries)everywhere.
LIQUIDUS

Qualitative Analysis of Nucleation and Crystal Growth

Figure 1 shows a cartoon of the magma ocean with an
exaggerated scale. Figure 2 shows schematically the temperature variation in a fluid parcel moving down acrossthe
nucleation boundary. Before the intersection, the temperature is higher than the temperature for the appearance of
the expected solid phase. After the intersection, the su-

NUCLEATION
ASYMPTOTIC

CRYSTAL
GROWTH

percooling in the moving parcel begins to grow. It will be
shown later that the crystallization occurs in a way similar

to ihe crystallizationat constantpressure
whenthe temperature drop rate is constant and when the heat loss rate is
constant. However, in the problem considered, the supercoolingincreasesdue to the differencein slopesbetweenthe
adiabatic temperature of the moving melt and the slope of
the boundary of the solid phase appearance.
Eventually, the supercooling reaches a sufficiently high
value, and nucleation and crystallization begin. This process
is avalanchelike, and the system quickly reachesalmost complete equilibrium. After this, the nucleation mostly ceases,

and further motion (or coolingin the constantpressureana-

DEPTH

Fig. 2. Temperature changesand nucleation and crystallization

in a fluid parcelpassingthe liquidus(heavy solidline). The real
temperature of the fluid parcel (solid line) is a pure melt adiabat beforeand just after the liquidus(in the metastableregion).
The temperature asymptotically approachesthe equilibrium adi-

abat in the two-phaseregion(dashedline) after a short period of
nucleation.

The arrow shows the direction

of motion.

log) causesan increasein the crystal fraction due to the
crystal growth alone.
In the caseof very high coolingrates, the coolingwithout
nucleation can reach even the solidus temperature. This
case is very different from the one considered' the subsequent order of solid phases can be changed, glass can be

produced, and the mathematical analysis is different. As
will be clear from the quantitative considerations, this is an
impossiblecasefor the magma ocean becauseof slow cooling

NUCLEATION
OF THE FIRS'I
PHASE

rates(10-4 -- 10-3 K s-•) andsmallmaximum
supercooling
(10- 30 K), and it is not consideredhere.
o

0 -- __0____
OSTWALD
RIPENING

NUCLEATION

Composition and Multi-Component

OFTHESECOND

Partial

Thermodynamics oj'

Melts

PHASE

Because the magma ocean is considered as a molten undepleted mantle, the composition of magma correspondsto

the bulk compositionof the mantle (after coreformation). A
simple model for this system is developed by $olomatov and

Stevenson
[thisissue(b)] whichallowscalculationof all equilibrium thermodynamical parameters in the entire melting
Fig. 1. A schematic cartoon of nucleation and crystallization in
range. The model consistsof three components which form
a convective magma ocean. The first solid phase nucleates and
a eutecticlike system or a system where two components
crystallizes at a depth level where the temperature of a downproduce
a solid solution. Both models are ideal but give a
ward moving melt drops below the liquidus (where the adiabat
intersectsthe liquidus). The secondand subsequentsolid phases reasonable agreement with experimental data and can work
nucleate and crystallize when the temperature of the moving fluid
as a basis for the consideration of the nucleation and crystal
(followingthe adiabats) becomessmallerthan the corresponding growth. The first liquidusphaseis olivine (P < 15 GPa),
temperature for the appearance of these solid phases. The cartoon is shown for the case when the liquidus and subsequentphase

boundariesare steeperthan the adiabats [Soloraatovand Stevenson, this issue(b)].

garnet consideredas a solid solution (15 < P < 25 GPa),
perovskite (P > 25 GPa), and possiblymagnesiowfistite
(considered
asa solidsolutionbetweenMgO and FeO) which
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can substitute for perovskite at higher pressures. The crystal sizes of the first liquidus phases are mostly important
becausethe competition between convection and settling is
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Previous Laboratory and Numerical Experiments

The problem has two, almost exact, constant pressure
analogs: the cooling at constant heat loss rate and at concrucial at small crystal fractions[Solomatovand Stevenson,
stant temperature drop rate. This fact allows comparison
this issue(a), (b)l However,the model is developedalsofor
with corresponding numerical and experimental data which
the nucleation and crystallization of the second and subsequent phases. In this case, we assume that before the for- provide the dependence of the crystal sizes on the cooling
mation of a new phase, the subsystemconsistingof the melt rate. The experimental data were selected on the basis of
and the existing solid phasesis closeto its equilibrium. This the following requirements. The initial temperature must
subsystem is described in •erms of the multiphase equilib- be higher than the temperature for the appearance of the

rium thermodynamics[Solomatovand Stevenson,this issue solid phase studied (in the magma ocean caseit is higher
(b)], and the problemof the secondphaseformation(in a by hundredsof kelvins during most of the evolution). In
nonstepmelting case)is mathematicallysimilar to the first the opposite case, the preexisting crystals of the solidifying
phaseinfluencethe crystallizationconditions[ Walker et al.,
liquidusphaseformation (seedetailsbelow).
1978; Lofgren,1983, 1989; Grove,1990] (seealsodiscussion

Difference From Magma Chambers

section).The coolingrate must be constantand not be influenced by the thermal diffusion as in the field experiments

