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Abstract –We investigate the evolution of multi-scale mechanical properties towards the macro-
scopic mechanical instability in frictional granular media under multiaxial compressive loading.
Spatial correlations of shear stress redistribution following nucleating contact sliding events and
shear strain localization are investigated. We report growing correlation lengths associated to
both shear stress and shear strain fields that diverge simultaneously as approaching the transition
to a dense flow regime. This shows that the transition from quasi static to dense flow regime
can be interpreted as a critical phase transition. Our results suggest that no shear band with a
characteristic thickness has formed at the onset of instability.

Introduction. – The mechanical behavior of granu-
lar materials is of wide concern, from natural hazard in
geological context to engineering applications. However,
the evolution of properties towards the flowing instability
is still partially understood.

In case of packing of non-frictional, hard (non-
deformable), spherical particles loaded under shear, force
chains, i.e. heterogeneous distributions of contact forces
on a scale much larger than the typical particle size, con-
trol the mechanical response of the granular assembly [1].
For these systems, the concept of jamming [2] provides
a powerful framework to analyze the onset of granular
flows. These assemblies of non frictional particles exhibit
jammed states resisting small stresses without irreversible
deformation, whereas unjammed systems flow under any
applied shear [3]. The jamming transition for such spheres
at zero stress occurs at a critical value of the packing frac-
tion φ [2].

We investigate here a different situation, considering
elastic (i.e. non hard) frictional disks loaded under multi-
axial compression. This situation is relevant when study-
ing geophysical instabilities (e.g. granular gouges within
fault zones, landslides,...) and differs from classical config-

urations used to study the jamming transition [2] mainly
in two ways. First, considering assemblies of frictional
grains, the parameter that controls whether the grain as-
sembly behaves as a jammed or an unjammed state is the
fraction of non-rattler grains, i.e. the fraction of grains
that carry forces, rather than density [4]. Secondly, in-
stead of shearing the sample at constant volume, the com-
pressive loading conditions here considered imply a con-
fining pressure that prevents the non-rattler fraction to
evolve freely. As a consequence and contrary to the study
of [4], a percolating strong force newtork remains in the
flowing phase, called the dense flow regime [5].

In this letter, we investigate the transition from a quasi-
static regime, i.e. a regime where the sample resists to
the applied stress by deforming infinitly slowly, towards a
dense flow regime, where inertia comes into play.

Loading mode. – We consider 2D compression tests
under multiaxial loading: the axial stress σ1 is increased
whereas the radial stress σ3, i.e. the confining pressure,
is kept constant (see Figure 1). Like this, the sample is
sheared by increasing the deviatoric stress τ = σ1 − σ3.
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Fig. 1: Illustration of the multi axial loading configuration on
a sample made of 225 grains (filled circles). The sample has
been replicated in all directions (unfilled circles).

Position of the problem. – Laboratory experiments
have been conducted with this multiaxial configuration on
either continuous rocks [6, 7] and discrete materials such
as sand [8] or synthetic analogous materials [9]. In contin-
uous materials, the macroscopic instability as been first
theoretically tackled by the use of the bifurcation the-
ory, which considers a transition from an homogeneous
to an heterogeneous deformation field materialized by the
creation of a perennial macroscopic shear band present-
ing a characteristic value of thickness and spanning the
whole sample [10,11]. Within granular materials, comput-
ing the deformation field over a large macroscopic strain
window, those perennial shear bands appear and seem to
show characteristic sizes either in experiments [8] and sim-
ulations [12]. However, this vision is counterbalanced by
the heteregenous and long range correlated kinematics of
quasi-static granular flow [13]: at which temporal and spa-
tial scales and at which stage of the loading does the gran-
ular assembly deform homogeneously? What are the rele-
vant key features of the stress and strain fields associated
to the onset of macroscopic instability? Here we investi-
gate this problem through numerical simulations.

Simulation approach. – Our simulations use the
Molecular Dynamics discrete element method [14]. Two-
dimensional granular assemblies of a number Ng of fric-
tional circular grains are considered. To characterize sam-
ple size effects [15], we performed 320 simulations with
Ng = 2500, 80 simulations with Ng = 10000 and 20 simu-
lations with Ng = 45000. The results presented here con-
cern 10000 grains samples. The grains areas are uniformly
distributed, setting the largest grain diameter Dmax such
that Dmax = 3Dmin.

