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Statistical determination of the length dependence
of high-order polarization mode dispersion

A. Eyal, Y. Li, W. K. Marshall, and A. Yariv

Department of Applied Physics, California Institute of Technology, Mail Stop 128-95, Pasadena, California 91125

M. Tur

Department of Interdisciplinary Studies, Faculty of Engineering, Tel Aviv University, Tel Aviv 69978, Israel
Received January 10, 2000

We describe a method of characterizing high-order polarization mode dispersion (PMD). Using a new
expansion to approximate the Jones matrix of a polarization-dispersive medium, we study the length
dependence of high-order PMD to the fourth order. A simple rule for the asymptotic behavior of PMD for
short and long fibers is found. It is also shown that, in long fibers ��1000 km�, at 40 Gbits�s the third- and
fourth-order PMD may become comparable to the second-order PMD.  2000 Optical Society of America
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Recently the high-order effects of polarization mode
dispersion (PMD) have attracted attention as a poten-
tial limiting factor in the performance of high-capacity
optical systems.1 – 3 In this Letter we provide, for what
is believed to be the first time, a quantitative study
of the statistical properties of PMD for orders higher
than the second and show that in long optical links,
at transmission rates of 40 Gbits�s (and higher), these
high-order effects may become significant.

In the absence of polarization-dependent loss or gain
the effect of PMD can be conveniently described in
terms of the polarization mode dispersion vector
(PMDV), V. This three-dimensional vector is used to
describe the variation of the output state of polariza-
tion, ŝout�v�, as a function of the optical frequency v on
the Poincaré sphere. The states of polarization, which
are parallel and antiparallel to V, are the well-known
principal states of polarization (PSP’s), and their
differential group delay is given by the magnitude of
V. High-order effects of PMD arise from variation of
the PSP’s and the differential group delay (or equiva-
lently, variation of V) with the optical frequency.
It has been shown that the effects of second-order
PMD can be described in terms of the frequency
derivative of the PMD vector, Vv � V0.1,2 The PMDV
and its frequency derivative are three-dimensional
random processes whose statistical properties are well
established.1,4,5

Until now PMD effects and characteristics higher
than the second-order have rarely been treated in the
literature. In this Letter we use a recently introduced
model3 and a Monte Carlo simulation to compare
the magnitudes of the effects of different orders of
PMD and to study the length dependence of high-
order PMD to the fourth order. The model is based
on an exponential expansion of the Jones matrix of
the transmission medium. The model reproduces the
results of the PMDV-based models and provides a
simple and systematic way of extending the analysis
to an arbitrary order of PMD and in the presence of
polarization-dependent loss or gain.

Let T �v� be the frequency-dependent Jones matrix
of a linear transmission medium. The exponential
0146-9592/00/120875-03$15.00/0
expansion of T �v� near a given optical frequency v0
is expressed as3
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where Dv ,, v0, T0 � T �v0�, and the characteris-
tic matrices Nk �k � 1, 2, 3 . . .� are 2 3 2 complex
matrices, which one can find by successively differen-
tiating Eq. (1) with respect to Dv and then substitut-
ing Dv � 0. The first four terms in the expansion are
given by
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Here the primes denote differentiation with respect
to frequency. It can be seen that as long as T �v�
is nonsingular (i.e., the system does not contain an
ideal polarizer) and is differentiable M times, Nk are
well defined for k � 1, 2, 3 . . .M . Using the expan-
sion [Eq. (1)], we can represent each order of PMD as a
separate optical system with eigenstates êk6 and eigen-
values ak6.3 We refer to êk6 as the input principal
states of polarization of the kth order, and the differ-
ence between the imaginary parts of ak1 and ak2, dk �
�ak1 2 ak2�, defines the magnitude of the kth-order
PMD. The first-order eigenstates, ê16, are the well-
known (input) PSP’s of the medium, and Im�d1� is the
differential group delay associated with them.6 The
correspondence between the first-order descriptors of
our model and the PMDV can also be formulated with
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a general result from representation theory7:

V1, 2, 3 � Im�Tr�T0N1T0
21s3, 1, 2�� , (3)

where V1, 2, 3 are the elements of V and si are the Pauli
spin matrices. A similar relation between the second
characteristic matrix and Vv can be obtained if we note
that formally d�T0

21��dv0 � 2T0
21�dT0�dv0�T0

21 and
N2 � dN1�dv0. Thus, differentiating Eq. (3) with re-
spect to v0 yields

Vv1,2, 3 � Im�Tr�T0N2T0
21s3, 1, 2�� . (4)

By explicitly expanding the right-hand side of Eq. (4),
it is easy to show that jVvj � Im�d2� and that if no
polarization-dependent loss is present (in which case
T is unitary and Nk are skew Hermitian) the Stokes
representations of T0ê26 are aligned with Vv . It was
shown in Ref. 3 that in studying the effect of second-
order PMD it is useful to consider a medium in which
the first-order PMD is compensated for. In such a
medium the dominant effect of PMD is the differential
quadratic phase acquired by the second-order PSP’s.
This differential phase is given by 1/2Dv2 Im�d2� and
leads to differential broadening of pulses. Pulses that
are aligned with ê21 or ê22 will experience maxi-
mum or minimum broadening, respectively. An in-
teresting situation occurs near the frequency of zero
average chromatic dispersion (where a21 1 a22 � 0)
in the presence of chirp. In this case a22 is nega-
tive, and chirped pulses that are aligned with ê22 are
compressed. This phenomenon was first observed by
Poole and Giles.8 Our model completes their analysis,
as it identif ies the two polarization states (the second-
order PSP’s) in which the effect is maximized.

