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Abstract

We construct a Galilean invariant non-gravitational closed string theory whose excita-

tions satisfy a non-relativistic dispersion relation. This theory can be obtained by taking a

consistent low energy limit of any of the conventional string theories, including the heterotic

string. We give a finite first order worldsheet Hamiltonian for this theory and show that

this string theory has a sensible perturbative expansion, interesting high energy behavior

of scattering amplitudes and a Hagedorn transition of the thermal ensemble. The strong

coupling duals of the Galilean superstring theories are considered and are shown to be de-

scribed by an eleven-dimensional Galilean invariant theory of light membrane fluctuations.

A new class of Galilean invariant non-gravitational theories of light-brane excitations are

obtained. We exhibit dual formulations of the strong coupling limits of these Galilean in-

variant theories and show that they exhibit many of the conventional dualities of M theory

in a non-relativistic setting.
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1. Introduction

One of the legacies of the second superstring revolution is the realization that the

different superstring theories describe very special corners of the space of vacua of a single

hypothetical structure dubbed M Theory. Another important lesson that has emerged is

that there are regions of the space of vacua describable by a theory without gravity. Two

beautiful examples of such theories are Matrix Theory [1] and Maldacena’s conjecture [2].

The realization that there are consistent limits of M Theory without gravity has led to a

geometrical understanding of some field theory dualities and to new, hitherto unknown,

field theories in higher dimensions.

The non-gravitational limits studied thus far involve considering certain low energy

limits of M Theory in the presence of branes. Typically, these limits lead to a theory where

the appropriate effective description is given in terms of the massless degrees of freedom

propagating on the branes. Such low energy limits lead, for example, to gauge theories in

various dimensions. In such examples, the massive open string states on the branes and

the entire closed string spectrum decouple from the low energy physics and the truncation

to the theory of the massless fluctuations is consistent. These low energy theories are

described by field theories.

Recently, very interesting generalizations have been found in which closed strings

decouple but the massive open string excitations on the branes need to be taken into

account for physical processes [3,4]. These theories appear in low energy limits of branes

in near critical electric field backgrounds and are not conventional field theories due to

the presence of a tower of massive excitations. Since massive states cannot be neglected,

the field theory truncation is not unitary [5,6,7]. These non-gravitational theories describe

all the fluctuations on the branes. For example, one can obtain a consistent open string

theory without any closed string states. Such theories arise from studying D-branes in a

background electric field (NCOS) [3,4], M5-branes in a three-form background (OM) [8]

and Neveu-Schwarz five-branes in various constant Ramond-Ramond p-form backgrounds

(OD) [8,9,10].

In this paper we find that there are corners of the moduli space of vacua of M Theory

without branes that are described by non-gravitational theories whose excitations live in

space-time. These massive excitations satisfy a non-relativistic dispersion relation and the

theory that describes their dynamics is unitary and has a sensible perturbative description

(whenever one is available). Since background branes are not required to define these

1



non-relativistic theories, they can be obtained by taking certain low energy limits of all

five superstring theories, including the heterotic string. We will call these theories non-

relativistic closed string theories (NRCS).

The simplest limit leading to NRCS is obtained by considering string theory in the

presence of a near critical NS-NS two-form field without any D-brane1. In the context of

(1 + 1)-dimensional NCOS, Klebanov and Maldacena [11] observed that when the spatial

direction is compactified on a circle, that there are finite energy winding closed string

states that do not decouple from the open strings. An example of NRCS can be obtained

by considering precisely the NCOS limit without any D-brane. Naively, one might think

that, in the absence of D-branes, that a constant NS-NS two-form can be gauged away

and that one ends up getting a conventional relativistic closed string theory. This is

obviously true in non-compact space. However, in the presence of a circle, the background

NS-NS field modifies the spectrum, which remains relativistic. Once the NCOS limit is

taken, there is a truncation of the low energy spectrum and one obtains a new theory with

a Galilean invariant Hamiltonian. Perhaps surprisingly, the closed string theory in the

NCOS limit without any D-brane has a well-behaved perturbative expansion, described by

the Lagrangian in section 3. It is also interesting to study the worldsheet theory we propose

when the worldsheet has a boundary. Then, our formalism reproduces the relativistic open

string spectrum of NCOS and its interactions.

In section 3, we give a worldsheet Lagrangian for NRCS, which has Galilean invari-

ance and from which we derive the non-relativistic spectrum of closed strings and their

interactions. The Lagrangian we propose can be derived from the conventional Polyakov

path integral quantization of the relativistic string by rewriting it in variables that are

conducive to taking the low energy limit that defines NRCS (see section 3 for details of

the limit). We explicitly solve the Virasoro constraints, thus yielding the spectrum, show

that the theory is unitary and that it has a sensible perturbative expansion. The string

spectrum, being non-relativistic, does not contain a massless graviton and it is thus non-

gravitational in nature. However, there is an instantaneous Newtonian potential between

the massive strings. This string theory exhibits interesting properties such as an unusual

high energy behavior of scattering amplitudes and a Hagedorn transition of the thermal

ensemble.

1 When the NS-NS two-form exceeds the critical value, the space-time energy of a closed

string becomes unbounded below and can become indefinitely negative as we increase the winding

number.
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NRCS depends on two-parameters, the effective string scale α′
eff and the effective

string coupling constant g. One may ask what is the strong coupling dual of these theories.

For the superstrings, this can be reliably answered. We find that the strong coupling limits

of supersymmetric NRCS are given by a Galilean invariant eleven dimensional theory of

light membranes which we call GM (Galilean membrane theory). This eleven dimensional

theory has a unique dimensionfull parameter leff which is the effective Planck length. The

relation between the NRCS superstrings and GM is reminiscent to the relation between

the conventional superstrings and M theory. For example, Type IIA NRCS with coupling

g and string scale α′
eff is equivalent to GM on a circle of radius R such that R = g

√
α′

eff

and leff = g1/3
√

α′
eff . The conventional dualities and relations with M theory still hold,

such that, for example, Type IIB NRCS has an SL(2, Z) symmetry. We discuss these

relations in section 7. It is interesting that duality symmetries in string theories do not

rely on relativistic invariance nor the presence of gravity.

There are many interesting generalizations that can be made that lead to non-

relativistic, non-gravitational theories. The construction of such theories is quite general.

The basic idea is to study the low energy limit of M Theory vacua in the presence of any

of the many possible gauge fields available. Then, one can take a low energy, near critical

limit such that all states of M Theory become infinitely massive, and thus decouple, except

for those states that couple to the constant near critical background gauge field. Tuning

to the critical value, defined such that that energy coming from the background field pre-

cisely cancels the rest energy of the states in question, ensures that even though we are

taking a low energy limit, that there are states that survive and satisfy a non-relativistic

dispersion relation. For example, if we tune the background NS-NS B field to its critical

value, then one obtains finite energy non-relativistic fluctuations of strings winding around

the circle. Clearly, such NRCS can be defined in Type II, Type I and Heterotic theories.

Moreover, if one considers, for example, a near critical R-R gauge field Cp+1 and takes a

low energy limit, then there are light Dp-branes2 which are non-relativistic that decouple

from all the rest of the modes and lead to decoupled Galilean invariant theories which we

will call GDp (Galilean Dp-brane theories). The myriad of gauge fields that exist in M

Theory vacua can be used to define new non-gravitational Galilean invariant theories. We

2 In order for the constant background Cp+1 field to affect the energy of a Dp-brane, the brane

has to be wrapped on a p-cycle, otherwise the gauge field can be gauged away without changing

the energetics.
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study such theories in section 7. The dualities of the underlying relativistic M Theory, lead

to interesting webs of dualities for these non-relativistic theories. These non-relativistic

theories may be a promising ground in which to address some of the important questions

of M Theory without the complication of gravity.

The rest of the paper is organized as follows:

In section 2 a very general low energy limit is presented which yields a finite non-

relativistic dispersion relation from the spectrum of a charged relativistic brane. The

limit, when applied to the fundamental closed string, yields the spectrum of NRCS. Gen-

eralizations to other relativistic objects in M Theory are briefly described.

