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We combine density-functional theory with the string method to calculate the minimum free energy path
of bubble nucleation in two polymer–CO2 mixture systems, poly(methyl methacrylate) (PMMA)–CO2 and
polystyrene (PS)–CO2. Nucleation is initiated by saturating the polymer liquid with high pressure CO2
and subsequently reducing the pressure to ambient condition. Below a critical temperature (Tc), we ﬁnd
that there is a discontinuous drop in the nucleation barrier as a function of increased initial CO2
pressure (P0), as a result of an underlying metastable transition from a CO2-rich-vapor phase to a CO2-
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rich-liquid phase. The nucleation barrier is generally higher for PS–CO2 than for PMMA–CO2 under the
same temperature and pressure conditions, and both higher temperature and higher initial pressure are
required to lower the nucleation barrier for PS–CO2 to experimentally relevant ranges. Classical
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nucleation theory completely fails to capture the structural features of the bubble nucleus and severely
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underestimates the nucleation barrier.

1.

Introduction

Bubble nucleation in polymer–carbon dioxide (CO2) mixtures is
a problem of great interest in the manufacturing of polymer
foams since it plays a crucial role in determining the cell size
and pore density of the foam materials.1 As a fundamental
problem, bubble nucleation in polymer–CO2 is a rich and
complex problem because of the nite compressibility of the
mixture and possible interplay between liquid–vapor transition
and liquid–liquid phase separation.2–5 For example, Müller
et al.6 showed that the nucleation behavior and the structure of
the critical nucleus are strongly aﬀected by the proximity to the
(polymer-rich liquid, CO2-rich vapor and CO2-rich liquid) triple
point.
A quantitative theory that predicts the bubble nucleation
behavior in polymer–CO2 mixtures as a function of the pressure,
temperature and composition can be a valuable tool for rationally controlling the foaming conditions and can also
contribute to the fundamental understanding of nucleation in
compressible binary mixtures in general.3,5,6 However, such a
theory has not been available owing to the lack of accurate
description of the thermodynamic and interfacial properties of
the polymer–CO2 mixtures at the molecular level.2,3 Direct
molecular simulation of the nucleation behavior is currently
impossible due to the molecular complexity of the system and
the activated nature of the phenomenon. On the other hand, the
classical nucleation theory (CNT) is not only unsatisfactory at
the quantitative level, but can even fail to capture some qualitative features, as will be demonstrated in this work. Densitya
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functional theory (DFT) is an attractive alternative as it can
successfully capture the necessary microscopic details of
nucleation.7 DFT treats the nuclei as inhomogeneous density
proles, and the free energy of the system is given as a functional of the proles. Eﬀects of interfacial curvature and
compressibility are incorporated automatically in the DFT
description. Under a given nucleation condition, the functional
has a saddle point corresponding to the critical nucleus.
Nucleation is considered to proceed along the minimum free
energy path (MFEP) that connects the metastable uniform bulk
state to a well-developed bubble by passing through the critical
nucleus.
In this work, we use our recently developed DFT8 based on
the perturbed chain-statistical associating eld theory equation
of state (PC-SAFT EOS)9 to study bubble nucleation in polymer–
CO2 mixtures, using poly(methyl methacrylate) (PMMA) and
polystyrene (PS) as examples for the polymer. The DFT we use
for the polymer–CO2 is built on a coarse-grained molecular
model in which the CO2 molecule is modeled as a sphere and
the polymer is modeled as a freely jointed chain of tangentially
connected spheres. The excluded volume of the species is represented by hard-core interactions. Energetic interactions are
described by the attractive part of the Lennard-Jones potential.
In addition, a weak association interaction is included between
the CO2 molecules. The DFT gives a quantitatively satisfactory
description of the thermodynamic bulk and interfacial properties of polymer–CO2 mixtures in a wide temperature and pressure range.
The evolution of the bubble along the MFEP is obtained by
the string method, which is a modied steepest descent algorithm.10 The free energy barrier and the structure of the critical
nucleus are calculated by systematically examining the eﬀect of
temperature, pressure and the CO2 content. The temperature
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and pressure conditions are selected in the experimentally
relevant range, i.e., temperatures near the critical temperature
of CO2, and pressures in the range from ambient pressure to
10 s of mega pascal (MPa).
In a recent communication,11 we briey presented our
result on a discontinuous nucleation behavior in the PMMA–
CO2 mixture that arises from an underlying metastable
condensation transition of the CO2-rich phase. In this work,
we will explore this behavior in further detail by comparing the
diﬀerence between the PS–CO2 and PMMA–CO2 systems. We
nd that the nucleation barrier is generally higher for PS–CO2
than for PMMA–CO2 under the same temperature and pressure conditions, which, however, is not simply due to the lower
solubility of CO2 in PS. We also evaluate the validity of CNT by
comparing our results with predictions of CNT using both the
equilibrium interfacial tension and an eﬀective interfacial
tension tted from a well-developed bubble. In both cases, we
nd that CNT considerably underestimates the nucleation
barrier.

