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Anomalous Bulk Viscosity of Two-Phase Fluids 
and Implications for Planetary Interiors 
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Technology, Pasadena. California 91125 

A calculation is presented for the irreversible entropy production that accompanies the imposition of 
a pressure perturbation on a two-phase medium consisting of a dilute suspension of one phase (as 
droplets or snowflakes) in another (liquid) phase of significantly different composition. No metasta
bility is allowed, and the relaxation process is then dominated by the finite diffusivity of solute. The 
fluid medium behaves as though it has a very large bulk viscosity (typical value -1012 P in the low
frequency limit). The minimum quality factor Q for acoustic or tidal pressure oscillations is found 
to be typically -JOLJ03 arid occurs at a frequency w0 - 411'D'IIf, where D is the solute diffusivity 
and 'II is the number density of suspended inclusions of average radius f. For plausible parameter 
values, w0 is in the range of planetary interest (e.g. J0-4 Hz). At w .$ w0 , Q ex: w- 1; at 
w0 .$ w .$ Ds2, Q ex: w; and at w ~ Ds2, Q ex: w'h. The model is applied to helium rain 
clouds in the deep interiors of giant planets and is found to be capable in principle of providing a 
tidal Q - 105, needed to explain the volcanism of lo and resurfacing of Enceladus. The model is 
also applied to the earth's outer core and found to be marginally capable of explaining the attenua
tion of radial modes (notably 0 S0 ) and potentially capable of providing significant attenuation of 
earth tides. However, quantification and application of the model are difficult because of large 
uncertainties in the nature of the required two-phase suspensions. 

INTRODUCTION 

When a pressure pulse passes through a material, the 
thermodynamic and structural responses are not instantane
ous. A variety of relaxation processes ranging from micros
copic (time scales as short as 10-12 s) to macroscopic (arbi
trarily long times) can cause a lag in the response of the sys
tem and an inevitable irreversible entropy production. This 
dissipation can be mathematically represented in terms of 
an 'anomalous' bulk viscosity and is an extensively studied 
phenomenon (see Landau and Lifshitz [1959, p. 304 ffi for 
an elementary theoretical description and Litovitz and 
Davis, [1965] for a phenomenological and experimental 
review). 

If the medium consists of two or more coexisting phases, 
then a particularly important relaxation process involves 
the delayed transformation of material from one phase to 
another as the pressure is varied. Multiphase media are 
common: large fractions of the earth's atmosphere are 
two-phase at any instant (i.e., contain both water vapor and 
condensed water), exsolution of gases causes many near
surface geothermal hot waters and magmas to be bubbly 
and exhibit greatly modified acoustical characteristics 
[Kieffer, 1977], and we argue below that the fluid cores of 
planets are expected to have regions of saturation in which 
droplets or snowflakes of one phase are suspended in the 
remaining fluid. It is this latter situation that motivates the 
theory presented here. Vaisnys [1968] considered the 
attenuation of acoustic waves propagating through a system 
undergoing phase transition but considered only the effect 
of a finite reaction rate in his formulation rather than the 
unavoidable (and more readily quantifiable) irreversible 
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entropy production arising from the transient diffusive pro
files of heat and matter near inclusions (droplets or 
snowflakes) of the less abundant phase. In this paper, the 
reaction rate is assumed to be infinite (i.e., no kinetic inhi
bition or metastability is allowed), but the consequences of 
finite diffusivity are evaluated. Since the relaxation time of 
diffusive phenomena is frequency dependent, the present 
analysis differs fundamentally from that of Vaisnys, which 
assumes a frequency-independent relaxation. Unlike the 
problem of bubble-rich fluids, coexisting phases deep within 
planetary interiors have similar densities and compressibili
ties, and as a consequence, the theory presented here has 
little in common with the volcanological situation. The 
model considered is a dilute suspension of one phase in 
another of comparable density, subjected to an oscillating 
pressure field, assuming exact thermodynamic equilibrium 
at the phase boundaries at all times. Remarkably, this most 
basic model has not been completely analyzed before. How
ever, Loper and Fearn [1982] have independently 
developed a very closely related and complementary model 
of diffusive relaxation and attenuation for liquid inclusions 
in a solid matrix. They apply this to attenuation in the 
earth's inner core. The present paper considers fluid media, 
including the earth's outer core. Analyses of the outer core 
by previous workers [Loper and Roberts, 1978; Gubbins, 
1978; Anderson, 1980; Anderson and Given, 1982] are based 
entirely on the Vaisnys treatment. 

In the acoustical literature, the most complete work on 
the attenuation of sound in suspensions and emulsions is 
by Epstein and Carhart [1953], and their theoretical formu
lation includes the irreversible entropy production associ
ated with the localized temperature gradients near droplet 
surfaces. Their main application was to water fogs which, 
despite the large difference in density between gas phase 
and condensate, is somewhat analogous to the planetary 
environments considered here. Unfortunately, their formu-
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lation is not directly transferable to planetary problems, pri
marily because the frequencies of planetary interest 
(I o-6-1 Hz, typically) are much less than the frequencies 
considered by acousticians. The theory developed here 
identifies a low-frequency dissipative regime which appears 
to have escaped attention previously, perhaps because it is 
not readily attainable in experiments. The remarkable 
feature of this new dissipative regime is that the quality fac
tor Q, defined by 

Q = 2 [ energy stored I 
11" energy dissipated/cycle (I) 

is a minimum at a frequency 

W 0 :: 41!"DS11 
(2) 

which depends on the distance between droplets or 
snowflakes as well as their size. Here, D is the solute dif
fusivity, s is an appropriately defined average inclusion 
radius, inclusions. Since the time to diffuse solute between 
inclusions can be very long, the 'resonant' frequency can be 
very low. For example. if we choose plausible numbers 
such as D - 10-4 cm2 s- 1, .f - 10-3 em, and 11 - 100 
Cm-3, then Wo - 10-4 S-l, which is Within the range Of 
frequencies of planetary interest. (The choice of 11 and s in 
this example is not likely to be obvious to the reader at this 
stage but is discussed later.) In the water fogs considered by 
Epstein and Carhart [19531 w0 - 0.1 s- 1, whereas the 
experiments were carried out at ~ 103 Hz and the regime 
of dissipation discussed in this paper was not encountered. 
The value of Q at w0 does not depend strongly on the 
details of the suspension particle distribution and can be as 
low as -102-103. 

