
Supplementary Material

Appendix A: Entanglement spectrum for PEPS

In this Appendix, we explain how to derive Eq. (1)
for the entanglement spectrum, cf. Ref. [9]. Consider a
bipartition of a PEPS into a left and a right part, and
denote the physical indices i1, . . . , iNL

in the left part by
i = (i1, . . . , iNL

), and the physical indices iNL+1, . . . , iN
in the right part by j = (iNL+1, . . . , iN ). Further denote
the virtual indices α1, . . . , αNv crossing the boundary by
α = (α1, . . . , αNv ). Then, the total state can be written
as

|Ψ〉 =
∑
α

LαiRαj |i〉|j〉 ,

where Lαi and Rαj are obtained by contracting all ten-
sors in the left and right half, respectively. We de-
fine σL = LL† and σR = RR†, as discussed just be-
fore Eq. (1); moreover, we introduce the polar decom-
position of L, L = PV , where V is an isometry and

P =
√
LL† = σL. Then, the reduced state of |Ψ〉 on the

left is

ρL =
∑
i,i′

∑
α,α′,j

LαiRαjL
∗
α′i′R

∗
α′j |i〉〈i′|

= LT RR† L∗

= V T
√
σ∗L σR

√
σ∗LV

∗ .

Since V is an isometry, it follows that ρL and σ =√
σ∗LσR

√
σ∗L have the same spectrum, which proves

Eq. (1).

Appendix B: Asymptotic equiprobability of parity
blocks in the Gibbs state

In this Appendix, we give a partial proof for the fol-
lowing Conjecture, which proves that in order to obain a
local boundary Hamiltonian, the weight of the states in
all sectors has to be chosen equal.

Conjecture 1 Let H =
∑N
i=1 hi be a Hamiltonian on a

chain of d-level systems of length N with periodic bound-
aries, such that ‖hi‖ ≤ 1, and each of the hi has interac-
tion range at most k. Further, there exists a single-site
operator Z with eigenvalues ±1 such that [hi, Z

⊗N ] = 0
for all i. Then,

lim
N→∞

tr[Z⊗Ne−βH ]

tr[e−βH ]
= 0

for any 0 ≤ β <∞.

For sufficiently small β, the conjecture can be proven
using a result of Hastings [22]. There, it is shown that

for some β < β∗ = O(1) (which depends on the lattice
geometry), exp[−βH] can be approximated up to an error
ε = exp[N exp(−`/ξ)]− 1 in trace norm by a mixture

ρ(`) =
∑
A
pA
⊗
A∈A

ρA ,

where the sum goes over partitions A = (A1, A2, . . . ) of
the chain into blocks Ai of length at most `, the ρA are
Gibbs states on block A, and ξ is a constant depending
on the lattice geometry. By choosing ` = (1 + κ)ξ logN
(κ > 0), we find that ε = exp[N−κ]− 1 ≤ 2N−κ → 0.

On the other hand, we can bound∣∣∣∣ tr[Z⊗|A|ρA]

tr[ρA]

∣∣∣∣ ≤ eβ` − e−β`

eβ` + e−β`
= tanh(β`) ,

and thus ∣∣∣∣ tr[Z⊗Nρ(`)]

tr[ρ(`)]

∣∣∣∣ ≤ tanh(β`)N/`

≤ (1− exp[−2β`])N/`

= (1−N−2β(1+κ)ξ)N/`

For large enough N , we can further bound N/` ≥ N1−δ

for any δ > 0, and thus (with M = N1−δ)∣∣∣∣ tr[Z⊗Nρ(`)]

tr[ρ(`)]

∣∣∣∣ ≤ [1−M− 2β(1+κ)ξ
1−δ

]M
→ 0

as long as 2β(1 + κ)ξ/(1− δ) < 1, i.e., as long as

β < β̃ =
1

2(1 + κ)ξ
.

Combining this with the bound on the trace norm dis-
tance between the Gibbs state and ρ(`), this proves the
conjecture for sufficiently small β.

Appendix C: Analysis of the locality of the
boundary Hamiltonian

In this Appendix, we explain how we determine the
locality of the Hamiltonian by decomposing it into local
terms, as shown in Figs. 4 and 5.