A small-scaleanalog to magma oceansis magma cham- [see,e.g., lkeda, 1977] where the cooling rate is changing
bers,fluid dynamicsand crystallization,which are relatively with time. This makes the problem different from the probstudied[see,e.g., Sparkset al., 1984; Huppertand Sparks, lem consideredwhich does not involve any thermal diffusion
•o•, ,•,,,•,,, • ,,., •o,, ,nu,•,,, 1987, l•øøa,b, l•ø•a,b
process.
Martin, 1990; Worster et al., 1990]. However,deep magma
A serious problem is that the experimental data for all
oceansare different in many ways. As a most pronouncedexmagma ocean liquidus phases are absent. So, the data are
ample is that nonkactional style of crystallization assumed used to test the theory and then the theory is used to predict
in this paper and studied by Solomatovand Stevenson,this crystal sizes for the magma ocean liquidus phases.
issue(a), (b)] is impossibleat depthslesstn•n
- 300
The relevant experimental data which are used for comkm and thus is irrelevant to magma chambers(< 1- 10 parisonwith the theory are from LoJ'grenet al. [1974], Grove
km). The nucleationand crystallizationare due to adia- [1978], Walker et al. [1978], and Groveand Walker [1977].
batic compressionin downward convectiveflows or, in some The numericaldata are from Dowty [1980]. Toramaru[1991]
pressureranges,due to adiabatic decompression
in upward also considered this problem numerically, but for the case
flows. This kind of internM nucleation and crystallization

nfight be relevant to magma chambers,but the presenceof
a solid lid, floor and walls is believed to be a more important factor. Crystallization in the surface thermal boundary
layersin the magma oceanis followedby melting due to equilibrating with the potential temperature upon e•t kom the
boundary layers and has no direct influence on the crystal

growth. Solid boundariesand walls are absent and cannot
be the places for nucleation and crystal growth. Even the
floor in the common senseis absent; the crystal kaction increases continuously with depth. The composition of the
chondritelike or peridotitelike magma ocean is also different
kom a basMtic composition of the magma chambers.

when the compositional diffusion is the rate controlling factor. The same problem was recently studied by Hort and

Spohn[1991b]where, however,the emphasisis on the transition between slowly and rapidly cooling regimes but not
on the dependencesof the crystal sizes on the cooling rate.
Previous Analytical Results

The previous analytical calculations or scaling analysis
considered nucleation and crystallization in different conditions: isothermal crystallization, initially supercooled and
thermally isolated systems, various problems of crystallization controlled by thermal diffusion, and rapidly quenched

systems [see, e.g., Avrami, 1939, 1941; Christian, 1965;

Brandeis and Jaupart, 1986, 1987; Brandeis et al., 1984;
Buyevichand Mansurov, 1990] However,there is no analytWe follow a common physics of nucleation and crystal ical solution or scaling law for the slowly cooling systems,
growth which is discussedin many works [e.g., Dunning, We will show that the solution for the problem considered
1969; Li/shits and Pitaevskii, 1981; Dowty, 1980; Kirkis quite different from the other problems and has different
patrick, 1981; Randolph and Larson, 1988]. We consider controlling parameters.
a problem where cooling starts well above the liquidus or
above the temperature for the appearance of the solid phase
THE MODEL
considered. Although this could imply the homogeneousnuConsider the Lagrangian reference scheme attached to a
cleation, usually a heterogeneousnucleation dominates due
to various imperfections. Moreover, when the second and small fluid parcel. Motion of this fluid parcel in the internal
subsequent solid phases are considered, the nucleation is region of a laminar or turbulent convectivemagma ocean is
likely to be heterogeneous,because the preexisting crystals almost adiabatic. When the fluid parcel moves from lower
of other solid phases can be sites of preferable nucleation pressure regions to higher pressure regions, the equilibrium
[Lo•gren,1983, 1989; Hort and Spohn,1991a]. We describe temperature of the fluid parcel changes in accordance with
the heterogeneous nucleation by choosing a reduced value the adiabats calculated by Solomatovand Stevenson[this
Nucleation and Crystal Growth

for the surfacetension[Dowty,1980; Lofgren,1983].

issue(b)]. In passinga phaseboundary,the correspondent

One of the specific features of silicate systems is that the
mechanismsof crystal growth vary with composition. We
find an analytical solution for any arbitrary mechanism of
interface kinetics controlled crystal growth.

solid phase appears and reaches equilibrium, not instantly,
but after a period of supercooling during which nucleation
and crystal growth take place. The slope of the adiabat
also changes, not instantly, but during this nonequilibrium
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regime. The assumptionswhich will be used are the following: (1) there is completethermodynamicalequilibrium
for other solid phasesif they are presentin the system,(2)

OCEAN

at= c?)at+

dz V•o.•, (s)

where
dTrn/dz
isthephase
boundary
slope,
d•)/dz isthe

thermal diffusion is the fastest kinetic process,and thus after
the intersection, the phase boundary there is a local thermal equilibrium. Now in contrast to the complete equilibrium thermodynamics consideredby Solomatov and Steven-

equilibrium adiabatic temperature gradient before the ph•e
boundary, V½o,•is a characteristicconvectivevelocity, •H

is theenthMpy
change
onmelting,
andc?) is thethetraM
capacity at constant pressureper unit m•s of the system
before the ph•e boundary. The ratio

son [this issue(b)], we have three thermodynamicalparameters: temperature T, pressure p, and the crystal fraction

of the new phase•b(any dependenceon kineticallyinduced
nonequilibriumcompositionalchangesis ignored). The last

(aT•Ia,)•

as/4 •

parameter is now controlled by kinetic equations.
Before the phase boundary is encounted, the rate of the

•

c?)

c?)

<<•

(•)

w• ignored(Mthoughit is not an essentiMassumption),

entropy changefor the fluid parcelis equalto 0 (ignoringa
small irreversibleentropyproduction):

becauseit is usuMly sraM1[Solomatovand Stevenson,this

issue
(b)],wherec?) is theequilibrium
multiphase
thermM
capacity after the ph•e boundary.

Z= g• • •-

+ • • Z

The functiondd/dt is expressed
• follows[Randolph
and

=0, (•)

Larson, 1988]:

where the superscript "1" means the thermodynamical parameters per unit mass before the phase boundary.
After the phase boundary,

aW
= f• a•c(t', •)•(•,t)a•
dd

(10)

where for simplicity, we ignore the difference between the

d-7
= • •,• •

+ • •,• •

volumeand massfraction of the new phase,r is the crystM
radius, and f(r,t) is the function of crystM size distribution. The vMue f(r, t)dr is equMto the numberof crystMs
betweenr and r + dr per unit volume, so that

+

(a•)
(•)(d,)
• •,••- =0,

(2)

where the superscript "2" means the thermodynamical
rameters per unit mass after the phase boundary.
The thermodynamical parameters after the phase boundary calculated at •b = const are approximately equal to the
thermodynamical parameters before the phase boundary:

•

•

.