The analysis begins in section 2 with a consideration of 
the thermodynamic response to an oscillatory pressure wave 
of well-separated spherical particles suspended in a fluid 
phase. Thermal and compositional diffusive profiles are 
evaluated, and the resulting irreversible entropy production 
is determined. For this model, Q ex: w'" in the high fre
quency limit and Q ex: w in the low-frequency limit. The 
problem of a distribution of closely spaced suspended parti
cles is analytically difficult and is approximated by first 
considering a regular lattice of particles and then generaliz
ing the results to make approximate conclusions for suspen
sions of nonuniform particles, irregularly spaced. It is 
shown that the low-frequency behavior Q ex: w for well
separated particles is truncated at w0 when particle interac
tions are considered, and Q ex: w- 1 for w < w0 • 

In Saturn and possibly Jupiter. helium raindrops form 
because of the limited solubility of helium in metallic 
hydrogen !Steven10n. 1982al. In section 3, the theory is 
applied to these helium 'rain clouds' and shown to be capa
ble of providing the planetary tidal Q - I 05 that is 
required to explain the volcanism of the satellites Io and 
Enceladus. (The tidal heating and orbital evolution of 
satellites depends on the tidal Q of both central planet and 
satellite. If the Q of Saturn or Jupiter were much higher, 
then it would be difficult to explain the forced eccentricities 
of these satellites.) 

In the earth's outer core, gradual cooling over geologic 
time may cause freeze-out of silicate particles (i.e., the core 
becomes silicate saturated) and solid iron particles. Appli-

cation of the dissipation theory in section 4 indicates that 
significant damping of radial modes of free oscillation in 
the outer core is conceivable, as advocated by Anderson 
[19801. 

The paper ends in section 5 with a critical assessment of 
the problems and difficulties with the model, most of which 
center on the large uncertainties in the existence and nature 
of the proposed suspensions. A brief comparison is made 
with the complementary work of Loper and Fearn [ 19821. 

DISSIPATION IN A SUSPENSION 

Consider an unperturbed state consisting of a homogene
ous, isothermal fluid in which a single inclusion (droplet or 
snowflake) of a coexisting phase is placed at the origin, 
r = 0. Let Tph(x',p') define the temperature at the phase 
boundary between the fluid and the inclusion. The 
pressure solute in the fluid is x', and the inclusion is 
assumed to consist of the pure solute. (This latter assump
tion can be relaxed without significantly altering the results 
provided the compositions of fluid and inclusion are sub
stantially different.) Assume that the pressure undergoes a 
small oscillation about an unperturbed equilibrium state, so 
that the pressure, temperature, fluid composition, and 
inclusion radius can be expressed as 

p' = Po + pe'"'t 

x' - X 0 + x(r)e'"'1 

s' = S0 + se'"'1 

where the primed quantities represent totals, the subscript 
zero refers to the unperturbed state, the unprimed quanti
ties are perturbations, and w is the driving frequency. The 
adiabatic response of the temperature field is assumed equal 
for the two phases and is explicitly included (u is the 
specific entropy), so that T(r) is a localized temperature 
perturbation. The addition of the complex conjugate is 
implied for any measurable quantity; p is taken to be real, 
but the other perturbation quantities will be complex in 
general. 

It is assumed that 1.1 I is much smaller than any other 
length scale relevant to the problem (e.g., diffusion lengths). 
This will be justified a posteriori. It is assumed that the 
pressure perturbation does not cause the nucleation of new 
inclusions. (This point will be returned to at the end of the 
paper.) The diffusion equation defining the perturbation 
temperature field is then 

(4) 

where fJ = rT(r), K is the thermal diffusivity of the 
medium (assumed equal for the phases), and +,- refer to 
r > S0 , r < S0 , respectively. The asymptotic and boun- · 
dary conditions are 
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(J_ = 0 r - 0 

r = S0 

for which the appropriate solutions are 

(J_ = S0 T1 sin kr/sin ks0 

k = (I - i)kl 

where T 1 is still undetermined. Similarly, if x 
then the appropriate solution for the solute field is 

-iq(r-s) 
X = SoXie ' 

q = (I - i)ql 

where x 1 is still undetermined. 

(5) 

(6) 

- rx(r) 

(7) 

At r = s0 , the fluid must be in phase equilibrium with 
the inclusion: 

In addition, the difference in heat fluxs between 
r = S0 - ~. r = S0 + ~ (~ << S0 ) must be supplied by 
the latent heat of material changing phase, and this source 
or sink of solute must determine the compositional gradient 
at the interface: 

-iws (10) 

where Cp is the specific heat, p is the density and L is the 
latent heat released per unit mass of inclusion formed. 
Equations (6)-(10) can be solved to yield 

T1 [(aTph/ap)x - [aT/ap) .. .x]PIAI (II) 

x1 [(aTph/apL - (aT/ap) .. .x]PIA2 (12) 

T = D/K 

It is now straightforward to calculate the irreversible 
entropy production given by [Landau and Lifshitz, 1959, p. 
225] 

f PCpK('VT)
2 

dV + fpD[~] ('Vx)2 dV 
T} ax T,p T (13) 

where u is specific entropy, p. is the solute chemical poten
tial, and the integrals extend over all space. The time aver
ages of the oscillatory functions ('V T)2 and ('V x )2 must be 
made on the right-hand side. However, it is first con
venient to identify different limiting cases. Throughout the 
analysis, it is assumed T << I (D << K). In both giant 
planet and terrestrial cores; D - 10-3-10-4 cm2/s, 
K - w-l cm2/s, and T - 10-2-10-3. 