2.

Molecular model

The molecular units of both components in a compressible
polymer–CO2 mixture are coarse-grained as spherical particles
with a hard core. The CO2 molecule is modeled as a sphere. A
weak association interaction is assumed between CO2 molecules. The association interaction between the attractive sites of
carbon and oxygen atoms leads to the formation of dimers,
trimers, tetramers, etc. We account for the strength of association interaction by the average size (N1) of the clusters. In
principle, N1 should depend on the density of CO2 and
temperature. However, for simplicity in this work we ignore
such dependences, and assume N1 to be a constant. The best
numerical tting of experimental PVT data of pure CO2 yields
N1 ¼ 2. Note also that N1 ¼ 2 is only used in the excess part of
the free energy. The polymer is modeled as a freely jointed chain
of tangentially connected spheres. The chain connectivity is
enforced by the bonding constraint between nearest-neighbor
segments,

 
exp  bVB r N2 ¼

N
2 1
Y
i¼1

dð|riþ1  ri |  s2 Þ
4ps2 2

(1)

where d is the Dirac delta function and r N2 ¼ (r1, r2, ., rN2) and
b1 ¼ kT stands for the temperature multiplied by the Boltzmann constant. The interaction between two arbitrary species
(i.e. polymer segments or CO2) is described by

N
r\sij

6
(2)
uij ðrÞ ¼
3ij sij =r
r $ sij
where i, j ¼ 1, 2, with 1 denoting CO2 and 2 denoting a
polymer segment. The cross interaction is given by
pﬃﬃﬃﬃﬃﬃﬃ
sij ¼ ðsi þ sj Þ=2; 3ij ¼ 3i 3j ð1  kij Þ; ðisjÞ. Details for the value
of molecular weight (M), chain length of polymer or average
size of the CO2 cluster due to association interaction (N),
energy parameter (3), monomer diameter (s) and kij parameter
for the species used in the model are given in our recent
publication.8
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3.

Density functional theory

The DFT is constructed from the PC-SAFT EOS.9 The Helmholtz
free energy functional is expressed as a sum of an ideal-gas term
and excess terms accounting for the inter- and intramolecular
interactions,
F ¼ F id[r1(r),^
r2(rN2)] + F ex[r1(r),^
r2(rN2)]

(3)

^2(r N2) is the multidiwhere r1(r) is the density prole of CO2. r
mensional density prole of polymer chain, i.e., the joint
density of all the N2 segments of the polymer, which is related to
the segmental densities r2i (i ¼ 1, 2, ., N2) by
N2
N2 ð
X
X
 
(4)
r2 ðrÞ ¼
r2;i ðrÞ ¼
r2 rN2
drN2 dðr  ri Þ^
i¼1

i¼1

The ideal term of Helmholtz free energy is known exactly as
Ð
r2(rN2)] ¼ drr1(r)[lnr1(r)  1]
bF id[r1(r),^
Ð
r (rN2)[ln^
+ drN2^
r2(rN2)  1]
Ð N2 2 N2
+ dr ^
r2(r )bVB(rN2)

(5)

In PC-SAFT-based DFT, the excess Helmholtz free energy
includes the contribution from the excluded-volume eﬀect,
correlations due to CO2 association and polymer chain
connectivity, and dispersion interactions,
ex
ex
ex
ex
F ex ¼ Fhs
+ Fassoc
+ Fdisp-local
+ Fdisp-nonlocal

(6)

The rst three terms extend the corresponding bulk terms of
the PC-SAFT EOS to spatially varying systems, whereas the last
term is an additional contribution due to the long-range
dispersion interaction that is only non-vanishing when the
system is inhomogeneous. F ex
hs accounts for the excluded
volume eﬀect and is given by the modied fundamental
measure theory12,13
Ð
ex
bFhs
¼ drfhs[na(r)]

(7)

with
n1 n2  nV 1 nV2
fhs ½na ðrÞ ¼  n0 lnð1  n3 Þ þ
1  n3
"
#

 2
lnð1  n3 Þ
1
þ
þ
n3 =3  n2 nV2 nV 2
2
12pn3 2
12pn3 ð1  n3 Þ
(8)
where ni[{rj (r)| j ¼ 1, 2}], (i ¼ 0, 1, 2, 3, V1, V2) are the weight
density functionals of Rosenfeld.12 These weight density functionals are also used to describe other short-range interactions
such as association and the local part of the dispersion interactions. We adopt the weighted density approximation (WDA)
to extend these terms to inhomogeneous states. bF ex
assoc due to
the polymer chain connectivity and CO2 associating interaction
is given by14
ð
2
X
1  Ni
ex
drn0i ln gii
bFassoc
¼
(9)
Ni
i¼1
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where gii is the contact value of the correlation function between
segments of species i, given by
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gii ¼

