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The energies of the radial, torsional, and spheroidal free oscillations for a Gutenberg model 
earth were studied. Each mode of oscillation has a characteristic radial distribution of 
elastic and kinetic energy that fixes the parts of the earth that contribute most heavily in 
determining a particular resonant frequency. An examination of the partitioning of energy 
among compressional, shear, and gravitational energy as a function of mode number and 
depth immediately explains the persistence of the purely radial mode compared with the 
other normal modes of the earth. Only the first few spheroidal modes are sensitive to the 
density of the inner core; they are particularly sensitive to the density of the outer part 
of the core. The low-order spheroidal modes also exhibit a rapid rise of potential energy 
near the base of the mantle; this rise will permit improved estimates of the velocity to be 
obtained in this region, which is difficult to examine with body waves. The tabulated results 
allow estimates to be made of the previously neglected energy contained in the free oscilla
tions excited by large earthquakes. An estimate of the energy in the low-order spheroidal 
oscillations excited by the great Alaskan shock suggests a value of 1028 ergs over the period 
range from 450 to 830 sec, implying that the energy density increases toward high frequencies 
if the total energy in the earthquake was of the order of 10"'-1005 ergs. 

INTRODUCTION 

The energy of an earthquake is a funda
mental quantity that bears directly on the prob
lem of the energy budget of the earth. It is 
well known, however, that the methods used to 
measure the seismic energy emitted by the 
source are far from satisfactory. Estimates of 
earthquake energy are usually made by means 
of an empirical relationship between magnitude 
and energy, but it is not clear what part of 
the frequency spectrum is being considered. 
Calibration of the earthquake magnitude scale, 
using nuclear sources of known energy, are re
fining this relationship, but this method re
quires assumptions on the efficiency of generat
ing seismic energy and is complicated by the 
possibility that pre-existing tectonic strain is 
released by the explosion. 

Even the most direct estimates of earthquake 
energy have utilized only short-period surface 
waves and free oscillations. One purpose of the 
present paper is to provide tables that allow 

1 Contribution 1379, Division of Geological Sci
ences, California Institute of Technology. 

estimates to be made of the energy contained 
in long-period surface waves and free oscilla
tions. This energy has been neglected in pre
vious work. 

This study is one step in the program of im
proving estimates of the energy involved in 
earthquakes. The increased density of seismom
eters provided by the U. S. Coast and Geodetic 
Survey worldwide network combined with in
creasing sophistication in measuring and com
puting radiation patterns are other important 
improvements that will help take into account 
all the energy radiated by a seismic source. Re
cent contributions to this end have been made 
by Harkrider and Anderson [1966], Haskell 
[1966], and Harkrider [1966]. Wu [1966] has 
made the most complete study to date of the 
energy budget of earthquakes. 

It is possible to calibrate the intensity of 
large earthquakes that have excited the free 
oscillations of the earth by measuring the ener
gies contained in specific modes of oscillation. 
The surface displacement for a given frequency 
at a point on the earth's surface specifies the 
total kinetic energy in that mode of oscillation, 
and the variation of total energy with mode 
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number determines the energy spectrum of the 
earthquake. 

The energy of surface waves and free oscilla
tions has been treated theoretically by Jeffreys 
[1923], Jobert and Jobert [1953], Pekeris and 
Jarosch [1958], 8toneley [1958], Anderson 
[1964], and Takeuchi et al. [1964]. A prelimi
nary study of the energy in the low-order tor
sional modes was made by MacDonald and 
Ness [1961]. 

We shall derive the formal expressions for 
computing the energies in any mode of oscilla
tion for the torsional and spheroidal oscillations 
and present numerical results for a realistic 
earth model. An estimate is made of the total 
energy in several of the spheroidal modes ex
cited by the great Alaskan earthquake of 1964. 

The results in this paper can be used to con
Yert observed surface wave and free oscillation 
spectra to total energy in the modes of fre
quency band being measured. In addition, the 
partitioning of energy and the variation of 
energy with depth for various modes are 
presented. In a later paper we will use this 
information to revise the elastic, density, and an
elastic structure of the earth, following Ander
son [1964] and Anderson and Archambeau 
[1964]. The perturbation parameters required 
for such a study are simple ratios of the energy 
integrals computed for the present paper; tables 
of these parameters will be published sepa
rately. 