In section 3 we find the worldsheet theory of NRCS. We quantize the Galilean in-

variant, first-order Hamiltonian and find under what conditions there is a physical closed

string spectrum. We then reproduce the NRCS spectrum in section 2 within our Hamil-

tonian formalism. We compute the BRST cohomology of the string and show that there

are no ghosts in the spectrum. The possibility of adding a boundary to the worldsheet is

considered. The formalism of section 3 results in the spectrum and worldsheet correlation

functions of NCOS. Using this formalism, it is straightforward to prove the decoupling of

the massless open string states on worldsheets with any number of handles and holes when

the longitudinal direction is non-compact. This extends the result of [11] to all orders in

the perturbative expansion.

Section 4 is devoted to performing tree level computations in NRCS. We show that

scattering amplitudes have the correct pole structure required by unitarity and have a pe-

culiar behavior of high energy fixed angle scattering amplitudes in NRCS. Despite the ab-

sence of gravity in this theory, we exhibit a Newtonian potential among the non-relativistic

strings.

In section 5 we compute loop amplitudes and show that NRCS is a sensible theory

in perturbation theory. We evaluate the Helmholtz free energy at one loop and reproduce

from it the spectrum of NRCS found in section 2. We find that NRCS behaves similarly

to the long string near the boundary of AdS3 [12]. We exhibit the existence of a Hagedorn

temperature in NRCS and sketch higher loop computations. We also study in some detail

N -point loop amplitudes and show that the amplitudes are finite.

In section 6 we elucidate the relation between NRCS and the discrete light-cone quan-

tization (DLCQ) of closed string theory. NRCS is related by T-duality to the discrete

light-cone quantization (DLCQ) of closed string theory. Therefore, the formalism devel-

oped in this paper provides a useful description of DLCQ string theories as well.
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In section 7 we study Galilean invariant theories of light branes and some of their

dualities. In eleven dimensions we study the Galilean invariant theory of membrane fluc-

tuations (GM) and five-brane fluctuations (GF). In ten dimensions we discuss the theory of

non-relativistic light Dp-branes (GDp) and light Neveu-Schwarz five-branes (GNS). These

theories lie in the same moduli space and exhibit the same dualities that the underlying

relativistic M theory possesses. In particular we show that the strong coupling limits of

some NRCS have an eleven dimensional description in terms of light brane excitations.

2. Non-Relativistic Limit

In this section we show that by taking a low energy limit of the theory of a relativistic

p-brane and by tuning the p + 1 gauge field that couples to it, that one can obtain an

exact non-relativistic dispersion relation. The idea is to study the low energy spectrum in

a scaling limit in which the background gauge field cancels the rest energy of the brane and

such that the non-relativistic approximation becomes exact. In this limit, all the states of

the theory decouple, except the light p-brane excitations. We present the truncation to a

non-relativistic theory in a very simple toy model which captures the essence of the limit

which defines NRCS and the other generalizations we describe in this paper.

For simplicity, consider a relativistic charged point particle of mass m and charge e

coupled to a gauge field Aµ propagating in a geometry with metric components g00 = −1

and gij arbitrary with i, j 6= 0. The Lagrangian which describes its motion is given by

L = −m
√

−ẋ2 + eAµẋµ. (2.1)

Worldline reparametrization invariance implies Einstein’s dispersion relation

p0 =
√

m2 + gij(pi − eAi)(pj − eAj) + eA0. (2.2)

Consider the following low energy limit

gij =
meff

m
δij eA0 = −m + eÂ0 (2.3)

as m → ∞. In this limit, Einstein’s relation (2.2) reduces to the following non-relativistic

dispersion law

p0 =
1

2meff
(pi − eAi)

2 + eÂ0. (2.4)

5



Although a constant gauge field can be locally gauged away and does not affect the equa-

tions of motion, it changes the energy spectrum in the sector of the theory carrying electric

charge. In fact, the shift in the energy due to the gauge field precisely cancels the rest

mass of the particle and ensures that the energy remains finite in the limit (2.3). Turning

on a background field and tuning it to the critical value is an efficient way of rearranging

the spectrum of the theory such that only states charged under the gauge field have finite

energy, the neutral states acquire infinite proper energy.

The charged point particle model can also be used to show that the there are finite

energy, non-relativistic winding closed string states in the NCOS limit whenever the near

critical NS-NS B01 field is along a compact spatial direction. The mass of a closed string

winding w-times around a circle of radius R is

m2 =

(
wR

α′

)2

+
2(N + N̄)

α′
, (2.5)

where N and N̄ are the amounts of stringy excitations in the left and the right mover

oscillators of the string. Moreover, the winding string states are charged under the U(1)

gauge field obtained by reducing the NS-NS B field along the circle. The charge is given

by

eA0 = −2πRwB01. (2.6)

We now take the NCOS limit [3,4] in the point particle analogy (2.4)

gij =
α′

α′
eff

δij , eA0 = −wR

α′

(
1 − α′

2α′
eff

)
. (2.7)

Taking α′ → 0 results in the following non-relativistic spectrum

p0 =
wR

2α′
eff

+
α′

effk2

2wR
+

N + N̄

wR
. (2.8)

Thus the NCOS limit can be thought of an example of the non-relativistic limit (2.3). Note

that demanding positive energy states selects strings winding only in a particular direction.

Indeed, the closed string spectrum (2.8) coincides with the one found by Maldacena and

Klebanov in [11]. In the next section we give a Galilean invariant, finite first-order Hamil-

tonian that describes these closed strings and verify that there is a consistent perturbative

expansion.
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The non-relativistic limit we found in (2.3) can also be generalized to any state of M

Theory which is charged under a gauge field. If one considers winding fundamental closed

strings in the near critical NS-NS B0i background of any of the known string theories, one

obtains NRCS theories. But we could have considered any of the branes of M Theory. One

could, for example, consider a wrapped membrane of M Theory on any two-cycle (say on

a two-torus or a two-cycle of a Calabi-Yau) in a critical three-form background. Then, the

membrane is charged under a gauge field A0 obtained by reducing the three-form on the

two-cycle. In the limit (2.3) one obtains a non-relativistic theory without gravity. Likewise,

for any other brane. Just like in NCOS, positivity of the energy selects only those states

which are wrapped in a particular direction, states of opposite orientation are unphysical.

In section 7 we will find low energy limits leading to Galilean theories of branes and study

their strong coupling duals.

3. Lagrangian and Quantization

In this section we construct the worldsheet theory of NRCS and analyze its spectrum

and interactions. We consider a certain low energy limit of string theory in a near critical

NS-NS B-field. The bosonic worldsheet action which describes this background is given

by3

S0 = − 1

4πα′

∫
d2σ
(
gMN∂aXM∂aXN − 2πα′BMN ǫab∂aXM∂bX

N
)
, (3.1)

where M, N = 0, · · · , 9 and a, b = 0, 1. NRCS is obtained by choosing the B field with a

time-like and a space-like component. Without loss of generality we consider a B01 ≡ B

background. NRCS is obtained by taking the following zero slope, near critical field limit4

2πα′B01 = 1 − α′

2α′
eff

, gµν = ηµν , gij =
α′

α′
eff

δij , gs = g

√
α′

eff

α′
(3.2)

as α′ → 0 where µ, ν = 0, 1 and i, j = 2, · · · , 9, and α′
eff is the finite effective string scale

of NRCS and g its effective coupling constant.

Using

γ = X0 + X1 , γ̄ = −X0 + X1 (3.3)

3 Here the worldsheet and target space metric are taken to be of Lorentzian signature.
4 This is precisely the NCOS limit of [3,4] but without any D-brane.
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for the target space coordinates,

z = ei(σ0+σ1) , z̄ = ei(σ0−σ1) (3.4)

for the worldsheet coordinates, and the background given in (3.2), the action (3.1) can be

written for finite α′ as

S0 = − 1

4πα′

∫
d2z
(
∂γ∂̄γ̄ + ∂γ̄∂̄γ − 2πα′B(∂γ∂̄γ̄ − ∂γ̄∂̄γ) + 2gij∂X i∂̄Xj

)
. (3.5)

We now perform a Euclidean rotation in both the worldsheet and target space such that

the Euclidean action is

S0 =
1

4πα′

∫
d2z
(
∂γ∂̄γ̄ + ∂γ̄∂̄γ − 2πα′B(∂γ∂̄γ̄ − ∂γ̄∂̄γ) + 2gij∂X i∂̄Xj

)
. (3.6)

Note that, unlike the case of a B-field with only space-like components, there is no factor

of i in the term in the Euclidean action depending on B.