(3)

We Mso suppose that the characteristic convective velocity before and after the phase boundary is the same and can
be taken

as a constant

and thus

• •(•,
t)a•
=•,

(•)

N is the number of crystMs per unit volume. The linear crys-

tal growthrate G(T', r) = dr/dr dependsonthe mechanisms
of crystM growth. The •netic processesat the crystM surface dominate when the crystM size is small. The diffusion
rate decreaseswith increasing crystal radius, and eventuMly
at some large crystM radius, the compositionM or thermM
diffusion becomes the rate-controlling process. For the silicate systems, interface kinetics is usuMly the slowest process

evenfor typicM (fully grown) crystM sizes,and we will suppose that the interface kinetics is the rate-controlling mech-

anism of crystM growth [Kirkpatrick, 1975, 1981; Dowry,

•

• • •o,.

(a)

1980]. If so, the functionG(T', r) dependsonly on the supercooling:

The equilibriumtemperatureT•(p, •) is equM to the current liquidus temperature of the melt and depends on the
chemicM composition of the melt or, in an ideM case,on the
current crystM kaction:

C(t', •) • C(t').

(1•)

The continuityequationis [Randolphand Larson,1988]

0•
0•+c •
0W+ 0(•)
0• =0W

=0.

(•)

The boundary condition at r = 0 is

Introducing the supercooling

C(t')•(0, t) = •(t')

T':•'(t):T•-T>O

(•)

we write

dT'
dt

=

Op
,]4• (OslOT)p,4•
•q-

whereJ(T') is the nucleation
rate (numberof nucleiperunit
time per unit volume). The functionfor the nucleationrate
is [Dunning, 1969; Kirkpatrick, 1975, 1981; Dowty, 1980;
Lifshitz and Pitaevskii, 1981]

Z(T')= aexp-•
where a and A are appro•mately
The

p

P,

With sufficient accuracy, the above equation can be rewritten

as

(la)

initiM

conditions

,

constants.

at the time

t = 0 when the fluid

parcel has just past the phase boundary are

•(•, 0) = 0, t'(0) = 0.

(lC)
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The solution to the aboveequationsis givenin the appendix.
SIMILARITY

the final

radius

is

(s•oo)
•/•'

BETWEEN DIFFERENT KDrETIC PROBLEMS

Thethermal
capacity
c?) is

4 ¸: c(/),

numerical
data for the twoproblems
of crystallization:
at
rate.

We show below that the mathematical

formulations

for adiabatic cooling and constant heat lossrate, and

4 = c?),

for theseproblemsaxeexactlythe sameasfor the problem
consideredexcept that the definitions of the constants are
different.

Thecoolingrate•' is

•T•(•) •

=

2 ---

(1•)

where Qo > 0 is the heat loss rate.
The current equilibrium temperature Te correspondingto
the current crystal fr•ction & is determined by the equation

•T•(•(•))

.

(28)

for constant temperature drop rate.

The heat bMance equation for both problems is

,•(•)
? dT
•--?
-_ AH•d• - Q0,

(a•)

too= \4•rN

The direct experimental data for the problem considered
are obviouslyabsent. However,there are experimental and
constant temperature drop rate and at constant heat loss

5411

(•s)

dz

V½on,,
,

(29)

for adiabatic cooling,

? = Q-2ø

(30)

c?)'

for constant heat loss rate, and

•=½o

In termsofc?) andc?) thederivative
dT•(&)/dO
iswritten

(a•)

for constant temperature drop rate.

dd

= _

(•)

c?) (•)

atI

c?)

dd Q0

AND ESTIMATES

FOR A

OCEAN

The parameter found in the experiments is the averaged
crystal radius on crystallization. The above equations show

aH dd Qo

•-= (•>c?)(•)•W
+ •

WITH EXPERIMENTS
MAGMA

and (17) becomesas follows:

dT'

COM?ARISON

when p >> 1 (very slowcooling),the crystal radius
(•)• + , (•0) that
is given to logarithmic accuracy by

whereT' = 7• - T is the superco9ling.

If the temperature drop rate 7b = -dT/dt

> 0 is con-

Grn(q3ooAHA)
too
• (-•c?
) •/3
,
(32)

stant, then we have

•T'

aH
Cp

•

•d

aH •

where ( ,,, 10-2 - 10-1 is Mmost constant. Thus, only
two parameters are important:

C•

The heat bMance equations for the crystallization in adi-

abatic cooling(8), at constantheat lossrate (20), and at
constanttemperaturedrop rate (21) are essentiallysimilar.
The continuity equation and boundary and initial conditions
are kept without any changes.

The averagedradius ro• of crystals(spheres)on crystal-

the "external" parameter

•' characterizing
the rate of supercooling
andthe "internal"
parameterG(T') characterizing
the crystalgrowthrate.
There are three mechanisms responsible for the crys-

tal growth via interface kinetics [Kirkpatrick, 1975, 1981;
Dowry, 1980; Randolphand Larson, 1988]: the continuous
growth mechanism where the moleculescan be attached to
the crystal surfacejust on reaching it, the screw dislocation

lization of the solid phase considered is found from the solu-

mechanism

tion to tne• problemsasfollows(seeappendix,(92), (93),
(96)). The maximum (dimensional)supercoolingreached

dislocations, and the surface nucleation mechanism which
is a two-dimensional analog to the bulk nucleation. We
suppose that for the silicate systems considered, the surface nucleation is the main mechanism of crystal growth

during cooling is

7

'

(22)

where the nondimensional parameter p is found from the
transcendental equation

p=In[ •-c•--•.p?.

the molecules

are attached

to the screw

[e.g, Dowty, 1980]. •Ve only note that with other mechanisms, qualitatively similar results are obtained. At small
supercooling the function of crystal growth is approximately
written

(23)

as

and thus

A--•-75), (34)
G,•=bexp(-;xBr,:)
=bexp(Bp•/2

The crystal growth rate at this supercoolingis

(24)

where

b and B are constants.