1
3 n2 si
1 n2 2 si 2
þ
þ
2
1  n3 2 ð1  n3 Þ
2 ð1  n3 Þ3

The dispersion term is decomposed as the sum of a local
contribution F ex
and a nonlocal contribution
disp-local
F ex
disp-nonlocal. In the PC-SAFT EOS, the local contribution of
the dispersion interaction is accounted for by perturbation
from a chain-like reference uid9,17 using the segment–
segment pair distribution function. The volume integrals with
respect to the chain dispersion interaction are then simplied
by a polynomial of the packing fraction up to order six.
Mathematically,
bFdisp-local ¼  p

X ð 
dr n0i ðrÞn0j ðrÞ
i; j¼1;2

h
1
PC
 2J1 ðrÞb3PC
ij þ NM ðrÞJ2 ðrÞ b3ij

2i

s3ij

o
(10)

adopted mean-eld treatment of dispersion interactions in
the form
ðð


1X
ex
½r1 ðrÞ; r2 ðrÞ ¼
Fdisp
drdr0 Q |r  r0 |  sij
2i; j¼1;2

 uij ð|r  r0 | ri ðrÞrj ðr0 Þ
which is known to be inaccurate for describing equilibrium
bulk phase behavior and interfacial properties.18–20 The use of
the segment–segment pair distribution function based on a
chain-like reference state in eqn (10) includes essential correlation eﬀects from both packing and chain connectivity
neglected in a mean-eld approach. Our mean-eld approximation only concerns the additional long-range nonlocal term
Fdisp-nonlocal, eqn (11), which does not aﬀect the thermodynamics in a uniform bulk system. The combined eqn (10) and
(11) provide accurate description for both the bulk thermodynamic behavior and interfacial properties, as demonstrated in
our recent work.8
The grand potential W of the system is related to the
Helmholtz free energy functional as
Ð
Ð
W ¼ F  m1 r1(r)dr  m2 ^
r2(rN2)drN2

where
MðrÞ ¼ 1 þ N

8n3  2n3 2
ð1  n3 Þ2

Jk ðrÞ ¼

þ ð1  NÞ

6
X
i¼0

20n3  27n3 2 þ 12n3 3  2n3 4
ð1  n3 Þ2 ð2  n3 Þ2

with the coeﬃcients
ðkÞ

ai

ðkÞ

¼ ai0 þ

N  1 ðkÞ N  1 N  2 ðkÞ
ai1 þ
ai2 ;
N
N
N

 ¼ N1x + N2(1  x) with x being the mole
In these equations, N
fraction of CO2. The constant coeﬃcients {a(k)
ij |k ¼ 1, 2; i ¼ 0,
1, ., 6; j ¼ 0, 1, 2} are given in ref. 9.
The WDA alone does not adequately describe the long-range
intermolecular attractions15 in a spatially inhomogeneous
system. The additional long-range dispersion contributions
due to spatial inhomogeneity are included in a mean-eld
manner by16
ex
Fdisp
-nonlocal ½r1 ðrÞ; r2 ðrÞ ¼

ðð


1 X
drdr0 Q |r  r0 |  sij uij ð|r  r0 |Þ
4 i; j¼1;2


 ri ðrÞ  ri ðr0 Þ½rj ðrÞ  rj ðr0 Þ
(11)

This form ensures that F ex
disp-nonlocal vanishes for the
uniform bulk state and hence does not overcount the contribution already included in the bulk EOS. The step function
Q(r  sij) can be considered the zero-density value of the pair
distribution function gij(|r  r0 |). Because of the long-range
nature of the dispersion interaction, we expect that this
approximation that essentially amounts to averaging out
oscillations in the gij should be a reasonable one. Note that the
form of eqn (11) is not to be confused with a commonly

This journal is ª The Royal Society of Chemistry 2013

where m1 and m2 are the chemical potential of CO2 and the
polymer chain, respectively.

4.

ðkÞ

ai ðNÞ ni3 ; k ¼ 1; 2

(12)

