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The BABAR collaboration has an extensive program of studying hadronic
cross sections in low-energy e+e− collisions, accessible via initial-state ra-
diation. Our measurements allow significant improvements in the pre-
cision of the predicted value of the muon anomalous magnetic moment.
These improvements are necessary for illuminating the current 3.6 sigma
difference between the predicted and the experimental values. We have
published results on a number of processes with two to six hadrons in
the final state. We report here the results of recent studies with final
states that constitute the main contribution to the hadronic cross section
in the energy region between 1 and 3 GeV, as e+e− → K+K−, π+π−, and
e+e− → 4 hadrons.
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1 Introduction

BABAR is a high luminosity (∼ 1034 cm−2s−1) e+e− experiment at the PEP-II asym-
metric storage ring located at SLAC. In processes involving initial state radiation,
this enables precise measurement of σ(e+e− → hadrons) as a function of CM energy
from threshhold to several GeV. These measurments provide the opportunity for pre-
cise determination of hadronic form factors, in particular for π, K, and p, and for
studies of light hadron spectroscopy. Here, we emphasize the important role these
measurements have as inputs to the standard model (SM) calculation of the hadronic
vacuum polarization (HVP) contribution to the muon anomalous magnetic moment,
(g − 2)µ.

The magnetic moment of a lepton, `, of mass m` and charge e may be written in
the form

~µ` = − g`e

2m`

~S, (1)

where ~S is the spin angular momentum of the lepton. The “g-factor”, g`, is pre-
dicted to be two according to the Dirac equation, but higher order corrections yield
deviations. These deviations are expressed in the magnetic moment anomaly,

a` ≡
(g` − 2)

2
. (2)

Interest in a` centers around its sensitivity to possible new physics (NP). As a
helicity-flip process, the sensitivity to NP depends on lepton mass as ∼ m2

` . In spite
of the very precise measurement of ae, the m2

` factor wins, and the muon anomaly is
presently more sensitive in these terms. The τ is still heavier, but is short-lived and
precise measurement of aτ is currently impractical.

The currently most precise measurement of the muon anomaly and its comparison
with the SM prediction are [1, 2, 3]:

aµ(measured) = 116592089± 63× 10−11, (3)

aµ(SM) = 116591802± 49× 10−11. (4)

Thus, the measured value is 3.6σ larger than the SM prediction, and deserves inves-
tigation.

The standard model prediction has several important components (e.g., [2, 3] and
references therein):

aµ(SM) = aµ(QED) + aµ(weak) + aµ(had), (5)

aµ(QED) = 116584718.10± 0.15× 10−11, (6)

aµ(weak) = 154± 2× 10−11, (7)

aµ(had) = 6930± 49× 10−11. (8)
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The hadronic (“had”) component is the largest component after aµ(QED), and is by
far the dominant source of uncertainty in the SM prediction. This component in turn
has two contributions, from hadronic vacuum polarization (HVP) and hadronic light-
by-light scattering. The uncertainties from these two components are of the same
order, but the largest uncertainty (±42× 10−11) is from the hadronic vacuum polar-
ization, aµ(HVP). It is not possible to compute aµ(HVP) perturbatively. Instead,
we may measure σ(e+e− → hadrons) as a function of CM energy and use dispersion
relations to extract aµ(HVP).

aµ(had)

I aµ(had) is largest term after aµ(QED)

I Contributions from hadronic vacuum polarization and
hadronic light-by-light scattering

I Largest contribution to uncertainty (±42× 10−11) is hadronic
vacuum polarization, aµ(HVP)

I Not possible to compute aµ(HVP) perturbatively

I Instead, measure σ(e+e− → hadrons) as a function of CM
energy and use dispersion relation

µ µ
had

e−

e+
e−

e+

August 16, 2013 Frank Porter, BaBar Collaboration DPF 2013, UCSC 5Figure 1: Relating aµ(HVP) to e+e− → hadrons scattering via dispersion relations.
The blobs represent hadronic systems.

The dispersion relation for aµ(had) may be written:

aµ(had) =
α2

3π2

∫ ∞

threshold
R(s)

K(s)

s
ds (9)

where

R(s) =
σ0(e+e− → hadrons(γ))

σpt

(10)

and [4]
K(s) ∼ m2

µ/3s. (11)

The quantity σ0 is the bare cross section, excluding vacuum polarization effects, but
including final state radiation (FSR). The idea behind the approach is seen in Fig. 1.
Because of the ∼ 1/s2 weighting on R, the emphasis is from the low-energy portion
of the hadron spectrum. Hence, the dominant contribution is from π+π−. However,
other channels cannot be neglected at the required precision.

2 The ISR method

To implement this approach, we need to measure σ0 as a function of s. We may
achieve this in a single e+e− experiment by making use of initial state radiation
(ISR). The idea is illustrated in Fig. 2.