SYMBOLS 

a, unit vector in radial or angular 
direction. 

B1m, C1"', P1"', vector spherical harmonics of 
angular order l, m. 

A, dilatation. 
E; 1, elastic strain tensor. 

g, gravitational acceleration. 
G, gravitational constant. 
l, integer denoting surface harmonic 

dependence on polar angle. 
>-, Lame constant. 
µ, rigidity. 
m, integer denoting azimuthal depen

dence. 
n, number of radial nodal surfaces. 

P1m(O, ¢),surface spherical harmonic. 
P(r), radial factor in the perturbation of 

the gravitational potential. 

'11 o, unperturbed gravitational poten
tial. 

'11, perturbation in the gravitational 
pntential. 

q, complex amplitude of surface 
displacement. 

p, density. 
r; 1, elastic stress tensor. 
u., spheroidal oscillation surface dis

placement. 
u 1, torsional oscillation surface dis

placement. 
u, vertical component of surface dis

placement for spheroidal oscilla
tions. 

"U 1 (r), radial function in the vertical 
component of displacement for 
spheroidal oscillations. 

v, horizontal component of surface 
displacement. 

,. V1(r), radial function in horizontal com
ponent of displacement. 

w, horizontal component of surface 
displacement. 

,JV1(r), radial function in the torsional 
oscillations. 

w, angular frequency. 
X(r), radial factor in the dilatation. 

BASIC THEORY 

The spheroidal and torsional motions of a 
vi bra ting sphere can be expressed in terms of 
vector spherical harmonics B1m(O, ¢), C1m(O, </>), 
P1"'(8, cp) 

l 

u' = L L Vl(l + 1) Czm(O, ¢) 
l=O m=-l 

l 

U
5 L L (P1m(O, <P)Azm nUi(r) 

l=O m=-l 

where A 1 m and D 1"' are weigh ting factors for 
each value of m and where 

Pz'"(O, ¢) 

.Yzcz + IJ ct(o, ¢) 
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Vl(l + 11 B,"'(e, </>) = aoe'""' aP/"~~os e) 

+ -im ''""'P "'( 0) a¢ sin e e l 'cos 

[Morse and Feshbach, 1953]. For example, 

00 ' 

q, = L L a,A1"'Pt(cos e)/'"<f ,U,(r) 
l=O m=-! 

~ ~ 4 ,,. imP,'"(cos 0) ,,,,, i· ( .. l q" = L.,; L.,; a,, , ----.--- c ,, · , r. 
z-o m~-l . Slll fJ . 

define the complex amplitucles of the three 
orthogonal components of displacement for the 
spheroidal oscillations, taking the time variation 
of the displacement to be of the form u = qe'"' 1• 

nU1(r) and n V 1(r), the radial factors in the 
vertical and horizontal components of displace
ment, depend on the distribution of elastic 
parameters with depth. 

The kinetic energy averaged over a cycle for 
an oscillation of frequency w is given by the 
expression 

w: J ff p(r)q,q;* d r 

where q;* is the complex conjugate of q,. For 
the spheroidal oscillations the kinetic energy 
associated with an oscillation of order l and 
degree mis 

2 , , + )I "' 
( A m) 2 W 7r / €,,, (l m · I , . c 

1 (2l + l)(l - m)! • 0 p(r)r 

·("U1
2(r) + l(l + 1),, F/(r)) dr 

using the orthogonality relations 

J C1mct* dS = f Pi"'Pt* dS 

= f B1mB1m• dS = 47r/€mU + 111)! 
(2Z+l)(l-m)! 

where fm = 1, if m = 0, and €m = 2, if m # 0. 
Similarly for the torsional oscillations the ki
netic energy becomes 

(D m)2 l(l + l)w
2
7r/E,,,(l + 111)! 

1 
(2l + l)(l - m)! 

