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Abstract
The existence of three generations of neutrinos and their mass mixing are the deep mysteries of
our universe. The history of neutrino physics can be traced back to Majorana’s elegant work on a
real solution of the Dirac equation – known as the Majorana fermion. A cutting-edge step towards
understanding the nature of neutrino has been taken by the experimental discovery of neutrino
mass mixing during the past decade, which indicates neutrino has a small but non-vanishing mass.
A natural way to explain the origin of this small mass is the so-called seesaw mechanism, which
requires the neutrino to be a Majorana fermion. Recently, Majorana’s spirit returns in modern
condensed matter physics – in the context of Majorana zero modes in certain classes of topological
superconductors(TSCs). In this paper, we attempt to investigate the topological nature of the
neutrino by establishing a connection between the Majorana fermion and Majorana zero modes –
assuming a relativistic Majorana fermion is made up of four Majorana zero modes. We begin with
an exactly solvable 1D condensed matter model which realizes a T 2 = −1 time reversal symmetry
protected TSC. We show that the pair of Majorana zero modes on each end will realize a T 4 = −1
representation of the time reversal symmetry and carry 1/4 spin. We find that a pair of Majorana
4

zero modes can realize a P 4 = −1 parity symmetry as well and even a nontrivial C = −1 charge
conjugation symmetry. The CP T symmetries for a Majorana fermion made up of four Majorana
modes form a super algebra. We then generalize the CP T super algebra into quantum field theory
and point out that the nontrivial charge conjugation symmetry can be promoted to a Z2 gauge
symmetry, whose spontaneously breaking leads to the origin of the (right-handed) neutrino mass.
The Z2 gauge symmetry indicates the existence of the fifth force in our universe, which is possible
to be detected in future LHC experiment. Finally, we show that the origin of three generations
of neutrinos can be naturally explained as three distinguishable ways to form a pair of complex
fermions(a particle and an anti-particle) out of four Majorana zero modes, characterized by the
T 4 = −1, (T P )4 = −1 and (T C)4 = −1 fractionalized symmetries that particles/anti-particles
carry. Together with the Z2 gauge (minimal coupling) principle, we are able to determine the mass
mixing matrix with no fitting parameter at leading order(in the absence of the CP violation and
charged lepton contribution). We obtain θ12 = 31.7◦ , θ23 = 45◦ and θ13 = 0◦ (known as the golden
ratio pattern), which are intrinsically close to the current experimental results. We further predict
√
an exact mass ratio for the three mass eigenstates with m1 /m3 = m2 /m3 = 3/ 5.
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I.

INTRODUCTION

In a summer night, when looking at the starry sky and thinking about the origin of our
beautiful universe, we may not even notice that we are surrounded by billions of neutrinos.
The neutrino, first discovered in 1956[1] and named as the ”ghost particle”, has extremely
weak interactions with other matters, and it is one of the big mysteries to us and has a deep
relationship with the physics of early universe.
The theoretical perspective of neutrino physics can be traced back to Ettore Majorana’s
elegant work[2] on a real solution to the Dirac equation – known as the Majorana fermion.
Unfortunately, for over a century, we have found that all the fundamental particles have their
own anti-particles and therefore are described by Dirac fermions. However, the neutrino is
still possible to be a Majorana fermion because it does not carry electric charge. In the
Standard Model(SM), the neutrino is described by a left-handed chiral Weyl fermion with
zero rest mass[3], but it is not clear whether the neutrino is a Dirac fermion or a Majorana
fermion. The smoking gun experiment that might be able to distinguish these two cases is
the so-called neutrinoless double-β decay, unfortunately, such experimental evidence is still
missing so far[4–7].
A cutting-edge step towards understanding this big puzzle has been taken by the neutrino
oscillation experiments during the past decade[8–18]. These experiments have confirmed that
the neutrino has a nonzero mass, at energy scale of 0.1eV . This big discovery starts to shake
the foundation of modern particle physics, which is built on the well tested SM. So far, it is
the first and the only new physics beyond the SM that has been observed experimentally.
The biggest challenges of the puzzles are: (1)Where does the neutrino mass come from?
(2)Why there are three generations of neutrinos[19]? (3)Where do those mystery mixing
angles come from? An elegant way to explain the origin of neutrino mass is to introduce a
sterile right-handed neutrino that does not carry any electric-weak charge, and through the
so called seesaw mechanism[20–22] – by introducing a heavy Majorana mass for the righthanded sterile neutrino, a small mass for the left-handed light neutrino can be induced.
Apparently, the seesaw mechanism requires the neutrino to be a Majorana fermion, however
the rest two puzzles have not been solved in a natural way so far.
On the other hand, after almost 80 years since Majorana’s disappearance, his spirit returns in modern condensed matter physics [23] – in the context of Majorana zero modes in
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certain classes of topological superconductors(TSCs)[24, 25]. Searching for Majorana zero
modes has become a fascinating subject both theoretically[26–30]and experimentally. Very
recently, experimental evidences for the existence of Majorana zero modes in 1D have been
observed in superconductor/semiconductor nanowire devices[31–33] based on an elegant theoretical proposal[34, 35]. Nevertheless, despite the similarity in mathematical structure, Majorana modes have nothing to do with the Majorana fermion in the SM from a traditional
perspective.
In this paper, we attempt to investigate the topological nature of neutrinos by establishing
a connection between a Majorana fermion and Majorana zero modes – assuming a relativistic
Majorana fermion is made up of four Majorana zero modes. We begin with an exactly
solvable 1D condensed matter model which realizes a T 2 = −1 time reversal symmetry
protected TSC and show that the pair of Majorana zero modes on its ends realize a T 4 = −1
representation of time reversal symmetry and carry 1/4 spin. We then show that such kind
of fractionalized representation for a pair of Majorana zero modes can be generalized into a
4

P 4 = −1 parity symmetry and a C = −1 nontrivial charge conjugation symmetry as well.
These fractionalized CP T symmetries allow us to define a CP T super algebra for a Majorana
fermion made up of four Majorana modes. Furthermore, we find that the nontrivial charge
conjugation symmetry C changes the sign of the mass term.(It is well known that the
usual charge conjugation symmetry has a trivial action on a Majorana fermion.) Therefore,
under the assumption that the nontrivial charge conjugation symmetry is indeed a Z2 guage
symmetry, the origin of the (right-handed) neutrino mass can be explained by spontaneous
gauge symmetry breaking through the Anderson-Higgs mechanism[36].
These new concepts can even explain the origin of three generations of neutrinos, as
there are three inequivalent ways to form a pair of complex fermions(a particle and an antiparticle) out of four Majorana zero modes, characterized by the T 4 = −1, (T P )4 = −1
and (T C)4 = −1 fractionalized symmetries that the particles/anti-particles carry. Together
with the Z2 gauge (minimal coupling) principle, we are able to derive the neutrino mass
mixing matrix with no fitting parameters within leading order(LO) approximation(without
CP violation and charged lepton contributions). The obtained mixing angles are consistent
with the golden ratio(GR) pattern that has been proposed phemomelogically[37–40], which
is intrinsically close to the current experimental observations. However, our mass mixing
matrix has an enhanced symmetry compared to the standard GR pattern with a Z2 ⊗ Z2
4

Klein symmetry. We find that there are three Z2 symmetry generators U, S, R in our theory,
satisfying an interesting algebra with U 2 = S 2 = R2 = 1 and U S = SU, U R = RU, SR =
−U RS. Within the LO approximation, the left-handed light neutrinos have an inverted
hierarchy structure and satisfy a special mass ratio relation m1 = m2 =

√3 m3 .
5

Based on

the current experimental data for ∆m223 , we obtain m1 = m2 ' 0.075eV and m3 ' 0.054eV .
Since within LO approximation ∆m212 = 0 and θ13 = 0, the experimentally observed small
mass splitting ∆m212 and nonzero θ13 are purely contributed by the CP violation physics and
we expect an interesting relation |∆m12 /∆m23 | ∼ θ13 /θ23 . Our prediction of (approximated)
neutrino masses is also consistent with the cosmological bound on neutrino masses, where
m1 + m2 + m3 < 0.3eV [41].
The paper is organized as follows: In section II, we begin with a 1D TSC protected by the
T 2 = −1 symmetry and show why a pair of Majorana zero modes on each end must carry a
T 4 = −1 symmetry. Then we discuss the concepts of 1/4 spin for a Majorana spinon and the
vacuum polarization physics. In section III, we first discuss how to realize Majorana zero
modes in higher dimensions, then we show that a relativistic dispersion and an SU (2) spin
can emerge at quantum criticality with proliferated Majorana zero modes. In section IV, we
4

propose a P 4 = −1 parity symmetry, a C = −1 nontrivial charge conjugation symmetry for
a pair of Majorana zero modes and show that the CP T symmetries for a Majorana fermion
made up of four Majorana zero modes form a super algebra. In section V, we generalize
the CP T super algebra into the relativistic quantum field theory and discuss the origin of
(right-handed) neutrino mass. In section VI, we give a simple explanation of the origin of
three generations of neutrinos and show how to use quantum field theory to describe the
three generations of neutrinos. In section VII, we derive the neutrino mass mixing matrix
with no fitting parameters. Then we analyze the symmetry of mass mixing matrix and
discuss the CP violation physics. Finally, we summarize the new concepts proposed in this
paper and discuss other possible new physics along this line of thinking.
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FIG. 1: (color online)A 1D topological superconductor protected by the T 2 = −1 time reversal symmetry can be constructed by two copies of Kitaev’s Majorana chains with opposite spin
species. We note that each physical site consists of four Majorana modes, or two Majorana spinons.
The dangling Majorana spinons on both ends become zero modes protected by the time reversal
symmetry.

II.

THE T 4 = −1 TIME REVERSAL SYMMETRY FOR MAJORANA ZERO

MODES
A.

1D Majorana chain with T 2 = −1 time reversal symmetry

To begin, we consider a 1D topological superconductor protected by the time reversal symmetry T 2 = −1, which realizes a special symmetry protected topological(SPT) phases[42] in
1D. Literally, such a 1D TSC has been originally proposed in a 1D free fermion system with
a T 2 = −1 symmetry(the DIII class)[43, 44]. The simplest model that realizes such a 1D
topological superconductor is just two copies of Kitaev’s Majorana chains[24] with opposite
spin species, as seen in Fig.1, described by the following Hamiltonian:
H=

N X
X
i=1

0
iσγi,σ
γi+1,σ ,

(1)

σ

0
The Majorana operators γi,σ and γi,σ
satisfy:

{γi,σ , γi00 ,σ0 } = 0;

{γi,σ , γi0 ,σ0 } = 2δii0 δσσ0

6

(2)

In terms of the complex fermion operators:
1
0
ci,↑ = (γi,↑ + iγi,↑
);
2

1
0
ci,↓ = (γi,↓ − iγi,↓
)
2

(3)



ci+1,σ + c†i+1,σ

(4)

We can rewrite the above Hamiltonian as:
H=

N X
X
i=1

ci,σ − c†i,σ

σ

Under the time reversal symmetry, the bulk complex fermion operators transform as usual:
T iT −1 = −i;

T ci,↑ T −1 = −ci,↓ ;

T ci,↓ T −1 = ci,↑

T c†i,↑ T −1 = −c†i,↓ ;

T c†i,↓ T −1 = c†i,↑ ,

(5)

0
0
According to Eq.(3), it is clear that Majorana spinons (γi,↑ , γi,↓ ) and (γi,↑
, γi,↓
) on a single

site should transform in the same way:
T iT −1 = −i;

T γi,↑ T −1 = −γi,↓ ;

T γi,↓ T −1 = γi,↑

T iT −1 = −i;

0
0
T γi,↑
T −1 = −γi,↓
;

0
0
T γi,↓
T −1 = γi,↑

(6)

