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We discuss the effect of unresolved point source contamination on estimates of the CMB lensing
potential, from components such as the thermal Sunyaev-Zel’dovich effect, radio point sources,
and the Cosmic Infrared Background. We classify the possible trispectra associated with such
source populations, and construct estimators for the amplitude and scale-dependence of several
of the major trispectra. We show how to propagate analytical models for these source trispectra
to biases for lensing. We also construct a “source-hardened” lensing estimator which experiences
significantly smaller biases when exposed to unresolved point sources than the standard quadratic
lensing estimator. We demonstrate these ideas in practice using the sky simulations of Sehgal et.
al., for cosmic-variance limited experiments designed to mimic ACT, SPT, and Planck.

I. INTRODUCTION

Gravitational lensing of the cosmic microwave back-
ground (CMB) by large-scale structure is a long predicted
effect [1], which has only recently become detectable [2–
4]. Modern high-resolution CMB measurements from
ACT, SPT, and the Planck satellite are now able to mea-
sure the power spectrum of the CMB lensing potential at
high significance (between 4 → 25σ), and have success-
fully used it for cosmological parameter fitting [4–6].

The power spectrum of the CMB lensing potential is
not directly measurable, but must be inferred from the
non-Gaussian statistical properties that it induces in the
observed CMB. The trispectrum, or connected 4-point
function, of the CMB is very sensitive to lensing [7] and
is the basis for all current estimators of the lensing po-
tential power spectrum [e.g. 8–10]. A potential source
of error in these measurements can be caused by ad-
ditional sources of non-Gaussian signal in the observed
sky, such as extragalactic foreground contamination from
radio/infrared point sources and the Sunyaev-Zel’dovich
effect, which may be misinterpreted as a lensing signal
and provide a source of bias for lensing estimates.

In this paper, we classify the main terms in the CMB
and foreground point-source trispectra, construct estima-
tors which can be used to measure their amplitude, and
discuss how to propagate them to biases for lensing power
spectrum measurements. Furthermore, we develop mod-
ified lensing estimators which are less sensitive to point
source contamination. Components of this methodology
have been used already in the analysis of [6]. This paper
represents a more detailed discussion and analysis of the
estimator-based approach.

The bias to lens reconstruction from extragalactic fore-
grounds has been studied before. The most detailed anal-
yses have focussed on the contamination of the cross-
correlation of the CMB lensing potential with external

tracers. Unresolved source contamination was found to
provide the largest source of systematic error for cross-
correlation of the CMB lensing potential with NVSS
quasars [2, 3]. The cross-correlation between the SPT-
measured CMB lensing potential and the Cosmic Infrared
Background (CIB) as probed by Herschel was estimated
to have a bias of a few percent [11]. Although useful
as a guide to the magnitude of lensing bias effects, these
calculations concern the bispectrum (3-point) correlation
between the CMB and external tracers, and are only a
subset of the full set of trispectrum (4-point) terms of
concern for lensing auto-spectrum measurements. The
trispectrum has received relatively less attention. In the
case of polarization lens reconstruction, the complete set
of trispectrum terms can be calculated under the assump-
tion that polarization angles from different sources are
uncorrelated [12]. Under this assumption the contamina-
tion from unresolved radio point sources in polarization
was found to be small, however this situation does not
necessarily carry over to temperature, where radio source
emission is larger relative to the CMB fluctuations, and
Sunyaev-Zel’dovich (SZ) and infrared source emission are
also a larger concern. In the case of temperature, pub-
lished analyses have used the simulations of Sehgal et al.
[13] to investigate numerically the magnitude of source
contamination, finding percent-level biases [4, 5, 14]. In
this work, we will also use the simulations of [13] to test
several aspects of our results.