. f p(r) ,, W/(r)r
2 

dr 

The elastic or potential energy averaged over 
a cycle is 

~ f Jf T;;C;; d V 

where r 1J are the stresses on the spherical sur
faces and e1J are the corresponding strains. 
'Vriting the stress-strain relations in spherical 
coordinates [Love, 1927] and making use of the 
relations 

.1 = X(r)Pz'''(fJ, <f>l 

Y(r) = a U,(r) + ~ Uz(r) - !_(_l_+__ll_~(!l 
ar r r 

and the pnrtial differential equntiou 

( 
aP"'(O ¢)) 

· sin fJ __ _!_ae-'--- = - l(l + l)P1"'(fJ, </>) 

[I! oskins, 1920, p. 10], the elastic energy for the 
spheroidal oscillations can be put in the form 

(A/"f1r/E_".l_(l_:t 111) ! /" { 1, + ) . 
\/\ :..µ) 

(21 + l)(l - 111)! •fl 

+ µl(l + n(r a~/~' - i·I + FJ 
- -!µ U, 2 

- 2l(l + l)µ V 1
2 + -!l(l + 1) Fz 

( . a U1) . a U1} d 
· µ L 1 + µr ar - Sµr lJ i ar r 

Similarly, the elastic or potential energy for the 
torsional oscillations is 

{D,m)
27r/em{_l_± m)! l(.l + Il 1' µ(r){(aW1(r) 
(2Z + l)(l - m) ! o ar 

- TF~(r) r + (l" + l - 2) TV;:(:l }r2 dr 

which agrees with the expression given by Mac
Donald and Ness [1961]. 

Because the spheroidal oscillations perturb 
the gravitational field, the gravitational energy 
must also be computed. The strains caused by 
gravitational perturbations mny be treated as 
being due to three sets of bodily forces [Hos-
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kins, 1920]: (1) forces due to the perturbation 
of the gravitational potential, including the dis
turbing force and the change in gravitational 
force caused by the changed configuration of the 
attracting mass; (2) forces having a potential 
u do/0/dr where u is the radial displacement 
and o/0 is the unperturbed gravitational po
tential; and (3) the increment of force due to 
the change - pA in the density of the attracted 
mass. 

We may, therefore, write the gravitational 
force in the radial direction as 

dif! 0 a ( dif! o) p-A-p- '11'+u-
• iJr • 

where \Jr is the perturbation in the gravitational 
potential. Similarly, the forces in the () and cf> 

directions are 

p{-_!_ ~ ('11' + u d'if!o)} 
r ()() dr 

P{ - r si~ () a~ ( ~ + u d! 0 )} 

Then the gravitational energy can be written as 

d2~o dif! } pu dr2 - p _o du u 
dr dr 

+ {-.e. a~ _ .e. (dif!o iJu)}v 
r ao r dr i)() 

- ~:u () {~i + ~0 ~;}w) dV 

Y.laking the substitutions 

A = X(r)P1m(B, ¢) 

'11' = P(r)Pzm((), ¢) 

d'if!o -
dr - -g 

2g 
-47f'Gp + -

r 

X(r) = a Ui(r) + ~ U (r) 
iJr r 1 

u= 

/I= 

Az'" ,.U1(r)P1m(B, <P) 

Am V (r) iJP1m((), <P) 
l n l, i)() 

Z(Z + 1) V 1(r) 
r 

w = Aim n '.z(r) iJPt(B, <P) 
Sill 8 O'{! 

and after some manipulation, the gravitational 
energy averaged over a cycle becomes 

(Azm)
2
7f'/Em(Z + m)! 1" {- 4 U 2() 

(2l + l)(l - m) ! 0 pg 1 r r 

dP(r) ( ) ? 2 2( 2 - p -a;:- U1 r r· + 47f'Gp U1 r)r 

+ 2pg U1(r) Vz(r)rl(l + 1) 

- l(l + l)pP(r) V1(r)r} dr 

ACCURACY OF THE RESULTS 

The accuracy of the numerical integrations 
for the kinetic energy were checked against 
exact calculations for a homogeneous gravitat
ing sphere. For the purely radial mode l = 0, 
so that the kinetic energy of a homogeneous 
sphere can be written as 

W
21f'p 1a r2 Uo 2(r) dr 

The displacement factor for radial oscillations 
IS 

where 

and 

Uo(r) 
sin kr = _2_2_ -
kr 

cos kr 
kr 

k = p(w2 + 4A)/(A + 2µ) 