The dynamic equations are solved for each grain, which
interact via linear elastic laws and Coulomb friction when
they are in contact [16]. The normal contact force fn is
related to the normal apparent interpenetration δ of the
contacts as fn = kn × δ, where kn is the normal contact
stiffness coefficient. The tangential component ft of the
contact force is proportional to the tangential elastic rel-
ative displacement, with a tangential stiffness coefficient
kt. We set kt = kn. Neither cohesion between grains, nor
rolling resistance is considered. The Coulomb condition

|ft| ≤ µmicrofn, where µmicro is the grain friction coeffi-
cient, requires an incremental evaluation of ft every time
step, which leads to some amount of slip each time one of
the equalities ft = ±µmicrofn is reached. A normal vis-
cous component opposing the relative normal motion of
any pair of grains in contact is also added to the elastic
force fn to obtain a damping of the dynamics.

An isotropic compression of dilute frictionless grains
sets builds dense and highly coordinated initial packings
of density φi ≈ 0.85 and backbone coordination number,
i.e. coordination number computed over grains that carry
forces [17], z∗i = 2Nc/(Ng(1−x0)) = 4, where Nc is the
total number of contacts and x0 the fraction of rattlers
grains. Then, multiaxial compression tests are performed
setting the particle friction to µmicro = 1.

The external mechanical loading is prescribed on the
grain assembly using periodic boundary conditions. A pe-
riodic simulation cell of period h (see section 6.3.3 of [14])
is considered. As the simulation cell is rectangular, the

linear operator h can be written as h =

(
hx 0
0 hy

)
, where

hx and hy correspond to the size of the cell period in the
radial and axial direction (see Figure 1). Then, stresses
are prescribed solving the dynamic equations of motion
of h, i.e. ensuring that the internal stress computed over
the whole grain assembly following equation 1 (see below)
counterbalances the prescribed external stresses σ1 and
σ3.

The axial stress σ1 is increased at constant rate by im-
posing a stress increment δσtr1 at each discretisation time

interval tr =
√

mmin
kn

/25, where mmin is the mass of the

lightest grain. This stress control loading mode avoids
stress relaxations and associated feedbacks that would be
obtained under strain controlled loading, i.e. adjusting
δσtr1 in order to axialy deform at constant rate ε̇1, where
ε1 is the axial deformation. In this stress controlled case,
stress and strain localization structures develop freely.
The confining pressure σ3 is kept constant and sized by
setting the contact stiffness κ = kn/σ3 equal to 1000 [14].
This value for κ allows to treat elasticity in grain contacts
during reasonable computational times while considering
a relatively low level of deformability of grains that is
relevent for application of geomechanics and geophysics.
As examples, compression experiments performed on as-
semblies of glass beads of approximate Young’s modulus
E = 70 GPa submitted to 100 kPa of confining pressure
lead to a κ-value of 700 while, from the knowledge of wave
speed velocities within a granitic Earth’s crust [18], values
of κ ≈ 1.103 are expected between hundreds of meters to
several kilometers depth.

Results. –

Macroscopic behaviour. Figure 2 shows the macro-
scopic response of a granular sample loaded using δσtr1 =
1.10−6σ3. To characterize the dynamical behaviour of the
granular packing, we compute the inertial number I, which
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Fig. 2: Evolution of macroscopic parameters during compres-
sional testing for a sample of 10000 grains. Color dots corre-
spond to color lines on Figures 4(Top) and 5(Top). Dashed
lines materialize the limit between quasi-static and dense flow
deformation regimes.

corresponds to the ratio between inertial forces and im-
posed forces and is defined as I = ε̇1

√
m/σ3 [14], where

m is the average grain mass. Initially, I is of the order of
10−6−10−5 (see Figure 2(a)). Then, when increasing τ to-
wards 2σ3, while undergoing brutal fluctuations associated
to large plastic events, I remains lower than 10−4, which is
often considered as the upper bound for quasi-static condi-
tions [14,19]. Hence, in the region delimited by τ = 0 and
τ ≈ 2σ3, the sample undergoes quasi-static deformation.
At values of τ larger than τc ≈ 2σ3, a brutal increase of I
of several orders of magnitude is observed, reaching values
of the order of 10−3 − 10−2. This indicates the transition
towards a dense flow regime, where inertia comes into play.
This transition is also marked when looking at ε1 versus
τ/σ3, where we can see that a drastic change of slope of
the curve operates around τc (Figure 2(b)). For values of
τ larger than τc, the prescribed axial stress increment δσtr1
induces a large amount of axial deformation.