During the preparation of this work, we became aware
of a new paper by van Engelen et. al. [15], which per-
forms a thorough analysis of CMB lensing biases from ex-
tragalactic foregrounds, incorporating improvements in
our understanding of the sky given by the wealth of new
sub-mm data from Herschel, ACT, and SPT and Planck.
The results of van Engelen et. al. and this work are very
complementary, with the former focussing on the range
of biases in the allowed space of models, and the latter
focussing on estimators for the foreground trispectra and
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methods to mitigate them.
Throughout this work, the following simple model of

point sources will provide useful intuition. Consider lay-
ing down a field of density contrast 1 + δ(~x) throughout
the Universe. Then proceed to populate this Universe
with point sources such that the source number density
traces the density perturbations. On sufficiently large
scales, the distribution function from which these sources
are drawn can be approximated as a linear function of
the density, so that e.g. a region of space where δ(~x)
is twice as large will have (on average) twice as many
sources. If we consider the density field δ(~x) to be fixed,
and look at multiple realizations of the source distribu-
tion, then the “shot noise” from realization-to-realization
has statistical properties that are similar to instrumental
noise, but with the noise level modulated by the large-
scale density field rather than by integration time. This
modulation introduces a source of statistical anisotropy,
with properties that can be studied in an analogous way
to the statistical anisotropy that lensing introduces. Of
course, in reality we do not have multiple realizations of
the Universe with the same density contrast. Both point
sources and lensing ultimately appear in CMB maps as a
source of trispectrum non-Gaussianity, rather than sta-
tistical anisotropy. Nevertheless, we find that this picture
of point sources as a source of inhomogeneous noise pro-
vides useful intuition.

The remainder of this paper is as follows. In Sect. II we
review the procedure of lens reconstruction. In Sect. III
we derive templates for the shape of extragalactic fore-
ground contributions to the trispectrum, and discuss how
to propagate several of them to biases for lensing estima-
tors. In Sect. IV we discuss how to construct estimators
for the point source trispectra, as well as lensing esti-
mators which are less sensitive to them. In Sect. V we
demonstrate this approach using the simulations of Seh-
gal et al. [13]. We conclude in Sect. VI.

II. LENS RECONSTRUCTION

A. Lensing Potential

In this section, we briefly review the process we use to

estimate the lensing potential power spectrum CφφL from
temperature maps of the microwave background, using
a formalism which will make the discussion of the pro-
ceeding sections more compact. Lensing is a remapping
operation, described in real space by

T (n̂) = T̃ (n̂+∇φ(n̂)), (1)

where T̃ is the primordial, unlensed CMB temperature,
and φ is the CMB lensing potential. We begin by con-
sidering the lensing potential φ to be fixed, and calculate
the statistics of the CMB after averaging over realiza-
tions of the Gaussian T̃ (n̂). Lensing is a linear opera-
tion, and so if the lensing potential is fixed the observed

sky remains Gaussian, however it becomes statistically
anisotropic and its covariance acquires off-diagonal ele-
ments. At first order in the lensing potential we have

〈T`1m1
T`2m2

〉 =
∑
LM

(
`1 `2 L
m1 m2 M

)
Wφ
`1`2L

φLM , (2)

where the ensemble average is taken over realizations of
T̃lm and the lensing “weight function” is given by

Wφ
`1`2L

= −
√

(2`1 + 1)(2`2 + 1)(2L+ 1)

4π

× CTT`1

(
1 + (−1)`1+`2+L

2

)(
`1 `2 L
1 0 −1

)
×
√
L(L+ 1)`1(`1 + 1) + (`1 ↔ `2). (3)

The statistical anisotropy introduced by lensing can be
probed with quadratic estimators x̄, derived by maxi-
mizing the likelihood of the observed CMB [9], and con-
structed as

x̄LM =
1

2

∑
`1m1,`2m2

(
`1 `2 L
m1 m2 −M

)
W x
`1`2LT̄`1m1 T̄`2m2 ,

(4)
where T̄lm are inverse-variance filtered CMB multipoles
and W x

`1`2L
is a weight function for the quadratic esti-

mator. The weight function is usually taken to be a
matched filter for lensing with W x = Wφ and the es-
timator denoted as φ̄, however it can also be advanta-
geous to use other weight functions with reduced sen-
sitivity to certain systematic effects [16]. We will show
that this is also the case with point source contamination.
For a full-sky experiment with homogeneous instrumen-
tal noise, the optimal inverse-variance filter is given by
F` = [CTT` +NTT

` ]−1, where CTT` is a fiducial CMB power
spectrum and NTT

` is the (beam-deconvolved) instru-
mental noise and extragalactic foreground power spec-
trum. This is applied to an observed (beam-convolved)
data map T obs(n̂) as