Although the model Hamiltonian Eq.(1) is very simple, it describes a nontrivial time
reversal symmetry protected TSC, characterized by topological zero modes and the symmetry fractionalization on its ends. On the other hand, Eq.(1) also describes a fixed point
Hamiltonian with zero correlation length, therefore all its nontrivial topological properties
could be applied to generic models describing the same SPT phase.
As seen in Fig. 1, a pair of dangling Majorana modes with opposite spins( γ↑ ≡ γ1,↑ , γ↓ ≡
0
0
γ1,↓ for left end and γ↑0 ≡ γN,↑
, γ↓0 ≡ γN,↓
for right end) form a Majorana spinon on each end,

and Eq.(6) implies that the fermion mass term iγ↑ γ↓ (iγ↑0 γ↓0 ) changes sign under the time
reversal. Thus, the pair of Majorana modes are stable against T -preserving interactions and
the Hamiltonian Eq.(1) describes a time reversal symmetry protected TSC. Recent progress
on the classification of 1D SPT phases[45, 46] further pointed out that the edge Majorana
modes indeed carry the T 4 = −1 projective representation of time reversal symmetry, rather
than the usual T 2 = −1 representation. A simple reason why we need such a T 4 = −1
representation can be explained as following: If we assume a Majorana spinon carries the
same T 2 = −1 representation as Kramers doublets, the total time reversal symmetry action
on a single physical site will carry a T 2 = 1 representation as it contains two Majorana
7

spinons. Therefore, a T 2 = −1 representation for the complex spinon on a single physical
site prohibits the same T 2 = −1 representation for a Majorana spinon.
To understand the origin of the T 4 = −1 representation, we need to investigate the precise
meaning of T 2 = −1 time reversal symmetry for interacting fermion systems. Indeed, the
local Hilbert space on a single site for the above T 2 = −1 TSC is a Fock-space which
involves both fermion parity odd states c†i,↑ |0i, c†i,↓ |0i and parity even states |0i, c†i,↑ c†i,↓ |0i.
It is clear that the fermion parity odd basis carries a projective representation of time
reversal symmetry T 2 = −1 while the fermion parity even basis carries a linear representation
T 2 = 1. As a result, the time reversal symmetry group for interacting fermion systems has
been extended over the Z2 fermion parity symmetry group {I, Pf }, and the total symmetry
group should consist of four group elements {I, T, T 2 , T 3 } with T 4 = 1, which is a Z4 group.
We note that the Z2 fermion parity symmetry can not be broken in local interacting fermion
systems, hence such a group extension can not be avoided. Since 1D SPT phases are classified
by the projective representation of the corresponding symmetry group[45, 46], the Majorana
spinon (γ↑ , γ↓ ) and (γ↑0 , γ↓0 ) on both ends must carry the projective representation of the bulk
Z4 antiunitary symmetry with T 4 = 1, which leads to the T 4 = −1 representation.
Possible experimental realization of such an interesting TSC has been proposed by several
groups recently[47–50]. In the following, we show how to write down an explicit time reversal
operator to realize the fractionalized T 4 = −1 symmetry for a Majorana spinon.

B.

T 4 = −1 time reversal symmetry

For the pair of Majorana zero modes γ↑ and γ↓ on the left end, let us define the antiunitary operator T by T = U K, where U is a unitary operator:
π
1
U = √ (1 + γ↑ γ↓ ) = e 4 γ↑ γ↓
2

(7)

Since (γ↑ γ↓ )† = γ↓ γ↑ = −γ↑ γ↓ , we have:
π
1
U † = √ (1 − γ↑ γ↓ ) = e− 4 γ↑ γ↓
2

(8)

It is straightforward to verify that U is a unitary operator:
1
U U † = (1 + γ↑ γ↓ )(1 − γ↑ γ↓ ) = 1
2
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(9)

Furthermore, this new definition of time reversal operator gives rise to the correct transformation law for γ↑ and γ↓ :
1
(1 + γ↑ γ↓ )γ↑ (1 − γ↑ γ↓ ) = −γ↓
2
1
= (1 + γ↑ γ↓ )γ↓ (1 − γ↑ γ↓ ) = γ↑ ,
2

T γ↑ T −1 =
T γ↓ T −1

(10)

However, we notice that T 2 = γ↑ γ↓ 6= −1 and satisfies:
T 4 = (γ↑ γ↓ )2 = −1

(11)

We call the two Majorana modes that carry the above T 4 = −1 representation as Majorana
doublets, which can be viewed as a square rooted representation of the usual Kramers
doublets. With such a definition of time reversal symmetry operator for a pair of Majorana
modes, the symmetry protected nature becomes manifested, since a T 4 = −1 projective
representation can not be destroyed by time reversal preserving local interactions.
Similarly, for the pair of Majorana zero modes γ↑0 , γ↓0 on the right end, T can be defined
by T = U 0 K with:
π 0 0
1
U 0 = √ (1 + γ↑0 γ↓0 ) = e 4 γ↑ γ↓
2

(12)

The above definition of T 4 = −1 time reversal operators on both ends can be applied to
0
0
any physical site i which contains two Majorana spinons (γi,↑ , γi,↓ ) and (γi,↑
, γi,↓
). The total
π

π

0

0

time reversal action is defined by T = Ui ⊗ Ui0 K with Ui = e 4 γi,↑ γi,↓ and Ui0 = e 4 γi,↑ γi↓ . We
have:
f
f
0
0
T 2 = γi,↑ γi,↓ γi,↑
γi,↓
= Pif = Pi,L
Pi,R

(13)

with
f
Pi,L
= −iγi,↑ γi,↓ ;

f
0
0
Pi,R
= iγi,↑
γi,↓
,

(14)

Here P f is the total fermion parity for a single physical site and PLf (PRf ) is fermion parity
operators for the left(right) pair of Majorana spinon. The above definition of time reversal
symmetry operator satisfies the requirement of T 2 = −1 for fermion parity odd states while
it satisfies T 2 = 1 for fermion parity even states.
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C.

Representation theory of the T 4 = −1 time reversal symmetry

In the above, we use an algebraic way to construct the T 4 = −1 symmetry, which will be
very helpful for us to understand the underlying physics and provides us a simple way to do
calculations. Now let us work out the explicit representation theory for the T 4 = −1 time
reversal symmetry. We note that the two pairs of Majoran spinons on both ends allow us
to define two complex fermions cL and cR :
1
cL = (γ↑ + iγ↓ );
2

1
cR = (γ↑0 − iγ↓0 )
2

(15)

where cL(R) transforms nontrivially under the T 4 = −1 symmetry. We have:
T cL T −1 = −ic†L ;
T c†L T −1 = icL ;

T cR T −1 = ic†R
T c†R T −1 = −icR

(16)

Since the T operator only involves two Majorana operators, we are able to construct a precise
two dimensional representation theory for the T 4 = −1 symmetry. On the other hand, a
projective representation can not be one dimensional, hence we must have:
T |e
0i = U K|e
0i = U |e
0i = |e
1i ≡ c†L(R) |e
0i

(17)

where |e
0i is the vacuum of cL(R) fermion satisfying cL(R) |e
0i = 0 and |e
1i ≡ c†L(R) |e
0i. We also
assume that the global phase of |e
0i is fixed in such a way that the complex conjugate K has
a trivial action on it. From the relation Eq.(16), it is straightforward to derive:
T |e
1i = U Kc†L(R) |e
0i = U c†L(R) |e
0i
= T c†L(R) T −1 T |e
0i = ±icL(R) c†L(R) |e
0i = ±i|e
0i

(18)

Here the + sign corresponds to cL and the − sign corresponds to cR . Thus, in the basis |e
0i
and |e
1i, we can derive the representation theory T = U K with:


0 1
,
U =
±i 0
Clearly, the above representation satisfies T 4 = −1.
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(19)

D.

1/4 spin and vacuum polarization

Although the SU (2) spin rotational symmetry is broken in Hamiltonian Eq.(1), it still
has a residual U (1) spin rotational symmetry along the y-axis:
X y
iX †
y
y
[H, Stotal
], Stotal
=
(ci,↑ ci,↓ − c†i,↓ ci,↑ )
Si ≡
2
i
i
y
=
Hence, all the eigenstates of the Hamiltonian Eq.(1) are labeled by Stotal

(20)
my
, my
2

=

0, ±1, ±2, . . . which are consistent with a spin 1/2 system. Interestingly, the dangling Majorana spinons on both ends actually carry a 1/4 spin instead of the usual 1/2 spin.
For a pair of Majorana modes γi,↑ and γi,↓ on site i, the corresponding spin operator can
be defined by(Since Majorana spinon is a real spinon, we can only define an SO(2) spin
instead of the SU (2) spin for a complex fermion.):
iS X
Si,L =
γi,σ σσ0 γi,σ0
2 σσ0
SX
iS
f
y
(γi,↑ γi,↓ − γi,↓ γi,↑ ) = iSγi,↑ γi,↓ = −SPi,L
=
γi,σ σσσ
0 γi,σ 0 =
2 σσ0
2

(21)

It is easy to check that:
T Si,L T −1 = −Si,L

(22)

We see that the definition of Majorana spin operator Eq.(21) has the correct transformation
f
law under the time reversal symmetry. Similarly, we can define Si,R as Si,R = −SPi,R
. Since
f
the fermion parity operator Pi,L(R)
takes eigenvalues ±1, S represents the spin carried by a

Majorana spinon. In the following, we will show S = 1/4 rather than 1/2.
On each physical site i, we have:
i †
(c ci,↓ − c†i,↓ ci,↑ )
2 i,↑

i
1 f
f
0
0
0
0
=
(γi,↑ − iγi,↑
)(γi,↓ − iγi,↓
) − (γi,↓ + iγi,↓
)(γi,↑ + iγi,↑
) = − (Pi,L
+ Pi,R
) (23)
8
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Siy =

The above expression implies that the two fermion occupied state c†i,L c†i,R |0i has spin polarization 1/2 in the y direction while the two fermion vacuum |0i(defined by ci,L ci,R |0i = 0)
has spin polarization −1/2 in the y direction. Therefore, the complex fermion ci,L formed by
0
0
the Majorana spinon (γi,↑ , γi,↓ ) and the complex fermion ci,R formed by (γi,↑
, γi,↓
) effectively

carry a 1/4 spin. More precisely, we can express Siy as a summation of two SO(2) spins:
f
f
Siy = Si,L + Si,R = −S(Pi,L
+ Pi,R
)
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(24)

Comparing Eq.(23) and Eq.(24), we obtain S = 1/4. For the T 2 = −1 TSC described by
Eq. (1), the 1/4 spin can be directly measured for the dangling Majorana spinon on both
ends. Let us compute the expectation value of S y for the left end:
1
hG|S1y |Gi = hG|S1,L |Gi + hG|S1,R |Gi = hG|S1,L |Gi ≡ hG|SL |Gi = ± ,
4

(25)

where SL is the spin operator for Majorana zero modes on left end, defined by SL = −SPLf =
iSγ↑ γ↓ . We note that |Gi is one of the four possible ground states of Hamiltonian Eq.(1), and
for any ground state, the contribution from the second term hG|S1,R |Gi vanishes. Similar
calculation leads to the same results for the right end. Actually, the 1/4 spin physics for
Majorana zero modes is similar to the presence of half-charge zero energy solutions in Jackiw
and Rebbi’s soliton-monopole systems[51], which is a consequence of vacuum polarization.
Although each end of a T 2 = −1 TSC carries 1/4 spin, the whole system still carries spin
1/2. We denote the four fold degenerate ground states as: |e
0e
0i, |e
1e
1i ≡ c†L c†R |e
0e
0i, |e
1e
0i ≡ c†L |e
0e
0i
and |e
0e
1i ≡ c†R |e
0e
0i, where |e
0e
0i is the vacuum of cL and cR , defined by cL cR |e
0e
0i = 0. It is
y ee
y ee
y ee
straight forward to derive he
0e
0|Stot
|00i = −1/2, he
1e
1|Stot
|11i = 1/2, he
1e
0|Stot
|10i = 0 and
y ee
he
0e
1|Stot
|01i = 0.

The vacuum polarization also leads to an interesting property of the time reversal symmetry in the ground state subspace: |e
0e
0i and |e
1e
1i form a T 2 = −1 Kramers doublet while
|e
0e
1i and |e
1e
0i form a T 2 = 1 representation. We note that Eq. (26) and Eq. (18) imply:
T |e
0e
0i = |e
1e
1i;

T |e
1e
1i = T c†L T −1 T c†R T −1 T |e
0e
0i = cL cR |e
1e
1i = cL cR c†L c†R |e
0e
0i = −|e
0e
0i (26)

Thus, in the basis |e
0e
0i and |e
1e
1i, we can derive the representation T = U K with:


0 1
,
U =
−1 0

(27)

which implies |e
0e
0i and |e
1e
1i form a T 2 = −1 Kramers doublet and is consistent with a 1/2
spinon. Similarly, from Eq.(26) and Eq.(18), we obtain:
T |e
1e
0i = i|e
0e
1i;

T |e
0e
1i = i|e
1e
0i

Thus, in the basis |e
1e
0i and |e
0e
1i, we can derive the representation T = U K with:


0 i
,
U =
i 0

(28)

(29)

We see that T 2 = 1 in the basis |e
1e
0i and |e
0e
1i, which is also consistent with the fact that
cL(R) carries the SO(2) spin instead of SU (2) spin.
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III.