Figure 2(b) also shows the surface variation ∆S/S0 =
(hxhy)ε1−(hxhy)0

(hxhy)0
of the granular assembly as a function of

ε1, where (hxhy)ε1 corresponds to the sample surface com-
puted at a given value of axial deformation ε1 and (hxhy)0
corresponds to the initial sample surface. We observe an
initial contracting phase materialized by the decrease of
∆S/S0 until a peak of contraction is reached, after which
the sample dilates continuously. This contracting phase
results from elastic contacts and would no longer be ob-
served in the limit of infinitely rigid grains, i.e. infinitly
large values of κ [20]. However, in this case, the dense flow
transition is observed at negative values of ∆S/S0, i.e. at
a value of packing fraction larger than the initial one.

Thus, the transition to dense flow regime is observed
when τ reaches a critical value τc ≈ 2σ3, i.e. at a macro-
scopic friction µmacro ∼ 0.5. At this transition, stress and
strain concentrations resulting from cooperative effects are
expected, triggering preferential weak zones where flow is
favoured. In the case of our samples made of circular
grains with no rolling resistance at grains contacts, this
leads to a softening of the whole granular assembly and
thus to a macroscopic friction µmacro much smaller than
µmicro. According to this, studying the spatial structure
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Fig. 3: Left: Delaunay (top) and modified Voronoi (bottom)
tesselations for a polydisperse granular material. Right: Coarse
graining analysis on a 2500 grains sample.

of both stress and strain fields is a key point to under-
stand the mechanisms that generate the macroscopic in-
stability. We thus focus, in this study, on the response of
the granular assembly to a small stress increment in terms
of associated stress concentration and strain localization
structures that form during mechanical loading.

Multi-scale analysis. We first characterize the spatial
extent of regions of stress concentration by means of a
coarse graining analysis [21, 22]: an averaged shear stress
rate < τ̇ > [23] is computed at different stages of mechani-
cal testing (cf color dots on Figure 2) over a time window T
and over a broad range of spatial scales L, from the micro-
scale corresponding to the scale of the mesh element, to
the macroscale corresponding to sample size. Subsystems
of the granular assembly are selected by means of square
boxes of size W (see Figure 3) and the average scale L is

computed as L = 1
Nbox

∑Nbox
k=1 Lk, where Nbox is the num-

ber of boxes of size W and Lk is the scale associated to
the box number k, computed as the square root of the
sum of mesh element surfaces. The standard deviation
of Lk-values is maximum for the smallest subsystem of
average size L = 1.1Dmax, and corresponds to 0.2Dmax

when considering the Voronoi triangulation used to com-
pute stresses and to 0.13Dmax when considering the De-
launay triangulation used to compute deformations (see
Figure 3). We checked that no overlap of scales Lk occurs
through successive values of W .

For a given assembly of grains lying within the box num-
ber k, the stress tensor is computed as in [24] writing

σkij =
1

sk

∑
gk

∑
ck

(rcki − r
gk
i )fgkckj (1)

where sk = L2
k is the surface associated to the grain as-

sembly, fgkckj is the jth component of the contact force

exerted on grain gk at contact ck, rcki is the ith component
of the position vector of ck, and rgki is the ith component
of the position vector of the center of mass of the grain gk.
Considering two successive configurations, the stress rate
tensor is obtained by differentiating the respective stress
tensor components in time. The time resolution used is
T =

√
Ng×100× tr, which corresponds to the travel time

p-3



F. Gimbert et al.

10
−2
10

−1
10

0
10

1
10

0

ν
γ
 = 1.3

L ( ∆ν
γ L δ + C)/L

s
δ

<δ
 γ

>[
(∆

ν γL
δ +C

)/
L

sδ ]−ρ
γ

 

 

∆
0.65
0.42
0.28
0.18
0.12
0.07
0.03
0.005 10

−1
10

0
10

1
10

2

10
0

L/D
max

<
τ>.