In order to obtain a finite worldsheet description in the NRCS limit, it is convenient

to introduce Lagrange multipliers β and β̄. In these variables the worldsheet theory (3.6)

is given by

S1 =

∫
d2z

2π

(
β∂̄γ + β̄∂γ̄ − 2α′

1 + 2πα′B
ββ̄ +

1 − 2πα′B

2α′
∂γ∂̄γ̄ +

1

α′
gij∂X i∂̄Xj

)
, (3.7)

where (3.6) is reproduced by integrating out β and β̄. Therefore, in the strict decoupling

limit (3.2), one has the following Lagrangian description of NRCS

S1 =

∫
d2z

2π

(
β∂̄γ + β̄∂γ̄ +

1

4α′
eff

∂γ∂̄γ̄ +
1

α′
eff

∂X i∂̄Xi

)
. (3.8)

We note that the worldsheet theory of NRCS is defined in terms of more variables than a

conventional critical string theory since we have extra β and β̄ variables. However, the CFT

defined by (3.8) has the correct Virasoro central charge to define a consistent string action

(see next subsection for more details). It is interesting to note that the Lagrangian (3.8) is

invariant under the Galilean group in the transverse coordinates. This is consistent with

the non-relativistic spectrum that we will find for NRCS. It is crucial, for this symmetry

to be realized, that the description has the extra variables β and β̄.

We will concentrate on the conformal field theory of β, β̄ and γ, γ̄ since the transverse

coordinates lead to familiar contributions. The equations of motion force β and γ to be
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holomorphic and β̄ and γ̄ to be antiholomorphic. The Lagrange multiplier β forces γ to be

a holomorphic map from the worldsheet to the (1+1)-dimensional part of the target space

parametrized by coordinates X0 and X1. Therefore, it describes a worldsheet instanton

and the third term in the Lagrangian (3.8) 1
8πα′

eff

∂γ∂̄γ̄ is the instanton action. We will

show in the rest of this section that this Lagrangian reproduces the spectrum in (2.8).

Moreover, we will see that if the string worldsheet has a boundary that (3.8) reproduces

the open string spectrum of NCOS and string interactions. In our formalism, one can show

that the decoupling of the massless open string modes exhibited by [11] at the disk level

can be extended to all orders in perturbation theory. Thus, (3.8) can be used to perform

manifestly finite worldsheet computations for NCOS theories. In the later sections, we will

use this Lagrangian to describe amplitudes involving closed strings and higher loops.

3.1. Closed string spectrum

Here we consider a worldsheet without boundaries. The equations of motion of (3.8)

imply that β(z) and γ(z) are holomorphic and that β̄(z̄) and γ̄(z̄) are antiholomorphic.

Their OPE’s are given by

β(z)γ(w) ∼ −1

z − w
, β̄(z̄)γ̄(w̄) ∼ −1

z̄ − w̄

γ(z)β(w) ∼ 1

z − w
, γ̄(z̄)β̄(w̄) ∼ 1

z̄ − w̄

γ(z)γ̄(w̄) ∼ regular , β(z)β̄(w) ∼ −π

2α′
eff

δ(2)(z − w).

(3.9)

The variables β and γ behave analogously to the bosonic ghost system, except for the

contact term in β(z)β̄(w̄). The conformal dimension of γ is (0, 0) while the conformal

dimension of β is (1, 0). Moreover, their contribution to the Virasoro central charge takes

the required value c = 2. Note that although it seems that we have added more degrees

of freedom to the description, the worldsheet degrees of freedom are identical to those of

two worldsheet scalars. A similar story holds for the β̄ and γ̄ system.

We will first consider the case when the x1 coordinate is noncompact. Then we can

expand the operators as

γ(z) =

∞∑

n=−∞

γnz−n,

β(z) =

∞∑

n=−∞

βnz−n−1

. (3.10)
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Since γ is holomorphic and x1 is noncompact the standard space-time momentum term in

γ is not allowed. Otherwise, γ would be multi-valued function of σ, which is only possible

if the string is winding. The oscillator modes satisfy the following commutation relation

[γn, βm] = δn+m,0. (3.11)

We now study the Virasoro constraints for NRCS. The energy momentum tensor is

given by

T (z) = −β∂γ, (3.12)

and the Virasoro generators are

Ln =
∑

m

mβn−mγm. (3.13)

In particular L0 is the excitation level of the (β, γ) system, whose spectrum is positive

definite. Therefore the Virasoro constraint L0 + L̃0 = 1 has no solutions (except for the

tachyon, which is projected out in supersymmetric theories), where L̃0 is the Virasoro

generator for the rest of the system, which we assume to be positive definite. Thus, the

closed string has no physical states. This can be easily understood. If all coordinates are

non-compact the background NS-NS B field can be gauged away without changing the

Hamiltonian of the theory and the closed string spectrum is the usual one. Therefore, in

the NRCS limit (3.2), all the closed strings acquire infinite proper energy and thus are

unphysical.

When the x1 direction is compactified on a circle of radius R, there is a non-zero

winding sector in γ(z). The mode expansion now reads

γ(z) = iwR log z +
∞∑

n=−∞

γnz−n, (3.14)

and the Virasoro generator is then given by

Ln = −iβnwR +
∑

m

mβn−mγm. (3.15)

Now the Virasoro constraint L0 + L̃0 = 1 has a solution. As we will show later, all physical

states are in the vacuum of the (β, γ)-system. Thus the solution to the Virasoro constraint

is of the form

iβ0 =
N

wR
+

α′
effk2

4wR
, (3.16)
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where N is the conformal weight of the rest of the system (N includes −1 for the bosonic

string and −1
2 for the NS sector of superstring) and k is the transverse momentum of the

string. According to the Lagrangian (3.8), the canonical momentum P conjugate to γ is

not equal to β, but in the winding sector it is shifted by an amount proportional to ∂̄γ̄ as

in
1

2
(P0 + P1) =

β

2π
− 1

8πα′
eff

∂̄γ̄

1

2
(P0 − P1) =

β̄

2π
− 1

8πα′
eff

∂γ.

(3.17)

Taking the zero mode parts of these equations, one finds that the total energy p0 and

momentum p1 of the closed string are given by

1

2
(p0 + p1) = iβ0 +

1

4α′
eff

wR,

1

2
(p0 − p1) = iβ̄0 +

1

4α′
eff

wR.

(3.18)

Since x1 is periodic, its conjugate momentum is quantized as

p1 =
n

R
. (3.19)

Thus we find

p0 =
wR

2α′
eff

+
α′

effk2

2wR
+

N + N̄

wR
, (3.20)

with the level matching condition N − N̄ = wn. In this way, we have recovered the

non-relativistic spectrum in (2.8).

It is straightforward to prove the no-ghost theorem in this case. We introduce the

(b, c) ghost and write the BRST operator QBRST as

QBRST = Q−1 + Q0, (3.21)

where

Q−1 = wR
∑

n

β−ncn, (3.22)

and Q0 is defined as the remainder. They obey

Q2
−1 = Q2

0 = {Q−1, Q0} = 0. (3.23)

Following the use of the BRST operator in [13] (see also section 4.4 of [14]), one can show

that the cohomology of QBRST is isomorphic to that of Q−1. The cohomology of the

quadratic operator Q−1 is easy to evaluate [15] and it is spanned by the vacuum state

|0〉βγ ⊗ |0〉bc of (β, γ) and (b, c), times any states in the rest of the system. Assuming that

the rest of the system is unitary, this proves the no-ghost theorem of NRCS.
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3.2. Open string spectrum

It is possible to consider D-branes in NRCS, and what one gets is of course NCOS.

Here we show that the open string spectrum of NCOS is reproduced in this way. Suppose

the worldsheet is the upper half plane with the boundary located at σ1 = 0. In the bulk,

γ and β are still holomorphic. The equation of motion at the boundary gives

δγ

(
β +

1

4α′
eff

∂̄γ̄

)
= 0, δγ̄

(
β̄ +

1

4α′
eff

∂γ

)
= 0. (3.24)

For a Dp-brane with p ≥ 1, the boundary values of (γ, γ̄) are not fixed. Therefore

β = − 1

4α′
eff

∂̄γ̄ , β̄ = − 1

4α′
eff

∂γ, (3.25)

at the boundary. This suggests that we analytically continue (γ, β) to σ1 < 0 and use

(3.25) to identify (γ, β) on σ1 ≥ 0 to (γ̄, β̄) in σ1 ≤ 0. Since

β(z)γ(w) ∼ − 1

z − w
, β̄(z̄)γ̄(w̄) ∼ − 1

z̄ − w̄
, (3.26)

we find

γ(z)γ̄(w̄) ∼ 4α′
eff log(z − w̄). (3.27)

For points on the real axis this reproduces the correct propagator for open strings in NCOS.