String method

Inasmuch as bubble nucleation can be considered an activated rare event, we adopt a thermodynamic approach in
which nucleation is treated as a localized uctuation in an
open system with a xed chemical potential for each species
set by the metastable bulk phase. We consider the nucleation
of a single spherical CO2 bubble from the bulk polymer–CO2
mixture, with the origin of the coordinate system taken to
be at the center of the bubble. Because of spherical
symmetry, the density proles are only functions of the radial
coordinate r.
The key properties of interest are the free energy barrier—the
free energy at the transition state—and the nucleation path. In a
mean-eld framework, nucleation proceeds along the
minimum free energy path (MFEP) on the functional space of
grand potential W [r1(r), r2(r)], where r1 and r2 are the number
density of CO2 and polymer segments, respectively. The MFEP
{rj(r, s)| j ¼ 1, 2; 0 # s # 1} (where s is the normalized reaction
coordinate on the path) connects the initial state {rj(r, 0)} (the
metastable bulk state of mixtures) and the nal state {rj(r, 1)} (a
well-developed bubble) via a path that passes through the
transition state (saddle point on the free energy surface). It is
dened such that the tangent along the path is parallel to the
free energy gradient,
8
dW
dW
>
>
>
< dr  s1 * dr s1 ¼ 0
1
1
(13)
>
dW
> dW
>
:
s2 ¼ 0
 s2 *
dr
dr
2

2
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sj ðr; sÞ ¼

vrj ðr; sÞ
vs

vrj ðr; sÞ vrj ðr; sÞ
vs * vs

1=2

is the normalized tangent along the path and * denotes the
Ð
inner product dened as f * g ¼ f (r)g(r)dr. Eqn (13) is then
solved by using the string method,10 which is a modied
steepest descent algorithm,


8
vr1 ðr; s; tÞ
dW
dW
>
>
¼
s1 þ k1 s1
 s1 *
>
<
vt
dr1
dr1
(14)


>
>
> vr2 ðr; s; tÞ ¼  dW  s2 dW s2 þ k2 s2
:
* dr
vt
dr2
2
where k1 and k2 are Lagrange multipliers introduced to enforce
the particular parameterization of the string one chooses (for
example by normalizing its arc length),21 and t is a ctitious
time for evolving the equations on the free energy landscape.
We adopt an explicit forward time splitting to solve eqn (14).
The iteration starts with a set of initial density proles (t ¼ 0)
between the initial state (s ¼ 0, the uniform metastable bulk)
and the terminal state (s ¼ 1, a well developed bubble, see
below). States between s ¼ 0 and s ¼ 1 are obtained by linear
interpolation. Aer each iteration, we reparameterize the states
of density prole equidistantly along the path. The process ends
when the maximum diﬀerence between the free energy along
the path between two consecutive iterations is less than 105.
The density proles of the terminal state are determined by a
constrained method proposed in ref. 22. In this method, a
particular value of the density of one of the component, say the
polymer, is assigned to a particular radial distance R. The value
of the density is intermediate between those for the two coexisting phases; a convenient choice is r2(R) ¼ (rcenter
+ rbulk
)/2,
2
2
bulk
where r2
is the density in the metastable bulk phase and
rcenter
is the polymer density at the center of a well-developed
2
nucleus determined by equality of chemical potential with the
bulk metastable phase
mj(rcenter
, rcenter
) ¼ mj(rbulk
, rbulk
), j ¼ 1, 2
1
2
1
2

(15)

The constraint essentially corresponds to xing the location of
the interface. With this constraint serving as a boundary
condition, we then minimize the grand potential functional by
setting
dW
dW
¼ 0;
¼0
dr1 ðrÞ
dr2 ðrÞ

(16)

Note that the second part of the variation condition only applies
for r s R because of the boundary condition. We choose R to be
suﬃciently large that the density proles of the well-developed
bubble become insensitive to the value of R. In most cases, we
nd R ¼ 10 nm to be suﬃcient.

5.

Results and discussion

5.1. Metastable condensation phase transition
Nucleation is initiated by a pressure drop from a high initial
pressure P0 at the coexistence (i.e. a CO2 saturated polymer
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Fig. 1 Phase diagram of PMMA–CO2 mixtures at w ¼ 28% weight fraction of CO2.
Nucleation is initiated by a pressure drop from the coexistence (initial pressure, P0)
to the pressure (nucleation pressure, P1) where nucleation takes place.