Given a Hamiltonian H on N spins, we can decompose
it as

H =

3∑
i1,...,iN=0

ci1,...,iNσ
i1 ⊗ σi2 ⊗ · · · ⊗ σiN ,

where σ0, σ1, σ2, σ3 = 11, X, Y, Z are the Pauli matri-
ces. Any term in the sum is characterized by a string



2

(i1, . . . , iN ); we say it has locality d if the maximal dis-
tance (with periodic boundaries) of any two ik 6= 0 is
d. (Thus, d = 0 are one-site terms, d = 1 are nearest
neighbor terms, d = 2 includes both next-nearest neigh-
bor two-body terms and true three-body terms on three
contiguous spins, etc.)

The plots show the overall weight of terms with locality
d as a function of d, i.e., wd = |~cd|, where ~cd is the vector
of all ci1,...,iN with locality d, and | · | is the 2-norm. By
choosing the 2-norm, we ensure that wd is independent of
the choice of local basis (with operator-norm normalized
basis elements). This can be seen by noting that for
hermitian single-site operator, O = ασ1 + βσ2 + γσ3,

‖O‖∞ =
√
α2 + β2 + γ2, i.e., rotationally invariant and

thus basis-independent.

Appendix D: RVB and PEPS

For the convenience of the reader, we provide here a
brief introduction to Resonating Valence Bond (RVB)
states in the PEPS formalism, as well as the interpolation
from it to the Toric Code. We refer the reader interested
in more details to Ref. [20].

Let us first introduce the dimer and resonating valence
bond (RVB) states on the kagome lattice. A dimer is a
pair of vertices connected by an edge. A dimer covering
is a complete covering of the lattice with dimers, Fig. 1a.
We can associate orthogonal quantum states |D〉 with
each dimer covering D. Then, the dimer state is given by
the equal weight superposition |Ψdimer〉 =

∑
|D〉, where

the sum runs over all dimer coverings D. Note that the
dimer state is known to be locally unitarily equivalent to
Kitaev’s Toric Code [20,23,24].

To obtain the RVB state, we now associate to each
vertex of the lattice a spin-12 particle with basis states
|0〉 ≡ |↑〉 and |1〉 ≡ |↓〉. Then, for each dimer covering
D we define a state |σ(D)〉 which is a tensor product of
singlets |01〉 − |10〉 (we omit normalization throughout)
between the pairs of spins in each dimer in the cover-
ing ( using some consistent orientation). The resonating
valence bond (RVB) state is then defined as the equal
weight superposition |ΨRVB〉 =

∑
D |σ(D)〉 over all dimer

coverings.

FIG. 1. a) Dimer covering of the kagome lattice. b) PEPS
construction for the RVB state on the kagome lattice.

To obtain a PEPS description of the RVB state, we
first place 3-qutrit states

|ε〉 =

2∑
i,j,k=0

εijk|ijk〉+ |222〉 , (D1)

inside each triangle of the kagome lattice, as depicted in
Fig. 1b. Here, εijk is the completely antisymmetric ten-
sor with ε012 = 1, and i, j, and k are oriented clockwise.
This corresponds to having either one or no singlet in
the {|0〉, |1〉} subspace in the triangle, the absence of a
singlet being marked by |2〉. Second, we apply the map

P = |0〉(〈02|+ 〈20|) + |1〉(〈12|+ 〈21|) (D2)

at each vertex, which selects exactly one singlet per ver-
tex. It is straightforward to check that this construction
exactly gives the RVB state. If we replace P by

P⊥ = |02〉〈02|+ |12〉〈12|+ |20〉〈20|+ |21〉〈21| , (D3)

we obtain a representation of the dimer state, since now
all dimer configurations are locally orthogonal. Finally,
we can smoothly interpolate between the dimer and the
RVB (up to isometry), by choosing

P(θ) = |+〉
[
|0〉(〈02|+ 〈20|) + |1〉(〈12|+ 〈21|)

]
+ θ |−〉

[
|0〉(〈02| − 〈20|) + |1〉(〈12| − 〈21|)

]
,

(D4)

with θ = 1 the dimer and θ = 0 the RVB state, which is
the interpolation studied in Fig. 5.
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