To compute the open string spectrum, we consider a worldsheet that is a strip −π ≤
σ1 ≤ π, we identify (γ, β) on 0 ≤ σ1 ≤ π to (γ̄, β̄) on −π ≤ σ1 ≤ 0 according to (3.25).

Thus we have the expansion of these fields as

β =
1

2
√

α′
eff

∑

n

ᾱnz̄−n−1 , γ = x + 4i p α′
eff log z + 2

√
α′

eff

∑

n6=0

αn

n
z−n,

β̄ =
1

2
√

α′
eff

∑

n

αnz−n−1 , γ̄ = x̄ + 4i p̄ α′
eff log z̄ + 2

√
α′

eff

∑

n6=0

ᾱn

n
z̄−n,

(3.28)

and non-zero commutators are

[αn, ᾱm] = nδn+m,0, [x, p̄] = [x̄, p] = i. (3.29)

Note that, unlike the case of closed string, the space-time momentum term 4ip α′
eff log z

is allowed in γ even when x1 is non-compact. This is because we can choose the branch

cut of log z to be away from the worldsheet. The Virasoro generators are then

Ln =
∑

m

ᾱn−mαm. (3.30)

Thus we reproduce the standard open string spectrum.
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3.3. Free the U(1) to all order

In [11], it was shown that any tree level amplitude containing a massless open string

state in NCOS2 vanishes when the longitudinal direction is non-compact. This is what

is expected from the point of view of the S-dual theory, where the massless open strings

correspond to the free U(1) gauge fields and their superpartners in the (1+1)-dimensional

U(N) gauge theory. Using the formalism developed here, it is straightforward to generalize

this result to all orders in perturbation theory. The open string amplitude on a worldsheet

with h holes and g handles is computed by considering a closed Riemann surface of genus

2g with a complex conjugate involution such that the fixed point set of the involution gives

the boundaries of the open string worldsheet. Since there is no vertex operator inserted

away from the boundary (when the longitudinal direction is non-compact there is no closed

string physical state), γ(z) is holomorphic everywhere except at the boundaries. Moreover,

the vertex operator for a massless open string state is also holomorphic (vertex operators

for massive states are not holomorphic, they also depend on γ̄). Since the sum of the

boundaries of the h holes obtained as the fixed point set of the involution is homologically

trivial on the genus 2g surface, the contour integral of the vertex operator can be deformed

away through the middle of the Riemann surface. This proves the decoupling of the

massless open string states to all order in the perturbation theory.

4. Tree amplitudes

In this section we will compute the scattering amplitude of four physical closed string

states and show that it factorizes properly into non-relativistic closed string poles. More-

over, we will see that the truncated closed string scattering amplitudes have a different

high energy behavior than in conventional string theory.

For simplicity, we will compute the 4-tachyon amplitude. Since all the physical states

are in the vacuum of the (β, γ)-system as we saw in the last section, the essential novelty

of NRCS is captured by the tachyon amplitude. The vertex operator for a closed string

tachyon is given by5

V (v, v̄, k; z, z̄) = g
√

w : eiv̄γ(z)+iwR
∫

z
β+ivγ̄(z̄)+iwR

∫
z̄

β̄+ik·X(z,z̄) : . (4.1)

5 We will not include the cocycles which only change relative signs between amplitudes. The

factor
√

w is included for later convenience.
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Since
γ(z)V (z′) ∼ iwR log(z − z′)V (z′),

β(z)V (z′) ∼ −iv̄

z − z′
V (z′),

(4.2)

the vertex operator carries (β0, β̄0) eigenvalues of (−iv̄,−iv) and winding number w. Thus,

according to (3.18), the energy ǫ and the longitudinal momentum n/R of the tachyon state

are given by

ǫ = v + v̄ +
1

2α′
eff

wR

n

R
= v̄ − v.

(4.3)

Let us evaluate the 4-point amplitude on the sphere, 〈V1(z1)V2(z2)V3(z3)V4(z4)〉, by per-

forming the functional integral with the Lagrangian (3.8). The extremum of the functional

integral is given by

γ(z) = i
4∑

a=1

waR log(z − za),

β(z) = −i

4∑

a=1

v̄a

z − za
.

(4.4)

For closed string amplitudes, winding number has to be conserved6, such that
∑

a wa = 0.

Since the action is free, we can evaluate the amplitude by substituting (4.4) back into the

integrand7. The amplitude is given by

〈V1(z1)V2(z2)V3(z3)V4(z4)〉 =

=
√

w1 · · ·w4

∏

a6=b

(za − zb)
−v̄awbR(z̄a − z̄b)

−vawbR|za − zb|
α′

eff

2 kakb

=
√

w1 · · ·w4

∏

a<b

|za − zb|
−(ǫa+ǫb)(wa+wb)R+ R2

2α′

eff

(wa+wb)
2+

α′

eff

2 (ka+kb)
2−4

.

(4.5)

Here we used the on-shell condition for the tachyon,

ǫa =
waR

2α′
eff

+
α′

effk2
a

2waR
− 2

waR
,

va = v̄a , (a = 1, · · · , 4).

(4.6)

6 The winding number is not conserved when one considers worldsheet with boundaries.
7 As is always the case with the Gaussian integral, the same result is obtained by substituting

the extremal value (4.4) into the product of the vertex operators V1V2V3V4 alone and by taking

its square root.
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It is a good test of our formalism to compute the same correlation function using the

standard closed string theory and then take the NCOS limit (3.2). One can verify that

(4.5) is reproduced in the limit. The tachyon scattering amplitude is then given by

A = ig4Csphere

∫
d2z〈V1(0)V2(z)V3(1)V4(∞)〉. (4.7)

Here g is the closed string coupling constant and Csphere is the normalization constant

that normalizes the path integral of the string when the topology of the worldsheet is the

sphere. The normalization constant can be found by unitarity. Namely, the amplitude

in (4.7) has poles associated with intermediate closed string states and a straightforward

application of the optical theorem determines it. Therefore, by repeating the analysis in,

for example, section 6.6 of [14], we find

Csphere =
2π

g2R
. (4.8)

This means that even though the theory is defined in the gs → ∞ limit, that the closed

string theory has a sensible perturbation expansion in powers of g. This is consistent with

the observation made in [4] regarding closed string loop diagrams in NCOS.

The amplitude given by (4.5) and (4.7) is very similar to the familiar Virasoro-Shapiro

amplitude. It has poles in the energies in the intermediate channels, and they are located

at

ǫa + ǫb =
(wa + wb)R

2α′
eff

+
α′

eff (ka + kb)
2

2(wa + wb)R
+

2n − 2

(wa + wb)R
,

(n = 0, 1, 2, · · ·).
(4.9)

This is precisely the closed string spectrum of NRCS, as required by unitarity. From

(4.7) we can also see that NRCS exhibits a different behaviour of high-energy, fixed-angle

scattering amplitudes. Since the mass-shell condition of the strings is non-relativistic, the

dependence of the amplitude on energy E is A ∼ e−E , as opposed to the conventional

dependence A ∼ e−E2

.

Although there are no physical states in the sector with 0-winding number and in

particular no graviton in the spectrum, there is an instantaneous Newtonian potential

between winding strings. To see this, let us consider the process in which the winding
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number is not exchanged among strings, i.e. w1 + w3 = 0 and w2 + w4 = 0. In this case,

the correlation function (4.5) becomes

〈V1(z1)V2(z2)V3(z3)V4(z4)〉 = w1w2

(
|z1 − z3||z2 − z4|

)α′

eff (k1+k3)
2−4

×

×
(
|z1 − z2||z3 − z4|

)−(ǫ1+ǫ2)(w1+w2)R+ R2

2α′

eff

(w1+w2)
2+

α′

eff

2 (k1+k2)2−4

×

×
(
|z1 − z4||z2 − z3|

)−(ǫ1+ǫ4)(w1−w2)R+ R2

2α′

eff

(w1−w2)
2+

α′

eff

2 (k1+k4)
2−4

.