Most of the BABAR data is for e+e− collisions at
√
s = 10.6 GeV. With ISR,

the effective e+e− → γ∗ energy is
√
s′ =

√
s(1− x), where x = 2E∗γ/

√
s in the
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The ISR method

e−

e+
hadrons and

e−

e+ µ−

µ+

I BABAR: e+e− collisions at
√
s = 10.6 GeV

I With ISR, effective e+e− → γ∗ energy is
√
s ′ =

√
s(1− x),

where x = 2E ∗γ /
√
s in CM frame

I Select events with a high energy ISR photon (E ∗γ > 3 GeV) at
large angle

I ISR photon is opposite hadrons in CM. High acceptance for
boosted hadrons even from threshhold

I ISR luminosity determined with e+e− → γISRµ
+µ− (ππ,KK )

I Additional ISR and FSR accounted for
I Measurement from threshold to 3–5 GeV in single dataset,

reduces systematics
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Figure 2: Use of ISR in e+e− scattering to measure σ(e+e− → hadrons) (left) and
σ(e+e− → µ+µ−) (right) as a function of the invariant mass of the virtual photon.

CM frame. Events are selected with a high energy ISR photon (E∗γ > 3 GeV) at
large angle. The ISR photon is opposite the hadrons in the CM. Thus, there is high
acceptance for boosted hadrons even from threshhold. Additional ISR and FSR must
be accounted for. This technique provides a measurement from threshold to 3–5 GeV
in a single dataset, and reduces systematics. BABAR has an extensive program to
measure e+e− → hadrons as a function of energy using this ISR method, as shown in
Table 1 (channels include a possible additional FSR photon).

Final state(s) Publication
π+π− PRD 86 032013 (2012)
K+K− PRD 88 032013 (2013)
π+π−π0 PRD 70 072004 (2004)
K+K−η, K+K−π0, K0

SK
±π∓ PRD 77 092002 (2008)

π+π−π+π− PRD 85 112009 (2012)
K+K−π+π−, K+K−π0π0, 2(K+K−) PRD 86 012008 (2012)

ΛΛ, ΛΣ
0
, ΣΣ

0
PRD 76 092006 (2007)

2(π+π−)π0, 2(π+π−)η, K+K−π+π−π0,
K+K−π+π−η PRD 76 0922005 (2007)

φη PRD RC 74 111103 (2006)
3(π+π−), 2(π+π−π0), K+K−2(π+π−) PRD 73 052003 (2006)
pp (C. Cartaro, these proceedings) PRD 87 092005 (2013)
K0
SK

0
L, K0

SK
0
Lπ

+π−, K0
SK
±π∓π0,

K0
SK
±π∓η, π+π−2π0 in progress

Table 1: BABAR ISR measurements of e+e− → hadrons.

As an example of the analysis strategy, we consider the recently publishedK+K−(γ)
channel [6]. The K+K−(γ) yield is measured in ISR production. The effective lumi-
nosity is obtained from the simultaneously measured µ+µ−(γ) rate. This approach
is used for the two-prong π+π−(γ) channel as well. The efficiency is estimated with
data-corrected simulations. Equation 12 gives the relation from which the cross sec-
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tion is determined.

dNK+K−(γ)γISR

d
√
s′

=
dLeff

ISR

d
√
s′

εKKγISR(
√
s′) σ0

KK(γ)(
√
s′) (12)

The “bare” cross section σ0 includes final state radiation (FSR), but no leptonic
or hadronic vacuum polarization effects. These have been removed by using the
normalization based on the measured µ+µ−(γ) rate.

The systematic uncertainties in efficiency and background estimation must be
carefully controlled to avoid exceeding the available statistical precision. The inter-
ested reader is referred to the primary publications for details; we only provide a
summary here. The MC efficiency is corrected for MC/data differences, using in situ
efficiency measurements. The corrections are in four categories, with associated s′-
dependent systematic uncertainties: (i) Trigger corrections are of order ∼ few×10−4,
contributing small systematic uncertainty; (ii) Corrections for tracking result in sys-
tematic uncertainties < few ×10−3; (iii) Particle identification corrections result in
systematic uncertainties typically a few ×10−3 (iv) Kinematic fit selection uncertain-
ties result from possible errors in the modeling of additional ISR/FSR: < few ×10−3.

Backgrounds arise mainly from cross-feed from other ISR processes. The sys-
tematic uncertainty in the background subtraction is typically a few ×10−3 or less
depending on channel, but tends to be higher at extremes of

√
s′.

3 Results

The K+K− and π+π− results are based on the first 232 fb−1 of BABAR data; the
other results below use a 454 fb−1 dataset. The luminosity normalization for both
the K+K− and π+π− is taken from the simultaneous µ+µ− measurment. For the
other channels, the standard BABAR luminosity determination, [5], is used. In this
case, the result is the dressed cross section, including vacuum polarization, which
must be corrected for in computing aµ.