MAJORANA ZERO MODES IN HIGHER DIMENSIONS AND EMERGENT

RELATIVISTIC DISPERSION, SU (2) SPIN AT QUANTUM CRITICALITY
A.

Majorana zero modes in higher dimensions

In the previous section, we discuss a simple example of a 1D T 2 = −1 TSC with Majorana
zero modes on its ends. Indeed, Majoranoa zero modes exist in DIII class TSC in higher
dimensions as well. In 2D, it is well known that a single Majorana zero mode can emerge
in the vortex core of a p + ip or p − ip TSC[25], however, the time reversal symmetry is
broken in this class of chiral TSC. Nevertheless, the DIII class TSC in 2D that is realized as
a composition of a p + ip and a p − ip TSC with opposite spins[52] can preserve the T 2 = −1
time reversal symmetry. Apparently, the vortex core of such a TSC has a pair of Majorana
zero modes γ↑ and γ↓ with opposite spins. In the following, we argue that they also carry a
T 4 = −1 representation of time reversal symmetry. As having been discussed in Ref. [52],
a time reversal action on a single vortex core will change the local fermion parity of the
complex fermion zero mode cL = γ↑ + iγ↓ for the ground state wavefunction, therefore we
expect the same representation theory Eq.(26),Eq.(18) and Eq.(19) for the zero modes inside
the vortex core, which satisfies T 4 = −1. For the anti-vortex core with Majorana modes
γ↑0 and γ↓0 , we can define a complex fermion mode cR = γ↑ − iγ↓ and derive the T 4 = −1
representation theory as well. Now we see that the cL /cR complex fermion is similar to
the two complex fermion modes defined on the left/right end of the 1D T 2 = −1 TSC.
The T 4 = −1 time reversal operators for the Majorana spinons (γ↑ , γ↓ ) and (γ↑0 , γ↓0 ) can be
defined by Eq.(7) and Eq.(12).
The 3D analogy of the vortex would be a hedgehog and the possibility of the emergence
of a Majorana zero mode on the hedgehog has been proposed recently[30]. However, there
is an important difference in 3D. Since the classical configuration of a hedgehog will have
a divergent energy, the only way to introduce a UV cutoff is to couple the system to a
gauge field, e.g., an SU (2) gauge field[53]. By turning on the SU (2) gauge field, a single
Majorana mode will suffer from the Witten anormally[54] and the only way to cancel this
anormally is to introduce a pair of Majorana zero modes. Therefore, the Majorana zero
modes are unstable in the absence of time reversal symmetry(a mass term can be dynamically
generated) and the analogy of p + ip TSC does not exist in 3D. However, in the presence
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FIG. 2: (color online)Majorana zero modes in 2D and 3D can be realized as the bound states on
the vortex/anti-vortex core and hedgehog/anti-hedgehog core of DIII class TSC. The red line in
(b) represents a quantized flux line that connects a pair of hedgehog and anti-hedgehog.

of T 2 = −1 time reversal symmetry, the pair of Majorana zero modes γ↑ and γ↓ on the
hedgehog can be stabilized(similar to the 1D and 2D case, the mass term is forbidden by
the time reversal symmetry) and we argue that they also carry a T 4 = −1 time reversal
symmetry according to the same reason as in 2D – the time reversal action changes the local
fermion parity of the complex fermion mode cL = γ↑ +iγ↓ for the ground state wavefunction.
The DIII class TSC in 3D labeled by odd integers(there is a Z classification[43, 44] for free
fermion system in this case) could be good candidates to realize a pair of Majorana zero
modes on its hedgehog/anti-hedgehog. Detailed discussions of these interesting 3D models
are beyond the scope of this paper and will be presented elsewhere. Finally, we point out
an important difference for the Majorana zero modes between 1D and higher dimensions.
In 1D, for a generic Hamiltonian, the zero modes are only well defined in the infinite long
chain limit. However, in 2(3)D, the distance between vortex(hedgehog) and anti-vortex(antihedgehog) can be finite(but much larger than penetration depth) since the zero modes are
well defined bound states and they can be regarded as local particles.
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B.

Deconfined Majorana zero modes in 1D

In the following we will show that relativistic dispersion and SU (2) spin rotational symmetry will emerge at a quantum critical point where Majorana zero modes are proliferated.
Let us begin with a 1D model by adding a chemical potential term into the Hamiltonian
Eq.(1):
H0 =

N X
X
i=1

ci,σ − c†i,σ

σ

N X


X
1
ci+1,σ + c†i+1,σ − 2µ
(c†i,σ ci,σ − ),
2
i=1 σ

(30)

As having been discussed in Ref. [24], a phase transition occurs at µ = 1 and the system
becomes a trivial superconductor when µ > 1. In terms of Majorana operators, we will have
a simple picture to visualize the above phase transition.
H0 =

N X
X
i=1

0
iσγi,σ
γi+1,σ + µ

σ

N X
X

0
iσγi,σ
γi,σ ,

(31)

σ

i=1

As seen in Fig. 3, in the limit where the on site hopping t2 ≡ µ is dominant, the above
Hamiltonian describes a trivial superconductor, while in the limit where the inter site hopping t1 (= 1) is dominant, it describes a topological superconductor and Majorana modes are
confined on both ends. At the phase transition point t2 = t1 = 1, the Majorana spinon with
1/4 spin and T 4 = −1 time reversal symmetry becomes deconfined. The analogy of such
a deconfined quantum critical phenomenon has been known for long time in 1D spin chain
models with T 2 = 1 time reversal symmetry, e.g., in certain spin-1 chain systems[55], 1/2
spinon with T 2 = −1 time reversal symmetry on its ends become deconfined at the phase
transition point.
At low energy, the critical theory has emergent relativistic dispersion and SU (2) (pseudo)
spin. In terms of cL(R) fermions, we can rewrite the critical Hamiltonian as:
H1D = i

X

(c†i,L ci+1,R − c†i+1,R ci,L ) + i

i

X

(c†i,L ci,R − c†i,R ci,L )

(32)

i

In momentum space, the above Hamiltonian can be diagonalized by:



ik
X †
0
i(1 + e )
c (k)
 L

H1D =
(cL (k), c†R (k)) 
−ik
−i(1 + e )
0
cR (k)
k

(33)

It has one positive energy mode and one negative energy mode with Ek = ±2t| cos k2 |. The
dispersion relation is relativistic around the momentum points k = ±π. The particle and
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FIG. 3: (color online) At the deconfined quantum critical point, the proliferating of Majorana
zero modes lead to the emergence of relativistic dispersion and SU (2) (pseudo) spin rotational
symmetry.

hole excitations in such a systems form an SU (2) doublet. However, for a 1D chain, the
SU (2) (pseudo) spin rotational symmetry does not carry angular momentum and is a purely
internal symmetry.

C.

Deconfined Majorana zero modes in 3D and emergent relativistic dispersion,

SU (2) spin

Now, let us construct a quantum critical model in 3D. First, we construct a 3D cubic
lattice model consisting of hedgehog/anti-hedgehog, with hedgehog occupied sublattice A
and anti-hedgehog occupied sublattice B, as seen in Fig 4. We use red dots to represent
the pair of Majorana modes (γ↑ , γ↓ ) on the hedgehog and blue dots to represent the pair of
Majorana modes (γ↑0 , γ↓0 ) on the anti-hedgehog. Similar to the 1D cases, we then turn on
the hoping among those Majorana modes and consider the following Hamiltonian:
H3D = −
+

X


0
0
iγi,↑ γj,↓
+ iγi,↓ γj,↑
+

X

0
0
− iγi,↓ γj,↓
iγi,↑ γj,↑

i∈A;j=i±x̂

i∈A;j=i±ŷ

X

X

(iγi,↑ γj,↓ − iγi,↓ γj,↑ ) +

i∈A;j=i+ẑ

i∈B;j=i+ẑ
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0
0
0
0
iγi,↑
γj,↓
− iγi,↓
γj,↑




(34)

FIG. 4: (color online)A 3D hedgehog/anti-hedgehog cubic lattice. Red dots represent the pair
of Majorana modes (γ↑ , γ↓ ) on the hedgehog and blue dots represent the pair of Majorana modes
(γ↑0 , γ↓0 ) on the anti-hedgehog. Solid/dashed lines represent the hopping amplitude 1/−1. Lines with
arrows represent the hopping amplitudes ±i. Multiplications of the hopping amplitudes surround
a square surface give rise to −1, e.g., tij tjk tkl tli = −1. Such a hopping amplitudes pattern is the
so called π-flux pattern.

0
0
In terms of complex fermions ci,L = γi,↑ + iγi,↓ and ci,R = γi,↑
− iγi↓
, we have:


X  †
X  †
H3D =
cL,i cR,j + c†R,j cL,i + i
cL,i cR,j − c†R,j cL,i
i∈A;j=i±x̂

+

X

i∈A;j=i±ŷ





c†L,i cL,j + c†L,j cL,i −

i∈A;j=i+ẑ

X



c†R,i cR,j + c†R,j cR,i



(35)

i∈B;j=i+ẑ

The special hopping pattern in the above Hamiltonian is one way to realize the so called
π-flux pattern, namely, a pattern with the enclosed flux π on each face of the cubic lattice.
iz
The Hamiltonian is invariant under the time reversal symmetry Te = T (−) . Without such
a twisted definition of the time reversal symmetry, the fermion hopping in the z-direction
will change sign under the time reversal. It is clear that such a twisted definition is allowed
because we can choose either T or T −1 as the definition of the time reversal symmetry.
In momentum space, we have:



X †
2
cos
k
2
cos
k
+
2i
cos
k
c
(k)
z
x
y
 L

H3D =
(cL (k), c†R (k)) 
2 cos kx − 2i cos ky
−2 cos kz
cR (k)
k
17

(36)

The above Hamiltonian has one positive energy mode and one negative energy mode with:
p
Ek = ±2 cos2 kx + cos2 ky + cos2 kz ,

(37)

Around the momentum point k0 = (π/2, π/2, π/2), the above Hamiltonian describes a chiral
Weyl fermion:

ef f
H(π/2,π/2,π/2)
=2

X †
(cL (k), c†R (k)) 
k

k̄z
k̄x − ik̄y

k̄x + ik̄y
−k̄z




cL (k)
cR (k)




(38)

where k = k0 + k̄. It is clear that the above Hamiltonian has a relativistic dispersion
Ek = ±2|k̄| and an emergent SU (2) spin carrying angular momentum.
In the above, we construct a particular 3D hedgehog/anti-hedgehog lattice model with
proliferated Majorana zero modes. Other models with deconfined Majorana modes have
also been considered recently, e.g., the fermion dimer model[56] and the Majorana flat bands
model in certain gapless TSC[57]. However, one of the most important features in our model
is that it has a sublattice structure, and the sublattice degeneracy naturally leads to an SU (2)
spin degree of freedom at low energy. Actually, our model can be viewed as the 3D analogy
of the 2D graphene system, where the valley degeneracy becomes the emergent SU (2) spin
at low energy. But why hedgehog/anti-hedgehog lattice models with a sublattice structure
is more natural than those models without sublattice structure? One possible reason is that
the hedgehog and anti-hedgehog pair are always confined in a superconductor[58], therefore
any stable 3D hedgehog/anti-hedgehog lattice model must contain a hedgehog and antihedgehog pair per unit cell.
Our analysis for condensed matter systems implies that the presence of SU (2) spin at
low energy has a deep relationship with the sublattice structure at cutoff scale. A very
interesting question is that whether the SU (2) spin for all the fundamental particles arises
from a similar discrete structure at cutoff scale. Unfortunately, it is very difficult to examine
the above idea theoretically since a quantum field theory with an explicit cutoff is absent
so far. Although lattice models could be thought as a natural venue to regulate the theory,
any pre-assuming lattice structure for space-time will break the Lorentz invariance seriously.
To overcome this difficulty, a discrete topological non-linear sigma model with a dynamic
background is a promising candidate. Important progress along this direction has been made
recently[59, 60], even with super-coordinates[61]. It would be very interesting to examine
these ideas in future.
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IV.