ρ
τ
 = 0.38

10
0

10
1

10
2

10
3

10
0

ν
τ
 = 1.3

<
τ>

[(
∆

ν
τL

δ
+

C
)/

L
sδ
]−

ρ
τ

L (∆
ν

τ L
δ
 + C)/L

s

δ
.

 

 

 

 ∆ = 0.42

 

 ∆ = 0.005

10
0

10
1

10
2

10
0

L/D
max

<τ
>.

 

 

t
T
2T
4T
8T
16T

10
0

10
1

10
2

10
0

L/D
max

<
τ
>.

=t 4 T

 

 = 16 Tt

Fig. 4: Multi-scale analysis performed on the shear stress rate
field τ̇ . A selection of corresponding fields is shown on the right
side: an arbitrary color scale (not shown) has been chosen for
each snapshot. Top: < τ̇ > versus L for decreasing values of ∆.
Configuration locations on the stress-strain curve are shown on
Figure 2. The timescale T is used to compute values of < τ̇ >.
The inset displays data collapse with respect to ∆ (equation 2).
We find ντ = 1.3, C = 0.5 and δ = 1. Bottom: < τ̇ > versus
L at ∆ = 0.005 when increasing the timescale t from t = T to
t = 16T . For graphical convenience, all computed values have
been normalized by the ones computed at the micro-scale.

of elastic waves through the granular assembly [15].

Results are shown on Figure 4 (Top), from the early
stages of biaxial testing up to τc ≈ 2σ3. The curves are
selected with respect to the control parameter ∆ defined
as ∆ = τc−τ

τc
, i.e. ∆ decreases as approaching τc. At

the early stages of macroscopic deformation, a decrease of
< τ̇ > with L is observed at small scales while for L-values
larger than a crossover scale l∗τ a plateau is observed. This
means that shear stress rate fields are heterogeneous for
l << l∗τ , and homogeneous for l >> l∗τ . Examples of
associated fields are provided on the right hand side of
Figure 4: at ∆ = 0.42, the computed snapshot shows a
roughly homogeneous stress field at large spatial scales, i.e.
scales larger than l∗τ ≈ 3Dmax in that case (see crossover
scale observed on the corresponding curve), while the re-
gion of stress localization observed on the top-left part of
the snapshot exhibits a spatial extension of the order of
l∗τ ≈ 3Dmax. We interpret l∗τ as the associated correla-
tion length [22]. As macroscopic deformation proceeds,
l∗τ grows until reaching the entire size of the system at τc
where a power law scaling < τ̇ >∼ L−ρτ is observed, with
ρτ = 0.38. The cut-off remaining on the scaling at ∆→ 0
is a finite size effect [15]. At that stage, large and strongly
localized structures characterize the shear stress field (see
snapshot computed at ∆ = 0.005). These results suggest
a progressive structuring of the stress field as approach-

ing the transition to the dense flow regime, associated to
the divergence of the correlation length l∗τ . It can be veri-
fied from a collapse analysis (inset of Figure 4(Top)) that
l∗ = l∗τ diverges as

l∗ ∼ Lδs
∆νLδs + C

(2)

where Ls is the square root of the sample area and
ν = ντ = 1.3 ± 0.1 is the exponent of divergence. Pa-
rameters δ and C characterize the finite size effect [15]. A
similar analysis performed on other moments < τ̇ q > of
the shear rate [15] confirms the divergence of l∗τ ∼ ∆−ντ

at ∆ → 0, and reveals the multi-fractality of the shear
rate field at the critical point. These particular features
of the shear stress field are observed only at the specific
timescale t = T corresponding to the travel time of elastic
waves. This multi-scale behaviour is no longer observed
at larger timescales (Figure 4(Bottom)), as a clear depar-
ture from power law is observed for t > T , associated
to the progressive homogenization of the corresponding
fields, i.e. decrease of l∗τ , as t increases (see also associ-
ated snapshots). Hence, the multi-scale properties of the
shear stress rate field are only observed at the time scale
corresponding to the time of propagation of the elastic in-
formation throughout the sample. Beyond this time, a loss
of scaling properties is observed, explained by the super-
position of several uncorrelated events in time, consistant
with a spatially correlated stress structure associated with
little memory, limited to the travel time of an elastic wave.