liquid) to the ambient pressure 0.1 MPa, see Fig. 1. The density
is allowed to relax, while maintaining the same composition
(weight fraction of CO2, w) at the new pressure value, resulting
in a metastable bulk state highly supersaturated with CO2. The
initial pressure P0 thus controls the composition of the metastable state and its degree of supersaturation.
We note that both pure PMMA and pure PS are glassy in the
temperature ranges we consider in our calculation. However,
dissolution of compressed CO2 can considerably suppress the
glass transition temperature Tg of the polymer.23–25 For PMMA,
Tg is suppressed to about 280 K,26 when saturated with CO2 in
the pressure range of 5–25 MPa, which is below the temperature
range we consider here. For PS, with a saturation pressure of
CO2 in the range of 10–30 MPa, Tg occurs around 305 K.26
However, nucleation takes place at an ambient pressure of 0.1
MPa in a CO2-supersaturated metastable state. Because there is
more free volume at the lower pressure, while the CO2 content
remains high, it is likely that Tg for the metastable PS–CO2
mixture can be well below 305 K. In this work, we will assume
that the polymer mixture is in the liquid state. Nevertheless, we
recommend caution in interpreting our PS–CO2 results for
temperatures below 305 K.
In the region near the critical temperature of CO2, a CO2-rich
liquid (CRL) and a CO2-rich vapor (CRV) can coexist with the
polymer-rich phase, giving rise to an equilibrium triple line. The
eﬀects of this equilibrium triple line on nucleation in generic
binary mixtures and in model polymer–CO2 mixtures have been
previously elucidated.6 However, in the CO2 supersaturated
metastable polymer-rich phase at ambient pressure, at the same
respective chemical potential for CO2 and polymer, there can
also exist metastable CRV and CRL phases whose densities are
determined by eqn (15). These metastable phases are lower in
their grand potential density than the parent metastable phase
(which is just the negative of the ambient pressure, i.e. 0.1
MPa). Since the initial stage of nucleation occurs at constant
chemical potential, it is these metastable phases, rather than
the equilibrium CRV at the ambient pressure, that form the
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nuclei of the initial bubble nucleation. The metastable CRV–
CRL transition and its consequence on bubble nucleation in the
PMMA–CO2 system have been reported in a recent communication.11 Here we focus on the case of PS–CO2. Fig. 2(a) shows
the grand potential density (i.e., negative of the pressure) of
these two metastable phases for PS–CO2 mixtures as a function
of the initial pressure P0. At T ¼ 300 K, the CRV crosses the CRL
phase at P0 ¼ 33.6 MPa, corresponding to a metastable
condensation transition. The CRV phase persists until P0 # 39.2
MPa and the CRL phase starts to appear at P0 $ 28.5 MPa. These
pressures dene the respective spinodals for the CRV and CRL
phases. Between these spinodals, both CRV and CRL phases can
exist. As temperature increases, the spinodal pressure of the
CRV decreases while that of the CRL increases, until they
converge to a critical point at Tc ¼ 306.8 K. For T > Tc, the CO2rich metastable phase becomes supercritical. Fig. 2(b) shows
the metastable spinodal lines as well as the condensation
transition line in the P0–T plane. We emphasize that this
metastable “phase diagram” is only meaningful in the context
of the metastable PS-rich parent phase; the metastable CRV and
CRL do not exist on their own as a bulk state.
The “phase diagram” shown in Fig. 2(b) provides a global
map for the nucleation behavior. For T $ Tc, the mixture
nucleates to a supercritical CO2-rich bubble. For T < Tc, below
the metastable spinodal pressure of the CRL, CRL does not
exist, and so nucleation can only be to the CRV state. In the

Fig. 2 (a) Grand potential density of the metastable CO2-rich phases determined
from the equal chemical potential condition with the metastable parent PS-rich
liquid at ambient pressure 0.1 MPa for T ¼ 300 K (dark green lines), 305 K (blue
lines), 306.8 K(purple lines) and 310 K(red lines). The solid lines at T ¼ 300 K and
305 K are CRV phases and the dashed lines are CRL phases, respectively. The solid
circles denote the metastable condensation points, and the solid square is the
metastable critical point. (b) Phase diagram for the metastable CO2-rich phases in
T  P0 plane at the nucleation pressure of 0.1 MPa.
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region above the metastable spinodal of the CRV, the mixture
can only nucleate a CRL bubble. In the region between these two
spinodals, both CRL and CRV phases can exist as metastable
states having lower free energy than the parent metastable
phase. The nucleating bubble can therefore correspond to
either the CRV or the CRL phase; the actual nucleation path is
the one of the lowest free energy barrier.
Compared with the case of PMMA–CO2, the metastable spinodal curve of CRV in the case of PS–CO2 has a stronger
curvature. The locations of the condensation line and the critical point are similar in both systems. However, we will show
that the free energy barrier for bubble nucleation in PS–CO2 is
much higher than in PMMA–CO2 under the same nucleation
conditions.

5.2. Nucleation below Tc
We rst consider nucleation at T < Tc. We have calculated the
nucleation properties to both CRV and CRL. The results are
shown in Fig. 3(a) and (b). Clearly, for all P0, nucleation to the
CRL phase has a lower barrier. While this behavior is consistent
with the Ostwald's step rule27 before the condensation point—
since the free energy of the CRL is closer to the metastable
parent phase than CRV, this rule does not apply aer the
condensation point. Exceptions to Ostwald's rule have also been
reported in the crystallization of minerals.28,29
As shown in Fig. 3(a), below the metastable critical point, the
nucleation barrier to the CRL branch is always lower than to the
CRV branch, and so the preferred nucleation path is the one to
the CRL branch. This suggests the following scenario for the
nucleation behavior in the mixture. For initial pressure P0 below
the spinodal value of the CRL phase, only a CRV nucleus is