4

P 4 = −1 PARITY SYMMETRY, C = −1 CHARGE CONJUGATION SYMME-

TRY AND SUPER CP T ALGEBRA FOR MAJORANA FERMION

So far, we have constructed concrete condensed matter models with emergent Majorana
zero modes carrying T 4 = −1 time reversal symmetry on point like defects in certain classes
of TSC. Furthermore, we have also shown that the proliferating of Majorana zero modes
will lead to a chiral Weyl fermion with emergent relativistic dispersion and SU (2) spin at
low energy. Since neutrinos are described by the chiral Weyl fermion, it is very natural to
ask if they can be interpreted as the (proliferated) Majorana zero modes. However, such
a conjecture could be very challenging as it requires a strongly correlated vacuum instead
of the trivial vacuum which we have assumed for the traditional quantum field theory.
Nevertheless, in the semiclassical limit, it is still possible to investigate other fractionalized
(discrete) symmetries carried by Majorana zero modes and to discuss the interesting physical
consequence. In this section, we limit our discussion at the single particle level, and the
generalization into the quantum field theory will be presented in the next section.
As having been discussed in last the section, the confinement of hedgehog and antihedgehog pair in 3D superconductor suggests that the four Majorana zero modes γ↑ , γ↑0 , γ↓
and γ↓0 identify the local degrees of freedom with respect to translational symmetry.(For a
lattice model, that are the degrees of freedom in a unit cell.) On the other hand, a relativistic
Majorana fermion is a four component Lorentz spinon, hence, it is natural to investigate
the full symmetry properties of the four dimensional zero energy subspace expanded by
the four Majorana zero modes γ↑ , γ↑0 , γ↓ and γ↓0 . Particularly, we will discuss the other two
fundamental discrete symmetries – parity and charge conjugation.

A.

P 4 = −1 parity symmetry

For a single particle, we only consider the parity symmetry as a Z2 action on the internal
degrees of freedom, and in quantum field theory, we will include its action on coordinates
as well. Interestingly, in the zero energy subspace expanded by four Majorana zero modes,
we can define a P 4 = −1 symmetry for each parity pair of Majorana zero modes γ↑ , γ↑0 or
γ↓ , γ↓0 . The reason why we can have such a fractionalized parity symmetry for Majorana
zero modes is the same as the reason for time reversal symmetry. The parity symmetry for
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an interacting spin-1/2 fermion system is actually P 2 = P f . Therefore, for the Fock basis
c†↑ |0i, c†↓ |0i and |0i, c†↑ c†↓ |0i, the parity odd sector satisfies P 2 = −1 while the parity even
sector satisfies P 2 = 1. Here the complex fermion operator c↑ and c↓ are defined by:
c↑ = γ↑ + iγ↑0 ;

c↓ = γ↓ − iγ↓0 ,

(39)

which give rise to a natural notion of spin basis out of four Majorana zero modes.
The explicit construction of P 4 = −1 operator for a pair of Majorana zero modes is very
similar to that for the T 4 = −1 time reversal symmetry. For the pair of Majorana modes
γ↑ , γ↑0 and γ↓ , γ↓0 , their parity operators are defined by:
π
1
0
P↑↑0 = √ (1 + γ↑ γ↑0 ) = e 4 γ↑ γ↑ ;
2

π
1
0
P↓↓0 = √ (1 − γ↓ γ↓0 ) = e− 4 γ↓ γ↓ ,
2

(40)

4
We see such a definition satisfies P↑↑
0 (↓↓0 ) = −1 for each pair of Majorana modes. The total

parity action on the four Majorana zero modes is defined by P = P↑↑0 ⊗ P↓↓0 . Its action on
the four Majorana modes reads:
P γ↑ P −1 = −γ↑0 ;
P γ↑0 P −1 = γ↑ ;

P γ↓ P −1 = γ↓0
P γ↓0 P −1 = −γ↓ ,

(41)

It is easy to verify that the complex fermion c↑ and c↓ representing the spin basis transform
in an expected way:
P c↑ P −1 = ic↑ ;

P c↓ P −1 = ic↓

P c†↑ P −1 = −ic†↑ ;

P c†↓ P −1 = −ic†↓ ,

(42)

We note that although the spin of a particle does not change under parity, there could be
a nontrivial phase factor for the spin-1/2 particle. On the other hand, cL = γ↑ + iγ↓ and
cR = γ↑0 − iγ↓0 transform like a particle and an anti-particle pair:
P cL P −1 = −cR ;

P cR P −1 = cL

P c†L P −1 = −c†R ;

P c†R P −1 = c†L

(43)

Our definition of parity operator is comparable with the time reversal operator P T P −1 =
π

π

0

0

Pf T with T = e 4 γ↑ γ↓ e 4 γ↑ γ↓ K, and Pf = γ↑ γ↓ γ↑0 γ↓0 is the total fermion parity operator.
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B.

4

C = −1 charge conjugation symmetry

Since the Majorana fermion describes a charge neutron particle, the charge conjugation
action is trivial from a traditional perspective. Strikingly, we find a way to define a nontrivial
4

C = −1 charge conjugation symmetry for a pair of Majorana zero modes. Similar to the
T 4 = −1/P 4 = −1 time reversal/parity symmetry, for each pair of Majorana zero modes
4

with opposite spins, we can define a C = −1 charge conjugation operator:
π
1
0
C ↑↓0 = √ (1 + γ↑ γ↓0 ) = e 4 γ↑ γ↓ ;
2

π
1
0
C ↓↑0 = √ (1 + γ↓ γ↑0 ) = e 4 γ↓ γ↑ ,
2

(44)

and the total action of charge conjugation symmetry on four Majorana zero modes is C =
C ↑↓0 ⊗ C ↓↑0 . It is straight forward to verify:
Cγ↑ C
Cγ↑0 C

−1
−1

= −γ↓0 ;

Cγ↓ C

−1

−1

= γ↓ ;

Cγ↓0 C

= ic†↓ ;

Cc↓ C

= −γ↑0

= γ↑ ,

(45)

which implies:
Cc↑ C
Cc†↑ C

−1
−1

−1

= −ic↓ ;

Cc†↓ C

= −icR ;

CcR C

= −ic†↑

−1

= ic↑ ,

(46)

and
CcL C
Cc†L C

−1
−1

= ic†R ;

Cc†R C

−1

−1

= −icL

= ic†L ,

(47)

We note that for the spin basis c↑(↓) , the charge conjugation acts like a particle-hole symmetry, however, for the cL(R) basis it acts like a charge conjugation symmetry(if we interpret cL
as a particle while cR as an anti-particle). Similar to the commutation relation between time
4

reversal and parity symmetry, the C = −1 charge conjugation symmetry also commutes
with the other two symmetries up to a total fermion parity.
CT C

−1

= PfT;

CP C
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−1

= PfP

(48)

C.

Super C, P, T algebra

Let us summarize the closed algebraic relation of C, P, T, and P f symmetry for a Majorana fermion formed by four Majorana zero modes.
2

C = Pf;

P2 = Pf;

TPf = PfT;
TP = PfPT;

T2 = Pf;

PPf = PfP;
T C = P f CT ;

2

(P f ) = 1

CP f = P f C
P C = P f CP,

(49)

The above algebra satisfied by the C, P, T symmetries is indeed a super algebra, which can
be regarded as a super extension of the usual charge conjugation, parity and time reversal
symmetries over the fermion parity symmetry P f . This super algebra is one of the central
results of this paper. It arises from the topological nature of the Majorana zero modes and
reflects the strongly correlated nature of vacuum.
In next section, we will show that the above super C, P, T algebra is also applicable for
Majorana field. In quantum field theory, such a super extension is allowed because P f is not
a physical observable, or in other words, there is no way to measure the total fermion parity
for a quantum state since any physical process must preserve fermion parity symmetry. From
a traditional point of view, our results suggest that the C, P, T transformations for Majorana
field can be different from a Dirac field, just like a scalar field and a Dirac field have very
different CP T transformations. Therefore, a Majorana field with a topological origination
has a completely new physical meaning and indicates a strongly correlated vacuum, despite
the equivalence between Majorana representation and Weyl representation[62].
In addition to the fundamental discrete symmetries C, P, T , we can also define a spin
rotational symmetry in the spin basis, where c†↑ |0i, c†↓ |0i carry spin-1/2 while |0i, c†↑ c†↓ |0i
carry spin-0. Therefore, the SU (2) spin operator S can be naturally defined by:
1X † α
Sα =
c τ 0 cσ0 ; α = x, y, z
2 σ,σ0 σ σσ

(50)

where τ α is the usual Pauli matrix. It is easy to verify that:
T ST −1 = −S;

P SP −1 = S;

CSC

−1

= S,

(51)

The above nice property makes the CP T symmetries commute with the SU (2) spin rotational symmetry and allows us to generalize the CP T super algebra into the relativistic
quantum field theory.
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V.

C, P, T SYMMETRIES FOR MAJORANA FIELD AND THE ORIGIN OF NEU-

TRINO MASS
A.

C, P, T symmetries for relativistic quantum field theory

Let us implement the C, P, T symmetries to a Majorana field. We choose four real gamma
matrices:
γ0 = −iρz ⊗ σy ;

γ1 = I ⊗ σz ;

γ2 = −ρy ⊗ σy ;

γ3 = −I ⊗ σx ,

(52)

where ρ and σ are Pauli matrices and I is the identity matrix. We can define a real γ5 by:
γ5 = γ0 γ1 γ2 γ3 = iρx ⊗ σy

(53)

The four component Majorana field describing the pair of complex fermions cL and cR reads:


ξ(x)
,
ψc (x) = 
(54)
η(x)
where

ξ(x) = 

γ↑ (x)
γ↓ (x)





;

−γ↑0 (x)

η(x) = 

γ↓0 (x)


,

(55)

Here the Majorana spinon basis ξ(x) and η(x) are equivalent to complex fermions cL and
cR , which give rise to a natural notion of particle and anti-particle.
The (equal time) canonical commutation relation reads:
{ψc† (x), ψc (y)} = 2δ (3) (x − y).

(56)

In terms of γσ (x) and γσ0 (x), we have:
{γσ (x), γσ0 0 (y)} = 0;

{γσ (x), γσ0 (y)} = 2δ (3) (x − y)δσσ0 ,

(57)

which is the continuum version of the commutation relation Eq.(2). The CP T symmetry
operators can be defined by:
R 3
R 3
Y π
π
π
π
0
0
0
0
C =
e 4 γ↑ (x)γ↓ (x) e 4 γ↓ (x)γ↑ (x) = e 4 d xγ↑ (x)γ↓ (x) e 4 d xγ↓ (x)γ↑ (x)
x

P = UP P0 =

Y

π

π

0

π

0

e 4 γ↑ (x)γ↑ (x) e− 4 γ↓ (x)γ↓ (x) P0 = e 4

R

d3 xγ↑ (x)γ↑0 (x) − π4

e

R

d3 xγ↓ (x)γ↓0 (x)

P0

x

T = UT K =

Y

π

π

0

0

π

e 4 γ↑ (x)γ↓ (x) e 4 γ↑ (x)γ↓ (x) K = e 4

R

d3 xγ↑ (x)γ↓ (x)

π

e4

R

d3 xγ↑0 (x)γ↓0 (x)

K

x

Pf =

Y

2

γ↑ (x)γ↓ (x)γ↑0 (x)γ↓0 (x) = C = T 2 = P 2

x
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(58)

Here P0 is the action on the spacial coordinates with P0 xP0−1 = −x. It is easy to check that
the above CP T symmetry operators satisfy the super algebra Eq.(49).
The transformations of the Majorana field under the above CP T symmetries can also be
derived:

Cψc (x)C

−1

= C

T ψc (x)T −1



 C −1 = 

−η(x)


 = −γ5 ψc (x);

−ξ(x)

ξ(x)
η(e
x)
 P −1 = 
 = γ0 γ5 ψc (e
= P
x);
η(x)
−ξ(e
x)




ξ(x)
−ξ(−e
x
)
 T −1 = 
 = γ0 ψc (−e
= T
x),
η(x)
η(−e
x)


P ψc (x)P −1

ξ(x)



η(x)





(59)

where x
e = (t, −x). Let us consider the Majorana field Lagrangian in the massless limit:
1
L0 = ψ c (x)iγµ ∂µ ψc (x);
4

ψ c (x) = ψc† (x)γ0 ,

(60)

Apparently, L0 is invariant under the C, P, T symmetries:
CL0 (x)C

B.