To study whether similar observations can be reported
on the shear strain field, we consider a delaunay triangula-
tion performed on the grain centers (Figure 3), after hav-
ing removed the rattlers grains from the grain set. Then,
we compute the partial derivatives at the mesh scale as
εij = 1/2(∂ui/∂xj +∂uj/∂xi), where (u1, u2) and (x1, x2)
are respectively the incremental displacements and spatial
coordinates of grain centers. The coarse graining analysis
is performed similarly than previously for stresses, here
by averaging partial derivatives at corresponding spatial
scales. An average shear strain rate [23] is thus obtained
as a function of L. While not shown here, if one uses
the constant timescale T to compute incremental displace-
ments, the correlation length associated with the shear
strain rate field does not diverge as approaching the tran-
sition to the dense flow regime. Thus, the structure of
the total strain field does not form simulteanously in time
with the stress field. Intuitively, this would be the case
if one would consider only the elastic component of the
strain. Here, for Ng = 10000, ∼ 104 stress increments
are prescribed during the propagation time of an elastic
wave throughout the sample. Hence, a multitude of con-
tacts, in our case about 5% of the whole contact network,
are then sliding, although elastic interactions did not have
time to travel across the entire sample.Despite this, a pro-
gressive structuring of the shear strain field is observed
when considering constant macroscopic deformation win-
dows δε1 = δεp = 1.10−5 to compute the scaling of < δγ >
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Fig. 5: Multi-scale analysis performed on the incremental shear
strain field δγ. A selection of corresponding fields is shown on
the right side: an arbitrary color scale (not shown) has been
chosen for each snapshot. Top: < δγ > versus L for decreasing
values of ∆ towards the critical point. The deformation scale
δε1 = δεp = 1.10−5 is used to compute values of < δγ >. The
inset displays data collapse with respect to ∆ (equation 2). We
find νγ = 1.3, C = 0.5 and δ = 1. Bottom: < δγ > versus L at
∆ = 0.005 when increasing δε1 from δε1 = δεp to δε1 = 32δεp.

The inset displays data collapse with respect to ξ =
δε1−δεp
δεp

(equation 3). We find αγ = 0.4. For graphical convenience, all
computed values have been normalized by the ones computed
at the micro-scale.

(Figure 5). A divergence of the correlation length l∗γ sim-
ilar to the one observed on the shear stress rate field is
obtained as approaching the transition to the dense flow
regime, as we find νγ = ντ = 1.3 from a collapse analysis
(equation 2). When considering larger macroscopic defor-
mation windows δε1 > δεp, the multi-scale properties of
the deformation field are no longer observed. This obser-
vation is in agreement with the shrinkage of the distribu-
tions of the fluctuation velocities at increasing timescales
observed by [13]. In this study, δε1 = δεp is the char-
acteristic deformation value we need to consider in or-
der to observe on the deformation field the critical be-
haviour already reported previously on the stress field at
the timescale T of an elastic wave propagation. As the
material softens when τ increases, the corresponding time
of integration at constant deformation window δε1 = δεp
decreases as the critical point is approached. This time
can either be smaller or larger than the elastic wave trav-
eling time T , depending on the imposed loading rate δσtr1 .
However, whatever the loading rate considered, δε1 = δεp
remains equal to 1.10−5, pointing out that a given amount
of plastic activity has to operate in order to observe multi-
scale properties within the incremental shear strain field.
As the correlation lengths l∗τ and l∗γ diverge the same way,
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Fig. 6: Susceptibility analysis performed in the quasi-static re-
gion on the sliding contacts belonging to the major (red curves)
and minor (black curves) network. The vertical dashed line in-
dicates the deformation value δεp = 1.10−5.

the progressive structuring of the strain field is probably
directly related to the progressive structuring of the stress
field.

All the presented scalings are undifferently obtained
whatever the loading rate δσtr1 considered as soon as it
is smaller than δσtr1 = 1.10−6. Considering larger values
for δσtr1 , i.e. for example δσtr1 = 5.10−6, no specific point
materialized by the divergence of the correlation length
can be reported [15]. Indeed, the mechanical behaviour of
the granular assembly is in that case related to a dense
flow regime from the initial stages of deformation, prov-
ing that the scalings observed here are associated to the
transition from a quasi-static to a dense flow regime of
deformation.