4A. = (161f'/3)Gp 

[Pekeris and Jarosch, 1958]. 
The above energy integral is easily integrated to 

w
2
1f'p {ka _ sin

2 
ka + sin 2ka} 

k3 2 ka 4 

This expression was evaluated for model {3, 
which is a homogeneous solid with properties 
equal to the average over the globe of Bullen's 
model B [Alterman et al., 1959], and the re
sults were compared with numerical integra
tion results. The results agree to 3% with the 
modifa~d trapezoidal integration scheme and 
step size used in the evaluation of the energy 
integrals. In the numerical calculations that 
follow results are presented for a Gutenberg
Bullen A model (Table 1). 
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TABLE 1. Gutenberg-Bullen A 
Layer Parameters 

Depth, km a, km/sec {J, km/sec 

0 
19 
19 
38 
38 
50 
55 
65 
85 
95 

110 
130 
150 
170 
190 
210 
230 
250 
270 
290 
310 
330 
350 
370 
390 
410 
500 
600 
700 
800 
900 

1000 
1200 
1400 
1600 
1800 
2000 
2200 
2400 
2800 
2898 
2898 
3000 
3500 
4000 
4500 
4082 
5121 
5121 
6371 

6.14 
6.14 
6.58 
6.58 
8.20 
8.20 
8.17 
8.14 
8.07 
8.02 
7.05 
7.85 
7.86 
7.92 
7.98 
8.08 
8.17 
8.27 
8.36 
8.46 
8.56 
8.66 
8.76 
8.86 
8.96 
9.06 
9.60 

10.10 
10.50 
10.90 
11.30 
11.40 
11.80 
12.05 
12.30 
12.55 
12.80 
13.00 
13.20 
13.70 
13.65 
8.10 
8.23 
8.90 
9.50 
9.97 

10.44 
9.47 

11.16 
11.31 

3.55 
3.55 
3.80 
3.80 
4.65 
4.65 
4.62 
4.57 
4.46 
4.41 
4.37 
4.35 
4.35 
4.36 
4.38 
4.41 
4.44 
4.49 
4.53 
4.58 
4.64 
4.70 
4.76 
4.84 
4.92 
4.98 
5.30 
5.60 
5.90 
6.15 
6.30 
6.35 
6.50 
6.60 
6.75 
6.85 
6.95 
7.00 
7 .10 
7.25 
7.20 

NUMERICAL RESULTS 

p, g/cm3 

2.75 
2.75 
2.90 
2.90 
3.32 
3.32 
3.34 
3.35 
3.37 
3.38 
3.39 
3.40 
3.42 
3.44 
3.46 
3.48 
3.49 
3.51 
3.53 
3.54 
3.56 
3.58 
3.60 
3.61 
3.63 
3.64 
3.89 
4.13 
4.31 
4.49 
4.59 
4.68 
4.80 
4.92 
5.02 
5.14 
5.24 
5.34 
5.44 
5.64 
5.69 
9.40 
9.55 

10.15 
10.70 
11.20 
11.50 
14.20 
16.80 
17.20 

The total elastic or kinetic energy as a func
tion of the angular order number for the funda
mental mode torsional oscillations is shown in 

Figure 1 and Table 2. The energies, in ergs, are 
normalized by setting m = 0 and the radial 
factor of the surface displncement, ,.lV1 (r), 
equal to 1 cm at the earth's surface. 

The integers l and m specify the surface pat
tern of displacement for a particular mode of 
oscillation. There are 2m nodal lines associated 
with the angular coordinate cp, and l - lml 
nodal lines associated with the angular coordi
nate B. For computation of the elastic energy 
m can be set equal to zero, since the energy is 
simply related to the azimuthal order number 
m. The energy for other values of m is obtained 
by multiplying by the expression (l + m) ! / 
(l - m) ! 

Figure 1 shows that in progressing from 0T2 

to oTo, the kinetic or elastic energy increases by 
about 3 orders of magnitude for a fixed surface 
displacement of 1 cm, which expresses, pri
marily, the direct relation of energy to the 
square of the angular frequency. For an equiva
lent order number the energy in the first higher 
mode is about 2 orders of magnitude greater 
than the energy in the fundamental mode (Table 
3). Since the behavior of the torsional oscilla
tions is relatively simple, we shall restrict the 
remainder of our discussion to the more com
plicated spheroidal modes. 