−1

= L0 (x);

P L0 (x)P −1 = L0 (e
x);

T L0 (x)T −1 = L0 (−e
x),

(61)

Charge conjugation as a Z2 gauge symmetry and its spontaneously breaking–

the origin of right-handed neutrino mass

Given the new (potentially correct) definition of C, P, T symmetries for a Majorana
fermion, we are ready to discuss the origin of the neutrino mass, assuming that the neutrino
is a Majorana fermion. We can construct a mass term preserving time reversal symmetry,
parity symmetry and spin rotational symmetry:
Hm =


m
iγ↑ (x)γ↑0 (x) − iγ↓ (x)γ↓0 (x)
2

However, such a mass term breaks the charge conjugation symmetry since CHm C

(62)
−1

= −Hm .

If we elevate the charge conjugation symmetry to a Z2 gauge symmetry, the origin of the
Majorana mass term can be explained as the spontaneous gauge symmetry breaking through
the Anderson-Higgs mechanism[36]. Now we come up with the most important concept in
this paper: The spontaneous breaking of the (nontrivial) charge conjugation gauge symmetry
24

leads to a mass term of a Majorana fermion. The fundamental Z2 gauge field will lead to a
fifth force among fundamental particles, and it is possible to detect such a new force in future
LHC experiments. Finally, to be comparable with the SM, the neutrino mass discussed here
should be the mass of the right-handed sterile neutrino, since a Majorana mass term for
the left-handed light neutrino is not allowed and can only be induced through the seesaw
mechanism[20–22].
To implement the above idea in quantum field theory, we can introduce a new real scalar
field φ(x) = φ(t, x) which carries Z2 guage charge one(thus it transforms as Cφ(x)C

−1

=

−φ(x)) and couple it to the Majorana field. The Anderson-Higgs mechanism[36] can be
realized by condensing the real scalar field φ(x). We assume that such a fundamental scalar
field does not carry other gauge charge and is invariant under the P and T symmetry. The
following Lagrangian preserves all the C, P, T symmetries:
L = L0 + Lm + Lφ + LZ2
1
ig
= ψ c (x)iγµ Dµ ψc (x) + φ(x)ψ c (x)γ5 ψc (x) + |Dµ φ|2 − V (φ) + LZ2
4
4

(63)

If we assume that the real scalar field condenses at hφ(x)i = φ0 , a mass term
imψ c (x)γ5 ψc (x) arises with m = gφ0 /4. Here Dµ represents the covariant derivative and
LZ2 represents the action of Z2 gauge field. We need to regulate the field theory in a
discrete space-time to write down its explicit form and we will leave these details in our
future publications. Interestingly, the neutrino mass term in our approach is described by
a ”chiral” charge.(We note that γ52 = −1 for Majorana field and it does not really have
a physical meaning of chirality.) However, we can redefine the Majorana field ψc0 (x) by
ψc0 (x) =

1+γ
√ 5 ψc (x)(Again
2

due to γ52 = −1,

1+γ
√ 5
2

is unitary transformation rather than ”chiral

projection”.) and transform the mass term into the usual form.
Lm =

ig
0
φ(x)ψ c (x)ψc0 (x),
4

0

ψ c (x) = (ψc0 )† (x)γ0

(64)

However, ψ 0 (x) transforms differently under the CP T symmetries.
Cψc0 (x)C

−1

= −γ5 ψc0 (x);

P ψc0 (x)P −1 = γ0 ψc0 (e
x);
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T ψc0 (x)T −1 = −γ0 γ5 ψc0 (−e
x)

(65)

VI.
A.

ORIGIN OF THREE GENERATIONS OF NEUTRINOS
General discussion and physical pictures

The existence of three generations of neutrinos is one of the biggest mysteries in our
universe. In this section, we will show that such a puzzle can be naturally resolved by
assuming that a Majorana fermion is made up of four Majorana zero modes. The key
observation is that there are three inequivalent ways to define a pair of Majorana spinons
that describe a particle and an anti-particle out of four Majorana zero modes. More precisely,
the pair of Majorana spinons can be made up not only by (γ↑ , γ↓ ), (γ↑0 , γ↓0 ), but can also by
(γ↑0 , γ↓ ), (γ↑ , γ↓0 ) or (γ↑ , γ↑0 ), (γ↓ , γ↓0 ).
Since a Majorana spinon that describes a particle or an anti-particle is equivalent to a
spinless complex fermion, let us define:
1
dL = (γ↑ − iγ↓0 );
2

1
dR = (γ↑0 − iγ↓ ),
2

(66)

Under the C, P, T symmetries, they transform as:
CdL C

−1

= −idL ;

CdR C

−1

= idR

P dL P −1 = −dR ;

P dR P −1 = dL

T dL T −1 = id†R ;

T dR T −1 = id†L ,

(67)

Similarly, we can define:
1
fL = (γ↑ + iγ↑0 ) = c↑ ;
2

1
fR = (γ↓ + iγ↓0 ) = c†↓
2

(68)

Under the C, P, T symmetries, they transform as:
CfL C

−1

= ifR ;

P fL P −1 = ifL ;
T fL T −1 = −fR† ;

CfR C

−1

= ifL

P fR P −1 = −ifR
T fR T −1 = fL† ,

(69)

We see that dL(R) and fL(R) fermions transform differently under the C, P, T symmetries.
Especially, the local Fock space of dL(R) caries the (T P )4 = −1 projective representation
of T P symmetry while the local Fock space of fL(R) caries the (T C)4 = −1 projective
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FIG. 5: (color online)The other two 1D TSC models protected by T P and T C symmetries, the
Majorana modes on their ends carry the (T P )4 = −1 and (T C)4 = −1 projective representations.

representation of T C symmetry. We have:
(T P )dL (T P )−1 = −id†L ;

(T P )dR (T P )−1 = id†R

(T C)fL (T C)−1 = −ifL† ;

(T C)fR (T C)−1 = ifR† ,

(70)

Apparently the above T P and T C transformations for dL(R) and fL(R) fermions have the
same form as Eq.(16), therefore they carry the same representation theory as Eq.(19).
From a condensed matter theory point of view, the above argument can be understood
as there are three different types of point like topological defects in a TSC protected by
CP T symmetries, characterized by the T 4 = −1, (T P )4 = −1, and (T C)4 = −1 projective
symmetries that the corresponding Majorana zero modes carry. Since point like defects can
only be created/anihilated in pairs, there is a natural notion of particle and anti-particle
pair. In the following, we again construct some explicit 1D TSC models to further explain
this idea.
Similar to the time reversal protected Majorana chain that has been discussed at the very
beginning of this paper, we can also construct T P (Here again we only consider the internal
action of P symmetry, since the symmetry protection nature of Majorana zero modes only
relies on the internal action and has nothing to do with the coordinate action.) and T C
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protected Majorana chains explicitly. Let us consider the following Hamiltonian:
Hd =

N
X


0
0
iγi,↑
γi+1,↑ + iγi,↓ γi+1,↓
,

(71)


0
0
,
γi+1,↑
iγi,↓ γi+1,↑ + iγi,↓

(72)

i=1

and
Hf =

N
X
i=1

It is clear that Hd is invariant under the T P symmetry and Hf is invariant under the T C
symmetry. In Fig. 5, we see that for Hd , the pair of Majorana modes on both ends form a
(T P )4 = −1 representation, while for Hf , the pair of Majorana modes on both ends form a
(T C)4 = −1 representation. All our discussions for the 1D model can be generalized into 3D
as well, where the Majorana modes will be localized on the hedgehog/anti-hedgehog, and
similar hedgehog/anti-hedgehog lattice model Eq.(35) with proliferated Majorana modes
can be constructed in the same way, replacing cL(R) fermion by dL(R) and fL(R) fermions.

B.

Possible internal structure of Majorana fermion

Although the picture of topological defect provided by condensed matter models is very
promising and insightful for us to understand the origin of three generations of neutrinos, a
fundamental theory does not necessarily to be emerged from any pre-assuming topological
defect model. Here we provide an alternative understanding for the origin of three generations of neutrinos by proposing a possible internal structure of a Majorana fermion. As seen
in Fig. 6, we conjecture that a Majorana fermion is actually made up of four Majorana zero
modes located on the four vertices of a tetrahedra at cutoff scale. In this picture, the SO(3)
spacial rotation can be realized by the classical rotation of the tetrahedra. The origin of
three generations of neutrinos can be explained by three different ways to form a pair of par†
ticle and anti-particle out of four Majorana modes, namely, c†L(R) , d†L(R) and fL(R)
, identified

by the T 4 = −1, (T P )4 = −1 and (T C)4 = −1 symmetries that the particles/anti-particles
carry. Indeed, both the internal structure and topological defect picture share the same
spirit: the Hilbert space for each pair of Majorana modes must be spatially separated at
cutoff scale to make the projective representations T 4 = −1, (T P )4 = −1 and (T C)4 = −1
meaningful. Thus, the neutrino mass mixing physics can be naturally understood as the
resonance among the three different quantum states out of four Majorana zero modes, and
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FIG. 6: (color online)A conjectured internal structure of a Majorana fermion, which consists of
four Majorana zero modes located on the vertices of a tetrahedra. Such an internal structure is
comparable with SO(3) rotational symmetry. The internal structure of neutrino indicates that the
three generations of neutrinos and anti-neutrinos can be explained by three different ways to form
a pair of particle and anti-particle out of four Majorana modes.

such a picture would be very useful for us to compute the mass mixing matrix, which will
be presented in next section. Unfortunately, the above single particle picture can not be
generalized into quantum field theory since a rigorous way to incorporate the internal structure of a fundamental particle is absent so far, however, if we have already introduced three
independent Majorana fields, there is no difficulty for us to use quantum field theory to
describe them. In the following, we present the quantum field theory description for the
three generations of neutrinos.

C.

Quantum field theory description for three generations of neutrinos

The quantum field theory description for neutrino(anti-neutrino) made by cL(R) fermion
has already been presented in section V. To describe neutrino(anti-neutrino) made by fL(R)
fermion in
field theory, we just need to define the Majorana fermion field
 the quantum

e
ξ(x)
 with a different Majorana spinon basis:
ψf (x) = 
ηe(x)




γ↑ (x)
γ↓ (x)
e =
 ; ηe(x) = 
,
ξ(x)
(73)
0
0
γ↑ (x)
γ↓ (x)
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The above Majorana fermion field satisfies the CP T symmetries:
Cψf (x)C

−1

= −γ5 ψf (x);

P ψf (x)P −1 = γ0 ψf (e
x);

T ψf (x)T −1 = −γ0 γ5 ψf (−e
x), (74)

It is clear that the fL(R) fermion transforms differently under CP T symmetries, and for the
fL(R) fermion, its mass term takes the usual form:
Lm =

ig
φ(x)ψ f (x)ψf (x),
4

ψ f (x) = ψf† (x)γ0

(75)

Finally, for the neutrino(anti-neutrino) made by the dL(R) fermion, we need to choose
γ̄0 = Rγ0 R−1 = iρx ⊗ σy ≡ γ5 with:


1
1
1
 = √1 (1 + γ0 γ5 )
R= √ 
2 −1 1
2

(76)

The corresponding γ1,2,3 and γ5 transform as: γ̄1,2,3 = Rγ1,2,3 R−1 = γ1,2,3 and γ̄5 = Rγ5 R−1 =
iρz ⊗ σy ≡ −γ0 ). Indeed, this representation was first proposed by 
Ettore 
Majorana.
ˆ
ξ(x)
 with:
The quantum field theory can be obtained by defining ψd (x) = 
η̂(x)




γ (x)
γ (x)
ˆ = ↑
,
 ; η̂(x) =  ↓
ξ(x)
−γ↑0 (x)
γ↓0 (x)

(77)

Under the CP T symmetries with above definition, ψd (x) transforms as:
Cψd (x)C

−1

= −γ̄5 ψd (x) ≡ γ0 ψd (x);

P ψd (x)P −1 = γ̄0 ψd (e
x) ≡ γ5 ψd (e
x);
T ψd (x)T −1 = −γ̄0 γ̄5 ψd (−e
x) ≡ −γ0 γ5 ψd (−e
x),

(78)

For the dL(R) fermion, the mass term also takes the usual form:
Lm =

ig
φ(x)ψ d (x)ψd (x),
4

ψ d (x) = ψd† (x)γ̄0 = ψd† (x)γ5

(79)

Since ψc , ψf and ψd transform differently under the CP T symmetries and one can not
transform them from one to the other with continuous proper orthochronous Lorentz transformation, they can be regarded as three independent fields in quantum field theory.(We
note that any continuous proper orthochronous Lorentz transformation will not change the
definition of Majorana spinon basis.)
The three generations of neutrino fields described by cL(R) , fL(R) and dL(R) fermions
can also be identified by their different CP T transformation laws in momentum space, see
Appendix A for details.
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VII.
A.

