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EXPONENTIAL DYNAMICAL LOCALIZATION FOR THE

ALMOST MATHIEU OPERATOR

SVETLANA JITOMIRSKAYA AND HELGE KRÜGER

Abstract. We prove that the exponential moments of the position operator
stay bounded for the supercritical almost Mathieu operator with Diophantine
frequency.

1. Introduction

As pointed out in [10], the spectral property of Anderson localization of a self-
adjoint operator H does not let us conclude much about the behavior of the time
evolution e−itH 1, with dynamical localization-type conclusions requiring either ad-
ditional or separate arguments. Various dynamical localization formulations have
been suggested and proved, by different methods, for most popular models, par-
ticularly, for the Anderson model. Aside from uniform dynamical localization that
happens rarely for ergodic families [10, 17], the strongest dynamical localization
property is the exponential (in space) rate of decay of the expected overlap, that is

(1.1) E sup
t∈R

|〈δk, e
−itHδℓ〉| ≤ Ce−γ|k−ℓ|

A stronger, but equivalent in all known examples, formulation is (1.1) with e−itH

replaced with an arbitrary bounded function f(H), or, equivalently, by the exponen-
tial decay of E

∑

s(|ϕs(0)||ϕs(k)|), where {ϕs}s is a complete set of orthonormalized
eigenfunctions (and the sum may be localized in energy, if needed). As pointed
out in [3], this leads to various interesting physical conclusions, for example the
exponential decay of the two-point function at the ground state and positive tem-
peratures with correlation length staying uniformly bounded as temperature goes
to zero. Moreover, it is this conclusion that is often implicitly assumed as mani-
festing localization, in physics literature. It is therefore desirable to establish it for
physically relevant models.

It is natural in this context to define the exponential decay rate in expectation
(obviously connected to the minimal inverse correlation length) as

(1.2) γ := lim inf
k→∞

(

−
lnE(

∑

s |ϕs(0)| · |ϕs(k)|)

|k|

)

with a relevant question being whether or not it is positive. This definition can
be localized to an energy range by summing over the eigenfunctions with energies
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1If ψ(t) solves iψ̇ = Hψ, then ψ(t) = e−itHψ(0).
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falling in the range, in which case it is linked to the minimal inverse correlation
length for Fermi energies falling in that range.

The corresponding question for the Anderson model, i.e. for the potential being
independent identically distributed random variables, was solved in [12, 20] for the
one-dimensional case and in [1, 4] for higher dimensions throughout the regimes
where corresponding proofs of localization work, thus establishing positivity of γ..
The corresponding result for continuum operators was proven in [2].

In this paper we establish the first result of this type for a non-random ergodic
operator.2 The most natural and popular operator that fits this description is the
almost Mathieu operator given by

Hλ,α,θ : ℓ2(Z) → ℓ2(Z),

Hλ,α,θu(n) = u(n+ 1) + u(n− 1) + 2λ cos(2π(nα+ θ))u(n),
(1.3)

where λ > 0, α is irrational, θ ∈ R, and ℓ2(Z) denotes the space of square summable
bi-infinite sequences. We will be interested in the supercritical regime that is λ > 1,
which is the regime of localization for almost every value of (α, θ).

The frequency α is Diophantine if there exist κ, τ > 0 such that

(1.4) ‖qα‖ = dist(qα,Z) ≥
κ

qτ

for all integers q ≥ 1. We will also use the notation 0 ≤ β(α) := lim sup− ln ‖qα‖
q

, so

β(α) = 0 for Diophantine α. Frequencies α with small β(α) (with the quantifier de-
pending on the context) are often called weakly Liouville. It was shown in [18] that
for λ > 1 and α Diophantine Anderson localization holds, that is for almost every
θ ∈ R, the operator Hλ,α,θ has pure point spectrum with exponentially decaying
eigenfunctions. This has been extended to the weakly Liouville case in [5].

As far as quantum dynamics goes, the following dynamical statements are known:

(i) Jitomirskaya and Last have shown in [19] that for λ > 15
2 , α Diophantine,

and almost every θ we have

(1.5) sup
t∈R

|〈δk, e
−itHλ,α,θδℓ〉| ≤ Ce−γ|k−ℓ|

where γ > 0 is independent of θ, k, and ℓ, but C > 0 is allowed to depend
on θ and ℓ, but is independent of k.