The kinetic parameters can be found from the experi-

the number of crystals per unit volume is

N= 24
c(pi)j•'
pa
HAG•

where

(25)

mental data for the peak crystal growth rate Gr,• , the supercooling ATa at which this peak takes place, the peak
nucleation rate Jr•, and the supercoolingATe.
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theestimate
forB/A 112'
The existenceof the crystal growth and nucleationpeaks to its normalvalue.In sucha case,
is due to the decreasingdiffusion rate in the liquid when would be a few times larger.
In the calculations,
the parameters
b, B/A1/2 andalso
the supercoolingincreasesand, correspondingly,
the absolute temperature drops. The diffusion term is present in a were varied. The parameterA was taken as 104 K2.
both coefficients a and b as
The thermal capacity at constant pressure is about cp •

(-

107ergsg-1 K-•. Theeffective
thermal
capacity
c?) in the

(-9

RT

where AHdi• is the activation enthalpy for the diffusion and

C -- AHdi•/R is a constant. This constantcan be estimated from the viscosity measurementssupposingthat the

problem with constant temperature drop rate can be ~ 1
order of magnitude larger than the "normal" thermal capacity, but the correspondentchangein the crystal radius is

only(c?)/c?))
1/•• 0.5.

The theoretical curves together with some experimental
and numerical data are shown in Figure 3. The fit can be
formula):C • 3 x 104K [e.g.Shaw,1969].The experimen-done with different sets of the parameters. The estimates
tal data on nucleation and crystal growth in silicate systems
are very sensitiveto the parameter b ~ Gpeakand thus, it
suggestsimilar values[Dowry,1980].
is the minimum information needed for a rough estimate, if
Elementary calculation of the maximums of the functions
the cooling rate is known. As it is seenfrom Figure 3, plaof nucleation and crystal growth rate gives the following
gioclasecrystals are smaller than the diopsidecrystals by
approximate relations:
approximately one order of magnitude at the same cooling

viscosityis inverselyproportionalto the diffusion(Einstein's

rate.

b• Gpeak
exp

T

•

This

could

be due to different

factors:

b is smaller

byoneorderofmagnitude,
B/A•/2 is about4 timeshigher,
or a is about 15 ordersof magnitudelarger (althoughthese
(3•)

10 0

AC2
••/3

a-•Jreak
exp4T4]

Jpeak
expk,
21/3T2• O(1)Jpeak,
(/XT•C)
B

All2

--

2•/2AT•C•/2

(37)

(3s)

AT•j/2T

where O(1) ~ 1 and thus the coefficientsa and b are of the
order of the correspondingpeak values. The significanceof
this result is that we can use available experimental data

on bothpeaksto estimatethe parameters
b andB/A•/2.
Substituting, for example, some typical values AT• = 30

K and ATj:

100 K (seedata in Dowry[1980]),we obtain

B/A•/2 • 0.5. However,
it is knownthata formalapproach

1o

can significantly underestimate the coefficient a in the nu-

10-5

cleationrate function (probably by 14 and evenmore orders
of magnitude[Kirkpatrick,19811).

The theoretical
expressions
for A•/2 andB givesomeindependent
estimates
forB/A

= (3kis(pAH)2
A•/2
16wa3T
)•/2

100 K,

I

10

I

I

10-3

10-2

10-1

dT/dt (K/s)
Fig. 3. Analytical and expe.rimental
dependences
of the crystal radius on the parameter T discussed in the text. The data

are collectedby Dowry [1980] and by Cashman[1992]. Experi-

(39)

mental data are for the constant temperature drop rate: crosses,

Lo]gren et ai. [1974] (for plagioclaseand for diopsidein the system Di-Ab-An); diamond, Grove[1978];solid triangles, Walker

et ai. [1978]..(T(0)
= 1155
¸ C); X's, Walkeret aL [197.8,]

B= k•sAH2
~ 30K,

= ao0

the systemDi-Ab-An): squares,constanttemperaturedrop rate;

and thus
B

,,• 0.3,

½);

(40) cal modelingby Dowry [1980](for plagioclaseand for diopsidein
(41)

opentriangles,
constant
heatlossrate. The theoretical
curves
fit
the datawith the helpof differentsetsof b, a, and( = B/All 2.
At the same cooling rate, the difference between diopside and plagioclasedrystal sizescan be equally explained by an order of mag-

wherea • 20 ergscm-2 is a reducedsurfacetensionfor
nucleation [Dowry, 1980], T • 1000 K is the temperature, ks • 1.4 x 10-•6 ergsK -• is Boltzmann'sconstant,
p • 3 gcm-3 is the density,AH • 3 x 109ergsg-• is the
enthalpychangeon melting,and d, • 3 x 10-s cm is the

nitudedifferencein
b(solidlines,
bdr•= 2.4x10-4 cms-•, brig=

thickhess of the surface nuclei. For large crystals, B can be
reduced by a factor of 3, but this is less certain. For a homogeneousnucleation, the effective surface tension is closer

•plg= 0.8, and,for both minerals,b = 8.4 x 10-• cms-• and
a = 7.2 x 1012crn-Ss
-1). A possible
rangeof • for the magma