Fig. 3 (a) and (b) Free energy barrier and radius of the critical nucleus for the PS–
CO2 system as a function of the initial pressure for T ¼ 300 K (dark green lines),
305 K (blue lines), 306.8 K (purple lines) and 310 K (red lines). The solid lines at T ¼
300 K and 305 K are CRV phases and the dashed lines are CRL phases, respectively.
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Fig. 4 (a) and (b) Dimensionless density proﬁles of the two types of critical
nucleus for P0 ¼ 33.4 MPa (CRV nucleus) and P0 ¼ 33.5 MPa (CRL nucleus),
respectively, at T ¼ 305 K. The insets show the excess free energy (DW ¼ W 
Wbulk) of bubble formation as a function of PS deﬁciency in the bubble
ðN
h
i

.
V2 ¼ 4p drr 2 r2 ðrÞ  rbulk
2
0

possible, which, however, requires a rather high nucleation
barrier, making bubble nucleation an unlikely event. Upon
increasing P0 to the spinodal of the CRL, there is a precipitous
drop in the nucleation barrier, as the nucleating phase now
becomes CRL. In other words, we expect a sudden increase in
the nucleation rate as a function of the initial pressure P0. Fig. 4
shows the dimensionless density proles (packing fractions) of
the critical nucleus and the free energy barrier across the
discontinuous jump (i.e. the metastable spinodal of CRL) at T ¼
305 K. The packing fraction is dened as hi ¼ (p/6)ris3i , where si
is the diameter of CO2 molecules (i ¼ 1) or polymer segments
(i ¼ 2). Obviously, the CRL nucleus (Fig. 4(b)) has a higher CO2
density in the interior than in the CRV nucleus (Fig. 4(a)). For
the CRV nucleus (Fig. 4(a)), the CO2 density is signicantly
enhanced at the interface. Interestingly, the density of CO2
inside the nucleus is less than in the parent phase. For the CRL
nucleus, the width of the interfacial region is wider and the
enhancement of the CO2 density is less. We note that the
location of this discontinuity for the PMMA–CO2 system is
within the range of experimental pressures for polymer foaming.30 Therefore, the phenomenon predicted here should be
readily observable.
Because the equilibrium coexisting CO2-rich phase at the
nucleation pressure (i.e. 0.1 MPa) is a vapor, the CRL nucleus
will eventually turn into CRV. This process may take the form of
another nucleation of the CRV from a well-developed CRL
bubble, which, however, will require another barrier. The more
likely scenario is that as the CRL bubble grows, depletion of CO2
from the polymer-rich parent phase becomes signicant, and
with the decrease in the chemical potential of CO2, the CRL
bubble evaporates to become CRV, with no barrier or a much

9680 | Soft Matter, 2013, 9, 9675–9683

Paper
reduced barrier. Since the process involves the growth of the
post-critical nucleus bubble and a changing chemical potential,
it can no longer be treated within the existing thermodynamic
framework in which nucleation takes place at constant reservoir
conditions supplied by the bulk metastable parent phase.
Regardless of how the CRV appears in the CRL bubble, bubble
formation at initial pressures exceeding the spinodal value of
the CRL will be a two-step process, rst the formation of a CRL
nucleus and then the transformation of CRL into a CRV. Twostep nucleation processes have also been suggested for a
number of other systems.31
The nucleation barrier for PS–CO2 shown in Fig. 3 is
signicantly higher than that for PMMA–CO2.11 A simple
explanation is that, at the same T and P0, the CO2 solubility in
the PS liquid is lower than in the PMMA liquid.8 Moreover, at
the same weight fraction of CO2, the spinodal value of PS–CO2
is also lower than that of PMMA–CO2, which leads to a lower
degree of supersaturation for the metastable uid at the
ambient pressure. As the pressure is the controlling variable,
we dene a relative degree of supersaturation S using the
diﬀerence between the binodal pressure Pb and the nucleation
pressure P1, scaled by the diﬀerence between the binodal
pressure and the spinodal pressure Ps for a given weight
fraction of CO2, i.e. S h (Pb  P1)/(Pb  Ps). In this denition,
the nucleation barrier is innite at S ¼ 0 and vanishes at S ¼ 1.
Fig. 5 compares S for nucleation at the ambient pressure (P1 ¼
0.1 MPa) for PS–CO2 and for PMMA–CO2 as a function of
temperature at w ¼ 25%. We see that to get the same value of
S, the temperature of the PS–CO2 system has to be higher than
that of the PMMA–CO2. For example, at S ¼ 0.25, the
temperature of PMMA–CO2 is 302.6 K, while it is 317.0 K for
PS–CO2. Moreover, to have the same CO2 solubility in PS as in
PMMA, a higher initial pressure P0 is also required. To reach
w ¼ 25%, P0 ¼ 24.01 MPa for PMMA at T ¼ 302.6 K but P0 ¼
30.62 MPa is required for PS at T ¼ 317 K. Therefore, to get the
same nucleation barrier at the ambient pressure, both the
nucleation temperature and the initial pressure have to be
higher for PS–CO2 than that for PMMA–CO2.