In this limit, cot ks0 - I and 

. [(aTph/ap)x - (aT/ap) ... x] 
Tl = -+(1 + l)T'hhp ] 

(aTph/ax p 

(14) 

Notice that the temperature perturbation is small; most of 
the effect of the pressure change is accommodated by a 
compositional boundary layer because of the low diffusivity 
of solute. The complete solution for the temperature field 
at r > S0 is 

-k(r-s )[ 
T = 21T11e ' ·cos (klr-so - wt) 

(15) 

The contribution to the entropy integral in (13) comes 
equally from the two sides of the phase boundary and is 
given by 

fpCpK[ ~~rdV = 8~D[ ~: nirPCpk1sJ 

(16) 
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where B is the isentropic bulk modulus. The contribution 
from the solute gradient to the entropy production is 

(17) 

x. B [[arph/ap]x - (ar;ap]u.x] 
- (arph!axL 

where R is the gas constant and the compositional depen
dence of p. is assumed to be dominated by the ideal mixing 
term RT ln X0 • (This is not essential to the calculation, 
but neither is it likely to be wrong by a large factor. Most 
importantly, ap./ax cannot be very small, except near abso
lute zero, because it is the entropy.) 

Since q1 >> k~. a comparison of (16) and (17) indicates 
that the compositional term is larger by a factor of 
T-v, - 10-100 in planets. Differences in the other factors 
are generally smaller. The final estimate for the dissipation 
rate, expressed as the rate of increase of thermal energy per 
unit volume, E1h, is obtained by multiplying the entropy 
production by T and by the number density of suspended 
particles 11: 

(18) 

This assumes that the particles are well enough separated 
that their associated diffusive effects do not overlap (see 
below). Since q1 a: wv', it is clear that the energy dissi
pated per cycle a: w-'" and the quality factor (equation (!)) 
Q a: w'" in this high-frequency limit. (We delay explicit 
evaluation of Q until the various cases are examined.) 

Case II: q1s0 >> I >> k1so 

In this limit, the compositional gradients are still local
ized near the inclusion surface but the thermal gradients are 
extended. Since cot ks0 = (iks0 t 1 if lks0 I << I, it fol
lows that T1 is even smaller than previously (i.e., T1 a: T). 
This is partially offset by the fact that 'V T - T / s0 rather 
than k 1 T 1 because T - r-1 e -ik(r-s). Nevertheless, the com
positional contribution to dissipation remains as before 
and larger by a factor -T-v'. This case is therefore no dif
ferent from case I. 

The contribution from thermal gradients is still small, 
but the compositional gradients are now changed:, 

x = -2x·[-i]( s; ]e-q,(r-s) cos (qlr-s0 - wt) 

and the resulting dissipation is now 

( 19) 

This is independent of frequency, implying Q a: w. 
At very low frequencies, the importance of this dissipa

tion increases. How low in frequency can one go before the 
model is invalid? One possible limitation is implied by the 
assumption that changes in the size of the inclusion can be 
ignored in the diffusion equation. Mathematically, the cri
terion to be satisfied is 

I ~· a:,· J << I a~· I 
Using ( 10), this can be expressed as 

Q1So >> X1 
(20) 

This limitation is nonlinear; it depends on the magnitude of 
the pressure perturbation. It is unimportant in both the 
earth's core (x1 ~ 10-9; equation (20) is violated at 
w - 10-16 Hz if So ~ 10-3 em) and giant planets 
(x1 ~ 10-8; equation (20) is violated at w - 10-14 Hz if 
s0 ~ 10-3 em). The estimates for x 1 are obtained from 
typical seismic and tidal pressure perturbations, respec
tively. 

A more important limitation arises from the effect of 
other droplets in the suspension. If the diffusion distance 
(D/wt' is much greater than the distance between particles, 
then it is no longer possible to treat the particles indepen
dently. At low enough frequencies, the interparticle 
medium will be 'flooded' with the diffusive effects of many 
particles, and the solute gradients near the particle surfaces 
will be greatly diminished. It follows that Q is likely to 
increase as w ..... 0. The quantification of this expectation is 
difficult and will not be attempted here with rigor. A sim
plified model of a lattice of equivalent particles is solved 
rigorously and then used as a basis for generalized conclu
sions. 

Let the suspension particles occupy the sites of a regular 
lattice defined by {r), where j is an integer label. By 
Bloch's theorem (see any elementary solid state textbook, 
e.g., Harrison [1970]) the solute distribution x(r) is invari
ant with respect to discrete lattice translations and can be 
expressed as 

(21) 

where the set of discrete reciprocal lattice vectors {G} have 
the property that G · r, - 21rN, and N is an integer 
(including zero). The diffusion equation to be solved can 
be written as 

ax 
at (22) 

where a is the three-dimensional a function and s is a 
'source strength' which must be chosen to conform with 
(8)-( I 0) and represents the solute source/sink at particle sur
faces. In the limit of interest, x = x 1 at r = r, + s0 i, 
where is given by (14). 