1.0 X 10-• cm s-1 , and, for both minerals,a = 8.3 x 109 cm-s s-•
and • = 0.5), or by 15 ordersof magnltudedifference 20in a (dotted
3
1

lines,adp$ = 7.6 X 104 cm-3 s-1, aplg= 1.0 X 10 cm- s- ,
and, for both minerals,• - 0.5, b ----7.0 x 10-• cms-• ), or by

a 4 timesdifference
in ( = B/A1/2 (dashed
lines,(dpz•- 0.2,
ocean

is shown.
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estimatesdependon the parameter range considered).The
crystal sizeis sensitivemostly to the first two factors. The
simplestexplanationis that the viscosityof melt during crystallization of plagioclasewas higher. Thus, the parameter

b (whichis proportionalto the diffusioncoefficientand inverselyproportionalto the viscosity)can be smallerfor the
plagioclase.For the silicate systems,the typical vMuesof

dr
= G(Ac)
= G(Aco
-- •o),
dt
r

(47)

where Aco is the supersaturation for the zero curvature at

thegiventemperature,
andAc is theactualsupersaturation
for the crystalwith the radiusr. The parameterao is equal
to

thepeakcrystalgrowthrateare10-5-10 -4 cms-x [Dowty,
1980],that is closeto the valuesof b ~ Gpeakpredictedby
the model (Figure 3). The influenceof the parameter a
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ao =

(40)

2RT

where coois the equilibriumconcentrationfor r = oo, v,• is

the molar volume, and R is the gas constant.
seems to be less important. However, parameter a is proWe note that supercoolingin the multicomponentsystems
portional to the number of sites available for heterogeneous
has the same physicalnature as the supersaturation. In
nucleation, and thus a significant increase in a is possiblein

the case of plagioclase,becauseof the presenceof diopside
crystals crystallized earlier.
To estimate the crystal sizesin the magma ocean, we need
at least the value of the peak crystal growth of the minerals.
The data for different silicate systems give a typical range

both cases,only the driving chemicalpotential differenceis
important. It is easyto showthat for an ideal mixture the
supercoolingT • is connectedwith the supersaturationAc as
follows:
As Ac
R

10-5 - 10-4 cm s-x. The supercoolingrates are estimated
with the help of the adiabatic and liquidus gradients and

(4o)

c

provided zXc<< c, where As is the entropy change on melting

convectivevelocities [Solomatovand Stevenson,this issue of the component considered, and c is the concentration of
(a), (b)] as• • 10-4 - 10-a Ks-•. The crystalradius the componentin the mixture. Becauseusually As/R ~ 1

rangeis estimatedwith the helpof Figure3 as 10-2 - 1 cm.

we have

The parameter p is in the range 10-50 and thus the math-

T'

ematical procedureused is valid (p >> 1). For the magma
ocean range, p = 20- 30, and the supercooling at which the
nucleation and initial crystal growth rate occurs is about

Tk =

--•20 K,

Ac

--.c

T

The problem of Ostwald ripening was studied for t•vo

functionsof crystal growthrate G(Ac) corresponding
to the
different
mechanisms
of
crystal
growth
[Greenwood,
1956;
(42)
Wagner,1961; Lifshitz and Slyozov,1961]:

and the corresponding depth interval is

Az•

T•m

d(Tph

(50)

a(

=

DAc

• 10-102
km. (43)if the diffusion is the rate-controlling process, and D

The temperature and the depth interval during which the
nucleation and the initial crystal growth take place are of

the order of (102)

)
is the

coefficient of the diffusion;

= zxc

(52)

if the interfacekineticswith continuous
growthmechanism
r.~

1 K,

p

(44)

is the rate-controlling process, and k is the kinetic constant.
Two

other

mechanisms

mentioned

before

are the screw dis-

location mechanism,
Az

Az, ~

P

~ I-

10 km.

(45)

•(ZX•) = •,•,

(53)

The standard deviation (105) for the crystal size distribu- where kd is a constant, and the surface nucleation mechation

nism,

is about

erst~0.1-0.3.
O STWALD

(46)

RIPENING

= exp

,

(34)

where b is the sameconstantas in (33) and

The next stage of crystal growth is Ostwald ripening. The

Ostwald ripening always takes place in an equilibrium (on
average)systemdue to the local disequilibriumfor the crystals with radii smaller or larger than the averageequilibrium

radius [Dunning, 1972; Lifshitz and Pitaevskii, 1981]. Different kinds of Ostwald ripening act in the magma ocean.
Ripening can be accomplished with the help of diffusion in
the liquid or with the help of enhanced diffusion due to the
relative motion between the crystals and the liquid. A specific kind of ripening can be due to convective circulation
of the crystals between regions with different equilibrium
crystal fraction.
The equation for the rate of crystal growth at a constant
temperature is

As can be seen from the strict mathematicM solutions,
the asymptotic regime of OstwMd ripening can be approffimately estimated for all cases with the help of the •sum•
tion that the averaged crystM radius is appro•mately equM
to the equilibrium radius'

-o
T• •C0

(56)

and the changing of the averaged radius approffimately
obeys the equation
dt

(57)
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This approximation to the asymptotic solution has the same
mathematical basis as in the work by Ratke and Thieringer

[1985],who showedhow to find asymptoticsolutionsfor different problems of Ostwald ripening.
Solving this equation for the above functions of the crystal growth rate, we find

no barriers, the crystals can very slowly circulate between
the partially molten layers and completely solid deep layers,
where the Ostwald ripening is slow becauseit is controlled by
the solid state diffusion. Moreover, solid state creep maintains the crystal sizes at a recrystallization-controlled level

[Karato et al., 1986]. The time scalefor suchcirculation is
determined by solid state convection and in any case is much

Diffusion

largerthan the estimatedtime 103- 104 yearsSolomatov
and Stevenson,this issue(b)]. The crystal radiusreaches

mechanism

~ (.oOt)

I-

Continuous growth mechanism

• ~ (•o•Z)•/•
Screw

dislocation

(•)

mechanism

,-~
Surface

nucleation

It is interesting to estimate the crystal growth determined
by the settling time, before the crystals reach the bottom
and form a solid layer expelling the remaining melt. We can
estimate the solution of this mathematical problem substi-

(60) tutingthe residence
timet = d/ur ~ d•/r 2Apg,whereupis
the Stokes'velocity(assumingsmallReynoldsnumber)and
d ~ 10? - 10s cm is the settlingdistance.We find that

mechanism

ao (B'bt]
r~•71n
-.
The results

10 cm that is enough to begin settling and fractional

crystallizationSolomatovand Stevenson,this issue(a)].