3.1 e+e− → K+K−(γ)

The bare cross section (including FSR) for K+K−(γ) is shown in Figs. 3 and 4, includ-
ing comparison with earlier results. Here, the J/ψ and ψ(2S) have been subtracted,
as these are treated separately. While similar with the earlier measurements, there
are significant differences in normalization at the φ resonance, and in the comparison
with SND and DM2 at higher

√
s′.

Figure 5 shows the result for the charged kaon form factor, which is consistent in
the 3–4 GeV region with earlier results from CLEO. Asymptotic QCD predicts an s′
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FIG. 23: The measured e+e− → K+K−(γ) bare cross section (including FSR). Systematic and statistical uncertainties are
shown, i.e., the diagonal elements of the total covariance matrix. The contributions of the decays of the J/ψ and ψ(2S)
resonances to K+K− have been subtracted.

energy interval. Data from previous measurements are
also shown. The BABAR measurement agrees with the
previous results [21–26], but the BABAR data cover the
full energy range, and are more precise. In particular,
the dip around 1.8GeV is mapped with much increased
precision.

The systematic uncertainties affecting the bare
K+K−(γ) cross section are summarized in Table I. The
overall systematic uncertainty is 7.2× 10−3 in the [1.01–
1.03]GeV mass range, but significantly larger outside the
φ region. All the correlations from the various corrections
are fully propagated to the final covariance matrix of the
cross section. Each systematic error is treated as fully
correlated in all mass bins, except for the ones from the
unfolding and the vacuum polarization correction on the
luminosity (Sec. VIIA). The calibration and resolution
uncertainties also affect the final cross section. They ex-
hibit a rapid variation in the φ region (Fig. 25) as well
as strong bin-to-bin anticorrelations (hence they have a
negligible effect on the dispersion integral entering the aµ
calculation). The error on the vacuum polarization cor-
rection, which also has important anticorrelations, con-
tributes to the cross section uncertainty, but does not
affect the dressed form factor and only slightly the dis-
persion integral (Sec. VIIH).

C. Charged kaon form factor

The square of the kaon form factor is defined by the
ratio of the dressed cross section without final-state in-
teractions, to the lowest-order cross section for point-like
spin 0 charged particles

|FK |2(s′) = 3s′

πα2(0)β3
K

σKK(s′)
CFS

, (8)

where

σKK(s′) = σ0
KK(γ)(s

′)

(
α(s′)
α(0)

)2

(9)

is the dressed cross section, deduced from the bare cross
section σ0

KK(γ) measured above, βK =
√

1− 4m2
K/s

′ is
the kaon velocity, and CFS = 1 + α

π ηK(s′) is the final-
state correction [27–29]. At the φ mass, the 4.2% devi-
ation from unity of CFS is completely dominated by the
Coulomb interaction between K+ and K−. It is slowly
decreasing at higher masses. The form factor values and
their covariance matrices are provided in the EPAPS
repository [20].

For purposes of measuring the φ resonance parame-
ters and providing an empirical parametrization of the
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FIG. 24: (color online). The measured e+e− → K+K− bare cross section in the [1–1.04]GeV (top), [1.04–1.6]GeV (bottom
left), and [1.6–2.1]GeV (bottom right) mass intervals, together with results published by previous experiments. Systematic and
statistical uncertainties are shown, i.e., the diagonal elements of the total covariance matrices.
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solid black (dashed blue) histogram indicates the effect corresponding to a +1 (−1) standard deviation variation of the given
parameter.

Figure 3: The cross section σ0(e+e− → K+K−(γ)) as a function of
√
s′. Left: BABAR

result from threshold to 5 GeV. Right: Comparison of BABAR result with previous
results in the φ region. From [6].

′ ′

(1981,2)
(2008)
(1981)
(1988)
(2001,7)

(2013)

Figure 4: Comparison of the BABAR e+e− → K+K−(γ) result with previous experi-
ments [6].

dependence of [7]

FK(s′) = 16παs(s
′)
f 2
K

s′
. (13)

This prediction (blue curve) is shown in the figure; the prediction for |FK | falls about
a factor of four below the data. The shape is however consistent with with pre-
dicted |FK |2 ∝ s′−2 fall-off (power law fit at high s′ shown by the green band). The
discrepancy in normalization is presently not well-understood.

3.2 π+π−(γ) cross section results

The analysis of the dominant π+π−(γ) channel is very similar with that for the K+K−

channel. The bare cross section (including FSR) is shown in Fig. 6.
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FIG. 31: (color online). Fit (green band) of the squared BABAR charged kaon form factor in the high mass region, using a
function that has the shape of the QCD prediction (blue curve, see text). The extrapolation of the fit at low energy is indicated
by the dotted green line. We also indicate measurements from CLEO data (red squares), close to the ψ(2S) mass and above.
Systematic and statistical uncertainties are shown for data points, i.e., the diagonal elements of the total covariance matrices.