Substitution of (21) into (22) yields 

iGrJ 1G·is 3 + Se'"'1};e ' e ' ·d (r 
J 

(23) 
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which can be easily evaluated to give 

x(r) = 411'S2 S" sinc(Gso)e'G·r 
o11 ~ (iw + DG2) (24) 

sinc(y) = siny/y 

In the higll-frequency limit, many reciprocal lattice vectors 
contribute to the sum and the substitution 

can be made, where v is the specific volume. The previous 
results can then be reproduced (with S = Dxds0 ). How
ever, if the frequency is low enough, then the substitution 
of an integral for a sum is not valid because the G = 0 
term in (24) contributes a large fraction of x(r). Physically, 
this zero wave vector contribution corresponds to a uniform 
distribution in real space. (Interestingly, this 'special' treat
ment of G = 0 is mathematically analogous to the formu
lation of Bose condensation in the theory of superfluid 
helium.) 

Clearly, the interparticle medium approaches saturation 
when the G = 0 contribution to (24) becomes larger than 
the summed contributions from G ¢ 0. The former is 
411'S'51JS/iw, the latter is -s'!S/Dr ( -s0 S/D at r = S0 ). 

Notice that these terms are out of phase by 11'/2. The fre
quency at which these are comparable in magnitude is the 
'resonant' frequency w0 - 411'DS0 1J of (2). Below this fre
quency, S == iwxd411's'511, and the solute concentration 
change between the surface of a particle and the interparti
cle medium is -(w/w0 )x1• The irreversible entropy produc
tion is then as in case III above except that it is reduced by 
a factor -(w/w0 )

2• The contribution from thermal gradients 
is small and Q a: w-1• 

The generalization to a lattice of nonuniform particle 
sizes is straightforward in the asymptotic limits. In the 
high-frequency limit, each particle contributes indepen
dently and the energy dissipated per unit volume is as in 
( 19) except that s0 is replaced by 

where 1J(s0 ) is the number density of particles between radii 
S0 , S0 + ds

1
. In the low-frequency limit, 

S = iwx1/41r s51J(S0 ) dso and 

dE,h 
dt 

(25) 

If we define w0 as the frequency at which these two formu
lae (19) and (25) are equal then 

[ 
[J sJ1J(So) dso 

2 J So1J(So) dso ['h 
Wo 411'D J 3 d {26) 

So1J(So) So 

This defines the appropriate average sin (2). 
If the particles are not arranged on a lattice, then the 

results can be formulated in terms of (unknown) pair distri
bution functions or structure factors, analogous to the for
mulation of the scattering properties of a liquid. However, 
the following simple heuristic argument indicates that the 
results are not fundamentally different from a lattice, pro
vided the suspension properties are not 'pathological' (e.g., 
highly nonrandom clumping). 

Near a given particle, the solute distribution is 
-Xn(S0 /r) + X1 where the 'far' contribution X1 is the dif
fusive effect of all the other particles within a diffusion dis
tance -(D/w)v': 

It follows that the 'far' contribution begins to dominate (i.e. 
X! > Xn) for w < w0 - 411'D1JS0 , defined as before. The 
particle distribution is unimportant because the diffusion 
distance (D/w)v' ~ 71- 113, the interparticle separation. 

The evaluation of Q is straightforward for an acoustic 
(seismic) wave in the limit where the wavelength << plane
tary radius. The energy stored in the pressure field is 4p2/B 
(the factor of 4 arising because the pressure field is 
2p cos wt) and 

(27) 

where the dissipation is expressed per unit volume. At w0 , 

substitution of ( 19) into (27) gives 

Q(w0 ) = Qo == 4[ p: T I ~~ (28) 

This result is independent of diffusivity, particle size, and 
particle distribution! It depends only on thermodynamic 
parameters. 

The evaluation of a tidal Q is not quite as straightfor
ward. Since the application of interest is giant planets, the 
formulation of Hubbard [1974] is followed. The dissipa
tion must equal the work done on the satellite to change its 
orbit: 

f dE,h · dV = _lM wT, 
dt 2 s I 

(29) 

where the integral extends over the volume of the planet, 
Ms is the satellite mass, 1hw is the angular velocity of the 
subsatellite point in the corotating frame, and T1 is the tidal 
torque per unit mass 

(30) 

Here, a is a response coefficient (==0.15 for Jupiter and 
Saturn), a is the planetary radius and R is the distance to 
the satellite. In the particular case of an adiabatic n = I 
polytrope discussed by Hubbard [1974], for which the pres
sure varies as the square of density, it can be shown that 
the tidal pressure perturbation is of order (w2a/g)pVr, 
where g is the gravitational acceleration and V T is the tidal 
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O.iw0 w0 i0w0 

FREQUENCY 
Fig. I. Schematic representation of the frequency dependence 

of Q (either seismic or tidal) for the suspension model, assuming a 
single particle size and uniform distribution. The frequency w0 is 
defined by equation (2) and the (usually higher) frequency w1 is 
m-2. 

potential (see the appendix). However, the region of 
helium droplet formation in the giant planets is stably stra
tified and the pressure perturbation is near pVr (see the 
appendix). It follows that 

(31) 

where r is a radial coordinate within the planet of mass Mp. 
A numerical coefficient somewhat different from unity is 
likely on the right-hand side, but its value is not known. 
The tidal Q at w w0 obtained from (29) can be written 
as 

[ 
a ] 

4

[ Mp ] [ G Mp ] [ X0 
] Q(w ) = Q == {J - - - -

o o r M2 aRT xt (32) 

'!, 

where {J == 0.2 if the numerical coefficient in (31) is unity 
and M2 is the total mass of the two-phase region centered 
about average radius 'f. Specific numerical examples will be 
discussed in the next section, but typically Q0 - 102-103• 

In both seismic and tidal applications, the general for
mula for Q(w) can be expressed as 

Q(w) 
Qo[ :~ ][ :. r "' ~ "'• 
Qo "' "'o .$ w .$ "'• Wo 

Qo 
Wo 

"' .$ "'o 
"' 

where w1 • Ds-2
• For broad particle distributions, the 

transitional frequencies will be poorly defined and the 
dependence of Q on w may be weaker. The minimum of 
Q may occur over a decade or two of frequency, for exam
ple. Figure 1 shows the schematic Q(w). The value of Q0 
will be considered in specific cases below, but for most con-

ceivable circumstances it is greater than unity but not many 
orders of magnitude greater than unity. 