Fig. 5 Eﬀect of temperature on the relative degree of supersaturation (S ¼ (Pb 
0.1)/(Pb  Ps)) in the metastable bulk phase at a CO2 weight fraction of w ¼ 25%.
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5.3. Nucleation above Tc
We now consider nucleation in the supercritical state, T > Tc.
While going through the CRL branch leads to a faster nucleation in the formation of the bubbles, the resulting gas bubbles
can be quite large since the CRV is formed at a later stage. In
order to produce small bubbles with high density, it is better to
induce nucleation in the supercritical states, where the nucleation barrier decreases smoothly with increasing initial pressure and the critical nucleus sizes are relatively small. As our
communication has only shown the nucleus structure for
PMMA–CO2 at temperatures less than Tc, here for completeness
we show in Fig. 6 the evolution of the density proles for a
bubble along the MFEP at T ¼ 310 K (>Tc) for the same PMMA–
CO2 mixture. The set of images from (a) to (i) show the evolution
of the density proles for PMMA (green lines), CO2 (blue lines)
and the total density (red lines) of both species. Clearly, the
classical nucleation theory (CNT) cannot describe any of the
structural features. Some of the structural features also cannot
be captured using crude theories based on incompressible,
pseudo-one-component treatment of the polymer–CO2
mixture.32 At the very early stage of bubble formation (Fig. 6(b)),
the total density proles exhibit a slight oscillation. The CO2
density overshoots (i.e., exceeds the bulk coexistence value and
the value in the well-developed bubble) on its way to the critical
nucleus. When the bubble becomes large enough, the density in
the core decreases to a value of slightly higher than the bulk
density of CO2. We also see a notable enhancement of CO2 at
the bubble interface.

Soft Matter
Of central importance is the excess free energy (DW ¼ W 
Wbulk, where Wbulk is the grand potential in bulk phase) of
bubble formation as a function of the PMMA deciency in the
ð Nh
i
r2 ðrÞ  rbulk
r 2 dr) along the
bubble (dened as V2 ¼ 4p
2
0

nucleation path (the MFEP); this is shown in Fig. 7(a). The free
energy barrier is 23.26 kT, which corresponds to moderately fast
nucleation kinetics. For comparison, in the same gure we
include results from the CNT. In the CNT, the free energy to
form a bubble of radius R consists of a surface term and a
volume term,
DWCNT ¼ 4pR2 g þ

4pR3
ðgcenter  gbulk Þ
3

(17)

where g is usually taken as the equilibrium interfacial tension,
and gcenter and gbulk are the grand potential density at the center
of a well-developed nucleus and in the metastable bulk phase,
respectively. The result from the CNT using the equilibrium
interfacial tension (g ¼ 2.20 mN m1) is given by the blue
dashed curve. Clearly, the CNT drastically underestimates the
free energy. We have also constructed a modied CNT with a
tted value of interfacial tension (g ¼ 5.61 mN m1) by using
the asymptotic behavior of the free energy at large V2, in part to
account for the nonequilibrium nature of the interface. The
modied CNT is closer to the result obtained from the string
method, but the discrepancy is still quite large. For very large
bubbles, because of the dominance of the volume term, all three
curves show the same limiting slope on the log–log plot, see

Fig. 6 Evolution of the dimensionless density proﬁles for a CO2 bubble along the minimum free energy path (MFEP) in the PMMA–CO2 mixture in the supercritical
state. Nucleation is initiated by a pressure drop from the coexistence point P0 ¼ 41.3 MPa to P1 ¼ 0.1 MPa at T ¼ 310 K. (h) Corresponds to the critical nucleus. The excess
free energy is shown above each panel.
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Fig. 7 Comparison between the string method and the CNT. (a) Formation free energy of the bubble nucleus as a function of PMMA deﬁciency V2. Nucleation is
initiated by a pressure drop from the coexistence point P0 ¼ 41.3 MPa to P1 ¼ 0.1 MPa at T ¼ 310 K. The solid circles correspond to states shown in Fig. 6. (b) Eﬀective
interfacial tension implied by the CNT as a function of log(V2). (c) log–log plot of (a). (d) Free energy barrier as a function of nucleation pressure (P1). The initial coexisting
pressure is P0 ¼ 41.3 MPa. In taking the logarithm of the PMMA deﬁciency V2, a reference volume of 1 nm3 is used.