H. The K+K− contribution to the anomalous
magnetic moment of the muon

The bare e+e− → K+K−(γ) cross section obtained in
this analysis can be used to compute the contribution
of the K+K− mode to the theoretical prediction of the
anomalous magnetic moment of the muon.
The result of the dispersion integral is

aKK,LOµ =(22.93± 0.18stat ± 0.22syst ± 0.03VP)× 10−10,
(28)

for the energy interval between the K+K− production
threshold and 1.8GeV. The first uncertainty is statis-
tical, the second is the experimental systematic, while
the third is from the φ parameters used in the VP cor-
rection (Sec. VIIA). The precision achieved is 1.2%,
with systematic uncertainties contributing most to the
total error. This is the most precise result for the
K+K− channel, and the only one covering the full en-
ergy range of interest. For comparison, the combina-
tion of all previous data [38] for the same range is
(21.63± 0.27stat ± 0.68syst)× 10−10.
While the choice of the upper integration limit

is arbitrary, the value of 1.8GeV is chosen as
a convenient and practical transition [39, 40] be-
tween data and perturbative QCD in the disper-
sion integral. The K+K− contribution in the range
[1.8–3.0]GeV from the present measurement is only

(0.121± 0.003stat ± 0.008syst) × 10−10. The quoted re-
sult Eq. (28) is dominated by the φ region, with a con-
tribution of (18.64± 0.16stat ± 0.13syst ± 0.03VP)×10−10

from threshold to 1.06GeV.

VIII. CONCLUSION

The cross section for the process e+e− → K+K−(γ)
has been measured by the BABAR experiment, from the
K+K− production threshold to 5GeV. The measurement
uses the ISR method and the effective ISR luminosity de-
termined with the µ+µ−(γ)γISR events in the same data
sample, as developed for the precision measurement of
the e+e− → π+π−(γ) cross section [5].

The cross section is obtained for the first time continu-
ously over the full energy range, with an overall system-
atic uncertainty of 7.2×10−3 in the [1.01–1.03]GeV mass
range. It spans more than six orders of magnitude and is
dominated by the φ resonance close to threshold. Other
structures visible at higher masses include the contribu-
tions from the narrow J/ψ and ψ(2S) resonances, which
have been studied explicitly.

A fit of the charged kaon form factor has been per-
formed using a sum of contributions from isoscalar and
isovector vector mesons: besides the dominant φ reso-
nance and small ρ and ω contributions, several higher

Figure 5: The square of the charged kaon form factor vs
√
s′, including comparison

with CLEO and asymptotic QCD [6]. 46
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FIG. 42: The measured cross section for e+e− → π+π−(γ) over the full mass range. Systematic and
statistical uncertainties are shown, but based only on the diagonal elements of the covariance matrix
(see text).
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FIG. 43: The measured cross section for e+e− → π+π−(γ) in the lower mass range. Systematic and
statistical uncertainties are shown, but based only on the diagonal elements of the covariance matrix
(see text).

with

Γ(s,m,Γ) = Γ
s

m2

(
βπ(s)

βπ(m2)

)3

, (29)

where βπ(s) =
√
1− 4m2

π/s. In principle this energy de-
pendence is justified only below 1GeV, as 4-pion final
states dominate at larger energies, but it is used for sim-

plicity. Detailed studies of the high mass states cannot be
performed only on the basis of pion form factor fits, and
require complex coupled-channel analyses. Such studies
are beyond the scope of this paper, but the present 2π
data constitute a very useful ingredient for them.

The auxiliary functions used in the GS model are:

47
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FIG. 44: The measured cross section for e+e− → π+π−(γ) in the central ρ region. Systematic and
statistical uncertainties are shown, but based only on the diagonal elements of the covariance matrix
(see text).

d(m) =
3

π

m2
π

k2(m2)
ln

(
m+ 2k(m2)

2mπ

)
+

m

2πk(m2)
− m2

πm

πk3(m2)
, (30)

f(s,m,Γ) =
Γm2

k3(m2)

[
k2(s)(h(s)− h(m2)) + (m2 − s)k2(m2)h′(m2)

]
, (31)

where

k(s) =
1

2

√
sβπ(s) , (32)

h(s) =
2

π

k(s)√
s
ln

(√
s+ 2k(s)