These results can also be expressed in the form of an 
'anomalous' bulk viscosity ~ [Landau and Lifshitz, 1959, p. 
304]. In the low-frequency limit, 

(33) 

For possible planetary values (B - 1012 dynes/cm2, 

w0 - 10-4 s-1, Q0 - 102); ~ - 1014 P, which is typi
cally about 16 orders of magnitude in excess of the molecu
lar viscosity. At higher frequencies, the response of the 
medium can be represented by a complex bulk viscosity. 

APPUCA TION TO THE GIANT PLANETS 

It has long been suspected that the tidal Q of Jupiter and 
Saturn is in the range 105-107, such that significant tidal 
evolution of the orbits of inner satellites could take place in 
the age of the solar system (Goldreich and Soter, 19661. It 
is now apparent from the observed tidally-driven volcanism 
of io and the inferred tidal heating of Enceladus that the 
tidal Q of Jupiter and Saturn are probably nearer the lower 
limit -105 (Yoder and Peale, 1981; Yoder, 19811. More 
precise quantification of the planetary Q is not possible 
because of uncertainties in the primordial state, orbital his
tories and internal dissipative processes of the satellites. 
Several mechanisms have been proposed to provide a Q 
approaching this lower limit: turbulent skin friction at an 
interface (Goldreich and Soter, 1966], excitation of inertial 
gravity waves in the atmosphere (H. Houben and P. 
Gierasch, unpublished, 1976), turbulent viscosity arising 
from thermal convection (Hubbard, 1976; but shown to be 
inadequate by Goldreich and Nicholson [ 1977]), and dissi
pation in the small, partial solid rock core !Dermott, 19791. 
These are reviewed in detail by Yoder and Peale [ 1981]. 
Only Dermott's proposal comes close to satisfying th~ 
requirements, and his model is unfortunately based on verj 
uncertain aspects of the interior models of Jupiter and 
Saturn (even more uncertain than the aspects about to be 
discussed)! 

Using ideas very closely related to those developed in 
this paper, Stevenson [1980a] considered the irreversible 
entropy production at a global, horizontal phase transition 
interface between molecular and metallic hydrogen. This 
can provide a Q of 106-107, but it is difficult to approach 
105 unless there are resonances between the tidal perturba
tion and interfacial-inertial waves or normal modes of the 
planet. A more serious objection to this model concerns 
the nature of the molecular-metallic transition, which is 
probably not first order in pure hydrogen at -104 K, the 
relevant temperature. (It may, of course, be first order at 
-103 K; see Stevenson [1982al, for more details.) 

In contrast, observational evidence for Saturn is strongly 
in favor of a first order phase transition in hydrogen-helium 
mixtures and a rain out of helium-rich droplets. The evi
dence is a helium depletion in the atmosphere !Hanel eta/., 
1981], a higher heat flow than would be expected simply 
from homogeneous cooling (Stevenson, 1980b; Hanel et a/., 
1982] and an almost exactly axisymmetric magnetic field 
(Connemey et a/., 1982; Stevenson, 1982bl. Helium rain 
out is not a new idea; it was first proposed (for Jupiter) by 
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Smoluehowski [1967] and in a substantially modified but 
more applicable form by Sa/peter [1973]. The dynamics 
and application to Saturn followed later (Stevenson and 
Salpeter, 1971a,b; Stevenson, 1980b], and the reader is 
referred to Stevenson [ 1982a] for a review of current 
models. There is no observational evidence for helium rain 
out in Jupiter, but neither can it be excluded. Since Jupiter 
is hotter than Saturn, the insolubility of helium in hydrogen 
would be delayed to a later stage in the evolution (i.e., the 
last billion years, say), and the effect on atmospheric com
position, heat flow, and magnetic field may yet be slight. 
In fact, the infrared observations allow a small depletion of 
helium from the Jovian atmosphere, relative to cosmic 
abundance (Gautier et al., 19811. The existence of a two
phase region in Jupiter must therefore be regarded as an 
open issue at present. 

The value of Q0 can be readily estimated for Jupiter and 
Saturn, using existing estimates for the solubility of helium 
(Stevenson, 1979al. In the region of interest (total pressure 
-3 Mbar); (8Tph/8p)x :: -700 K/Mbar, (8T/8P)a,x 
:: 850 K/Mbar, (8Tph/8x)p :: 4.8 x 104, ~o :: 0.06, 
and x. :: 0.2. Applying equation (32) to Saturn; (a/f)4 

:: 20, Mp/M2 :: 10, GMp/aR T :: 20, {3 - 0.2, and Q0 

:: 102-103• In Jupiter, (a/f)4 :: 3, but Mp/M2 may be 
much larger and Q0 - 102-103 again (but with much 
greater uncertainty on the upside). 