T̄lm = F`B
−1
`

∫
dn̂ Y ∗lm T

obs(n̂), (5)

whereB` is the instrumental beam transfer function. The
estimator x̄ responds to φ such that averaging over CMB
realizations with a fixed realization of φ gives 〈x̄LM 〉 =

RxφL φLM , where the response function R is given by

RxφL =
1

2L+ 1

∑
`1`2

1

2
W x
`1`2LW

φ
`1`2L

F`1F`2 . (6)

Estimates of the lensing potential may therefore be

formed as φ̂xLM = (RxφL )−1x̄LM . The Okamoto and

Hu [8] lensing estimator, for example, is φ̂LM =

(RφφL )−1φ̄LM , with (RφφL )−1 acting as the estimator nor-
malization. We will discuss this formalism further in
Sect. IV, giving the response of additional estimators.
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B. Lensing Power Spectrum

Estimates of the lensing potential power spectrum may
be constructed straightforwardly from the potential esti-
mates above. The ensemble average (over realizations of
both the primordial CMB and the lensing potential) is
given explicitly by〈
|x̄LM |2

〉
=

1

4
(−1)MW x

`1`2LW
x
`3`3L

∑
`1m1

∑
`2m2

∑
`3m3

∑
`4m4

×
(
`1 `2 L
m1 m2 −M

)(
`3 `4 L
m3 m4 M

)
× 〈T̄`1m1

T̄`2m2
T̄`3m3

T̄`4m4
〉. (7)

The ensemble-average of the 4-point function can be bro-
ken into connected (C) and disconnected (D) parts as

〈T̄`1m1 T̄`2m2 T̄`3m3 T̄`4m4〉 =

〈T̄`1m1 T̄`2m2 T̄`3m3 T̄`4m4〉C
+ 〈T̄`1m1 T̄`2m2 T̄`3m3 T̄`4m4〉D. (8)

The disconnected part is that which can be formed from
the three Wick contractions of the four multipoles, and
is given by

〈T̄`1m1
T̄`2m2

T̄`3m3
T̄`4m4

〉D =

C̄`1m1,`2m2
C̄`3m3,`4m4

+ C̄`1m1,`3m3
C̄`2m2,`4m4

+ C̄`1m1,`4m4C̄`2m2,`3m3 , (9)

where C`1m1,`2m2 = 〈T̄`1m1 T̄`2m2〉 is the covariance ma-
trix of T̄ . We denote the contribution of the disconnected
part to the ensemble average of Eq. (7) as Nxx

L .
The connected part of the 4-point function is zero for

purely Gaussian fluctuations, and so it directly traces
any non-Gaussianity in the map. Following [7], for a
statistically isotropic non-Gaussian signal such as that
due to lensing or extragalactic foregrounds the connected
4-point function takes the form

〈T`1m1
T`2m2

T`3m3
T`4m4

〉C =
∑
LM

(−1)MT `1`2`3`4
(L)

×
(
`1 `2 L
m1 m2 −M

)(
`3 `4 L
m3 m4 M

)
, (10)

where T `1`2`3`4
(L) is known as the trispectrum. Symmetry

of the four multipoles imposes the requirement that the
trispectrum may be written as

T `1`2`3`4
(L) = P `1`2`3`4

(L) + (2L+ 1)
∑
L′

[

(−1)`2+`3
{
`1 `2 L
`4 `3 L′

}
P `1`3`2`4

(L′)

+ (−1)L+L
′
{
`1 `2 L
`4 `3 L′

}
P `1`4`3`2

(L′)

]
. (11)

The first term P `1`2`3`4
(L) is called the primary contraction

of the trispectrum, while the second two terms are called
the secondary contractions. The primary contraction in-
troduced by lensing, for example, is

φφP `1`2`3`4
(L) = CφφL Wφ

`1`2L
Wφ
`3`4L

. (12)

Given the discussion above, for an observed sky consist-
ing of lensed CMB + Gaussian noise and using the stan-

dard lensing estimator with W x = Wφ, an estimate ĈφφL
for the lensing potential power spectrum may be written
implicitly as

ĈφφL +ML′

L ĈφφL′ =

(
1

Rφφ

)2
[

1

2L+ 1

∑
M

|φ̄LM |2 −Nφφ
L

]
,

(13)
where the L′ index is summed over. The mixing matrix
ML′

L would be zero if there were only primary contrac-
tions of the trispectrum, however it has small off-diagonal
contributions due to the secondary contractions [7]. The
mixing matrix may be inverted and used to obtain an es-

timate of CφφL using Eq. (13). Alternatively, if a good ap-

proximation of the true power spectrum CφφL is available,
the off-diagonal contributions can simply be subtracted
from the LHS of Eq. (13). In this approach, this term is
known as the “N (1)” bias [17].