(61)

for the first two cases were obtained

with

a more

accurate mathematical procedure [Greenwood,1956; Wagner, 1961; Lifshitz and Slyozov,1961].
The surface nucleation mechanism for the silicate systems

is unable to provide Ostwald ripening because for typical
values of a0 ~ 10-? - 10-s cm and the residencetime es-

timatedby the convective
time t ~ 106s [Solomatov
and
Stevenson,
this issue(a), (b)], the crystalscan growto
- 10-•)ln106
r ~ (10-s
s

cm.

r~[aod
(D•x-•-ggp;
)2/a]
•/6
~lO-•
cm.(65)
This size doesnot greatly exceedthe value required to begin
settling, which means that growth during settling is small.
The above simple estimates show that if the Ostwald
ripening is controlled by somemechanismdifferent from surface nucleation, then the ripening can be fast and becomes
essentially connected with convection and sedimentation.
DISCUSSION

(62)

Discussion o• the Mathematical Solution

This means that after reaching the averagedequilibrium the
local supersaturation due to the crystal curvatures is too

small (it is of the order of ao/r(O), corresponding
to the

supercooling
10-4 - 10-2 K) to drivethe Ostwaldripening.
If other mechanisms control the crystal growth, then the
crystals can grow faster. As an example, consider the
case of the diffusion mechanism of crystal growth. For
D ~ 10-5 cm2s-x and ao ~ 10-7 cm

r ~ 10-2106
s
The •elafive motion between •he c•y•s

cm.

(63)

and •he ruer due

The problem of slow continuous phase transformations is
solved analytically. The evolution of a crystallizing melt
subject to adiabatic cooling, constant heat loss rate, or constant temperature drop rate passes through the following
regimes: cooling in the metastable region without any nucleation and crystallization, short time interval of nucleation
and initial crystallization, a transition to the asymptotic
regime, and a slow quasi-equilibrium crystallization without nucleation.

The

first three

time

intervals

are connected

witheachotheras(102) t• :t2 :rs • I: p-•: p-2/a,where
p is a large parameter of the order of 20-30 found from a

•o •he c•ys•M se•fiing increases•he •a•e of coa•sing[Ra•ke transcendentalequation(92) or (23). This meansthat the
a•d Thier•ger, 1985]. •o• •he viscosityof •he mel• • • 10 nucleation occupies a short period in comparison with the
P and c•y•al-mel• density difference•p/p • 0.1, we find metastable cooling period and producesa narrow size distribution with a characteristic standard deviation proportional

that

top-•/2 (105). Theduration
ofthelast,asymptotic,
regime
is determined simply by the time it takes to reach the solidus
in this quasi-equilibrium regime of cooling.
•
10• s
The problem is different from other well-studied problems
The effect is not so pronounced at the time intervMs consid- such as isothermal crystallization, crystallization in initially
ered.
supercooled, thermally isolated systems, and crystallization
Another effect can be due to convection which increases
controlled by thermal diffusion and rapid quenching. The
an effectivediffusionrate [Akaiwa et al., 1991]. Possibly nucleation turns out to be less important for the final crystal
more important is that the crystMs circulate between levels size than in these problems, because both the characteristic
having different equilibrium crystM fractions, which works nucleation rate and the time interval during which most of
• an "enforced OstwMd ripening."
nucleation takes place are controlled by a competition beWhen the crystals have no possibility to dissolve, as in tween the cooling and crystallization. The most important

r• a0

t

•10-•

t •/•cm.(64)

the case of solidificationof the upper mantle [Tonks and (for the crystal sizes) material parametersare the growth
Melosh,1990; Solomatovand Stevenson,this issue(b)], then rate function and the nucleation exponent. The dependence
the residencetime is the time of crystMlization(the time on other material parameters is logarithmically weak in this
of disappearingof the melt ph•e) whichprovidesvery long slow cooling limit. In some cases, however, their influence
ripening time scMe. On the other hand, if the convectionhas

Cab bc haportant and, of course, more accurate representa-
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tion is possible with more experimental data. The results
can be tested in numerical or laboratory experiments. At

present, the agreementwith some data (Figure 3) is the
only support for the theory.
The analytical solution is found for any arbitrary function
of crystal growth rate. This means, for example, that the
experimental data can be approximated with any function
which then can be used in calculations.

Which Mechanism of Crystal Growth Operatesat Small Supercooling?

The crystal growth rate function is crucially important
for both the initial crystallization and the subsequentOstwald ripenlug. For example, if the surface nucleation mechanism would remain dominant even in the Ostwald ripenlug
regime, the ripening would be certainly a negligible effect
both in magma oceans and in all more common cases. However, it could be not the case. Most of the experiments have
been done at relatively high supercooling(usually tens and
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terval). In these experiments,the rates of supercoolingare
extremely high. This correspondsto a rapid cooling limit
which is opposite to the slow cooling limit studied in this
work. The effect observedin these experiments is explained
by the dependence of the surface tension on pressure. A
similar effect could work in a magma ocean, although the
kinetics of phase changesfor silicates at high pressurescould
be quite different due to the changesin the melt structure

with pressure(see,e.g., recentstudy by Williams and Jeanloz, 1988). In particular, the surfacetensioncan changesignificantly (due to structural changesat the molecularlevel)
or the mechanism of crystal growth can change.