The biggest uncertainty is in w0 • A detailed model of the 
population dynamics of helium droplets is not possible, if 
only because the large-scale fluid dynamics are very poorly 
known. There is one well-determined constraint, however, 
on the total flux of material undergoing differentiation (i.e., 
total 'rainfall'). Saturn has been undergoing differentiation 
for ~2 x 109 years, during which time about 5% of the 
total mass of the planet has been transported as raindrops 
out of the two-phase region. The corresponding averaged 
mass flux F is then about 4 X 10-9 g cm-2 s-1• In 
Jupiter, the value could be comparable (since the total mass 
is much larger), or smaller. If v(s) is the averaged drift 
velocity of droplets of radius s, then the flux constraint is 

F = J ~ 1rp1J(s) v(s) s3 ds (34) 

(Here and subsequently, the subscript zero is omitted from 
s0 .) The simplest (but possibly incorrect) assumption to 
make is that the drift velocity is given by the usual Stokes 
formula or its turbulent equivalent [Landau and Lifshitz, 
1959]: 

v(s) = 5 X 104 s2 cm/S (s < 10-2 em) 

== 60 s"' cm/s (s > 10-2 em) 
(35) 

where a kinematic viscosity of 4 X 10-3 cm2/s has been 
assumed (Stevenson and Sa/peter, 1977a]. If a single parti
cle size is assumed, then each choice of s defines 71 by (35) 
and w0 by (2): 

W 0 :: 2 X 10-16 S-4 S-1 (S < 10-2 Cm) 

2 X 10-13 S-S/2 S-1 (S > 10-2 em) (36) 

Equation (33) yields the tidal Q (assuming 

Q 

105 10- 4 10-3 10-2 10-1 

S(cm) 
Fig. 2. Tidal Q (Saturn) at w = 3 x 10-4 s-1 and seismic Q 

(earth) at w = w-2 s-1, each as a function of particle radius, 
assuming the flux constraint (equation (35)). In reality, the two
phase region is not likely to be homogeneous, and the flux con
straint may only apply in an average sense. As a consequence, the 
very strong dependence on particle size may be an exaggeration. 
The minimal Q - I OZ is then likely to be an underestimate by 
one or two orders of magnitude. 

w - 3 X 10-4), shown in Figure 2 as a function of s. 
Since Q is a very strong function of s, at least in this very 
simple example of a single particle size throughout the 
two-phase region, it is clear that some additional constraint 
must be found if Q is to be estimated. 

The particle size distribution depends on many poorly 
known or unknown factors: existence of nucleation sites, 
coagulation and fragmentation, droplet-droplet interactions, 
and fluid circulations in clouds-indeed, all the complexi
ties which make terrestrial cloud physics so rich in 
phenomenology [e.g., Byers, 19651. However, there are 
three rather different plausibility arguments which constrain 
the particle size; two of which coincidentally give 
s - 10-2-10-3 em and Q - 105• 

Consider, first, the hypothesis that a small, equilibrium, 
average supersaturation ~ prevails throughout the two-phase 
medium, caused by secular cooling of the planet. Here, ~ is 
defined as the fractional extent to which the actual fluid 
composition differs from the saturation value. Consider a 
control volume that is a few times larger than a typical dro
plet. The time T between arrivals of a droplet into this con
trol volume is then T :: (71vs2)-1• During successive 
arrivals, the supersaturation ~ builds up to a value -T/T ev 

where T ev - 109 years (the time for -100% supersatura
tion to occur). During each droplet transit, the supersatura
tion is reset almost to zero since the droplet can grow by 
diffusion at the expense of the excess solute within the con
trol volume. It follows that 7JVS2~ - 10-17• Furthermore, 
the droplet continues to grow as s ==(~Dt)"', where t is the 
time elapsed since its initial nucleation. Using equation 
(36), assuming the viscous dominated (small s) limit, the 
total drift distance covered in time T is -25 ~~. Equat
ing this to 5 x 108 em, a likely thickness for the two
phase region (Stevenson, 1980b I gives a final droplet size 
s :: 2~ 1'4 • Substituting above for ~ gives 
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1JVS6 ::: J0-18 

But the flux constraint gives 

1JVS3 ::: J0-9 

from which it follows that s - w-3 em. Of course, this 
is only an approximate calculation, and the resulting uncer
tainty in Q is still two or three orders of magnitude. 

An alternative argument supposes that droplets must 
grow to a size such that they can successfully compete ~th 
small-scale convection in their local environment (I.e., 
V k > v ) The physical motivation for this assump-sto es - conv • 
tion is that if s were smaller then particles would be con-
vectively transported into regions where they preferentially 
dissolve rather than settle out by gravity. A likely convec
tive velocity (Stevenson, 1979b] is -1 cm/s and 
v k - l cm/s for s ::: 5 X l o-3 em. This approach is 
q~e;ionable because of large uncertainties in the convective 
velocities. Indeed, the two-phase region is expected to be 
relatively stable. 

A third argument yields a different result. Suppose 
that there are no nucleating sites and the formation of dro
plets depends on homogeneous nucleation. The supersa
turation is then large; droplets nucleate infrequently but 
then grow rapidly and fragment because the hydrodynamic 
drag on the droplet surface exceeds the restoring force of 
surface tension. This regime is discussed by Stevenson and 
Sa/peter 11977 b] and leads to droplets of typically 0.1-l em 
in radius. At first sight, this case would suggest a very low 
w0 and very high Q. However, this regime is characterized 
by intermittent rainstorms (Sa/peter and Stevenson, 1976] 
and the flux constraint (equation (35)) can no longer be 
used except in a time average. It is likely that these rain
storms are highly dissipative for short periods. Further 
attempted quantification would be highly speculative. 

In summary, s - w-2-10-3 em and Q - 103-106 are 
possible although by no means definitely established. The 
nature ~f the model prevents more precise quantification, 
but this should not be regarded as an argument against its 
underlying validity. The most striking feature of the model 
is that it is more than capable of providing the necessary 
dissipation. The two-phase region in Saturn or Jupiter is 
not likely to be spatially homogeneous and only part needs 
to be at or near minimal Q. 