2mπ

)
. (33)

and h′(s) is the derivative of h(s).
The form factor data is fitted in the full energy range,

from 0.3 to 3.0GeV, involving 18 free parameters: the
mass and width of the ρ, and for each other resonance
(ω, ρ′, ρ′′, ρ′′′) the amplitude (modulus and phase) with
respect to the ρ, and mass and width. According to a
well-known effect [34], the χ2 minimization returns fitted
values that are systematically shifted with respect to the
data points when the full covariance matrix is used in
the fit, while the fit using diagonal errors is verified to
be bias-free. This feature is due to correlations, which
here arise from both statistical and systematic origins,
but mostly from the ISR-luminosity 50MeV sliding bins
(Sect. VIII F 3) and systematic errors. To circumvent the
problem, we fit the data with only diagonal errors to ob-
tain the central values of the fitted parameters. The error

on each parameter is taken as the largest error obtained
from the fit either with the full covariance matrix or with
only diagonal errors. The biases on the mass scale cali-
bration and the resolution obtained in Sections VIIB and
VIIC are included in the fit results on the ρ and ω res-
onance parameters in Table VI, with the corresponding
systematic uncertainties indicated.
As shown in Fig. 45, the VDM fit provides an adequate

description of the BABAR data over the full 0.3–3GeV
range (χ2/DF = 351/319). The goodness of the fit shows
that the GS parametrization of the dominant ρ resonance
describes the data in a reasonable manner, as well as the
contributions from the higher ρ′, ρ′′ and ρ′′′ resonances.
In particular the strong interference dip near 1.6GeV is
well reproduced. Beyond 2GeV, the ρ′′′ is required in
order to reproduce the structure seen in the data. The
quality of the fit is shown in more detail in Fig. 46 in the
low-mass range and in the ρ peak region with the ρ− ω
interference.
The relative ratio (|Fπ |2data/|Fπ|2VDM − 1) is shown in

Fig. 47 over the full energy range. Some deviation is
observed in the low-mass region where the fit underes-
timates the data. Some oscillation is also observed be-

Figure 6: Left: The BABAR result for the bare e+e− → π+π−(γ) cross section vs
√
s′.

Right: The BABAR result for the bare e+e− → π+π−(γ) cross section vs
√
s′ in the

ρ/ω region. From [8].

3.3 K+K−ππ cross section results

Based on a 454 fb−1 dataset, the dressed cross section measurements from BABAR
for e+e− → K+K−ππ are shown in Fig. 7 (statistical uncertainties shown). The
K+K−K+K− channel has also been measured, but is not shown here. The cross
section at high s′ for K+K−π+π− is systematically smaller than the earlier DM1
result.

3.4 π+π−π+π− cross section results

Based on a 454 fb−1 dataset, the dressed cross section from BABAR for e+e− →
π+π−π+π− is shown in Fig. 8 (statistical uncertainties shown). Our results are con-
sistent with but more precise than the previous results.
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C. Cross section for eþe� ! KþK��þ��

We calculate the eþe� ! KþK��þ�� cross section as
a function of the effective c.m. energy from

�2K2�ðEc:m:Þ ¼
dN2K2��ðEc:m:Þ

dLðEc:m:Þ � 
2K2�ðEc:m:Þ � RðEc:m:Þ ; (2)

where Ec:m: � m2K2�c
2 withm2K2� the measured invariant

mass of the KþK��þ�� system, dN2K2�� the number of

selected events after background subtraction in the interval
dEc:m:, 
2K2�ðEc:m:Þ the corrected detection efficiency, and
R a radiative correction.

We calculate the differential luminosity dLðEc:m:Þ in
each interval dEc:m:, with the photon in the same fiducial
range as that used for the simulation, using the simple
leading order formula described in Ref. [12]. From the
mass spectra, obtained from the MC simulation with and
without extra-soft-photon (ISR and FSR) radiation, we
extract RðEc:m:Þ, which gives a correction less than 1%.
Our data, calculated according to Eq. (2), include vacuum
polarization (VP) and exclude any radiative effects, as is
conventional for the reporting of eþe� cross sections. Note
that VP should be excluded and FSR included for calcu-
lations of a�. From data-simulation comparisons for the

eþe� ! �þ��� events we estimate a systematic uncer-
tainty on dL of 1% [17].

We show the cross section as a function of Ec:m: in Fig. 4
with statistical errors only in comparison with the direct
measurements from DM1 [18], and list our results in
Table I. The results are consistent with our previous
measurements for this reaction [7,13] but have increased
statistical precision. Our data lie systematically below the

DM1 data for Ec:m: above 1.9 GeV. The systematic uncer-
tainties, summarized in Table II, affect the normalization
but have little effect on the energy dependence.
The cross section rises from threshold to a peak value of

about 4.6 nb near 1.86 GeV and then generally decreases
with increasing energy. In addition to narrow peaks at the
J=c and c ð2SÞ mass values, there are several possible
wider structures in the 1.8–2.8 GeV region. Such structures
might be due to thresholds for intermediate resonant states,
such as �f0ð980Þ near 2 GeV. Gaussian fits to the distri-
butions of the mass difference between generated and
reconstructed MC data yield KþK��þ�� mass resolution
values that vary from 4:2 MeV=c2 in the 1:5–2:5 GeV=c2

region to 5:5 MeV=c2 in the 2:5–3:5 GeV=c2 region. The
resolution functions are not purely Gaussian due to soft-
photon radiation, but less than 10% of the signal is outside
the 0:025 GeV=c2 mass interval used in Fig. 4. Since the
cross section has no sharp structure other than the J=c and
c ð2SÞ peaks discussed in Sec. IX below, we apply no
correction for mass resolution.