The radial displacement factors for the 
purely radial mode and the first two spheroidal 
modes are shown in Figure 2. The radial mode 
involves simple contraction and expansion; the 
vertical displacement function increases slightly 
to a depth of 500 km and then decreases uni
formly to zero at the center of the earth. The 
spheroidal modes involve both vertical and hori
zontal motion. For the low-order modes both 
the vertical and the horizontal components of 
motion are largest at the core-mantle boundary. 
U and V have the same sign at the free surface 
only for l = · 2; for l ;::: 3 the horizontal and 
vertical displacement factors have opposite 
signs. 

The variation of energy with depth indicates 
to what extent the various regions of the earth 
contribute to the properties of a resonance peak. 
Figure 3 gives the energy density as a function 
of depth for the radial mode. The total elastic 
energy, which is proportional to (,\ + 2µ.) (r 
dU /dr + 2U) 2 is fairly uniform throughout 
the mantle and core. 

To a depth of 1600 km the total elastic en-
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Fig. 1. Total elastic or kinetic energy versus period for fundamental mode torsional oscilla
tions. Xormalized to a 1-cm surface displacement. 

ergy per unit shell is somewhat less than the 
kinetic energy. In the core the rigidity vanishes, 
and all the elastic energy is contributed by the 
term containing A., which within the fluid core 
is equal to the bulk modulus. The energy curve 
shows that the elastic parameters of the deep 

TABLE 2. Energies for 01'1 

Kinetic Energy, 
Order, l T, sec ergs 

2 2616 0.408 x 1022 
3 1693 1.19 x 1022 

4 1297 2.25 x 1022 

5 1070 3.51 x 1022 

6 921.2 4. ()4 x 1022 
7 814.4 6.5.'i x 1022 
8 733.2 8.32 x 1022 

9 669.0 10.3 x ]022 

10 616.7 12.4 x 1022 
11 572.9 14. 7 x 1022 

12 5:35.8 17 .2 x 1022 

13 503.7 HUl X 1022 

14 475.6 22.8 x 1022 

18 390.9 36. 7 x 1022 
20 359.6 45.1 x J022 
')--<> 300.5 70.8 x 1022 
30 258.5 104 x 1022 
35 227.0 144 x 1022 
40 202.3 192 x J022 
45 182.6 249 x 1022 

50 rn6.3 314 x 1022 

55 152.8 387 x 1022 

60 141.2 468 x 1022 
65 131.3 558 x 1022 

mantle and outer core and the density of the 
upper mantle contribute most heavily to the 
radial mode of oscillation. 

The kinetic energy per unit thick shell reaches 
a maximum at a depth of about 800 km and 
then decreases uniformly to the core boundary. 
At the core boundary the kinetic energy in
creases sharply because of the density jump 
into the core. The small discontinuity at a 
depth of 5120 km is due to the density effect 
of the inner core. 

The A. and µ and bulk modulus (k) compo
nents of the elastic energy are also shown in 
Figure 3. Within the mantle the elastic energy 
contributed by the bulk modulus term is a 
factor of about 1.5 to 2.5 times larger than that 
contributed from the rigidity term, which shows 
that the mode oSo is primarily a compressional 
mode. In the core, of course, all the elastic 
energy is compressional. Since losses in com-

Order, l 

2 
3 
4 
5 

10 
14 
17 

TABLE 3. Energies for 1T1 

1', sec 

753.6 
691.1 
627.2 
568.0 
379.4 
30.').7 
268.4 

Kinetic Energy, 
ergs 

0.041 x 1024 

0.073 x 1024 

0.120 x 1024 

0.183 x 1024 

0.644 x 1024 

1. 22 x 1024 

1.80 x 1024 
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Fig. 3. Energy per unit radius for the radial mode. 
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Fig. 4. Perturbation in the gravitational potential for the low-order spheroidal oscillations. 

pression are much less than losses in shear, and 
since the upper mantle is more dissipative than 
the lower mantle, Figure 3 immediately ex
plains the persistence of the 080 mode compared 
with the other normal modes of the earth. 