Fig. 7(c). The modied CNT converges to the result calculated by
the string method; CNT does not converge to the same limiting
values, as the value of the interfacial tension is diﬀerent.
However, in order to have large critical nuclei, the system must
be close to the binodal, but in that case the nucleation barrier is
too high to be relevant. Fig. 7(d) shows the nucleation barrier as
a function of the nucleation pressure (P1). One can see that the
results from the CNT and from the string method agree well as
the nucleation pressure approaches the binodal pressure (P0 ¼
41.3 MPa). However, for nucleation at the ambient pressure
P1 ¼ 0.1 MPa, the nucleation barrier predicted by the CNT is far
too low. That the CNT underestimates the free energy barrier for
nucleation in single component uids has also been pointed
out by previous theoretical studies.33–35 To understand this
behavior, we note that at the early stage of bubble formation,
change in the density prole from the metastable parent phase
is quite small (see the density proles in Fig. 6(a)–(f)), resulting
in a small diﬀerence in the grand potential density diﬀerence in
the volume contribution. In CNT, on the other hand, this
diﬀerence is xed at gcenter  gbulk. As this diﬀerence is negative,
overemphasis of this term in the CNT leads to an underestimate
of the free energy if one uses a constant equilibrium interfacial
tension or a tted value from subtracting the volume term at
large radius. Indeed, if one insists on a constant gcenter  gbulk,
as in the CNT, then the diﬀerence between the total excess free
energy and the volume term alone can be used to dene an
eﬀective interfacial tension. This tension is clearly a function of
the nucleus size and only reaches the asymptotic value of g ¼
5.61 mN m1 when the bubble is suﬃciently large. For bubble
sizes near the critical nucleus, the eﬀective tension is
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considerably higher than both the equilibrium value and the
tted asymptotic value. Therefore, using either these tension
values together with the constant gcenter  gbulk will always yield
an underestimate of the free energy.

6.

Conclusions

In conclusion, using our recently developed DFT, we have
studied bubble nucleation in both PMMA–CO2 and PS–CO2
mixtures. Nucleation is induced by saturating the polymer uid
with high pressure CO2 and subsequently decreasing the pressure to ambient condition. The minimum free energy path on
the free energy landscape—the mean-eld nucleation
pathway—is calculated by the string method. Our calculation
shows that below a metastable condensation critical temperature, there are two possible states for the CO2-rich nucleus: a
CO2-rich vapor (CRV) like state or a CO2-rich liquid like state,
depending on the initial pressure, with the CRL nucleus
generally having a lower free energy barrier. The existence of
these two metastable states for the nucleus is bracketed by their
respective spinodal. Because the actual nucleation pathway is
the one with the lowest barrier, this result implies that as the
initial pressure increases past the spinodal for the CRL, the
nucleated state should jump discontinuously from the CRV
branch to the CRL branch with a precipitous reduction in the
free energy barrier and the radius of critical nucleus. The
location of this discontinuity is within the experimental range
of pressures used for foaming. As a result of the intervention of
the CRL, the formation of CO2-rich gas bubbles will be a twostep process: the formation of the CRL nucleus and further
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nucleation or growth into the CO2-rich gas. At the supercritical
temperatures, the nucleation barrier decreases smoothly with
increasing initial pressure and the critical nucleus sizes are
relatively small. These results suggest that for the purpose of
producing nanocell polymer foams with maximal cell nucleation density, the nucleation temperature should preferably be
above the critical temperature of the metastable condensation.
Our study also shows that at the same temperature and
pressure conditions, the barrier for bubble nucleation is higher
in the PS–CO2 mixture than in the PMMA–CO2. For example, at
T ¼ 310 K and P0 ¼ 35 MPa, the nucleation barrier is 69.42 kT
for PS–CO2, while it is 37.06 kT for PMMA–CO2 mixtures.
However, this result is not only a consequence of the lower
solubility of CO2 in PS than in PMMA. Even at the same solubility (which will require a higher initial pressure for the PS–CO2
system), the nucleation temperature for PS–CO2 has to be about
15 K higher than for PMMA–CO2 to reach a similar driving force
for nucleation. These results may oﬀer a possible explanation
for the fact that foaming is more diﬃcult in PS–CO2 than in
PMMA–CO2 and suggest that both the temperature and the
initial pressure need to be higher for PS–CO2 than for PMMA–
CO2 in order to increase the foamability in the PS–CO2 mixture.
Within the framework of mean eld theory, the present work
represents the most advanced and accurate methodology in
treating nucleation of polymer–CO2 mixtures. The quantitative
accuracy of our DFT enables specic numerical predictions that
can be directly tested by experiments. The key features reported
in this work are incapable of being captured by either the
classical nucleation theory or previous self-consistent eld
theory based on an incompressible, pseudo-single-component
model for the mixture.32 The combination of the string method
and accurate DFT opens the way for studying nucleation in
complex polymeric systems, such as polymer–CO2 mixtures in
the presence of nanoparticles36 and polymer–polymer–CO2
mixtures.37
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