III. SOURCE TRISPECTRA

In this section we outline the trispectrum configura-
tions that can be generated by point sources. We model
the source population as a collection of discrete sources i,
with fluxes Si, such that the sky temperature in direction
n̂ is given by

T̃ (n̂) = T (n̂) +
∑
i`m

SiYi,`Y`m(n̂), (14)

where T is the lensed CMB temperature, Y`m is a spheri-
cal harmonic, and Yi,` is a profile function for each source,
which describes the shape of the source on the sky if
it is extended. For a true “point” source which is a
delta function in position space, Yi,` = 1. We have as-
sumed here that the sources are all radially symmetric
for simplicity. We will also assume that only multipoles
L > 100 are used, so that we may ignore CMB tem-
perature anisotropies generated by the ISW effect. Dis-
carding multipoles at L < 100 has negligible impact on
the signal-to-noise ratio of the lensing estimator for ex-
periments with the arcminute-scale sensitivity necessary
to measure lensing. Ignoring the ISW effect, T is lin-
ear in the primordial, unlensed CMB temperature and
therefore every non-zero n-point function must have an
even number of multipoles associated with T . We may
then group point source terms of the trispectrum by the
number of individual sources which they contain. Up to
permutation symmetries of the trispectrum and source
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indices, there are 7 types of source term, which we clas-
sify below depending on how many distinct sources they
contain:

1 source terms: There are two types of source term
containing a single source: S4

i and S2
i TT ≡ S2

i φ.
The S4

i term is essentially the kurtosis of the unre-
solved source population, and is analogous to the
“shot noise” term in the power spectrum of the
sources. The S2

i φ term probes the correlation be-
tween the sources and the lensing potential.

2 source terms: There are three types of term
containing two sources: S2

i S
2
j , S3

i Sj , and

SiSjTT ≡ SiSjφ. The S2
i S

2
j and S3

i Sj terms probe
the clustering of the sources, while the the SiSjTT
term probes the source-lensing bispectrum.

3 source terms: There is only one non-zero term con-
taining three sources: SiSjS

2
k, which probes the

bispectrum of the sources.

4 source terms: There is again only one non-zero
term containing four sources: SiSjSkSm. This
term probes the 4-point function of the sources, in
which each of the four multipoles in the trispectrum
is sourced by a separate point.

In all of the expressions it should be understood that
the point source indices are disjoint (i.e. i 6= j 6= k 6= m),
and the total trispectrum is obtained by summing over
all indices. For several of the terms above, statistical
isotropy implies that the details of the point source model
can enter only through associated power spectra. For a
population of sources all with identical profiles Yi,` for
example, we will have〈∑

i

∫
dn̂YLM (n̂)S2

i (n̂)φL′M ′

〉
= CS

2φ
L δLL′δMM ′〈∑

ij

∫
dn̂YLM (n̂)S2

i (n̂)(S2
j )L′M ′

〉
= CS

2S2

L δLL′δMM ′

〈∑
ij

∫
dn̂YLM (n̂)S3

i (n̂)(Sj)L′M ′

〉
= CS

3S
L δLL′δMM ′ .

(15)

However, for two of the terms the point source
model enters through reduced bispectra b`1`2L of the
sources/lensing:〈∑

ij

(Si)`1m1
(Sj)`2m2

φLM

〉
= Gm1m2M

`1`2L
bSSφ`1`2L

(16)〈∑
ijk

(Si)`1m1
(Sj)`2m2

(S2
k)LM

〉
= Gm1m2M

`1`2L
bSSS

2

`1`2L, (17)

Term Primary Contraction P `1`2`3`4
(L)

φφ CφφL Wφ
`1`2L

Wφ
`3`4L

S4
i

1
3
〈S4〉WS2

`1`2L
WS2

`3`4L

S2
i φ

1
2
CS

2φ
L (WS2

`1`2L
Wφ
`3`4L

+Wφ
`1`2L

WS2

`3`4L
)