D. Substructures in the KþK��þ�� final state

Our previous study [7,13] showed evidence for many
intermediate resonances in the KþK��þ�� final state.
With the larger data sample used here, these can be
seen more clearly and, in some cases, studied in detail.
Figure 5(a) shows a plot of the invariant mass of theK��þ
pair versus that of the Kþ�� pair. Signal for the K�ð892Þ0
is clearly visible. Figure 5(b) shows the K��� mass
distribution (two entries per event) for all selected
KþK��þ�� events. As we show in our previous study
[7], the signal at about 1400 GeV=c2 has parameters con-
sistent with K�

2ð1430Þ0. Therefore, we perform a fit to this
distribution using P- and D-wave Breit–Wigner (BW)
functions for the K�0 and K�0

2 signals, respectively, and a

third-order polynomial function for the remainder of the
distribution, taking into account the K� threshold. The fit
result is shown by the curves in Fig. 5(b). The fit yields a
K�0 signal of 53 997� 526 events withmðK�0Þ¼0:8932�
0:0002GeV=c2 and �ðK�0Þ¼0:0521�0:0007GeV, and a
K�0

2 signal of 4361 � 235 events with mðK�0
2 Þ¼1:4274�

0:0019GeV=c2 and �ðK�0
2 Þ¼0:0902�0:0056GeV. These

values are consistent with current world averages for
K�ð892Þ0 and K�

2ð1430Þ0 [5], and the fit describes the
data well, indicating that contributions from other reso-
nances decaying into K���, like K�ð1410Þ0 and/or
K�

0ð1430Þ0, are small.

We combine K�0= �K�0 candidates within the lines in
Fig. 5(a) with the remaining pion and kaon to obtain the
K�ð892Þ0�� invariant-mass distribution shown in Fig. 6(b),
and the K�ð892Þ0�� versus K�ð892Þ0K� mass plot in
Fig. 6(a). The bulk of Fig. 6(a) shows a strong positive
correlation, characteristic of K�0K� final states with no
higher resonances. The horizontal bands in Fig. 6(a) corre-
spond to the peak regions of the projection plot of Fig. 6(b)
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FIG. 4 (color online). The eþe� ! KþK��þ�� cross sec-
tion as a function of eþe� c.m. energy measured with ISR data at
BABAR (dots). The direct measurements from DM1 [18] are
shown as the open circles. Only statistical errors are shown.
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the simulation of the ISR photon covers a limited
angular range, which is about 30% wider than the EMC
acceptance. Simulations assuming dominance of the � !
KþK� and/or the f0 ! �0�0 channels give results
consistent with those of Fig. 18(b), and we apply a 3%
systematic uncertainty for possible model dependence, as
in Sec. IVB.

We correct for mismodeling of the track-finding and
kaon identification efficiencies as in Sec. IVB [corrections
of ðþ1:9� 0:6Þ% and ð0� 2:0Þ%, respectively]. We
do not observe any large discrepancy in the shape of
the �2

2K2�0 distribution and so apply no correction for

the �2
2K2�0 < 50 selection but introduce 3% as an as-

sociated systematic uncertainty. We correct the �0-finding
efficiency using the procedure described in detail in
Ref. [14]. From ISR eþe� ! !�0� ! �þ���0�0�
events selected with and without the �0 from the !
decay, we find that the simulated efficiency for one �0 is
too large by ð3:0� 1:0Þ%, and we apply a correction
of ðþ6:0� 2:0Þ% because of the two �0s in each event.

C. Cross section for eþe� ! KþK��0�0

We calculate the cross section for eþe� ! KþK��0�0

in 0:04 GeVEc:m: intervals from the analog of Eq. (2),
using the invariant mass of the KþK��0�0 system to
determine the c.m. energy. We show the results in Fig. 19
and list the values and statistical errors in Table VII. The
cross section rises to a peak value near 0.8 nb at 2 GeVand
then shows a rapid decrease, which is interrupted by a large

J=c signal; the charmonium region is discussed in Sec. IX
below. The drop at 2.2 GeV is similar to that seen for the
KþK��þ�� final state. Again, the differential luminosity
includes corrections for vacuum polarization that should be
omitted for calculations of a�.

The simulated KþK��0�0 invariant-mass resolution is
8:8 MeV=c2 mass range and increases with mass to
11:2 MeV=c2 in the 2:5–3:5 GeV=c2 range. Since less
than 20% of the events in a 0.04 GeV interval are recon-
structed outside that interval, and the cross section has no
sharp structure other than the J=c peak, we again make no
correction for resolution. The point-to-point systematic
uncertainties are much smaller than the statistical uncer-
tainties, and the errors on the normalization are summa-
rized in Table VIII, along with the corrections that were
applied to the measurements. The total correction is
þ8:9%, and the total systematic uncertainty is 7% at
low mass, increasing linearly from 7% to 16% above
3 GeV=c2.