We concludethat both the water (or other volatiles)content and pressure are important factors which can influence

the crystal sizes in magma oceans by 1-2 orders of magnitude in either direction. These problems again are not well
studied and require further investigation.
Influence of Kinetics on Convection

hundredsof Kelvins). The nucleation and crystallization
take place at 10- 30 K (maximum value) and the Ostwald

We assumed that convection is not influenced by kinetics.
Also we ignored the fact that turbulent convection has a
ripeningat 10-4 - 10-2 K. The crystalgrowthmechanism wide spectrum of eddies and considered only the main flow
can be different at suchsmall supercooling. The experimen- (the largest scale). A self-consistentproblem of convection
tal data would be very important here.
with kinetics of phase changesis not a simple one. An ideal
problem consideredin this paper gives a basis for the study
Discrepency With the Laboratory Data
of more complicated problems of fluid dynamics of magma
oceans.

The theoretical curves and the laboratory data have a
small difference in slope. It is difficult to reduce because of
CONCLUSION
a weak dependenceon the parameters. If it has any significance at all, we would attribute this to a simplified descrip1. The crystal sizes in a convective magma ocean are
tion of heterogeneousnucleation. Heterogeneousnucleation probablyabout 10-2-1 cm after the nucleationof newsolid
has a smaller energybarrier for the nucleation(we used a phases and reaching an equilibrium concentration. This
smallersurfacetension)but alsoit can influencethe initial is close to the upper bound dividing fractional and nonconditions: the crystals can grow on preexistingimpurities fractional crystallization.

or on crystalsof other solid phases[Lofgren,1983; Hort and
2. At least two factors can change the estimates by 1-2
Spohn, 1991a]. Some low energy sites can be saturated in orders of magnitude: water content and pressure. Both of
the very beginning of nucleation. The number of these sites
does not depend on the cooling rate and thus, a weaker dependenceof the crystal radius on the coolingrate could be
expected. Examples of flattening of the curves are found in

them are poorly studied and, clearly, additional theoretical
and experimental study are needed.
3. The rate of the Ostwald ripenlug depends on the
mechanism of crystal growth at extremely low supercool-

Walkeret al. [1978],and Grove[1990],where,in somecases, ing (10-4 - 10-2 K). In the caseof the surfacenucleation

crystallization started at a subcritical temperature.

mechanism, Ostwald ripening does not work on any reason-

Composition and Pressure Effects

able time scale. If it is controlledby another mechanism(for
example, chemicaldiffusion), then the crystalscan grow to

The kinetics of crystal growth is influenced by composition changes,in particular, by the amount of volatiles. Water significantlydecreasesthe peak crystal growth rate (the

the critical size for suspension in the final stages of evolution of the magma ocean, when the time for the Ostwald
ripenlug is large.

peak nucleationrate as well) and alsodecreases
the peak supercooling[Fenn, 1977; Swanson,1977; Dowty, 1980]. The
mechanisms

of this influence

are not understood.

It could

APPENDIX:

ANALYTICAL

SOLUTION

The equations(8) - (16) with an arbitrary function of

be due to the influence of water on the surface tension, on
the interdiffusion coefficients, or on the mechanism of crys-

crystal growth can be rewritten in a nondimensional form.

tal growth. Ahrens [1992] arguesthat the amount of water
in a terrestrial magma ocean could be up to I wt.% and

the supercooling has its maximum. This maximum will be
found after the solution of the problem. The nondimensional
supercooling s, radius x, and time r are

thus it could be an important factor which could influence
the crystal sizes by I or more orders of magnitude.
The influence of pressure is also a poorly understood factor. Recent experiments on nucleation and crystal growth

The

scales

are convenient

T'

to choose

r

at the

t

s = T•' x=--,r0 r=- to'

at high pressures(up to ~ 5 GPa) [Brazhkinet al., 1989; whereT• is the maximumsupercooling,
1992a,b,c] show that for somesimple, one-componentsub-

stances, the crystal sizes decrease with pressure at the same

coolingrate (up to I order of magnitudein this pressurein-

ro- '•m

, to- Grn'

moment

when

(66)
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=

=

At the maximum point

(68)

d•(•(•))
I•=Tm = d•(•)I•=
=0
dr
dr
Tm

The nondimensional crystal growth rate g and nucleation
rate j are
G

(OS)

Applying the steepest descentsmethod several times, we
and a

J

that the integrals can be related to each other
g= G,•' j = J,•= exp[pA(s)], (69) find
simple algebraic system of equations is obtained:
where

t(I•(vm) = q,

(86)

A•') : -4KIa(vm),

(87)

A

P= T•'

(70)

A(s)= 1 -- s-2.

(71)

1

At the maximum(subscriptm)
Sin=l,

Am=O, gin=l,

The nondimensionM

jm=l.

function of size distribution

u(x,r) = f(r, t)r•.
Two

nondimensionM

constants

(72)
is

I•(rm)
= 2•/apa/aA•z)
a/a
'

(73)

(89)

where

are

4•H

tO=(1)T•,

(90)

dr a

(74)

T--.-- T m

From these equations we find

and

28 q4p3
=1.

(91)

Dimensional equations have a transcendental form

The equations are now written as

ds(r)
= -K
dr

g(s(r))z2y(z,
r)dz+ q,

Oy(x,v)

Oy(x,v)

Ov q-g(s(v))•-• -- 0,

(76)

[w3
AZaAa
laGam
]

(77)

•

g(s(r))y(x,r)lx:0 = exp[pA(s(r))],
A(s)= 1 -- s-a, (78)

, G•= a(T•)
tm= -•-

(79)

where

Recently a mathematical procedure using the steepestdescentsmethod of integration was developedfor the problem
of crystallization in an isolated, initially supercooledsystem
[Buyevichand Mansurov,1990]. A modificationof this procedure will be used to solve the problem considered. The
above equations are reduced to an integro-differentia.1equa-

(os)
The number of crystals after nucleation is

•0oo

tion:

ds(r):
-Kg(s(r)) Xa(v
r)exp
'[p%(s(v))]dv
q-q,(80)
dr
'
where

(93)
(94)

T

s(r)lT=0 = 0, y(x, r)lT=0 = 0.