(ii) Germinet and Jitomirskaya have shown in [13] that for λ > 1 and α Dio-
phantine, we have that for every q > 1

(1.6)

∫ 1

0

sup
t

∑

n∈Z

(1 + |n|)q|〈δn, e
−itHλ,α,θδ0〉|dθ < ∞.

This property is called strong dynamical localization in [13] and a number
of publications on the Anderson model and quasiperiodic operators. As the
conclusion of Theorem 1.1 is stronger a better name might be polynomial
dynamical localization in expectation.

(iii) It is known since [14, 7] that a Diophantine-type assumption is necessary
even for spectral localization.

2 aside from families with uniform localization, where this conclusion holds trivially. It should
be noted that the existing examples with uniform localization (e.g. [9]) are of a rather artificial
nature and do not correspond to physical systems
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(iv) Bourgain and Jitomirskaya [8] have proven dynamical localization results
of the type (ii) for more general quasi-periodic models.

In this note we prove the above described exponential rate of decay for super-
critical almost Mathieu operator with Diophantine (and even weakly Liouville)
frequencies:

Theorem 1.1. Let λ > 1. Then there exists β > 0 such that for α with β(α) < β

we have γ > 0 with γ defined in (1.2).

This immediately implies

Corollary 1.2. Under the conditions of Theorem 1.1 there exists γ > 0 and C > 0
such that

(1.7)

∫ 1

0

sup
t∈R

|〈δℓ, e
−itHλ,α,θδk〉|dθ ≤ Ce−γ|k−ℓ|

for all k, ℓ ∈ Z.

The conclusion of this corollary can be best called exponential dynamical local-
ization in expectation. It is clear that this result implies both the results of [13]
and [19]. The proof of Theorem 1.1 is based on the results of [6]. As the bounds on
eigenfunction decay obtained in [6] are nonquantitative also our bounds on γ are.

It is an interesting and natural question if the limit in the right-hand side of
(1.2) exists in general and if for one dimensional operators γ can be equal to the
minimal Lyapunov exponent as that is how the eigenfunctions often decay (for the
Diophantine almost Mathieu case the almost Lyapunov decay of the eigenfunctions
was shown in [18]). We plan to investigate this question in a future work. It is
also interesting to establish positive decay rate for other well-studied models with
localization, for example, for other quasiperiodic operators in the regime of positive
Lyapunov exponents.

The proof of Theorem 1.1 splits into two parts. In Section 2, we reduce the
question to a question of decay estimates of eigenfunctions with a given localization
center. As we hope that the results will be useful in other contexts, we formulate
this section for general families of operators acting on ℓ2(Zd). In Section 3, we
deduce the appropriate decay estimate from the results of [6].

2. Reduction to a question about eigenfunctions

As the results in the following are valid for general families of operators, we
state them in this generality. Let {Hx}x∈X be a family of self-adjoint operators
on ℓ2(Zd), and (X,µ) a probability space. Assume that for µ almost every x ∈ X

the spectrum of Hx is pure point. Denote by ϕx;s an orthonormal basis of ℓ2(Zd)
consisting of eigenfunctions of Hx. For each ϕx;s, we let nx;s ∈ Z

d be such that

(2.1) |ϕx;s(nx;s)| = ‖ϕx;s‖ℓ∞(Zd).

It is shown for d = 1 in Section 2 of [15]. that ϕx;s and nx;s can be chosen to be
measurable functions of x. The general case can be found in [16].

Fixing λ > 1 and α with β(α) sufficiently small, the results of [18] imply that
the family of operators {Hλ,α,θ}θ∈[0,1] satisfy the above properties when [0, 1] is
equipped with the normalized Lebesgue measure.
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We state the next theorem in a form more general than is necessary for applica-
tion to the almost Mathieu operator. It is our hope that it will be useful in other
contexts. The main difference to a more naive estimate is that one can exploit the
orthogonality of the ϕx;s when estimating

∑

nx;s=n |ϕx;s(ℓ)|
2.

Theorem 2.1. We have for almost every x that

|〈δk, e
−itHxδℓ〉| ≤

∑

s

|ϕx;s(k)ϕx;s(ℓ)|

≤
∑

n





∑

nx;s=n

|ϕx;s(k)|
2

∑

nx;s=n

|ϕx;s(ℓ)|
2





1
2

and
∫

|〈δk, e
−itHxδℓ〉|dµ(x) ≤

∫

∑

s

|ϕx;s(k)ϕx;s(ℓ)|dµ(x)

≤
∑

n





∫

∑

nx;s=n

|ϕx;s(k)|
2dµ(x)

∫

∑

nx;s=n

|ϕx;s(ℓ)|
2dµ(x)





1
2

.