D. Substructure in the KþK��0�0 final state

A plot of the invariant mass of the K��0 pair versus that
of the Kþ�0 pair is shown in Fig. 20(a) (two entries per
event) for the �2 signal region after removing the �ð1020Þ
contribution by jmðKþK�Þ �mð�Þj> 0:01 GeV=c2.
Horizontal and vertical bands corresponding to K�ð892Þ�
and K�ð892Þþ, respectively, are visible. Figure 20(b)
shows as points the sum of the two projections of
Fig. 20(a); a large K�ð892Þ� signal is evident. Fitting
this distribution with the function used in Sec. IVE, we
obtain the number of events corresponding to K�ð892Þ�
(7734� 320) andK�ð1430Þ� (793� 137) production. The
K�ð1430Þ�:K�ð892Þ� ratio is consistent with that obtained
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Figure 7: Left: σ(K+K−π+π−). Right: σ(K+K−π0π0). Errors shown are statistical
only. From [9].

4 Discussion

Three of the dominant contributions to aµ(HVP), with cross section measurements
reported here, are shown in Table 2. The BABAR precision for π+π− is comparable
with the previous world average, for 4π it is a factor of 2.6 better, and for K+K− it
is a factor of 3 better.

Channel aµ(HVP) (10−11)
BABAR world average w/o BABAR

π+π− 5141± 22± 31 5056± 30 [11]
π+π−π+π− 136.4± 0.3± 3.6 139.5± 9.0± 2.3 [12]
K+K− 229.3± 1.8± 2.2 216.3± 2.7± 6.8 [3]

Table 2: BABAR results for aµ(HVP), and comparison with the world averages exclud-
ing BABAR.

In order to make progress on the experimental measurement, a new experiment,
FNAL E989 [13], is currently under construction, using upgraded components from
the BNL experiment. The goal of the new experiment is reduce the uncertainty on
the measured aµ from 63× 10−11 to 16× 10−11.

It is desirable to match this experimental improvement with corresponding im-
provement in the precision of the SM prediction. We expect lattice calculations to
eventually provide precise SM predictions for HVP. However, on the time scale of
E989 the anticipated improvements in lattice calculations will lead to uncetainties of
a “few percent” [14, 15], which is not sufficiently precise. The present uncertainty on
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nonradiative eþe� ! �þ���þ�� cross section. The re-
sult is shown in Fig. 9. The measured cross section includes
the contributions of vacuum polarization. The cross section
used in the dispersion integral for a� does not include

vacuum polarization and thus we need to apply a correc-
tion. We define the undressed cross section �ud

4�ðECMÞ by

correcting the measured or dressed cross section �d
4�ðECMÞ

for vacuum polarization effects according to

�ud
4�ðECMÞ ¼ �d

4�ðECMÞ �
�

�ð0Þ
�ðECMÞ

�
2 ¼ �d

4�ðECMÞ

vacðECMÞ (4)

where�ðECMÞ is the electroweak coupling strength at ECM.
The correction due to vacuum polarization 
vacðECMÞ,
which can be found in Ref. [32], is applied. Our results
for the dressed and the undressed cross sections are pre-
sented in Table I.

A. Systematic corrections and uncertainties

Table II presents the complete list of corrections and
systematic uncertainties that are included in the dressed
cross section. The uncertainties associated with back-
ground subtraction are discussed in Sec. IV. The 3.0%
tracking efficiency difference between data and MC has
an uncertainty of 1.4%. The photon efficiency correction is
1:3� 0:4%. The total luminosity is measured with a pre-
cision of 1.0%. A 1:0� 0:2% difference is observed be-
tween the radiator functions computed with AFKQED and
PHOKHARA. The effect of additional FSR is estimated
using PHOTOS, resulting in the correction shown in Fig. 8
and a systematic uncertainty of 0.5%. The requirement
�2
4� < 30 leads to a systematic uncertainty of 0.3%. The

uncertainty on the global efficiency is estimated to be 1.0%
in the central region, increasing to 10% in the low mass
region M4� < 1:1 GeV=c2 due to an observed efficiency
decrease of up to 10%. A conservative uncertainty of 10%
to account for the total acceptance decrease in this region is
also applied.
Assuming no correlation between the various contribu-

tions to the systematic uncertainty of the cross section,
its total is found to be 10.7% for M4� < 1:1 GeV=c2,
2.4% for 1:1 GeV=c2 <M4� < 2:8 GeV=c2, 5.5% for
2:8 GeV=c2 <M4� < 4:0 GeV=c2 and 8.5% for higher
invariant masses. Individual contributions to the systematic
uncertainties contribute in a correlated way on the whole
mass range, with the exception of the global analysis
efficiency, for which it does not. Therefore for M4� >
1:1 GeV=c2 a 100% correlation can be assumed, while
for M4� < 1:1 GeV=c2 where the global efficiency domi-
nates, it can be assumed to be uncorrelated.