(4.10)

Since the winding number along the (k1 +k3)-channel is 0, no physical states are propagat-

ing in this channel. Nevertheless, after doing the z-integral in (4.7), one finds that there are

contributions from exchange of off-shell states in the 0-winding number sector. In partic-

ular, the leading long-range contribution to the 4-point amplitude contains ∼ (k1 + k3)
−2,

corresponding to the Newtonian potential. Thus, even though the theory contains no

gravitons, there is an instantaneous gravitational force between winding strings.

5. Loop Amplitudes

In this section, we will compute the one-loop free energy at finite temperature and one-

loop corrections to N -point functions of winding states. We will also examine the general

structure of higher loop amplitudes and demonstrate that there is a sensible perturbative

expansion of NRCS.

On a genus-g surface, the β-field (the (1, 0)-form we introduced in section 3 as a La-

grangian multiplier) has g zero modes. If we were quantizing the bosonic ghost system, we

would introduce delta-functions in the path integral to absorb these zero modes. However,

one can show that the rules of the NRCS perturbation theory deduced from the factoriza-

tion conditions do not call for these delta-functions. Thus one may naively think that zero

mode integrals are divergent in NRCS. This would be similar to the problem in DLCQ of

field theory [16,17], where integrals over states carrying zero longitudinal momentum pose

difficulties in evaluating loop amplitudes [18].

It turns out that, whenever we evaluate physical observables such as the temperature

dependent part of the free energy and scattering amplitudes of closed strings with non-zero

winding numbers, the amplitudes contain terms of stringy nature which depend on all the

g zero modes of β, so that the zero-mode integrals are convergent. It is easy to understand

where these terms come from; they appear because β is a Lagrange multiplier which
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constrains γ to be a holomorphic map from the worldsheet to the (1+1)-dimensional part

of the target space. If vertex operators for winding states are inserted on the worldsheet,

a holomorphic map γ, if it exists, has to be a non-trivial one since the image of the

worldsheet has to wind around each of the vertex operators. As we will show below, a non-

trivial holomorphic map from the worldsheet to the (1 + 1)-dimensional part of the target

space, which is a cylinder, exists only in a subspace of codimension g of the moduli space

of a genus g Rieman surface. The integral over the g zero modes of β gives a delta-function

which exactly picks up the subspace where the holomorphic maps exist.

On the other hand, if we consider amplitudes which do not contain winding strings,

such as the vacuum amplitude at zero temperature, then the zero-mode integral gives a

divergence. In this case, γ can be a trivial map which maps the worldsheet to a point in

the target space. Such a map exists everywhere on the moduli space of the worldsheet,

and therefore the worldsheet amplitude is independent of the g zero modes of β. The

integral over these zero modes is then flatly divergent. If one traces through the NCOS

limit in section 3, one finds that it is exactly the type of divergence that was pointed out

in [18]. Fortunately all the physical states in NRCS have non-zero winding number, and

these divergent amplitudes have no physical meaning and can be safely ignored.

We will demonstrate these points by computing one-loop amplitudes and show how

they are generalized to higher loops.

5.1. Free energy

The one-loop free energy at temperature T is evaluated by performing an Euclidean

rotation of the target space-time coordinate and periodically identifying X0 ∼ X0 + T−1.

The path integral then involves a sum over maps (γ, γ̄) from the worldsheet torus of

modulus τ to the target space torus of periods (T−1, 2πR).

The zero mode dependence of the free energy can be computed by performing the

path integral over the maps from the worldsheet to space-time. Thus we write

γ =
(
2πnR + i

m

T

) σ0

2π
+
(
2πwR + i

s

T

) σ1

2π
+ (periodic), (5.1)

where 0 ≤ σ0, σ1 < 2π and (n, m, w, s) are integers labeling the different winding sectors.

For this γ,

∂̄γ =
i

4πImτ

[
2πnR + i

m

T
− τ

(
2πwR + i

s

T

)]
+ ∂̄(periodic). (5.2)
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On the other hand, β can be written as β = β0 + ∂(periodic), where β0 is the zero mode.

The worldsheet action depends on β0 as

S = iβ0

[
2πnR + i

m

T
− τ

(
2πwR + i

s

T

)]
+ · · · . (5.3)

Thus the integral over β0 gives a delta-function which fixes the worldsheet modulus τ at

τ =
2πnR + im 1

T

2πwR + is 1
T

. (5.4)

Thus the τ -integral becomes a sum over these special points on the worldsheet moduli

space. These are the points at which there are holomorphic maps from the worldsheet to

the target space.

The one-loop free energy is obtained by a sum over the integers (n, m, w, s) such that

τ is in the fundamental domain of the moduli space. To do the summation, it is convenient

to use the trick invented in [19] to trade the sum over s for the sum over copies of the

fundamental domain. If (m, s) 6= (0, 0), there is an SL(2, Z) transformation which sends

(m, s) to (m, 0) with m > 0, and it also maps the fundamental domain of τ into the strip,

|Re τ | ≤ 1/2, in the upper half-plane Im τ ≥ 0. The sum over s covers the strip exactly

once by copies of the fundamental domain. On the other hand, the (m, s) = (0, 0) term

is independent of the temperature T and corresponds to the zero temperature vacuum

energy. We will ignore this contribution since it has no physical meanings in NRCS and it

vanishes in supersymmetric theories anyway. Thus we have

τ =
2πnR + im 1

T

2πwR
, (5.5)

and we sum over integers (n, m, w). Since m > 0 and τ must be in the strip in the upper

half-plane, we require w > 0 and |n| ≤ w/2 (n at the boundary n = ±w/2 is counted with

a factor 1/2).

We can now evaluate the path integral over γ and γ̄. The zero mode piece is obtained

by evaluating the instanton action. Therefore, substituting (5.1) (with s = 0) into the

action (3.8) and evaluating it at the points (5.5) of the moduli space, we find that the zero

mode part of the action is

S =

∫
d2z

(
1

8πα′
eff

∂γ∂̄γ̄ + · · ·
)

=
mwR

2α′
effT

+ · · · .
(5.6)
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As usual, the contribution from the non-zero modes of (β, γ) is canceled by the determinant

of the (b, c) ghost system. Therefore, the one-loop contribution to the free energy takes

the form

F (T ) = −
∑

n,m,w

T

wm

∑

h,h̄

D(h, h̄) exp

[
−m

T

(
wR

2α′
eff

+
h + h̄

wR

)
+ 2πi

n

w
(h − h̄)

]
. (5.7)

This is obtained by evaluating the partition function of the worldsheet theory at the special

points (5.5) on the moduli space. Here (h, h̄) are the conformal weights coming from

the transverse excitations of the string and D(h, h̄) is their multiplicity. To simplify the

expression in (5.7), we have included in h the contribution from the transverse momenta

k. Thus, in comparison with the notion in section 3, h and h̄ are defined as

h =
α′

eff

4
k2 + N , h̄ =

α′
eff

4
k2 + N̄ . (5.8)

The factor −T/wm in (5.7) is determined as follows. The β0 integral with the action

(5.3) gives a factor (2πwR)−2 times the delta-function for τ (we set s = 0 in (5.3)). The

measure for the τ -integral contains the factor

1

Im τ
=

2πwRT

m
. (5.9)

The zero mode integral of γ gives the volume 2πR/T of the target space. Finally, the

definition of the one-loop free energy is F = −TZ(T ), where Z(T ) is the one-loop vacuum

amplitude at temperature T . Combining these factors together, we obtain

1

(2πwR)2
2πwRT

m

2πR

T
(−T ) = − T

wm
, (5.10)

as in (5.7).

The sum over n in |n| ≤ w/2 gives the constraint h − h̄ ≡ 0 (mod w), which we

recognize as the level matching condition. After summing over m, the free energy given

by (5.7) becomes

F (T ) = T

∞∑

w=1

∑

h,h̄

D(h, h̄) log
(
1 − e−

E(w,h,h̄)
T

)
. (5.11)

This is the conventional expression for the one-loop free energy of quantum field theory.

Here

E(w, h, h̄) =
wR

2α′
eff

+
h + h̄

wR
=

wR

2α′
eff

+
α′

effk2

2wR
+

N + N̄

wR
. (5.12)
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With the level matching condition for (h, h̄), the expression for E(w, h, h̄) precisely agrees

the energy spectrum of closed strings in NRCS computed in section 3, with the correct

multiplicity factor.