Proof. Denote by Ex;s the eigenvalues of Hx such that Hxϕx;s = Ex;sϕx;s. We have
that

〈δk, e
−itHxδℓ〉 =

∑

s

ϕx;s(k)ϕx;s(ℓ)e
−itEx;s .

By the triangle inequality and reordering the sum, we obtain

|〈δk, e
−itHxδℓ〉| ≤

∑

n∈Z

∑

nx;s=n

|ϕx;s(k)ϕx;s(ℓ)|.

The first equation follows by applying the Cauchy-Schwarz inequality to the inner
sum. The second equation follows from the first by integrating and then applying
the Cauchy-Schwarz to the terms of the form

∫





∑

nx;s=n

|ϕx;s(k)|
2





1
2




∑

nx;s=n

|ϕx;s(ℓ)|
2





1
2

dµ(x).

�

Corollary 2.2. For C, γ > 0 assume for n, ℓ ∈ Z
d, that

(2.2)

∫

∑

nx;s=n

|ϕx;s(ℓ)|
2dµ(x) ≤ Ce−2γ|n−ℓ|.

Then

(2.3)

∫

|〈δk, e
−itHxδℓ〉|dµ(x) ≤

{

C1(γ, d, C)(1 + |k − ℓ|d−1)e−γ|k−ℓ|, d > 1,

C
(

1+γ
γ

+ |k − ℓ|
)

e−γ|k−ℓ|, d = 1.
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3. Almost localization

The goal of this section is to discuss consequences of the work [6] and to give
the proof of Theorem 1.1.

Definition 3.1. Let θ ∈ R, k ∈ Z, and η > 0. Then k is called η-resonant for θ if

(3.1) ‖2θ − kα‖ ≤ e−η|k|.

Given θ and η, we denote by kj the set of η-resonances for θ.

Recall furthermore, that the Almost–Mathieu equation is given by

(3.2) hλ,α,θu(n) = u(n+ 1) + u(n− 1) + 2λ cos(2π(nα+ θ))u(n).

We use the notation hλ,α,θ in contrast with that of (1.3) to emphasize that this is
meant as a difference equation. Theorem 5.1. in [6] states that

Theorem 3.2. For λ,C0 > 1 there exists η(λ) > 0 and β(λ,C0) > 0 so that for
α with β(α) < β there exist C1, γ > 0, such that for θ ∈ R and any solution u of
hλ,α,θu = Eu with u(0) = 1 and |u(n)| ≤ 1 + |n|, we have

(3.3) |u(n)| ≤ C1e
−γ|n|

for C0(1 + |kj |) ≤ |n| ≤ 1
C0

|kj+1| where kj denote the η-resonances of θ.

This theorem implies

Theorem 3.3. We have that

(3.4)

∫ 1

0





∑

n=nθ;s

|ϕθ;s(ℓ)|
2



 dθ ≤ (C1)
2e−2γ|n−ℓ| + e−

η
C0

|n−ℓ|
.

Proof. By replacing θ by θ − nα and ℓ by ℓ− n, we can assume that n = 0. Then
for nθ;s = 0 the functions

us =
1

|ϕθ;s(0)|
ϕθ;s

satisfy the assumptions of the previous theorem. So we obtain that if ℓ is not
η-resonant for θ that

|ϕθ;s(ℓ)| ≤ C1|ϕθ;s(0)|e
−γ|ℓ|.

By orthogonality
∑

s |ϕθ;s(0)|
2 = 1, thus we obtain for these θ that

∑

nθ;s=0

|ϕθ;s(ℓ)|
2 ≤ (C1)

2e−2γ|ℓ|.

Hence, we obtain that

∫ 1

0





∑

nθ;s=0

|ϕθ;s(ℓ)|
2



 dθ ≤ (C1)
2e−2γ|ℓ|

+

∣

∣

∣

∣

{

θ : ∃k η-resonances of θ with
1

C0
|k| ≤ |ℓ| ≤ C0(1 + |k|)

}∣

∣

∣

∣

.

For fixed k the set of θ such that k is η-resonant for θ has measure e−η|k|. As the
smallest possible choice for k in the previous equation is 1

C0
|ℓ| the claim follows. �

Proof of Theorem 1.1 and Corollary 1.2. By the previous theorem, the assump-
tions of Corollary 2.2 hold. The claim follows. �



6 S. JITOMIRSKAYA AND H. KRÜGER
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