APPLICATION TO TERRESTRIAL FLUID CORES 

The fundamental radial free oscillation mode oSo for the 
earth has an associated Q ::: 5000 [Anderson, 1980]. The 
physical interpretation of this observation is not unique ~nd 
may not even involve the outer core, but ~ne p~sstble 
explanation attributes the dissipation to the flmd regton of 
the core. If the losses occur only in this region then a local 
Q - 2 x I 03 is required. If this were. a~tributed to a 
bulk viscosity ~. then in the low-frequency hm1t, 

Q -1 w~ 
K =

pc2 
(37) 

[Anderson 1980 equation (l) which for p = 11.3 g cm-3, 

C = 9.6 ~ J05 em S-l and W = 6 X J0-3 implieS ~ = 8 
x 1011 P. (Anderson quotes 5 x 102 P, evidently a 

numerical error.) There is no plausible microscopic process 
in a fluid that could provide this viscosity. Indeed, the shear 
viscosity of the outer core is likely to be very similar to the 
low pressure value -10-2 P (Stevenson, 1981 1 . and the 
atomic bulk viscosity is not likely to be many orders of 
magnitude greater. The occasionally expressed view that 
viscosity increases as pressure increases may be true along 
an isotherm or even an adiabat but is not generally true for 
simple fluids if the ratio of actual temperature to ~elting 
temperature is kept constant. Indeed, computer Simula
tions [Ashurst and Hoover, 1975; Hoover et a!., 1980] sup
port scaling laws of this sort, in which explicit dependence 
of viscosity on pressure is absent. 

There are at least two possible sources of suspended par
ticles whicb could provide substantial attenuation in the 
outer core. One involves the formation of solid, almost 
pure iron particles which settle to cause growth of the inner 
core (Loper and Roberts, 1978, 19801. Another involves 
progressive freeze-out of silicate or magnesium oxi~e 
particles which rise to the core-mantle boundary IB~agm
sky, 1963; Schloessin and Jacobs, 19801. The latter ts not 
frequently discussed but is an inevitable consequence ~~ any 
model in which the earth's core starts out hot and sthcate 
saturated assuming that the solubility decreases as the tem
perature 'decreases. In both cases, the two-phase region 
could be either thin or extended, depending on poorly 
known aspects of the phase diagram. 

Likely parameter values are B/pRT - 80 and 
x0 /xt - l so that Q0 (equation (28)) is -300. As in the 
giant planet calculation, a flux constraint can be imposed, 
assuming that a few percent of the outer core have froze.n 
out in the age of the solar system. The result IS 
F ::: 3 x w-9 g cm-2 s-1 at the inner core-outer core 
boundary and 4 x w-w g cm-2 s-1 at the core-mantle 
boundary. The drift velocity of particles is given by 

v ::: 104 s2 cm/s (s .$ 0.02 em) 

::: 30 s'h cm/s (s ~ 0.02 em) 
(38) 

where a kinematic viscosity of w-2 cm2/s is assumed 
(Stevenson, 1981]. Assuming a diffusivity 
D ::: J0-4 cm2/s, the 'resonant' frequency w0 can then be 
evaluated. The resulting Q at w = w-2 s-1 is shown as a 
function of s in Figure 2. The dissipation is important (i.e., 
Q .$ 104) for w-4·5 .$ s .$ w-3·5 em (although a more 
realistic model involving a size distribution would probably 
give a broader minimum in Q). For the particular example 
of s - w-4 em, Q(w) is shown in Figure 3 and compared 
with the model suggested by Anderson and Given [1982] 
from their analysis of the normal mode data. This is not, 
of course a confirmation of the model (which fortuitously 
has a si~ilar functional form) but merely a demonstration 
of compatibility. 

There is no compelling argument for a particle size 
-10-4 em (one micron). The 'equilibrium supersatura
tion' argument discussed in the previous section suggests 
s - w-2 em. Convective velocities suggested by geomag
netic westward drift are -10-2 cm/s and Stokes velocities 
are comparable for s ::: w-3 em. If the particles are solid 
rather than liquid, then there is no upper limit to particle 
size. If liquid droplets occur, then hydrodynamic breakup 
limits the droplet size to s .$ 0.1 em. The total mass 
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fraction of the medium in the form of suspended particles 
can be very small even when the dissipation is large: for 
s - 10--4 em, 11 - 105 cm-3, and -10-6 of the mass is 
involved. It is conceivable that some regions have very 
high dissipation, whereas other regions of the core have 
very low dissipation. This will, however, increase the core 
average Q and make it less likely that the model of Figure 
3 is achievable by this mechanism. This model also sug
gests significant dissipation of earth tides (w - 10--4 s-1) is 
possible, especially if the particle size is typically somewhat 
larger (e.g., 10-3 em). 

In summary, the suspension model provides a conceiv
able mechanism for the damping of radial modes or lower 
frequency perturbations (e.g., tides) in the earth, but it must 
be regarded as a marginal explanation at best because the 
'resonant' frequency needs to be near the actual mode 
frequency. No strong argument can be advanced for such a 
coincidence. This criticism is not as applicable to the giant 
planets where a Q - I 05 can be achieved as the average 
of a spatially varying environment, only small parts of 
which need to be at or near resonance. 

CONCLUDING COMMENTS 

A model has been presented which demonstrates that a 
dilute suspension of one phase as droplets or snowflakes in 
another (compositionally different) phase can be highly dis
sipative. In the limit of low-frequency and small pressure 
perturbations, the medium behaves as though it has a bulk 
viscosity of (typically) - JOI2 P. No attempt has been 
made to quantify the model with high precision because the 
necessary parameters (particle size and number density) are 
so poorly constrained. Nevertheless, plausible parameters 
lead to substantial dissipation in planetary cores for tidal or 
seismic perturbations. 