The computation of the free energy described here is similar to the one for string

in AdS3 discussed in [12]. In that case, the one-loop amplitude has poles exactly at the

special points in (5.4), and they are due to the presence of long strings winding near the

boundary of AdS3. Here we have delta-functions at these points and they correspond to

the closed strings winding in the x1 direction.

We now study the high temperature behaviour of the free energy. It is clear that,

for a fixed winding number w, that the free energy is convergent for any temperature T .

However, there might be a divergence when one performs the sum over winding modes.

To see whether the sum over w gives a divergence, we use the Cardy’s formula

∑

h,h̄

D(h, h̄) exp
(
2πiτh − 2πiτ̄ h̄

)
∼ exp

[
2πic

24

(
1

τ
− 1

τ̄

)]
, (5.13)

for Im τ → 0. Here c is the central charge of the rest of the system, and c = 12 for Type

II superstring. Therefore, the high temperature behaviour of NRCS is given by

∑

|n|≤w/2

∑

h,h̄

D(h, h̄) exp

[
−m

T

(
wR

2α′
eff

+
h + h̄

wR

)
+ 2πi

n

w
(h − h̄)

]

∼ exp

[
2πwR

(
πcT

6m
− m

4πα′
effT

)]
,

(5.14)

for large w. Therefore, the sum over winding states will be divergent whenever T ≥ TH ,

where

TH =
1

2π

√
6

α′
effc

. (5.15)

This gives the Hagedorn temperature of NRCS. For Type II NRCS we find that TH =
1

2π
√

2α′

eff

. It coincides with the location of the Hagedorn transition of NCOS studied

in [11,20]. Just like in conventional string theory, the Hagedorn temperature TH is the

temperature at which the tachyonic mode which appears in the spectrum (5.12) due to

the finite temperature GSO projection becomes massless. It would be interesting to study

the behaviour of the closed strings of NRCS above the Hagedorn temperature. In NRCS,

the breakdown of the thermal ensemble may not occur unlike for relativistic closed string
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theories since there is no graviton and the Hamiltonian is positive definite. However, there

can be a Jeans instability.

Higher loops

We have demonstrated explicitly that the β zero mode integral is convergent when

one computes the one-loop free energy. As a result of the β zero mode integral, the integral

over τ is localized to a sum over the special points in the moduli space of the worldsheet

torus where there is a holomorphic map from the worldsheet to the target space torus. It

is straightforward to generalize this observation to higher loops. A simple computation

shows that a map from a genus g worldsheet to the target space torus exists only on a

(2g − 3)-dimensional subspace. Such a holomorphic map exists whenever the following

condition on the worldsheet period matrix Ωij (i, j = 1, · · · , g) is satisfied

Gi(Ω) =

g∑

j=1

Ωij

(
2πwjR + i

sj

T

)
+ 2πniR + i

mi

T
= 0, (5.16)

for some integers (ni, mi, w
i, si). This generalizes (5.4) for g = 1. On a genus g surface,

β has g linearly independent zero modes, and their integrals give delta-functions imposing

the constraints Gi = 0 (i = 1, · · · , g).

5.2. N -point amplitudes

Here we analyze the effects of the β zero mode integrals on the scattering amplitudes.

We will discuss the N -point tachyon amplitudes for simplicity, but a generalization to

amplitudes involving arbitrary external states is straightforward. As in the case of the

tree amplitudes discussed in the last section, the computation of 〈∏n
i=1 eiv̄aγ(ua)+vaγ̄(x̄a)〉

requires finding (β, γ) which are holomorphic away from ua’s and behave near z = ua as

γ(z) ∼ iwaR log(z − ua),

β(z) ∼ −iv̄a

z − ua
, (z → ua),

(5.17)

where wa is the winding number for the i-th external state. The functional integral is non-

zero only when such β and γ exist. As for β(z), there is always a meromophic one-form

given by

β(z) = −i

N∑

a=1

v̄a∂z log ϑ1(z − ua) + const, (5.18)
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where ϑ1(z) is the elliptic theta function. This β is single-valued on the worldsheet torus

as far as momentum is conserved,
∑

a va = 0. On the other hand, γ(z) obeying (5.17) does

not always exist. To see this, let us try

γ(z) = i
N∑

a=1

waR log ϑ1(z − ua) + cz, (5.19)

for some constant c. Due to the quasi-periodicity of the elliptic function, we find

γ(z + 2π) = γ(z) + 2πc,

γ(z + 2πτ) = γ(z) + 2π

(
−R

N∑

a=1

waua + cτ

)
,

(5.20)

where we assumed that the winding number is conserved,
∑

a wa = 0. By requiring that

γ(z) is periodic modulo the target space periodicity γ ∼ γ + 2πR, we find that c must be

of the form c = mR for some integer m and

N∑

a=1

waua = n + mτ, (5.21)

for some integer n. This gives a condition on the locations of the N points. Thus we

find that, rather than being divergent, the integral over the zero mode of β imposes the

condition (5.21) on the locations of the vertex operators on the worldsheet.

Higher loops

It is straightforward to generalize this result to higher loops. On a genus g worldsheet,

the holomorphic map γ(z) winding wa-times at z = ua should be of the form,

γ(z) = i

N∑

a=1

waR log E(z, ua) +

g∑

i=1

ci

∫ z

ωi, (5.22)

for some constants ci, where ωi are holomorphic one-forms, and E(z, w) is the prime form,

a (−1
2)-differential with respect to z and w that vanishes linearly on the diagonal z = w

only (see, for example, section IIIb.1 of [21]). The periodicity of γ in the α-cycles of the

worldsheet requires that ci must be of the form ci = 2πmiR for some integers mi, and the

periodicity around the β-cycles requires

Gi =
N∑

a=1

wa

∫ ua

ωi −


ni +

g∑

j=1

Ωijm
j


 = 0, (5.23)
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for some integers ni. This imposes g conditions on the (3g − 3 + N)-dimensional moduli

space of the genus g worldsheet with N points. To verify that the g conditions Gi = 0

are independent of each other and pick up a codimension g subspace, we need to compute

their partial derivatives with respect to the worldsheet moduli yI (I = 1, · · · , 3g − 3) and

the vertex operator locations ua. They are given by

∂Gi

∂ua
= ωi(ua)wa,

∂Gi

∂yI
=

∫
d2zωi(z)ηI(z, z̄)




N∑

a=1

wa∂z log E(z, ua) − 2πi

g∑

j=1

mjωj(z)


 ,

(5.24)

where ηI are the Beltrami differentials associated to the moduli yI . Note that the partial

derivatives of Gi are all of the form,
∫

d2z ωi(z)ν(z, z̄) for some differential ν. Since

deti,j=1,···g (ωi(zj)) 6= 0, (5.25)

for generic g points zi, it is clear that the rank of the (3g−3+N)×g matrix (∂ua
Gi, ∂yI

Gi)

is generically g. Thus the integral over the g zero modes of β exactly pick up the subspace

of the moduli space where the holomorphic map γ(z) exist.

6. Relation to DLCQ

In this section we show that the NRCS limit we have studied is related by T-duality

to the DLCQ limit of string theory. This follows by performing T-duality along the circle

of radius R where the B-field lies. After T-duality, we get string theory without any

background B-field, with a metric

gµν =

(
−1 + (2πα′B)2 2πα′B

2πα′B 1

)
, (6.1)

and where the radius of the circle is α′/R. In the NRCS limit the metric is given by

ds2 = − α′

α′
eff

(dx0)2 + 2dx0dx1 + (dx1)2. (6.2)

We now rescale coordinates such that x1 → α′

α′

eff

x1. In the NRCS (α′ → 0) limit the

metric in these coordinates is

1

α′
ds2 =

1

α′
eff

[
− (dx0)2 + 2dx0dx1

]
, (6.3)
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and the periodicity of the compact direction is given by

x1 ∼ x1 + 2π
α′

eff

R
. (6.4)

Since in this limit the x1 coordinate is light-like, we see that DLCQ of closed string theory

with string scale α′
eff and null radius α′

eff/R is T-dual to NRCS.