B. Comparison with the existing eþe� data

In Fig. 10 the extracted nonradiative �ðeþe� !
�þ���þ��Þ cross section is shown, in comparison with
the previous BABAR result [8] and the results from fixed-
energy eþe� experiments. Our results agree within the
uncertainties with our previous measurement, which they
supersede. Our results are consistent with and higher in
precision than the direct eþe� cross section measurements
made at VEPP-2M by OLYA [33], ND [34], SND [35],
CMD [36], and CMD-2 [37–39], at DCI by M3N [40],
DM1 [41], and DM2 [42], and at Adone by GG2 [43].
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C. Influence on the prediction of a�

Using the result for the eþe� ! �þ���þ�� cross
section obtained in the present study, we compute the
contribution of this channel to the anomalous magnetic
moment of the muon a� via a dispersion relation using

the HVPTool program [44] in the energy region 0:6 GeV<
ECM < 1:8 GeV. We find

ahad� ð�þ���þ��Þ ¼ ð13:64� 0:03stat � 0:36systÞ � 10�10:

(5)

Our result is more precise than the current world average
for this quantity: ð13:35� 0:10stat � 0:52systÞ � 10�10

[19], where the first uncertainty is statistical and the second
systematic.

VII. INVARIANT MASSES AND CHARMONIUM
BRANCHING RATIOS

Different invariant mass combinations have been studied
in the data and MC simulation to search for states not
included in the MC model. In the following, we present a
general qualitative search for these hadronic structures. We
then consider a more detailed study of the J=c and c ð2SÞ
background subtraction and efficiency corrections. Finally,
we determine the branching fractionsBJ=c!�þ���þ�� and

Bc ð2SÞ!J=c�þ�� and perform a scan for additional reso-

nances at high invariant masses.

A. Substructures

The scatter plots in Fig. 11 display distributions of the
invariant �þ���� and �þ�� masses versus the invariant
�þ���þ�� mass for the data and MC. The �ð770Þ0 band
is clearly visible in the �þ�� mass distribution of the data
and MC. In general, good agreement is seen except for the
J=c decay, which is not simulated.
In a more detailed study, the �þ���þ�� mass spec-

trum is divided into five intervals:
(1) 1:0–1:4 GeV=c2: low mass region
(2) 1:4–1:8 GeV=c2: peak region of the cross section
(3) 1:8–2:3 GeV=c2: high mass shoulder
(4) 2:3–3:0 GeV=c2

(5) 3:0–4:5 GeV=c2: without the narrow region around
J=c

Figure 12 shows the one-dimensional distributions from
the five regions for the two- and three-pion invariant
masses in comparison with MC [22].
The �þ���� invariant mass distribution is shown in

the leftmost column of Fig. 12. In the low mass region,
1:0 GeV=c2 <M4� < 1:4 GeV=c2, there is not enough
energy to allow production of the a1ð1260Þ�. At higher

TABLE II. Summary of systematic corrections and uncertainties in per centage.

M4� <1:1 GeV=c2 <2:8 GeV=c2 <4:0 GeV=c2 <4:5 GeV=c2

KþK��þ���, K0
SK

���� �1:0 �1:0 �3:0 �7:0
continuum bkg � �0:5 �1:0 �1:5
�þ��eþe�� �3:0 � � �
additional bkg �0:4 �0:4 �4:0 �4:0

tracking efficiency þ3:0� 1:4 þ3:0� 1:4 þ3:0� 1:4 þ3:0� 1:4
photon efficiency þ1:3� 0:4 þ1:3� 0:4 þ1:3� 0:4 þ1:3� 0:4
L �1:0 �1:0 �1:0 �1:0
AFK-PHOK-difference �1:0� 0:2 �1:0� 0:2 �1:0� 0:2 �1:0� 0:2
FSR corrections �0:5 �0:2 �0:1 �0:1
�2
4� < 30 �0:3 �0:3 �0:3 �0:3

global efficiency �10:0 �1:0 �1:0 �1:0

sum �10:7 �2:4 �5:5 �8:5
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Figure 8: Results for the e+e− → π+π−π+π− cross section. Left: BABAR results.
Right: comparison with earlier results. Errors shown are statistical only. From [10].

HVP from e+e− measurements is already less than a percent. Matching the projected
experimental precision of 16× 10−11 requires HVP to be computed to ∼ 0.2%. It will
be difficult to achieve this even with e+e− in the desired time frame. However, it may
be possible to make progress with data already in hand. The dominant ππ channel
result is on half of the BABAR dataset. It may be possible to use the other half as
well on the E989 timescale, perhaps with gains in both statistical and systematic
precision.
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