NEUTRINO MASS MIXING MATRIX
Seesaw mechanism

It is well known that a Majorana mass term of the form mψ(x)ψ(x) is prohibited for
left-handed light neutrinos since it breaks the electric-weak gauge symmetry, and that is
why the SM predicts zero neutrino mass. A nice way to fix this problem is to assume the
existence of three generations of heavy sterile neutrinos, and masses of the left-handed light
neutrinos can be induced by the see-saw mechanism[20–22]. The total mass matrix reads:


0 mD
,
Mtotal = 
(80)
mD M
where mD is the 3 by 3 Dirac mass matrix and M is the 3 by 3 Majorana mass matrix of
right handed sterile neutrinos.(We note that the left-handed neutrinos have a zero mass.) If
we assume that mD is on the electric-weak symmetry breaking energy scale(250GeV ) and
M is on the grand unification theory(GUT) energy scale(1015 GeV ), a mass on the energy
scale of 0.1eV can be induced for the left-handed light neutrino. With a proper choice of
basis, mD can be chosen as a diagonal matrix. Here we further assume mD to be uniform,
with the form mD = diag(m, m, m). The particular reason why we choose such a form is
that the three generations of left-handed/right-handed neutrinos can be regarded as three
distinguishable resonating states out of four Majorana zero modes at cutoff scale, as having
been discussed in last section. Under such an assumption, the mass mixing pattern of the
left-handed light neutrino is uniquely determined by the mass mixing pattern of the righthanded heavy sterile neutrinos. In principle, the mass mixing in charged lepton sector should
also be taken into account for the experimentally observed left-handed light neutrino mixing
pattern, however, as the charged lepton has a huge mass hierarchy, the contribution should
be small and negligible within LO approximation. The mass matrix Mtotal can be complex
in the presence of CP violation, but this effect is observed to be small and therefore is
negligible within LO approximation.
In section V, we propose that the origin of the right-handed neutrino mass can be understood as the spontaneously breaking of the Z2 charge conjugation gauge symmetry. In
the following we will apply the same idea to derive the entire right-handed neutrino mass
matrix M .
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B.

Mixing pattern and predictions of neutrino mass

Firstly, according to the Z2 gauge (minimal coupling) principle, we can write down the
most general CP T invariant mass term for three generations of right-handed neutrinos. We
have:


ig
φ(x) ψ f (x)ψf (x) + ψ d (x)ψd (x) + ψ c (x)γ5 ψc (x)
4


ig 0
+
φ(x) ψ d (x)(1 + γ0 γ5 )(1 + γ5 )ψc (x) + ψ c (x)(1 + γ5 )(1 − γ0 γ5 )ψd (x)
4


ig 0
+
φ(x) ψ f (x)(1 + γ5 )ψc (x) + ψ c (x)(1 + γ5 )ψf (x)
4


ig 0
φ(x) ψ f (x)(1 − γ0 γ5 )ψd (x) + ψ d (x)(1 + γ0 γ5 )ψf (x)
+
4

Lm =

(81)

Here we use the same coupling g for all the diagonal mass terms and g 0 for all the off-diagonal
mass terms. Again, this is because the three generations of right-handed neutrinos are the
three resonating states out of the same four Majorana zero modes at cutoff scale. The above
argument can also be incorporated into traditional quantum field theory language(in the
absence of cutoff physics) by imposing an additional Z2 ⊗ Z2 flavor symmetry to constraint
the coupling constant, see Appendix B for details. We note that for ψc (x) and ψf (x), the
boost generators are defined by S0i = 41 [γ0 , γi ] while for ψd (x), the boost generator is defined
by S̄0i = 14 [γ̄0 , γi ] = 41 [γ5 , γi ]. Such an interesting twist makes the above mass term invariant
under the Lorentz transformation, despite the existence of (1 ± γ0 γ5 ) term which does not
seem to be invariant under the Lorentz boost.
In the extended SM, three generations of right-handed neutrinos are described by three
copies of the same Majorana field. Let us redefine ψd (x) by:
1
ψd0 (x) = R−1 ψd (x) = √ (1 − γ0 γ5 )
2

(82)

The corresponding γ̄0 and γ̄1,2,3 will change back to γ0 and γ1,2,3 . It is easy to see that
ψd0 (x), ψc0 (x) ≡

1+γ
√ 5 ψc (x)
2

and ψf (x) transform in the same way under the CP T symmetries,

therefore, they can be interpreted as the three generations of right-handed sterile neutrinos
in the extended SM. In terms of ψd0 (x), ψc0 (x) and ψf (x), the CP T invariant mass term takes
the following form:

 2ig 0


ig
φ(x) ψ f (x)ψf (x) + ψ 0 d (x)ψd0 (x) + ψ 0 c (x)ψc0 (x) +
φ(x) ψ 0 d (x)ψc0 (x) + ψ 0 c (x)ψd0 (x)
4
4
√
√ 0
0




2ig
2ig
+
φ(x) ψ f (x)ψc0 (x) + ψ 0 c (x)ψf (x) +
φ(x) ψ f (x)ψ 0 d (x) + ψ 0 d (x)ψf (x)
(83)
4
4

Lm =
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0

0

with ψ c (x) = (ψc0 )† (x)γ0 and ψ d (x) = (ψd0 )† (x)γ0 .
We see that the mass mixing pattern has already been fixed, regardless of the relative
strength of g and g 0 . The mass matrix can be diagonalized by(the basis is ordered as
ψf , ψc0 , ψd0 and φ40 is set to be 1):



√ 0
√ 0 √ 0
(1 − 5)g + g
2g
2g
0
0
g



√
√




†
0
0
0
M =  2g
V
g
2g  = V 
0
0
(1 + 5)g + g



√
2g 0 2g 0
g
0
0
−2g 0 + g

(84)

with
√
5+ 5
q 10√
− 5−20 5
q √
− 5−20 5

 q


V† =


√
5− 5
q 10√
5+ 5
q 20√
5+ 5
20

q

0
− √12
√1
2







0.85 0.53
0
 

 

 '  −0.37 0.6 −0.71 
 

−0.37 0.6 0.71

(85)

In terms of mixing angle, we have:
√
◦

θ23 = −45 ;

θ13 = 0;

◦

2

θ12 = 31.7 (tan θ12 =

5−1
)
2

(86)

We note that the physical masses of the mass egienstates are the absolute value of Eq.(84),
√
√
with M1 = |(1 − 5)g 0 + g|, M2 = |(1 + 5)g 0 + g| and M3 = | − 2g 0 + g|, and the ± sign in
front of θ23 is just a gauge choice of the basis.
Finally, due to the same reason that the three generations of right-handed neutrinos are
the three resonating states out of the same four Majorana zero modes at cutoff scale, we
further argue that the diagonal Yukawa coupling must have the same strength as the offdiagonal coupling with |g| = |g 0 |(see appendix B for detail discussions). According to the
seesaw mechanism, the mass mixing matrix for left-handed light neutrino takes the same
form as Eq.(85)(in the limit mD  M ), however, the mass hierarchy is reversed. The
√
solution with g = −g 0 implies M1 = M2 = 5g and M3 = 3g, which leads to m1 /m3 =
√
m2 /m3 = 3/ 5(here m1 , m2 and m3 are eigen masses of the left-handed light neutrinos)
and can match the current experimental observations.(If we assume the small mass splitting
∆m12 is negligible within LO approximation.) However, The solution g = g 0 leads to M1 =
√
√
( 5 − 2)g < M3 = g < M2 = ( 5 + 2)g and contradicts to the current experimental
results with either m1 ' m2 < m3 or m1 ' m2 > m3 . Therefore, here we make the choice
with g = −g 0 . Based on the current experimental data ∆m223 ' 2.5 × 10−3 eV 2 , we obtain
m1 = m2 ' 0.075eV and m3 ' 0.054eV .
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C.

Symmetry properties of neutrino mass mixing matrix

Now let us examine the symmetry of the derived mass mixing matrix. Although the mixing angle derived above is consistent with the GR pattern, the symmetry group is different
from that in Ref.[37, 38], and it contains three Z2 generators U , S and R, defined by:





√
√ 
1
− 2
0
i
i
− 2
1 0 0




√
√
1 
1 
 √




( 5+1)
( 5−1) 
1
1
√
√
√
√
U =  0 0 1 ;S =
− 2 − 2
 −i
;R =
− 2  , (87)
2
2




5 √
2
√
√
( 5+1)
√1
√1
− 2 ( 5−1)
−
−i
−
0 1 0
2
2
2
2
They satisfy:
UT MU = M;

ST M S = M ;

RT M R = M,

(88)

and
U 2 = 1;
U S = SU ;

S 2 = 1;

R2 = 1,

U R = RU ;

SR = −U RS,

(89)

U is the center of the above symmetry algebra since it commutes with both S and R. As a Z2
generator, U can have eigenvalue ±1. In the subspace with U = −1, S and R commute with
each other, which leads to a Z2 ⊗ Z2 group symmetry. While in the subspace with U = 1, S
and R anticommute with each other, which leads to a Z2 Heisenberg group symmetry. We
note that U and S are the two Z2 generators of the GR pattern[37, 38] characterized by the
Z2 ⊗ Z2 Klein symmetry and apply to generic g, g 0 in Eq.(84), while R is a new generator
which arises from the special relation g = −g 0 .

D.

The effect of CP violation

Before conclusion, we discuss the effect of CP violation for the neutrino mass mixing
matrix. Recently, the DaYa-Bay’s experiment has reported a non zero θ13 ' 8.8◦ [16]. From
our point of view, the experimentally observed (not very small) θ13 has already implied the
presence of CP violation! This is because the GR pattern we derived has a zero θ13 within
LO approximation, and if we ignore the charged lepton contribution for θ13 due to its huge
mass hierarchy(This assumption is reasonable since in the CKM quark mass mixing matrix,
θ13 is significantly small due to its huge mass hierarchy.), the experimentally obseved θ13
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must come from CP violation. On the other hand, our theory predicts m1 = m2 within
LO approximation, therefore the experimentally observed small mass splitting ∆m12 is also
contributed by CP violation. Interestingly, the current experiment results point to the
relation |∆m12 /∆m23 | ∼ θ13 /θ23 . Our theory suggests that such a relation should not be a
coincidence, and it actually indicates that the nonzero ∆m12 and θ13 have a common origin
– the CP violation. However, the mechanism of CP violation in lepton sector is not clear,
and in our framework, the topological Berry phase[30] of Majorana zero modes could be a
possible source of CP violation. We will leave a detailed study of CP violation physics in
our future publications.

VIII.

CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we start with a simple 1D TSC model protected by T 2 = −1 time reversal
symmetry and show that the pair of time reversal protected Majorana zero modes on each
end carry a T 4 = −1 representation of time reversal symmetry and 1/4 spin. Then we
generalize the T 4 = −1 fractionalized representation for a pair of Majorana zero modes into
4

a P 4 = −1 parity symmetry and a C = −1 nontrivial charge conjugation symmetry as
well. We also construct explicit condensed matter models and show that the proliferating
of Majorana zero modes will lead to a relativistic dispersion and an SU (2) spin.
These interesting observations from condensed matter systems motivate us to interpret a
Majorana fermion as four Majorana zero modes(or a Lorentz spinon zero mode) and revisit
its CP T symmetries. Surprisingly, we find that the CP T symmetries for a Majorana fermion
made up of four Majorana zero modes satisfy a super algebra. The CP T super algebra for a
Majorana fermion can be generalized into quantum filed theory as well. We further point out
that the nontrivial charge conjugation symmetry C can be promoted to a Z2 gauge symmetry
and its spontaneously breaking leads to the origin of (right-handed) neutrino mass. The Z2
gauge symmetry indicates the existence of the fifth force in our universe, which is possible
to be detected in future LHC experiment. Indeed, the seesaw mechanism scenario requires
such a fifth force. This is because the right-handed sterile neutrino does not carry electricweak charge, therefore if we assume all the coupling terms arise from (gauge) interactions,
there should be no coupling term between left-handed neutrinos and right-handed neutrinos.
e R (the Dirac
However, in the seesaw mechanism, there is a coupling term in the form of Lφν
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mass term with L as the lepton doublets, φ as the Higgs field and νR as the right-handed
neutrino field). Although it is an ”allowed” term by gauge invariance, it is not a ”natural”
term since there is no interaction between Lφe and νR . In the presence of the Z2 gauge force,
such a term becomes nature since νL and νR can carry opposite half-Z2 charge. Here the
concept of half-Z2 charge arises from the transformation Eq.(67), where the dL(R) fermion
operator takes eigen value ∓i under charge conjugation symmetry, which is indeed a Z4
charge. The reason why a fermion can carry a half-Z2 (or Z4 ) charge is again due to the
group extension of the nontrivial charge conjugation symmetry C over the fermion parity
symmetry that makes the total symmetry group to be Z4 . The half-Z2 charge assignment
of a single fermion is also consistent with the fact that the mass term(a fermion bilinear)
carries Z2 charge one.
These new concepts even provide us a natural way to understand the origin of three
generations of neutrinos, as there are three inequivalent ways to form a pair of complex
fermions(a particle and an anti-particle) out of four Majorana zero modes, characterized by
the T 4 = −1, (T P )4 = −1 and (T C)4 = −1 fractionalized symmetries that the complex
fermions carry. This argument requires that a Majorana fermion is not a point like particle
and has an internal structure at cutoff scale. In the semiclassical limit, together with the Z2
gauge (minimal coupling) principle, we are able to uniquely determine the CP T invariant
mass term and compute the neutrino mass mixing matrix with no fitting parameters within
LO approximation(without CP violation and charged lepton contribution). We obtain θ12 =
31.7◦ , θ23 = 45◦ and θ13 = 0◦ (the golden ratio pattern), which is intrinsically close to the
current experimental results. We further predict an exact mass ratio for the three mass
√
eigenstates with m1 /m3 = m2 /m3 = 3/ 5.
For future works, we would like to point out several interesting directions along this
line of thinking: (a) The quark CKM mass mixing matrix. Since a Dirac fermion can be
decomposed into a pair of Majorana fermions, the Majorana zero modes scenario will be
applicable for the Dirac fermion as well. As a result, the origin of three generations of
quarks and charged leptons can be understood in the same way. It is even possible to use
similar terminology to compute the quark CKM mass mixing matrix. However, a crucial
difference in the quark CKM mass mixing matrix is the mass hierarchy problem, which
leads to a significant suppressing for its mixing angles. It is important to understand the
origin of quark mass hierarchy. (b)The cutoff problem. To resolve the cutoff problem, the
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topological defects description for fundamental particles is very promising, and it has already
been shown that a dual SM can be constructed from SU (5) monopole[63]. Together with
the Majorana zero modes idea proposed in this paper, it is possible to explain the origin
of isospin, fractionalized charge and three colors of quarks. Of course, a more challenging
and deep way to deal with the cutoff problem is to develop a mathematical framework for
quantum field theory in discrete space-time. If a fundamental theory has extremely strong
quantum fluctuation at cutoff scale, the discrete structure would become crucial. In a recent
work[59, 60], topological non-linear sigma model in discrete space-time is proposed. Since
gauge field can emerge from non-linear sigma model approaching quantum criticality[64, 65],
it is possible to derive the SM from a discrete non-linear sigma model. (c) Hidden super
algebra for the SM. From experimental point of view, to avoid fine-tuning, a super algebraic
structure of the SM is demanded. Recent experimental results on the Higgs mass near
√
126GeV [66, 67] point to a relation MHiggs ' (Mu + Md + Mc + Ms + Mt + Mb )/ 2(the
Higgs boson mass is intrinsically close to the summation of six quark masses divided by
√
2). We also notice Mt ' MW + MZ (top quark mass is intrinsically close to the summation
of W and Z boson masses) by pass. If the above two relations are not coincident, they
must be strong indications that SM might satisfy a hidden super algebra. We note that
these interesting mass relations are merely among the known fermions and bosons in the
SM, therefore they can not be explained by any traditional super-symmetry. Nevertheless,
the Majorana zero modes might provide us a natural way to understand these relations.
(d)Super-extension of space-time structure. The conjectured internal structure of a Majorana
fermion in Fig. 6 might imply the presence of super-coordinates at cutoff scale. The discovery
of Majorana zero modes brings us the novel concept of half degree of freedom[24, 25], but
from a classical point of view, half degree of freedom contradicts the locality principle and
there is no way to define half degree of freedom per spacial point. Thus the internal structure
in Fig. 6 with four Majorana modes located on the vertices of a tetrahedra seems to be
meaningless. Nevertheless, if we assume a cutoff theory contains not only the classical
space-time coordinates but also fermionic coordinates, and a single Majorana mode lives on
a fermionic coordinate, the locality problem can be resolved. Ref.[61] proposed a nice way
to incorporate super-coordinates in the discrete topological non-linear sigma model, hence
it has the potential to describe a quantum field theory with super-coordinates at cutoff.
The presence of super-coordinates might automatically imply a super algebraic structure of
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the SM. Finally, such kinds of discrete topological non-linear sigma models are background
independent and might provide us a new route towards super (quantum) gravity.
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Appendix A: CP T symmetries in momentum space

In this section, we will use a momentum space picture to derive the three generations of
neutrinos. First, let us examine the CP T symmetry transformation of the Fourier modes
R
R
γσ (k) = √1V d3 xe−ik·x γσ (x) and γσ0 (k) = √1V d3 xe−ik·x γσ0 (x). It is straightforward to
derive:
Cγ↑ (k)C
Cγ↑0 (k)C

−1
−1

= −γ↓0 (k);

Cγ↓ (k)C
Cγ↓0 (k)C

= γ↓ (k);

P γ↑ (k)P −1 = −γ↑0 (−k);
P γ↑0 (k)P −1 = γ↑ (−k);

−1

−1

= −γ↑0 (k);

= γ↑ (k),

(A1)

P γ↓ (k)P −1 = γ↓0 (−k);
P γ↓0 (k)P −1 = −γ↓ (−k),

T γ↑ (k)T −1 = −γ↓ (−k);

T γ↓ (k)T −1 = γ↑ (−k);

T γ↑0 (k)T −1 = −γ↓0 (−k);

T γ↓0 (k)T −1 = γ↑0 (−k),

(A2)

(A3)

We can apply the similar argument to the emergence of three generations of Majorana
fermions for their Fourier modes in momentum space as well.
dL (k) = γ↑ (k) − iγ↓0 (k);

dR (k) = γ↑0 (k) − iγ↓ (k)

cL (k) = γ↑ (k) + iγ↓ (k);

cR (k) = γ↑0 (k) − iγ↓0 (k)

fL (k) = γ↑ (k) + iγ↑0 (k);

fR (k) = γ↓ (k) + iγ↓0 (k)
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(A4)

They carry the projective representation of T, T P and T C symmetries:
(T P )dL (k)(T P )−1 = −id†L (−k);
T cL (k)T −1 = −ic†L (k);
(T C)fL (k)(T C)−1 = −ifL† (k);

(T P )dR (k)(T P )−1 = id†R (−k)
T cR (k)T −1 = ic†R (k)
(T C)fR (k)(T C)−1 = ifR† (k),

(A5)

with (T P )2 = −1,T 4 = −1 and (T C)4 = −1 symmetry.
Their corresponding Hamiltonians of massless Majorana Lagrangian Eq.(60) has the following form in momentum space, e.g., for dL(R) femion:
Hd =

1X †
ψ (k)γ̄0 γ̄i ki ψ(k),
4 k

where ψ(k) is the Fourier mode of ψ(x), defined as ψ(k) =

(A6)
√1
V

R

d3 xe−ik·x ψ(x). It is

straightforward to verify that ψ † (k) = ψ t (−k). If we assume the chiral basis has a spin
polarization in the y-direction, we can fix the momentum to be k = (0, k, 0). Thus, we
obtain:
Hd =


1 X
kγ↑ (−k)γ↑ (k) − kγ↓ (−k)γ↓ (k) − kγ↑0 (−k)γ↑0 (k) + kγ↓0 (−k)γ↓0 (k)
4 k

(A7)

In terms of the chiral fermion fields dL (k) and dR (k), we have:
Hd =

i
1 Xh †
kdL (k)dL (k) − kd†R (k)dR (k)
2 k

(A8)

For any given momentum k, we can define its positive energy mode as a left-handed particle
and the negative energy mode as a right-handed anti-particle.
For cL(R) and fL(R) , their Hamiltonian in momentum space read:
Hc(f ) =

1X †
ψ (k)γ0 γi ki ψ(k),
4 k

(A9)

If we assume the chiral basis has a spin polarization in the z-direction, we can fix the
momentum to be k = (0, 0, k) In terms of the cL(R) and fL(R) fermion operators, we have:
i
1 Xh †
†
†
†
Hd =
kcL (k)cL (−k) − kcR (k)cR (−k) + h.c. ;
2 k
i
1 Xh †
Hf =
kfL (k)fL† (−k) − kfR† (k)fR† (−k) + h.c. ,
2 k
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(A10)

In the Nambu basis, we obtain:

Hc =

1 Xh
2

i

c†L (k) + c†R (k), cL (−k) − cR (−k) 

k


Hf =

1 Xh
2

i

fL† (k) − fR† (k), fL (−k) + fR (−k) 

k

0 k
k 0
0 k
k 0






cL (k) + cR (k)
c†L (−k)

−

c†R (−k)


,

fL (k) − fR (k)
fL† (−k)

+

fR† (−k)


(A11)
,

After diagonalizing the above two Hamiltonians, we can again define a positive mode corresponding to the left-handed particle and a negative energy mode corresponding to the
right-handed anti-particle.

Appendix B: The Z2 ⊗ Z2 flavor symmetry and beyond

In this section, we provide a symmetry argument for the choice of Yukawa couplings
in Eq.(81). Let us start with the diagonal term and assume there are three independent
couplings gf , gd and gc .
Lm−d =



i
φ(x) gf ψ f (x)ψf (x) + gd ψ d (x)ψd (x) + gc ψ c (x)γ5 ψc (x)
4

(B1)

According to the definitions of ψf (x) and ψc (x), they are related to each other by a Z2
symmetry transformation ψc (x) = S1 ψf (x), where:


1 0 0 0





0 0 1 0


S1 = 

 0 −1 0 0 


0 0 0 1

(B2)

Let us rewrite the diagonal mass term as:
Lm−d =
=
=
=
=



i
φ(x) gf ψ f (x)S1−1 S1 ψf (x) + gd ψ d (x)ψd (x) + gc ψ c (x)γ5 S1 S1−1 ψc (x)
4


i
φ(x) gf ψf (x)† S1−1 S1 γ0 S1−1 S1 ψf (x) + gd ψ d (x)ψd (x) + gc ψc (x)† S1 S1−1 γ0 γ5 S1 S1−1 ψc (x)
4


i
φ(x) gf ψf (x)† S1−1 γ0 γ5 S1 ψf (x) + gd ψ d (x)ψd (x) + gc ψc (x)† S1 γ0 S1−1 ψc (x)
4


i
φ(x) gf ψc (x)† γ0 γ5 ψc (x) + gd ψ d (x)ψd (x) + gc ψf (x)† γ0 ψf (x)
4


i
φ(x) gf ψ c (x)γ0 γ5 ψc (x) + gd ψ d (x)ψd (x) + gc ψ f (x)ψf (x)
(B3)
4
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Comparing Eq.(B1) and Eq.(B3), we obtain gc = gf .
Similarly, ψf (x) and ψd (x) are also related by another Z2 symmetry transformation
ψd (x) = S2 ψf (x) with:


1 0 0 0





0 0 0 1


S2 = 

0 0 1 0


0 −1 0 0

(B4)