Because of the relation between NRCS and DLCQ, the formalism developed in this

paper gives a useful description of DLCQ closed string theory also. In [22,23], loop am-

plitudes of DLCQ closed string theory were studied to address the issue of divergence due

to the longitudinal zero modes [16,17,18]. In particular, it was found in [22] that one-loop

scattering amplitudes, when external strings carry non-zero longitudinal momenta, have

finite DLCQ limits and that the positions of the vertex operators are constrained in the

limit. These constraints can be viewed as the T-dual of (5.21) in NRCS. The descrip-

tion of NRCS developed here does not involve the process of taking the NCOS limit, and

thus loop amplitudes are manifestly finite. In fact, the one-loop observation in [22] has a

straightforward generalization to higher loops, as we saw in (5.23). Evidently, unlike in

ordinary field theories, the longitudinal zero modes do not cause a problem in DLCQ closed

string theory. In the case of Type IIA string theory, this is related, via the hypothetical

11-dimensional Lorentz invariance of M theory, to the existence of the smooth DLCQ limit

of M Theory described by the finite N Matrix Theory [24,25,26].

For closed strings, the relation between NRCS and DLCQ provides another way to

understand the origin of the non-relativistic dispersion relation. The non-relativistic limit

describe in section 2, however, is much broader and includes cases that are not related to

DLCQ, as we will see in the next section.

7. Galilean Theories

In this section we find new theories whose excitations satisfy a non-relativistic dis-

persion relation. The light degrees of freedom that survive the low energy limit are light-

branes8. Depending on which background gauge field one tunes to its critical value, dif-

ferent brane states are light while the rest of the states in M Theory decouple.

We will first consider M Theory limits where the light degrees of freedom are mem-

branes and fivebranes. We will call these theories GM (Galilean membrane) and GF

8 These theories do not have background branes, unlike the theories discussed in [8].
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(Galilean five-brane) respectively. The first one is obtained by tuning to the critical value

the background three-form and the second one by turning on the background six-form of

M Theory. The low energy limit is taken such that the terms in the worldvolume action

depending on the transverse coordinates to the background remain finite in the limit. Just

as for NRCS, the spectrum is modified if the brane directions are compactified, otherwise

there are no finite energy physical excitations surviving the limit.

Therefore, the low energy limit leading to GM is given by9

gµν = ηµν µ, ν = 0, 1, 2

gij =
l3p

l3eff

δij i, j = 3, · · · , 10

C012 = TM2 − Teff

, (7.1)

with the eleven dimensional Planck scale lp → 0 while the effective length scale leff is kept

finite. Here TM2 = 1
4π2l3p

is the membrane tension and Teff = 1
4π2l3

eff

is the finite effective

tension of the light membranes that survive the limit. Note that GM has no coupling

constant and it contains a unique dimensionfull parameter leff . This is reminiscent of

some of the properties of eleven dimensional M Theory.

The decoupling limit giving rise to GF is given by

gµν = ηµν µ, ν = 0, 1, · · · , 5

gij =
l6p

l6eff

δij i, j = 6, · · · , 10

C012345 = TM5 − Teff

, (7.2)

with lp → 0 while the effective length scale leff is kept finite. Here Teff denotes the

effective tension of the light five-brane excitations. Just as GM, GF has no coupling

constant and leff is the unique dimensionless parameter of the theory.

Similar theories can be obtained from light Dp-branes, which we will call GDp

(Galilean D-p branes). As we will now see, these theories are connected by dualities which

are reminiscent of the dualities of the fully relativistic theories from which we obtain these

Galilean theories. We first discuss the relation between supersymmetric Type IIA NRCS

and the eleven dimensional theory GM.

9 Throughout the rest of the paper we will have in mind compactification on tori. It is straight-

forward to generalize the decoupling limits when branes wrap curved geometries.
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Strong coupling dual of Type IIA NRCS

Here we will show that in fact the strong coupling dual to Type IIA NRCS is described

by eleven dimensional GM such that the parameters of the two theories are related to each

other in a similar fashion to the usual relation in the relativistic setting.

Consider GM theory (7.1) compactified on a circle of proper radius R. The background

critical three form potential reduces to a NS-NS two-form potential

B01 = 2πRC012. (7.3)

Using the usual relation of parameters between M theory and Type IIA superstring theory

R = gs

√
α′ lp = g1/3

s

√
α′, (7.4)

we can write R and lp in the limit (3.2) which defines NRCS, so that

R = g
√

α′
eff lp = g1/3α

′1/6
eff α′1/3, (7.5)

as α′ → 0.

Substituting the eleven dimensional limit (7.1) in (7.3) we see that the background

NS-NS two-form potential is given by

2πα′B01 = 1 −
l3p

l3eff

. (7.6)

Using (7.5) and comparing with the limit defining NRCS in (3.2), we see that NRCS with

coupling constant g and effective string scale α′
eff is equivalent to GM theory on a circle

of radius R and effective Planck scale leff . The parameters are related by

R = g
√

α′
eff leff = g1/3

√
α′

eff . (7.7)

7.1. GDp and GNSF Theories

In this subsection we present some generalizations to the construction we made for

perturbative closed strings in a near critical NS-NS B-field to Dp-branes in a near criti-

cal Ramond-Ramond p + 1-form background. In order for the background to affect the

Hamiltonian, the spatial directions of the brane have to be compactified on an orientable

p-cycle of space-time. In this case, winding number plays the role of electric charge in

26



the discussion in (2.4) and again positivity of the energy allows only wrapping in one

orientation.

The non-relativistic limit that needs to be taken requires keeping finite the terms in

the worldvolume action depending on the transverse coordinates to the brane and tuning

the background field to the tension of the D-brane10. The limit is given by

gµν = ηµν , µ, ν = 0, 1, · · · , p

gij =

(
α′

α′
eff

)2

δij , i, j = p + 1, · · · , 9

gs =

(
α′

α′
eff

) 3−p

2

gp

C01···p = Tp − T eff
p ,

(7.8)

as α′ → 0. Here Tp is the tension of the D-brane (which is infinite in the limit)

Tp =
1

(2π)pgsα′ p+1
2

. (7.9)

T eff
p is the finite scale of the non-relativistic theory and gp the coupling of the theory. The

effective tension is given by

T eff
p =

1

(2π)pgpα
′p+1

2

eff

. (7.10)

In the limit (7.8) all states of string theory decouple except the light Dp-branes that have

finite proper energy excitations. In particular, open and closed strings decouple from the

low energy spectrum.

There is a very simple explanation for the limit we take in (7.8). Except for the

presence of the background gauge field C01···p, (7.8) is the conventional low energy limit

that results in a gauge theory on a Dp-brane [27]. This can be easily recognized by noting

that the Yang-Mills coupling constant is given by g2
Y M ∼ gp αeff

′ p−3
2 and that the limit

(7.8) keeps the coupling finite. Moreover, the metric for the transverse coordinates X i to

the brane is given as in (7.8) whenever we express them in terms of the Higgs fields Φi

of the gauge theory as X i = α′Φi and require that the metric for Φi remains finite. The

10 This is the analog of the NRCS limit. There, we scaled α′ and the metric in the transverse

directions to the B field such that terms of the string worldsheet action depending on the transverse

coordinates are kept finite.
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low energy limit is supplemented by turning a near critical background gauge field which

results in light Dp-brane fluctuations.

There is one more theory we can define by tuning a massless gauge field of string

theory, namely the one where the light excitations are NS five-branes. We will call these

theories GNSF (Galilean Neveu-Schwarz five-brane). Just like NRCS, these theories can

be obtained as a low energy limit of the different superstring theories. This low energy

limit can also be motivated by considering the low energy limit on NS five-branes which

yields the little string theories [28]. The non-relativistic limit is given by

gµν = ηµν µ, ν = 0, 1, · · · , 5

gij =
(gs

G

)2

δij i, j = 6, · · · , 9

B012345 = T5 − T eff
5

, (7.11)

as gs → 0 while keeping the string scale α′ finite in the limit. Now the effective tension of

the light NS five-branes is given by

T eff
5 =

1

(2π)5G2α′3
eff

. (7.12)

Thus, (7.11) defines a non-relativistic theory GNSF of light fluctuations of NS five-branes.

We will now briefly describe the theory one obtains for different values of p.

Zero branes

For GD0, one may lift the description to M Theory11. After a suitable rescaling of

energy scales in M Theory, the M Theory circle goes from a space-like circle to a light-like

circle of finite radius R = g0

√
α′

eff . Then, if we consider the limit (7.8) for N D0-branes

one obtains a DLCQ description of M Theory with eleven dimensional Planck length

lp = g
1/3
0

√
α′

eff in a sector with N units of longitudinal momentum.