S2
i S

2
j CS

2S2

L WS2

`1`2L
WS2

`3`4L

S3
i Sj

1
3
(CS

3S
`1

+ CS
3S

`2
+ CS

3S
`3

+ CS
3S

`4
)WS2

`1`2L
WS2

`3`4L

SiSjφ
1
2
(bSSφ`1`2L

WS2

`1`2L
Wφ
`3`4L

+ bSSφ`3`4L
Wφ
`1`2L

WS2

`3`4L
)

SiSjS
2
k

1
2
(bSSS

2

`1`2L
+ bSSS

2

`3`4L
)WS2

`1`2L
WS2

`3`4L

SiSjSkSm
1
3
sT `1`2`3`4

(L)

TABLE I: Primary source terms discussed in Sect. III. The
first row gives the trispectrum due to lensing for comparison
purposes. For simplicity of presentation we have assumed
that all of the sources are delta functions, such that we may

drop indices on the weight functions WS2

``′L.

where the Gaunt integral is given by

Gm1m2M
`1`2L

≡
√

(2`1 + 1)(2`2 + 1)(2L+ 1)

4π

×
(
`1 `2 L
0 0 0

)(
`1 `2 L
m1 m2 M

)
. (18)

We present the primary contractions of the trispectra
for the seven different source terms in Table I. To simplify
our presentation, we find it useful to introduce the “point
source weight function” given by

W
SiSj

`1`2L
=

√
(2`1 + 1)(2`2 + 1)(2L+ 1)

4π

×

(
`1 `2 L

0 0 0

)
Yi,`1Yj,`2 . (19)

Often in this work we will assume delta function point
sources and drop the subscript i for the weight function,

denoting it in this case as WS2

`1`2L
. Most of the trispec-

trum terms in Table I include one or more factors of this
weight function. This will prove useful in the next sec-
tion, when we discuss estimators for the source trispectra.

IV. SOURCE ESTIMATORS

One approach to mitigating point source biases in the
lensing spectrum is to construct physical models for the
various source trispectra presented in the previous sec-
tion, and then to propagate these to biases in the lens
reconstruction, which may then be subtracted to obtain

unbiased estimates of Cφφ` . However, this is subject to
uncertainty in modelling the source populations, as well
as issues with precisely determining, for example, the flux
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density cut that at which sources are reliably detected
and masked.

A complementary and potentially more robust ap-
proach is to jointly estimate both the lensing and point-
source trispectra, or alternatively to construct lensing es-
timators which probe trispectrum configurations orthog-
onal to those generated by point sources.

To elaborate on this approach, we consider first con-
structing a quadratic “point source estimator” S̄2

LM fol-

lowing Eq. (4), with weight function WS2

`1`2L
. As one

might expect, in real space this estimator corresponds to
squaring the inverse-variance filtered sky map

Ŝ2
LM = (RS

2S2

L )−1S̄2
LM

= (RS
2S2

L )−1
1

2

∫
dn̂ Y ∗LM (n̂) T̄ 2(n̂). (20)

Following the intuitive picture outlined in the intro-
duction, this estimator looks for variations in the map
“noise level” which can be attributed to point sources.
For unclustered sources, the measured noise level will
simply vary across the map with a variance which is
larger-than-expected given the instrumental noise level.
For clustered sources, the measured noise level will again
show excess variance, and these variance fluctuations will
in turn show correlations on the clustering scale.

Estimates for the source terms such as CS
2S2

L and CS
2φ

L
may be formed intuitively by taking the auto-spectrum
of Ŝ2

LM , or its cross-spectrum with the lensing potential

estimate φ̂. The resulting estimates may then be used

to calculate biases for ĈφφL . Another approach is simply
to construct an estimator which is less sensitive to the
source contributions. If we think of the sky as containing
statistical anisotropy sourced by lensing (φ) and point
sources (S2), both estimators pick up unwanted contri-
butions:

〈φ̄LM 〉 = RφφL φLM +RφS
2

L S2
LM ,

〈S̄2
LM 〉 = RS

2S2

L S2
LM +RS

2φ
L φLM .