In the absence of polarization-dependent loss the
exponential expansion leads to the following picture
on the Poincaré sphere: The state of polarization at
the output of a polarization-dispersive medium moves
on the sphere as the frequency deviates from v0.
At each frequency point the transformation of the
state of polarization from its original position (at the
input of the medium) can be described by successive
rotations. The axes of the rotations are defined by the
Stokes representations of êk6, and the angles are given
by 1/k!Dvkdk � hk. Hence, for a given bandwidth,
Dv, one can use hk to compare the contributions
of the different orders of PMD. Alternatively, we
can use them to determine the frequency range in
which a k-orders description of PMD is valid. In the
presence of polarization-dependent loss or gain this
geometrical description is no longer valid, but our
model requires no modifications. The kth-order PSP’s
still exist, although they are no longer orthogonal and
ak6 are not purely imaginary, but their imaginary
parts still describe the (kth-order) phase dispersion
and hk can still be used. The real parts of ak6

may contribute to amplitude dispersion that introduces
additional distortion, but this effect is not studied here.

We adopt the stochastic model of Ref. 5 to simulate
the randomly f luctuating birefringence in both long
and short optical communication fibers. Two fiber
sets, one with lengths as great as 500 m and the other
with lengths as great as 1000 km, are studied. Fifty
separate realizations for each set are used. For each
fiber realization the variances of the first four hk as a
function of fiber length are calculated. Typical values
are chosen for the birefringence Dn and the birefrin-
gence correlation length1,5 h. Simulation results, as
well as the well-established1,4 theoretical length depen-
dence of ��V2	�1/2 and ��Vv

2	�1/2, are plotted in Figs. 1
and 2. The specific values of Dn and h that are used
(Dn � 3 3 1027, h � 30 in Fig. 1 and Dn � 3 3 1027,
h � 25 in Fig. 2) bear no special signif icance but were
chosen so that hk can all be plotted together and will
be visually distinguishable. The excellent agreement

Fig. 1. Length-dependent statistics of the first four orders
of PMD for short fibers at the 1-THz bandwidth. The
circles, triangles, dashed curve, and plus signs, respec-
tively, represent the simulated first-, second-, third-, and
fourth-order PMD, and the solid curves connecting the
shapes represent the theoretical predictions for the first-
and second-order PMD.

Fig. 2. Length-dependent statistics of the first four orders
of PMD for long fibers at 40-GHz bandwidth. The circles,
triangles, dashed curve, and plus signs, respectively,
represent the simulated first-, second-, third-, and fourth-
order PMD, and the solid curves connecting the shapes
represent the theoretical prediction for the first- and
second-order PMD.
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Fig. 3. Top, short-end limit behavior of the third-order
(circles) and the fourth-order (plus signs) PMD. Bottom,
long-end limit behavior of the third-order (circles) and the
fourth-order (plus signs) PMD.

of the calculated statistics of h1 and h2 (open circles
and triangles, respectively) with the theoretical
prediction (solid curves) confirms the validity of our
simulation and model. Also shown in Fig. 1 are the
length-dependent statistics of the third-order (dashed
curves) and fourth-order PMD (plus signs). For the
typical values of h and Dn that were chosen, one
can see that for a 1000-km-long fiber, the effects of
third- and fourth-order PMD become comparable to
the second-order PMD at a bandwidth Df � 40 GHz.
For a 500-m short fiber, on the other hand, the higher-
order PMD can be safely neglected even at a bandwidth
near 1 THz.

It has been shown in the literature that the first- and
second-order PMD assume simple asymptotic behavior.
For short fibers the variance of V (or h1) scales linearly
with the fiber length L and the variance of Vv (or h2)
scales as L5/2; for long fibers, the variances of V and
Vv scale as L1/2 and L1, respectively. We have found
that similar asymptotic behavior also exists for higher-
order PMD effects. In Fig. 3 we show the asymptotic
behavior for third- and fourth-order PMD (i.e., h3
and h4). According to our least-squares numerical fit,
��h3

2	�1/2 ~ L3.47 and ��h4
2	�1/2 ~ L4.46 in the short-end
limit, and ��h3
2	�1/2 ~ L1.51 and ��h4

2	�1/2 ~ L2.02 in the
long-end limit. This strong evidence of tendency leads
us to the following proposition: The variance of the
kth-order PMD, hk for k $ 2, scales as Lk11/2 in the
short-f iber limit and scales as Lk/2 in the long-fiber
limit.

Note that the data spread in the long-fiber limit is
much greater than that in short-f iber limit. This is
because the long length limit falls in the complete-
randomness region, so the relative spread of data
is proportional to 1�

p
N , where N is the number of

realizations. In the short-limit case, however, as we
are dealing with lengths ,h, the resulting data are
correlated and show a smaller degree of randomness.

In conclusion, the behavior of higher-order PMD, es-
pecially in the long-fiber limit, has important impli-
cations for future high-bit-rate optical transmission
systems. The exponential expansion approach per-
mits a quantitative comparison of the effects of differ-
ent orders of PMD. A numerical study of the length
dependence of high-order PMD statistically yields a
simple rule for the asymptotic behavior of high-order
PMD in short and long fibers. This study also shows
that in long fibers ��1000 km� the third- and fourth-
order PMD may become comparable to the second-order
PMD at 40 Gbits�s.
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