Again, we can rewrite the diagonal mass term as:
Lm−d =
=
=
=
=
=



i
φ(x) gf ψ f (x)S2−1 S2 ψf (x) + gd ψ d (x)S2 S2−1 ψd (x) + gc ψ c (x)γ5 ψc (x)
4


i
φ(x) gf ψf (x)† γ0 S2−1 S2 ψf (x) + gd ψd (x)† γ5 S2 S2−1 ψd (x) + gc ψ c (x)γ5 ψc (x)
4


i
φ(x) gf ψf (x)† S2−1 S2 γ0 S2−1 S2 ψf (x) + gd ψd (x)† S2 S2−1 γ5 S2 S2−1 ψd (x) + gc ψ c (x)γ5 ψc (x)
4


i
φ(x) gf ψf (x)† S2−1 γ5 S2 ψf (x) + gd ψd (x)† S2 γ0 S2−1 ψd (x) + gc ψ c (x)γ5 ψc (x)
4


i
φ(x) gf ψd (x)† γ5 ψd (x) + gd ψf (x)† γ0 ψf (x) + gc ψ c (x)γ5 ψc (x)
4


i
φ(x) gf ψ d (x)γ5 ψd (x) + gd ψ f (x)γ0 ψf (x) + gc ψ c (x)γ5 ψc (x)
(B5)
4

Comparing Eq.(B1) and Eq.(B5), we obtain gd = gf . Finally, we have gc = gd = gf = g.
Now we see that in traditional quantum field theory language, the choice of diagonal Yukawa
couplings in Eq.(81) can be achieved by imposing the above two Z2 symmetries, which leads
to a Z2 ⊗ Z2 flavor symmetry.
Nevertheless, traditional quantum field theory can not tell us why there are three generations of neutrinos and where the Z2 ⊗ Z2 flavor symmetry comes from. To understand these
mysteries, the internal structure proposed in this paper – a Majorana fermion is made up of
four Majorana zero modes plays a crucial role. At cutoff scale, all the mass terms should be
regarded as interactions between the scalar particle φ and the four Majorana modes γ↑ , γ↓ , γ↑0
and γ↓0 . For example, all the three terms in Eq.(B1) can be expressed as:


igf
igf
φ(x)ψ f (x)ψf (x) =
φ(x) γ↑ (x)γ↑0 (x) − γ↓ (x)γ↓0 (x) ;
4
2


igd
igd
φ(x)ψ d (x)ψd (x) =
φ(x) γ↑ (x)γ↑0 (x) − γ↓ (x)γ↓0 (x) ;
4
2


igc
igc
φ(x)ψ c (x)γ5 ψc (x) =
φ(x) γ↑ (x)γ↑0 (x) − γ↓ (x)γ↓0 (x) ,
4
2
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(B6)

The above expression implies that the three mass terms are indeed the same term at cutoff.
In terms of traditional quantum field theory language, we can attribute the existence of
three generations of neutrinos to the three different (local) ways of making a pair of complex
fermions out of four Majorana zero modes. Therefore, the Z2 ⊗ Z2 flavor symmetry is indeed
a gauge symmetry from our perspective and we obtain gc = gd = gf = g. However, at this
point, one may confuse that if the three mass terms are the same, why we observe three
generations of neutrinos rather than one. This is because discrete gauge theory can have a
deconfinement phase in 3D where the three generations of neutrinos becomes well defined
at low energy.
The same argument also apply to the off-diagonal mass term:


igcd
φ(x) ψ d (x)(1 + γ0 γ5 )(1 + γ5 )ψc (x) + ψ c (x)(1 + γ5 )(1 − γ0 γ5 )ψd (x)
4


igcf
+
φ(x) ψ f (x)(1 + γ5 )ψc (x) + ψ c (x)(1 + γ5 )ψf (x)
4


igdf
+
φ(x) ψ f (x)(1 − γ0 γ5 )ψd (x) + ψ d (x)(1 + γ0 γ5 )ψf (x) ,
(B7)
4

Lm−od =

which can be expressed as:


igcd
φ(x) ψ d (x)(1 + γ0 γ5 )(1 + γ5 )ψc (x) + ψ c (x)(1 + γ5 )(1 − γ0 γ5 )ψd (x)
4


igcd
=
φ(x) γ↑ (x)γ↑0 (x) − γ↓ (x)γ↓0 (x) ;
2


igcf
φ(x) ψ f (x)(1 + γ5 )ψc (x) + ψ c (x)(1 + γ5 )ψf (x)
4


igcf
=
φ(x) γ↑ (x)γ↑0 (x) − γ↓ (x)γ↓0 (x) ;
2


igdf
φ(x) ψ f (x)(1 − γ0 γ5 )ψd (x) + ψ d (x)(1 + γ0 γ5 )ψf (x)
4


igdf
=
φ(x) γ↑ (x)γ↑0 (x) − γ↓ (x)γ↓0 (x) ,
2

(B8)

(B9)

(B10)

Thus we can derive gcd = gcf = gdf = g 0 . Finally, by comparing the diagonal and off-diagonal
mass terms, we can further derive |g| = |g 0 |. Here the relative sign of g and g 0 can not be
fixed because this relation is not a consequence of Z2 ⊗ Z2 flavor symmetry(We note that
flavor symmetry can not relate diagonal and off-diagonal mass terms).
In conclusion, all the above results come from a single principle – the three generations
of neutrinos/anti-neutrinos are the three resonating states out of the same four Majorana
42

zero modes at cutoff scale. We conjecture that the Z2 ⊗ Z2 flavor gauge symmetry proposed
here is also crucial for understanding the charged lepton and quark mass hierarchy problem,
which might originate from the spontaneously breaking of such a flavor gauge symmetry.

[1] C. J. Cowan, F. Reines, F. Harrison, H. Kruse, and A. McGuire, Science 124, 103 (1956).
[2] E. Majorana, E. Nuovo Cimento 5, 171 (1937).
[3] S. Wienberg, Phys. Rev. Lett. 19, 1264 (1967).
[4] H. V. Klapdor-Kleingrothaus, A. Dietz, H. L. Harney, and I. V. Krivosheina, Mod. Phys. Lett.
A 16, 2409 (2001).
[5] F. Feruglio, A. Strumia, and F. Vissani, Nucl. Phys. B 637, 345 (2002).
[6] C. E. Aalseth et al., Mod. Phys. Lett. A 17, 1475 (2002).
[7] W. Rodejohann, J. Phys. G 39, 124008 (2012).
[8] Y. Fukuda et al., Phys. Rev. Lett 81, 1562 (1998), [Super-Kamiokande Collaboration].
[9] Q. R. Ahmad et al., Phys. Rev. Lett 89, 011301 (2002), [SNO Collaboration].
[10] S. N. Ahmed et al., Phys. Rev. Lett 92, 181301 (2004), [SNO Collaboration].
[11] K. Eguchi et al., Phys. Rev. Lett 90, 021802 (2003), [KamLAND Collaboration].
[12] M. H. Ahn et al., Phys. Rev. D 74, 072003 (2006), [K2K Collaboration].
[13] K. Abe et al., Phys. Rev. Lett 107, 041801 (2011), [T2K Collaboration].
[14] P. Adamson et al., Phys. Rev. Lett 107, 181802 (2011), [MINOS Collaboration].
[15] Y. Abe et al., Phys. Rev. Lett 108, 131801 (2012), [DOUBLE-CHOOZ Collaboration].
[16] F. P. An et al., Phys. Rev. Lett 108, 171803 (2012), [DAYA-BAY Collaboration].
[17] J. K. Ahn et al., Phys. Rev. Lett 108, 191802 (2012), [RENO Collaboration].
[18] Y. Abe et al., Phys. Rev. D 86, 052008 (2012), [Double Chooz Collaboration].
[19] G. Danby et al., Phys. Rev. Lett 9, 36 (1962).
[20] M. Gell-Mann, P. Ramond, and R. Slansky, in Sanibel Talk, CALT-68-709, Feb 1979, and in
Supergravity, North Holland, Amsterdam (1979).
[21] T. Yanagida, in Proc. of the Workshop on Unified Theory and Baryon Number of the Universe,
KEK, Japan (1979).
[22] S. Wienberg, Phys. Rev. Lett. 43, 1566 (1979).
[23] F. Wilczek, Nature Physics 5, 614 (2009).

43

[24] A. Y. Kitaev, Physics-Uspekhi 44, 131 (2001).
[25] N. Read and Green, Phys. Rev. B 61, 10267 (2000).
[26] S. D. Sarma, C. Nayak, and S. Tewari, Phys. Rev. B 73, 220502 (2006).
[27] C. Nayak, S. Simon, A. Stern, M. Freedman, and S. D. Sarma, Rev. Mod. Phys. 80, 1083
(2008).
[28] A. C. Potter and P. A. Lee, Phys. Rev. B 83, 184520 (2011).
[29] L. Fu and C. L. Kane, Phys. Rev. Lett 100, 096407 (2008).
[30] J. C. Y. Teo and C. L. Kane, Phys. Rev. Lett 104, 046401 (2010).
[31] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M. Bakkers, and L. P. Kouwenhoven,
Science 336, 1003 (2012).
[32] L. P. Rokhinson, X. Liu, and J. K. Furdyna, Nature Physics 8, 795 (2012).
[33] A. Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, and H. Shtrikman, Nature Physics 8, 887
(2012).
[34] R. M. Lutchyn, J. D. Sau, and S. D. Sarma, Phys. Rev. Let 105, 177001 (2010).
[35] Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Let 105, 177002 (2010).
[36] P. W. Higgs, Phys. Rev. Lett. 13, 508 (1964).
[37] Y. Kajiyama, M. Raidal, and A. Strumia, Phys. Rev. D 82, 117301 (2007).
[38] F. Feruglio and A. Paris, arXiv:1101.0393 (2011).
[39] G. Altarelli and F. Feruglio, Rev. Mod. Phys. 82, 2701 (2010).
[40] S. F. King and C. Luhn, arXiv:1301.1340 (2013).
[41] G. Hinshaw et al., 1212.5226 (2012).
[42] Z.-C. Gu and X.-G. Wen, Phys. Rev. B 80, 155131 (2009).
[43] A. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig, Phys. Rev. B 78, 195125 (2008).
[44] A. Y. Kitaev, AIP Conf. Proc. 1134, 22 (2009).
[45] X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83, 035107 (2011).
[46] X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 84, 235128 (2011).
[47] F. Zhang, C. L. Kane, and E. J. Mele, arXiv:1212.4232 (2012).
[48] J. Liu, F.-C. Zhang, and K. T. Law, arXiv:1212.5879 (2012).
[49] S. Nakosai, J. C. Budich, Y. Tanaka, B. Trauzettel, and N. Nagaosa, Phys. Rev. Lett. 110,
117002 (2013).
[50] A. Keselman, L. Fu, A. Stern, and E. Berg, 1305.4948 (2013).

44

[51] R. Jackiw and C. Rebbi, Phys. Rev. D 13, 3398 (1976).
[52] X.-L. Qi, T. L. Hughes, S. Raghu, and S.-C. Zhang, Phys. Rev. Lett. 102, 187001 (2009).
[53] J. McGreevy and B. Swingle, Phys. Rev. D 84, 065019 (2011).
[54] E. Witten, Phys. Lett. B 117, 324 (1982).
[55] D. G. Shelton, A. A. Nersesyan, and A. M. Tsvelik, Phys. Rev. B 53, 8521 (1996).
[56] M. Freedman, M. B. Hastings, C. Nayak, and X.-L. Qi, Phys. Rev. B 84, 245119 (2011).
[57] C. L. M. Wong, J. Liu, K. T. Law, and P. A. Lee, arXiv:1206.5601 (2012).
[58] M. Cardoso, P. Bicudo, and P. D. Sacramento, AnnalsPhys. 323, 337 (2008).
[59] X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B 87, 155114 (2013).
[60] X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Science 338, 1604 (2012).
[61] Z.-C. Gu and X.-G. Wen, arXiv:1201.2648 (2012).
[62] K. M. Case, Phys. Rev. 107, 307 (1957).
[63] T. Vachaspati, Phys. Rev. Lett. 76, 188 (1996).
[64] T. Senthil, A. Vishwanath, L. Balents, S. Sachdev, and M. P. A. Fisher, Science 303, 1490
(2004).
[65] T. Senthil, L. Balents, S. Sachdev, A. Vishwanath1, and M. P. A. Fisher, Phys. Rev. B 70,
144407 (2004).
[66] F. Gianotti, Update on the Standard Model Higgs searches in ATLAS, CERN public seminar
(December 2011).
[67] G. Tonelli, Update on the Standard Model Higgs searches in CMS, CERN public seminar
(December 2011).

45