(21)

Following [16], we can then construct “bias-hardened”
(BH) lensing estimators for both φ and S2 as[

φ̂BHLM
Ŝ2,BH
LM

]
=

[
RφφL RφS

2

L

RS
2φ

L RS2S2

L

]−1 [
φ̄LM
S̄2

LM

]
. (22)

The weight function for the bias-hardened φ estimator is
given by

WφBH

`1`2L
= Wφ

`1`2L
−RφS

2

L (RS
2S2

L )−1WS2

`1`2L. (23)

We will refer to the estimator using this weight function
as the “source-hardened” lensing estimator – it has the

property that Rφ
BHS2

L is zero. Note that here we have
assumed delta function point sources, although we could
also construct source-hardened estimators which are or-
thogonalized against a set of finite source profiles Yi,`,

by repeated application of the bias-hardening procedure
[16].

Proceeding to the trispectrum, there are a few sub-
tleties due to the secondary contractions of Eq. (11). To
formalize this discussion, it is useful to generalize the
estimator for the lensing power spectrum of Eq. (13).
Consider a trispectrum with the form

abP `1`2`3`4
(L) =

1

2
CabL (W a

`1`2LW
b
`3`4L +W b

`1`2LW
a
`3`4L),

(24)
where (a, b) denote a pair of weight functions. The first
five primary contractions in Table I except (possibly) for
the final trispectrum term can be written in this form, or
as a sum over a small number of terms with this form. If
the source bispectra may be written as a sum of separable
terms, then they can also be included in this discussion.
We denote the response of the cross-spectrum between a
pair of estimators (x, z) to the (a, b) trispectrum as

ĈxzL,ab =
2

RxaL RzbL +RxbL RzaL

[
1

2L+ 1

∑
M

x̄LM z̄
∗
LM −Nxz

L

]
.

(25)

We refer to ĈxzL,ab as the trispectrum-related spectrum,

with the lensing result of Eq. (13) as a specific case.
Eq. (25) is an estimator for the x-z cross-spectrum ob-
tained from estimators x and z. The estimators x and
z are arbitrary, and may or may not be bias-hardened.
In the case that (x, z) = (a, b) we will use the shorthand

ĈabL . If the data contains non-Gaussianity with an (a, b)
trispectrum, then averaging over CMB temperature re-
alizations with fixed a and b we have

〈ĈxzL,ab〉 = CabL +ML′

L CabL′ , (26)

where the mixing matrix M depends on the estimators
and trispectrum being considered, and as before L′ is
summed over. If the data contains non-Gaussianity of
some other type (c, d), then Ĉ may be biased. This bias
is given schematically by

ĈxzL,ab
∣∣∣
cd

=
RxcL RzdL +RxdL RzcL
RxaL RzbL +RxbL RzaL

CcdL +ML′

L CcdL′ . (27)

Again, the matrix M depends implicitly on all of the
indices being considered: the estimators (x, z), the
trispectrum being estimated (a, b), and the contaminat-
ing trispectrum (c, d).

The first term on the RHS of Eq. (27) represents the

response of the ĈxzL,ab spectrum to the primary contrac-

tion of the (c, d) trispectrum. It can be seen that if a
bias-hardened estimator is used for (x, z), such that the
response functions in the numerator of Eq. (27) are zero,
then this term will be zero as well. This is the case, for
example, with the source-hardened lensing estimator dis-
cussed above. It can be seen that it receives no contribu-
tions from the primary contractions of the S4

i , S2
i φ, and

S2
i S

2
j terms in Table. I (modulo issues with the matching

of source profiles).



6

The second term in Eq. (27) represents the response to
the secondary contractions of the (c, d) trispectrum. De-
pending on the (x, z) and (c, d) weight functions, the sec-
ondary contributions to this bias can be costly to evalu-
ate using the harmonic space expressions, however we can
evaluate them using the flat-sky expressions presented in
Appendix A.