The gravitational energy per unit thick shell 
for oS0 closely resembles in shape that of the 
kinetic energy, except it is of opposite sign. The 
reversal in trend in the gravitational potential 
at a depth of about 5800 km is due to the fact 
that dP /dr changes sign (Figure 4). For the 
radial mode the total kinetic energy averaged 
over a cycle is 0.28 X 10"" ergs for a 1-cm sur
face displacement. The total elastic energy is 
0. 37 x 1020 ergs, whereas the gravitational en
ergy is equal to -0.09 X 10"" ergs. 

The variation with frequency of the total 
kinetic energy averaged over a cycle for the 
spheroidal oscillations is shown in Figure 5 and 
Table 4. The energy is normalized so that m = 
0 and the radial function in the vertical com
ponent of displacement .U1 (r) is equal to 1 cm 
at the free surface. The kinetic energy averaged 

I 
"''"" L 

4 

) L 

L 

),•,..,ERO,uAL OSCiLLATIONS ' 

rjJTENBERG-BULLOJ A 

_,, t__ __ _J_ ___ c__ __ ~--------

Fig. 5. Total kinetic energy versus period for 
fundamental mode spheroidal oscillations. 



Order, 
l 

2 
3 
4 
5 
6 
7 
8 
9 

10 
12 
13 
14 
15 

TABLE 4. 

T, 
sec 

3208 
2120 
1533 
1180 
955 
807 
703 
634 
579 
504 
473.0 
448.1 
426.5 

1013 
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Energies for oSi 

Kinetic Energy, ergs 

m = 0 

. 189 x 1022 

.285 x 1022 

.406 x 1022 

.510 x 1022 

. 562 x 1022 

.527 x 1022 

.448 x 1022 

.400 x 1022 

.360 x 1022 

. 312 x 1022 

.287 x 1022 

.274 x 1022 

.246 x 1022 

m = 1 

.0113 x 1024 

.0342 x 1024 

.0812 x 1024 

.1530 x 1024 

.2300 x 1024 

.2950 x 1024 

.3220 x 1024 

.3600 x 1024 

.30!10 x 1024 

.4870 x 1024 

.5220 x 1024 

.5750 x 1024 

.5000 x 1024 

:::,;irlE ROOAL OSCILLAT!ONS 
GUTEr\J9ERG-BULLEN A 

over a cycle is equal to the sum of the elastic 
and gravitational energy. Spheroidal vibrations 
involve radial displacements and perturb the 
gravitational field by the wrinkling of interfaces 
and perturbation of the gravitational field. For 
l > 7 the gravitational energy is neglible com
pared with the elastic energy . 

In progressing from 082 to oSe the kinetic 
energy increases by about a factor of 3 to a 
maximum value at a period of about 940 sec . 
The shape of the kinetic energy curve is 
strikingly similar to the group velocity curve 
for very long-period Rayleigh waves [Oliver, 
1962] . 

An insight into the behavior of spheroidal 
oscillations can be obtained by examining the 
radial distribution of the kinetic energy. Figures 
6 and 7 illustrate the kinetic energy per unit 
radius for the Gutenberg model earth. For the 

I 
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' . 'I .. I I I.• ... 
'000 2000 3000 40()(! 500C· 6000 

llFPTH'.KM) 

Fig. 6. Kinetic energy versus depth for spheroidal modes 2 through 7 for the Gutenberg
Bullen A Model. 
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Fig. 7. Kinetic energy versus depth for spheroidal modes 8 and 12. 

low mode numbers the energy is fairly evenly 
distributed throughout the mantle and core. For 
l > 7 the kinetic energy starts to concentrate 
toward the earth's surface. These curves show 
that the low-order spheroidal oscillations are 
particularly sensitive to the density of the 
outer part of the core. 

The kinetic energy is proportional to the 
local density times the squared sum of the 
vertical and horizontal displacements. Both 
these quantities arc decreasing within the core. 
A slight reversal in the kinetic energy curve 
is present at a radius of 1250 km. This is a re
sult of the density jump at the boundary of 
the inner core. 