An understanding of the characteristic value δεp can
be obtained using a four-point dynamic susceptibility
χ4 [25,26] analysis on the inter-particles contact network.
From a contact configuration that we refer as “initial”,
selected at a value of axial deformation denoted εinit1 , we
compute the self-overlap order parameter Qεinit1

(δε1) =
1
Nc

∑Nc
i=1 wi, where Nc is the number of contacts that are

not sliding in the initial configuration and wi is a step-
function cutoff that equals 1 if no sliding event has been
recorded on contact i over the whole deformation window
εinit1 rightarrow epsiloninit1 + δε1, and 0 otherwise. The
first two moments Q(δε1) =< Qεinit1

(δε1) > and χ4(δε1) =

Nc
[
< Qεinit1

(δε1)2 > − < Qεinit1
(δε1) >2

]
of Qεinit1

(δε1)
(calculated from sample-to-sample fluctuations) are then
computed in the quasi-static region (τ < τc). Doing this,
we evaluate from an initial configuration the number and
the associated spatial heterogeneity of sliding events nu-
cleation as axial deformation increases. Figure 6 shows
< Q(δε1) > and < χ4(δε1) >, where < . > here means
an average over all the values of ∆ (since no significant
variation of Q(δε1) and χ4(δε1) is observed in the quasi-
static region) computed by considering separately the ma-
jor and minor force networks. The major force network is
defined by selecting contact forces larger than the aver-
age. By construction, < Q(δε1) > is initialy equal to 1.
As δε1 increases, < Q(δε1) > decreases but never reaches
0, meaning that a considerable amount of contacts never
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slide. About 35% (respectively 55%) of the contacts of
the minor (respectively major) network did not slide at
the end of the test, meaning that the permanent deforma-
tion is extremely localized and that rigid bodies remain
throughout the whole test [27]. The value of < χ4(δε1) >
indicates, with respect to increasing axial deformation, the
variability in the nucleation of new contact slidings. At
low values of δε1, it increases as < χ4(δε1) >∼ δεβ1 with
β = 1.8, meaning that spatially correlated sites of contact
sliding events are nucleating. As δε1 exceeds the thresh-
old value δεp = 1.10−5, < χ4(δε1) > saturates, as all the
spatially correlated contacts located close to the coulomb
criteria, i.e. susceptible to slide, have been destabilized.
At this stage, only 4% (respectively 3%) of contacts have
slided at least one time in the minor (respectively major)
network.

To conclude, in dense granular assemblies, incremen-
tal stress and strain fields are both characterized by a
growing correlation length that diverges as approaching
the onset of macroscopic instability, which can therefore
be identified as a critical point. A similar behavior has
been reported in compressive failure of continuous mate-
rials [22, 28]. We interpret these stress and strain specific
structures as resulting from dynamic stress redistributions
induced by the local dissipation of elastic energy materi-
alized by contact slidings. At macroscopic instability, a
local contact sliding event induces correlated elastic stress
perturbations up to the scale of the whole granular assem-
bly. These features can only be observed when carefully
examining characteristic timescales for stresses, and char-
acteristic macroscopic strain increments for strains. These
characteristic timescales may drastically be affected when
considering different inital packing properties of the gran-
ular assemblies, e.g. considering low coordinated and/or
loose inital samples, which has not yet been investigated
in the present study.

The last question that arises is to whether a limit in
decreasing correlation length l∗γ on the shear strain field
is reached at ∆ → 0 for values of δε1 much larger than
δεp, which would characterize the thickness of a perennial
macroscopic shear band potentially formed at the onset of
instability. To investigate this, we hypothesize that, close
to the critical point (∆ → 0), l∗ varies as

l∗γ ∼
Lδs

Lδsξ
αγ + C

(3)

where ξ =
δε1 − δεp

δεp
and αγ is the exponent of diver-

gence with respect to ξ. This hypothesis is tested from a
collapse analysis (inset of Figure 5). We find αγ = 0.4.
This shows that l∗γ keeps decreasing as the considered de-
formation window size δε1 is increased, showing that the
correlation length only depends on the value of δε1 and
that no intrinsic scale of saturation, potentially associated
to a shear band thickness, can be identified at the onset
of macroscopic instability.
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