A special case of Eq. (27) occurs when the contami-
nating trispectrum is due to shot noise (the S4

i terms in
Table. I). In this case, the biases due to each of the two
secondary contractions are equal to that of the primary
contraction. For a collection of point sources with flux
Si and profiles Yi,` the resulting bias becomes

ĈxzL,ab
∣∣∣
S4

=
∑
i

RxS
2
i

L RzS
2
i

L +RxS
2
i

L RzS
2
i

L

RxaL RzbL +RxbL RzaL
S4
i . (28)

V. SIMULATION RESULTS

In the previous sections, we have discussed generic
shapes for point source trispectra, estimators to probe
them in data, as well as the construction of source-
hardened lensing estimators. In this section, we will test
these ideas using the simulations of Sehgal et al. [13] at
148 GHz, which is the frequency at which most recent
lensing analyses have been performed. This simulation
set contains full-sky HEALpix maps of several compo-
nents, including radio point sources (RPS), galaxy clus-
ters observable through the thermal Sunyaev-Zel’dovich
(tSZ) effect, and infrared sources (IR), which form the
Cosmic Infrared Background (CIB). There are also sim-
ulated maps of the kinetic Sunyaev-Zel’dovich effect, al-
though the amplitude of lensing contamination from this
component is much smaller than the others and so we
do not present results for it here. We analyze the sim-
ulations assuming a noiseless experiment, band-limited
to either lmax = 1500 (to mimic the beam cutoff of the
Planck satellite) or lmax = 3000 (to mimic the higher res-
olution analyses of ACT and SPT). In order to mimic the
source masking which is used when analyzing data from
these experiments, we mask all RPS and IR sources with
flux greater than 200mJy for lmax = 1500 and 5mJy for
lmax = 3000. We also construct an SZ cluster mask by
degrading the tSZ component map to a lower HEALPix
resolution N low

side and then mask all low-resolution pixels
in which the absolute value of the tSZ temperature fluc-
tuation is greater than 5N , where N is a given noise RMS
per pixel. For this procedure we take N low

side = 512 and
N corresponding to a map noise level of 70µK arcmin for
lmax = 1500 and N low

side = 1024 with a map noise level of
15µK arcmin for the lmax = 3000 experiment. In order
to avoid issues on large-scales from the quasi-periodic
nature of the simulations, we create an apodized mask
which removes all but one octant of the sky, and correct
our lensing estimates with appropriate fsky factors fol-
lowing [18]. We also ignore all multipoles with L < 300.
We estimate disconnected noise biases from the power

spectra of the masked, apodized sky. To inverse-variance
filter the simulations (as in Eq. 5) we use F` = [CTT` ]−1,
ignoring the power due to point sources in the filter func-
tion. This choice makes our lensing estimator slightly
more susceptible to foreground contamination than it
would be with optimal filtering to the angular scales
which are contaminated by point sources.

A. Source Trispectra

We start our analysis by looking at estimators for some
of the point source trispectra. Following Table. I, the
source trispectra can be separated into two qualitative
groups: those in which all four legs are due to point
sources, and those in which two of the legs are from lensed
CMB temperature fluctuations (which in turn trace φ).
We therefore study these two sets of terms separately.
We probe both sets of terms using the quadratic point
source estimator Ŝ2

LM of Eq. (20).
To look at the “4-source” terms, we evaluate the

trispectrum estimator ĈS2S2

L (in the notation of Eq. 25),
assuming delta function point sources. This is ac-
complished simply by taking the auto-spectrum Ŝ2

LM
and subtracting an estimate of the disconnected noise
bias. The results of this calculation are plotted for the
lmax = 1500 experiment in the upper panels of Fig. 1.
The results for the lmax = 3000 experiment are qualita-
tively similar. We can see that the RPS contribution is
nearly flat, corresponding to the shot noise trispectrum
(S4) of Table. I. The RPS population is characterized by
steep number counts dN/dS, and its trispectrum is gen-
erated by a handful of sources just below the flux cut.
As a simple illustration, using a power law form for the
number counts

dN

dS
=
N0

Sβ
(29)

with parameters N0 = 12Jy1.15sr−1 and β = 2.15, given
in [12, 19] we can analytically calculate

〈S4〉 =

Smax∑
S=0

dS
dN

dS
S4, (30)

Converting to CMB temperature units we find 〈S4〉 =
2 × 10−12µK4 at 148 GHz for a flux cut of 200 mJy and
a much smaller level of 5× 10−17µK2 for a cut of 5 mJy.
Both of these numbers are consistent (to within a factor
of two) with the amplitudes we see for the simulations.