The distribution of energy in the various 
parts of the earth for the various modes is of 
great importance in the interpretation of free 
oscillation data. The effect of a change in the 
elastic properties or density in a certain region 
of the earth on the period of a given mode is 

directly proportional to the appropriate frac
tional energy contained in that region for that 
mode [Archambeau and Anderson, 1964]. In
spection of Figure 6 reveals that only the first 
few spheroidal modes arc sensitive to the den
sity of the inner core. This information is only 
useful, however, to the extent that the density 
of the mantle and outer core are known. Look
ing at the kinetic energy variations, we see that 
modes 2 through 7 all sample the whole mantle 
about equally and therefore are as sensitive to 
the density in the upper mantle as they are to 
the density in the lower mantle. A study of the 
low-order modes combined with knowledge of 
the mass and moment of inertia is greatly im
proving our knowledge of the gross density 
structure of the earth. 

Figure 8 shows the variation of kinetic and 
potential energy per unit radius for the gm.vest 
spheroidal mode. Within the mantle the total 
elastic energy is slightly less than the kinetic 
energy to a depth of about 1800 km. The total 
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elastic energy then rises sharply approaching 
the core-mantle boundary. 

The variation with depth of the ,.\, and µ, 
components of the elastic potential energy are 
also shown in Figure 8. The elastic energy as
sociated with ,.\, is much less than that associ
ated with shear. In fact, beyond a depth of 
about 1800 km, effectively all the elastic energy 
in the mantle is contributed by the rigidity 
component of the elastic energy. In contradis
tinction to the purely radial mode, Figure 3, 
the elastic energy for 082 is controlled almost 
exclusively by the rigidity properties of the 
mantle. This explains the higher damping of 
this mode relative to 0&. The abrupt drop in 
the elastic energy by many orders of magnitude 
is a result of the rigidity dropping to zero 
within the fluid core. The elastic energy rises 
slightly approaching the inner core boundary. 
The perturbations in the elastic energy at 
depths of 4982 and 5121 km are a result of the 
discontinuities in compressional velocity and 
density, respectively (Table 1). 

The elastic energy stored in the core is sev
eral orders of magnitude less than the kinetic 

energy. Since the elastic energy stored in the 
core is so small, it would be difficult to use free 
oscillation data to improve estimates of velocity 
in this region materially. On the other hand, the 
rapid rise of potential energy near the base of 
the mantle may permit improved estimates of 
the velocity to be made in this region, since 
this zone is difficult to study with body wave 
travel times. It is clear that this mode can be 
used to refine the density of the core. 

Figure 9 shows the elastic energy per unit 
thick shell associated with the rigidity for the 
spheroidal modes 2 through 12. For order num
bers 2 through 5 the elastic energy increases 
toward the core boundary, demonstrating the 
primary influence of the properties of the lower 
mantle. For larger order numbers the elastic 
energy progressively concentrates at shallower 
depths. For example, the 500-sec period oscilla
tion (l = 12) is dominated by the elastic prop
erties at a depth of 1200 km within the mantle. 

Energy ratios are also important in the study 
of the attenuation of free oscillations [Ander
son and Archambeait, 1964]. Assuming that im
perfections in elasticity are the main source of 

COR'.:-
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Fig. 8. Elastic and kinetic energy per unit radius for the gravest spheroidal mode oS,. 
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through 12. 

damping, it is clear that attenuation in the 
mantle probably dominates the observed decay 
of the free oscillations. We will treat this rela
tion in detail in a future paper. 

APPLICATION TO THE ALASKAN EARTHQUAKE 

The previous equations can be used to calcu
late the energy in several of the spheroidal 
oscillations excited by the Alaskan earthquake 
of March 28, 1964. Nowroozi [1965] presented 
observations of the mean amplitude of the 
vertical component of ground displacement re
corded at Berkeley, California, for spheroidal 
modes 081 to 0810 excited by the Alaskan shock. 
(Table 5). The vertical amplitude is propor
tional to the tesseral harmonic P1"' (cos 8) e;m• 
where e and ¢ are the appropriate angles be-

TABLE 5. Alaskan Earthquake 
March 28, 1964 * 

Corrected Energy, 
Mode u, cmt oU, cm for Qt ergs 

~81 .0303 .00445 .00430 6.30 x 1021 

o8s .0283 .00354 .00390 9.70 x 1021 

089 .0220 .00290 .00387 1.21 x 1022 

0810 .0092 .00184 .00250 1.14 x 1022 

0812 .0056 .00090 .00153 1.13 x 1022 

o8u .0136 .00105 .00225 2.10 x 1022 

0814 .0097 .00054 .00110 1.28 x 1022 

081, .0147 .000775 .00177 2.30 x 1021 

*Table taken from Wu [1966]. 
t Nowroozi [1965]. 
t Q values taken from Alsop et al. [1961) and 

Benioff et al. (1961]. 
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tween the source and receiver and not the geo
graphical colatitude and longitude. The integer 
m depends on the source mechanism. 