There has also been no attempt to treat the problem of 
larger pressure perturbations, for which nucleation of new 
droplets may occur at pressure peaks and an asymmetric 
response occurs, rendering the diffusion problem nonlinear. 
For the perturbations of interest (lp 1/B - 10-7 to 10-9), 

this is unlikely to be important, even though the instantane
ous supersaturation may thereby be larger than the 'equili
brium' ~ discussed above. The reason is that most 
nucleated droplets must survive and the creation rate 
(number/cm3/s) is therefore -11v/d, where d is the thick
ness of the two-phase region. For the examples discussed, 
the time between creation events in a specified control 
volume is many orders of magnitude greater than the time 
between arrivals (by drift) of a droplet into the control 
volume. 

Loper and Fearn [1982] have analyzed the problem of 
pressure oscillations in a medium consisting of melt inclu
sions in a solid matrix. The major difference between their 
analysis and the present work is that they could ignore the 
diffusion of atoms in the solid, whereas solute diffusion in 
the liquid between solid inclusions is crucial to the present 
analysis. This difference leads to the possibility in their 
analysis of two minima in Q(w) at frequencies substantially 
different from the 'resonant' frequency w0 discussed here. 

Finally, it is worth noting that since two-phase regions 
evolve on a geologic time scale, the tidal dissipation factor 
Q must also evolve. This observation is almost trivial but 
deserves emphasis because of the frequency with which 

10
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.-----------------------------, 

10 

PERIOD, sec 
Fig. 3. Seismic Q as a function of period for the earth's outer 

core. The dashed line is for the theoretical model assuming 
w0 - w-2 s-1• The two solid lines are models obtained by 
Anderson and Given [1982] for two layers in the outer core. The 
similarity does not imply support for the model, merely compati
bility. 

papers appear in which authors assume that the Q of some 
body is constant. This is almost never a reasonable 
assumption for most mechanisms (not just the mechanism 
discussed here). If the present tidal Q of Jupiter is caused 
by the geologically recent formation of a two-phase region, 
then Io's volcanism (and perhaps even the orbital commen
surabilities of the Galilean satellites) might also be geologi
cally recent. 

APPENDIX: TIDAL PRESSURE PuLSES 

For a perturbing tidal potential which varies as e'"'1 in 
the rotating frame of the planet, the pressure perturbation p 
introduced equation (3) must be obtained from the 'convec
tive' derivative 

I [ lJpT - ] p = -.- -- + (u · V)Po 
lw lJt (AI) 

where Po is the equilibrium pressure field, PT is the tidal 
perturbation and ii is the tidal flow field. Hubbard [1974] 
analyzed an adiabatic n = I polytrope for which 
p' = Kp'2, where K is a constant and the primed quantities 
are total pressure and density. The n = I polytrope is a 
good approximation to the giant planets, at least in the 
absence of phase transitions. However, he considered only 
equilibrium tidal perturbations for the density and a poten
tial tidal flow field. This is not dynamically consistent, as 
Houben [1978, and private communication, 1982] has 
pointed out. The correct procedure, is as follows. 

Let p' = Po + PT where PT = PT,e + pz, PT is the total 
tidal density perturbation, PT,e is the equilibrium tidal 
response and p2 is the (smaller) dynamic response. It is 
simple to show that PT,e is determined by 

PT,e = ,P/2K 

(A2) 

V - -Gf PT,e(r')d3r' 
I,e lr- r'l 
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where V r is the tidal potential provided by the external per
turbing body. Clearly, the equilibrium radial displacement 
of an equipotential surface at any time or position is 
6 = -q,/g, where g is the local gravitational potential. 
Since the time-varying part of the tidal potential has zero 
average on a sphere, the perturbed equipotential surface has 
the same volume (to lowest order) as the unperturbed equi
potential surface and 6 is also the displacement of a fluid 
element. The equilibrium contribution top in (AI) is then 
2KPoPTe + 6p0 g, which is zero by (A2). The convective 
pressur~ perturbation depends entirely on nonequilibrium 
tidal effects as follows. If p2 << PT,e• then the continuity 
equation is 

(A3) 

which implies lui - (aw)Pr,eiPo· The inviscid linearized 
Navier-Stokes equation is 

~~ + 2n x u = v(v1.2 - lKp2) 

v/,2 (A4) 

from which it follows that p2 -

(walK) lui - (wa/c)2Pr,e.. where c is the sound speed. 
As a consequence, p = 2KPoP2- (w2a/g)p0 Vr. 

However, the region in which helium-rich raindrops 
form is necessarily stably stratified because of a helium gra
dient (Stevenson and Sa/peter, 1977 b]. In this case, the 
'equilibrium' contribution to the convective derivative (AI) 
is no longer zero, essentially because the tidal perturbations 
do not obey the same p-p relationship as the static planet. 
(Of course, this also means that the terminology "equili
brium" can be misleading.) If an element of fluid is dis
placed through a distance 6 then the density perturbation is 

ll.p - [(ap/(}p), - dp0 /dp0 ]p0 g6, where the second deriva

tive refers to the actual (stable and nonadiabatic) density 

structure of the planet. In general :dpofdp0 : >> (ap/ap), in 

the stable region. Since ll.pg - I V q, I, it follows that the 
perturbation pressure is of order p V r and therefore much 
larger than the adiabatic case. The estimate of equation 
(31) follows, except for a numerical coefficient that can 
only be obtained by a detailed numerical analysis of the 
tidal response: This analysis has not been performed. 
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