One branes

For p = 1, the light states are D1-branes. The strong coupling dual of the theory of

light D1-branes can be found by using Type IIB S-duality. S-duality maps the critical R-R

background C01 to a critical NS-NS background B01. The parameters g̃s and α̃′ of the

S-dual theory are given by

g̃s =
1

gs
α̃′ = α′gs. (7.13)

11 For a lift to eleven dimensions of a similar limit see [8].
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Writing the limit (7.8) for p = 1 in terms of the S-dual variables and comparing with (3.2)

shows that the S-dual of GD1 is given precisely by NRCS if the parameters of the two

theories are related by

g =
1

g̃
α′

eff = g̃ α̃′
eff . (7.14)

Thus Type IIB NRCS is related to GD1 by a strong-weak coupling duality which takes

the same form as the conventional Type IIB S-duality. A the end of this section we will

realize S-duality of Type IIB NRCS by studying GM theory compactified on a two-torus

[29,30].

Two branes

GD2 can also be lifted to an eleven dimensional picture. The D2-branes lift to M2-

branes and the parameters (the eleventh dimensional proper radius R and the Planck

length lp) of M Theory are related to those of GD2 by

R =
α′

√
α′

eff

g2 lp = g
1/3
2

α′2/3

α
′1/6
eff

. (7.15)

Moreover, the near critical R-R background lifts to a near critical background for the

three-form of eleven dimensional supergravity. Therefore, GD2 can be identified with GM

on a transverse circle. Using the parameters in (7.1) we see that GM with an effective

Planck scale leff on a transverse circle of coordinate size L is GD2 with coupling g2 and

effective string scale α′
eff . The parameters are related by

L = g2

√
α′

eff leff = g
1/3
2

√
α′

eff . (7.16)

Thus, the relation between GD2 and GM is reminiscent of the conventional duality between

Type IIA and M Theory.

Three branes

In order to get light D3-branes one must turn on a critical RR four-form. We can

analyze the strong coupling dual of GD3. In fact, GD3 is self-dual, since S-duality of the

underlying string theory maps the limit (7.8) to an analogous limit but with a different

coupling constant and effective string scale. Therefore, GD3 with parameters g3 and α′
eff

is dual to GD3 with parameters g̃3 and α̃′
eff . The parameters are related by

g̃3 =
1

g3
α̃′

eff = g3 α′
eff . (7.17)
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At the end of this section we realize the S-duality of CD3 from an eleven dimensional

perspective.

Four branes

The GD4 limit can also be lifted to M Theory. The main difference here is that gs → ∞
in the limit. Therefore, it is required to analyze the configuration in eleven dimensions.

The D4-branes lift to M5-branes wrapped on the M Theory circle. The proper size of the

circle and the corresponding eleven dimensional Planck length are given by

R = g4

√
α′

eff lp = g
1/3
4 α′1/3α

′1/6
eff . (7.18)

Since the background RR five-form lifts to a near critical six-form of eleven dimensional

supergravity, one sees that the strong coupling dual to GD4 is given by GF. Comparing

the parameters in (7.18) with those that define GF (7.2) one finds that the parameters of

the two theories are related by

R = g4

√
α′

eff leff = g
1/3
4

√
α′

eff . (7.19)

Five branes

We now consider the OD5 theory. For p = 5, one also has to perform S-duality since in

the decoupling limit gs → ∞. S-duality maps the D5-branes to NS five-branes. Moreover,

the critical RR field gets mapped to a critical NS-NS electric field for the NS five-branes.

Thus we are led to studying NS five-branes in a critical field. Type IIB S-duality maps

the limit (7.8) for p = 5 to a theory with string scale and string coupling given by

α̃′ = gs α′ = g5 α′
eff g̃s =

1

gs
=

α′

α′
eff

1

g5
. (7.20)

Note that the string scale of the S-dual theory is finite while the string coupling vanishes.

This is precisely the limit that defines Type IIB GNSF (7.11). The parameters of GD5

(g5, α
′
eff) are related to those of GNSF (G, α̃′) by

α′
eff = G α̃′ G =

1

g5
. (7.21)

In the limit that defines GD5, apart from having low energy D5-brane excitations, there

are also finite energy D1-string excitations. These are identified in the Type IIB GNSF

theory with strings of tension α̃′
−1

fluctuating inside the five-branes.
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Type IIA Neveu − Schwarz five − branes

Type IIA GNSF has an interesting strong coupling dual. The limit in (7.11) can be

realized by considering the decoupled theory of light fluctuating five-branes of M Theory

on a transverse circle of proper size R. The near critical six-form background of eleven

dimensional supergravity becomes a near critical RR six-form of Type IIA string theory

and the M5-brane becomes a NS five-brane on a transverse circle of proper radius R. The

parameters of the two theories are related by

R = gs

√
α′ lp = g1/3

s

√
α′. (7.22)

By comparing the scaling limit (7.2) with (7.11) and using (7.22) one finds the following

relation between the effective length scales of the two theories

leff = G1/3
√

α′
eff . (7.23)

Moreover, the NS five-branes now sit at a point in the transverse circle, whose coordinate

length is given by

L = G
√

α′. (7.24)

We see that the Galilean theories we have found sit on the same moduli space and

satisfy many of the properties of the parent theories from which we define them by taking

a low energy limit. The reduced number of degrees of freedom that these theories have

can be an interesting avenue in which to study in a simplified setting M Theory dualities.

S − duality of Type IIB NRCS from GM

We first notice that Type IIB NRCS can be obtained by considering eleven dimensional

GM theory compactified on a two-torus, where one circle is along the membrane and the

other is transverse to it, and then shrinking the torus.

Let’s consider GM theory compactified on a rectangular torus of coordinate size radii

R1 and R2. We will take the circle of radius R1 to be along the background three-form of

supergravity and the circle of radius R2 to be transverse to it. If we reduce GM on R1 one

gets Type IIA NRCS. The string coupling is given by

gs =
R1√
α′

. (7.25)
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We now perform T-duality along the circle of radius R2. This maps the limit to a Type

IIB set-up. T-duality inverts the proper size of the circle one T-duals along and changes

the dilaton in the conventional fashion. The new string coupling is given by

g′
s =

R1

R2

√
α′

eff

α′
. (7.26)

Therefore, comparing with (3.2) we see that this compactification of GM leads to Type

IIB NRCS with coupling constant

g =
R1

R2
(7.27)

compactified on a transverse circle of coordinate size
α′

eff

R2
. Therefore, one gets Type IIB

NRCS from GM in the limit that the coordinate area of the torus vanishes at fixed ratio
R1

R2
.

However, one could have chosen to reduce GM on the circle of coordinate radius R2.

As we showed, this leads to CD2 theory on a parallel circle of coordinate size R1. The

Type IIA coupling is given by

g̃s =

√
α̃′

α̃′
eff

R2. (7.28)

One can perform a T-duality transformation along the circle of radius R1 such that we get

a low energy limit in the Type IIB superstring where the string coupling is given by

g̃′
s =

α̃′

α̃′
eff

R2

R1
(7.29)

and the circle is of coordinate size
α̃′

eff

R1
. Thus, by looking at (7.8) for p = 1 we see that

one gets CD1 theory with coupling

g̃1 =
R2

R1
. (7.30)

Therefore, S-duality of Type IIB NRCS can be understood from an eleven dimensional

perspective as the symmetry that exchanges the two circles when one considers GM theory

compactified on a two-torus [29,30].

S − duality of GD3 from GF

Consider a single M5 brane compactified on a rectangular two-torus of radii R1 and

R2 along the background directions in the decoupling limit (7.2). If we treat the circle of

radius R1 to be the one that results in GD4, then the parameters of GD4 are given by

R1 = g4

√
α′

eff leff = g
1/3
4

√
α′

eff . (7.31)
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One may perform T-duality along the circle of radius R2. Then, we obtain the Galilean

theory of light D3-branes. The string coupling after T-duality is given by

g′
s = gs

√
α′

R2
= g4

√
α′

eff

R2
(7.32)

Comparing (7.32) with (7.8) for p = 3 and using (7.31) one finds that the effective coupling

of the theory of light D3-branes is

g3 =
R1

R2
, (7.33)

which is reminiscent of the relation between M Theory on a two-torus and Type IIB string

theory.

If one reduces first on the circle of radius of R2 and then performs T-duality along

the circle of radius R1 one again obtains GD3 but with the inverse coupling. Therefore,

S-duality of GD3 follows from the interchange of the two circles of the two-torus in the

GF realization of GD3.
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