For simplicity let us assume that m = 0, and 
illustrate the kinetic energy computation for 
the 081 mode. The mean vertical surface dis
placement is 0.0303 cm. Taking the angular 
distance between the Alaskan shock and Berke
ley as 28.1 ° allows the mean radial factor of 
displacement to be computed. 

0 U1(a) = 0.0303/P7°(cos 28.1) = 0.0747 cm 

We must next correct for the finite decay of 
the 081 oscillation. The amplitude at any time t 
is given by the expression 

A(t) = A(t0) exp (-1TI t - to} /QT) 

where T is the period of the wave, Q is the 
dimensionless quality factor, and t0 is the time 
of the first oscillation. Over any time interval 
r an average estimate of the amplitude is made 
in any frequency analysis 

11' A = - A(t) dt 
T o 

Therefore, the average amplitude can be written 
in terms of the initial amplitude and the sample 
length of the record analyzed as 

j = -1T~T {exp(-~~)- 1}A(t0; 

Taking oQ, as 370 and the analyzed record 
length of 731.5 min leads to a value of 0.0931 
cm for the corrected initial radial factor of the 
surface displacement. 

For m = 0 only, the energ~· corresponding 
to the oS, oscillation for the Alaskan earthquake 
is 0.0931 X 0.527 X 1022 ergs or 4.9 X 1020 ergs. 

However, m = 0 is not a realistic assumption 
for a shallow earthquake mechanism, since this 
assumption implies no azimuthal dependence at 
the source. If we assume that m = 2 only, the 
vertical component of surface displacement 
would be divided by p ." (cos e) e2

'¢ to deter
mine the radial factor of the displacement. The 
calculation of energy then only inYolws multi
plication by (l + m) !/(l - m) ! 

Since the distribution of energy in the vari
ous modes depends on the fault parameters at 
the source, it is probable that the observed 
energy for each order l is a weighted avernge 

of m = 0, 1, and 2. In this case to determine 
U, (r) we must normalize by dividing the ob
served vertical component of displacement by 

2 

L A1mP1m(cos O)eim<P 
m~o 

where the Am's are weighting factors for each 
value of m and where they are dependent on 
the source parameters and frequency. The ob
served energy in each order is then given by 
the weighted average 

2 

L (At) 2Em Ui(r) 
m=O 

where Em are the individual energy contribu
tions from m = 0, 1, and 2 and U, (r) is the 
observed radial factor corrected for attenuation 
losses. 

Wu [1966] has studied the observed free os
cillation energy, using appropriate weighting 
factors for the source mechanism of the Alaskan 
earthquake and the theoretical results presented 
herein. Some of these results are summarized in 
Table 5. 

A total energy of the order of 1023 ergs is 
indicated in the spheroidal modes for the Alas
kan shock over the period range from 450 to 
850 sec. From the published magnitude of 8.4 
a total energy release of 3.3 X 10"' ergs is ob
tained from the relation 

log E = 11.8 + 1.5111 

This relationship would imply that the free os
cillation energy density must increase toward 
high frequencies if the total energy in the earth
quake is of the order of 1021 to 1005 ergs. The 
body "·ave determination of magnitude for the 
Alaskan shock can also be questioned; it is 
probably an underestimate. Press and Jackson 
[1965], using. Et::ltic deformation results, esti
mate 10"" ergs as an upper limit for the energy 
release. 

The energy contained in the aftershocks that 
occurred in the time window of the analysis will 
raise the measured energy-the values in Table 
5 arc therefore upper limits for the energy of 
the main shock. For example, there were 26 
~eported aftershocks of magnitude greater than 
4.7 in the time window covered by Nowroozi's 
analysis; 9 of these aftershocks had magnitude 
of 6.2 or greater. 
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