(92)

. (96)
24cr(1)
•p3
p3

The function s(r) can alsobe found. When r < r,•,
s = qr, r < rm.

(97)

When r > rm, the calculationof the integralI• (r) in (76)

X =

g(s(v'))dv'

(81) and subsequentintegrationof (76) resultsin the following
simpleintegro-differentialequationfor s(r):

The parameter p is supposedto be large, and the steepest
descentsmethod in a general form is supposedto be applied

s(r) = l q-q(r- r•)-

to the followingintegrals[Bleisteinand Handelsmart,
1975]:

I1(r) =

3p•/4
T >

X2(v,r)expLpA(s(v))]dv, (82)

g(s(r'))dr'
, (98)

q'rn.

The asymptotic solution to this equation when r
s -•

Ia(r) =

X(v, r) exp•pA(s(v))]dv,

0 is obtained

in the form

(83)

g(s)= 3a/aw•/6K•/4ra/a.
Ia(r) =

exp[p%(s(v))]dv.

(84)

(99)

There is a transition regime which is also easily described

analytically. During this transitionto the asymptoticregime
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the crystals rapidly grow without nucleation and this transition

Brazhkin, V. V., V. I. Larchev, S. V. Popova, and G. G. Skrotskaya, The influence of high pressure on the disordering of
the crystal structure of soNds rapidly quenched from the melt,
Phys. Scripta, 39, 338-340, 1989.
Brazhkin, V. V., S. V. Popova, and R. N. Voloshin, High pressure
influence on the kinetics of solidification of the supercooled

takes the time

Ttr• Trap
--213.

(100)

The time interval r. near the maximumof s(r) whenthe

melts Pb(In), High PressureRes., 6, 325-332, 1992a.

nucleation mostly takes place is considered in the solution
as essentially small in comparison with r.•. It is estimated
from the equation N • J.•t0 r.-

r, • rmp-a.

Brazhkin, V. V., S. V. Popova, R. N. Voloshin, L. M. Stanev,
and I. G. Spirov, The kinetics of solidification of A1-Si eutectic
alloys under high pressure, High Pressure Res., 6, 333-339,
1992b.

(101)

Brazhkin,
V. V., S. V. Popova, R. N. Voloshin, and
N. V. Kalyaeva, The influence of high pressure on the solidification of the supercooled Se melt, High Pressure Res., 6,

Thus the ratiosbetweenthe time r,,• for linearincreasing
supercoolingwithout crystals, the time r,• for nucleation and
initial crystal growth, and the time rtr for the transition to
the asymptotic regime are
1

341-347, 1992 c.

1
ß

r• ' r• ' rtr• I ßP p2/3

(102)

and if p >> 1, the last two time intervals are small in comparison with r,,•.

When the solid phase consideredis almost crystallized
and the crystal fraction of this solid phaseis of the order of

its maximumvalueqS•,the standarddeviationof the crystal
size distribution is estimated as follows. The variance Ax

of the crystal sizedistributionis of the order of crystal sizes

Buyevich, Yu. A., and V. V. Mansurov, Kinetics of the intermediate stage of phase transition in batch crystallization, J. Cryst.
Growth, 10J, 861-867, 1990.
Cashman, K. V., Relationship between plagioclase crystallization
and cooling rate in basaltic melts, Contrib. Mineralß Petrol.,
in press, 1993.
Christian, J. W., The Theory of Phase Transformations in Metals
and Alloys, Pergamon, New York, 1965.
Dowty, E., Crystal growth and nucleation theory and the numerical simulation of igneous crystallization, in Physics of

Magmatic Processes,edited by R. V. Herrgraves,pp. 419-485,
Princeton University Press, Princeton, N.J., 1980.
Dunning, W. J., General and theoretical introduction, in Nucleation, edited by A. C. Zettlemoyer, Marcel Dekker, New York,
1969.

just after the nucleation-

Ax •. g.•r. = r..
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(103)

Dunning, W. J., Ripening and ageing processesin precipitates,
in Particle Growth in Suspensions,edited by A. L. Smith, pp.
3-29, Academic, San Diego, Calif., 1972.
Fenn, P.M., The nucleation and growth of alkah feldspars from

Becausethe crystal growth rate doesnot dependon the
hydrous melts, Can. Mineral., 15, 135-161, 1977.
crystalsize,this narrowness
persistsin the subsequent
evolution. The nondimensional
crystalsizesnearthe complete Greenwood, G. W., The growth of dispersed precipitates in solutions, Acta Metall., J, 243-248, 1956.

solidificationof the phase are about

Grove, T. L., Cooling historiesof Luna 24 very low Ti (VLT)

(104)
(34•q•
øo
Jm
)•/3 (3•boo)
Nto
•r•
Thus the fractional

standard deviation

abe is of the order of

ferrobasalts: An experimental study, Proc. Lunar Planet. Sci.
Conf. 9th, 565-584, 1978.
Grove, T. L., Cooling histories of lavas from Serocki volcano,

Proc. Ocean Drilling Prog., 106/109, 3-8, 1990.
Grove, T. L., and D. Walker, Cooling histories of Apollo 15
quartz-normative basalts, Proc. Lunar Planetß Sci. Conf. 8th,
1501-1520,

1977.

Hort, M., and T. Spolm, Numerical simulation of the crystallization of multicomponent melts in thin dikes or sill, 2, Effects of
heterocatalytic nucleation and composition, J. Geophys. Res.,

AxIc?)Aa/21•/•
1 (105)
where we used the estimate (101) and the value r,• from
the solution

found.
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