We find that the tSZ population is also well described
as shot noise dominated, although it is important to in-
corporate information about the distribution of source
profiles to reproduce the measured source-related power
spectrum in Fig. 1. Using the tSZ model of Komatsu
and Seljak [20] (in which halos at a given virial mass
and redshift are associated with a flux-weighted profile
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FIG. 1: Simulation-based estimates of the point source trispectra for radio point sources (RPS), the thermal Sunyaev-
Zel’dovich effect (tSZ), and infrared sources (IR). The estimation has been performed for the lmax = 1500 experiment, results
for lmax = 3000 are qualitatively similar. Absolute values have been taken for each plotted curve. The top panels show

auto-spectra of the point source estimator (Eq. 20), after subtracting the disconnected term NS2S2

L (black solid). This probes

the connected biases when all four trispectrum legs are due to point sources. The NS2S2

L terms which have been subtracted
are plotted in gray. The lower panels show the cross-spectra of the point source estimator with the input lensing potential
realization φ. This probes the connected biases when only two of the four trispectrum legs are due to point sources. Dashed
red curves are model fits, described in the text.

Yl(M, z))1, we can evaluate Eq. (28) by writing the sum
over sources as a mass and redshift integral with the sub-
stitution

∑
i

→ g4ν

∫ Mmax

M=Mmin

dM

∫ zmax

z=0

dz
dV

dz

dN(M, z)

dM
, (31)

where gν is the spectral response of the tSZ effect, V (z)
gives the volume of the Universe per steradian at redshift
z and dN/dM is the halo mass function. These quantities
are discussed in more detail around Eq. (1) of [20]. We
use the mass function of [21], with Mmin = 5× 1011M�.
For the simple tSZ masks which we have constructed
we find that the measured trispectra are well fit with
Mmax = 1.2 × 1015M� for the lmax = 1500 experiment
and Mmax = 4.7 × 1014M� for the lmax = 3000 experi-

ment. The resulting bias, ĈS2S2

L |S4 , is plotted as the red
dashed curve in the upper tSZ panel of Fig. 1.

The IR 4-source terms are plotted in the upper right
panel of Fig. 1. This source population is the most Gaus-
sian of the three studied here, with the disconnected term
being larger than the connected trispectrum on angular
scales above L = 500. The connected trispectrum of the
IR population does not appear to be as simple to model
as the RPS and tSZ terms however. As a guide to the
eye, we have plotted a best-fit shot noise amplitude with
red dashes. On large angular scales there is a slight in-
crease of power in the measured trispectrum, which could

1 In the notation of [20], these profiles are denoted with a lowercase
y, as in their Eq. (2).

be characteristic of clustering, although as we will see in

Sec. V B it does not appear to be of the CS
2S2

l form in
Table. I. On very small scales, there is again an increase
in the trispectrum amplitude, which we have so far been
unable to find a modelling explanation for.

Turning now to the “2-source” terms, we take the
cross-spectrum of the point source estimator with the
input φ realization. Unlike the 4-source term, there is no
disconnected bias to remove in this case. The results are
plotted as the black solid curves in the lower panels of
Fig. 3. This procedure should be most sensitive to the

CS
2φ

L trispectrum shape of Table. I. We find that for all
three source populations, the measured cross-spectrum is
reasonably approximated as a power law with

CS
2φ

L ∝ (L+ 10)−3. (32)

We have fitted amplitudes for this template to the mea-
sured cross-spectra, which are plotted in red dashes. To
investigate the origins of this power law behaviour in

more detail, we have evaluated CS
2φ

L analytically under
the Limber approximation using a linear matter power
spectrum and a grid of Gaussian redshift distributions
which, with means in the range 0.1 ≤ 〈z〉 ≤ 4. and stan-
dard deviations in the range 0.1 ≤ σz ≤ 2. We find
that all exhibit a power law behaviour on small scales
(L > 1000), with a slope of ≈ −4, which is somewhat
deeper than that in Eq. (32). We take this to indicate
that on these scales, non-linearity has a significant con-

tribution to the CS
2φ

L power.
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FIG. 2: Simulation-based lensing bias estimates for radio
point sources (RPS), the thermal Sunyaev-Zel’dovich effect
(tSZ), and infrared sources (IR), for the lmax = 1500 experi-
ment. Absolute values have been taken for each plotted curve.
Black lines give results for the standard lensing estimator,
while green lines give results for the source-hardened estima-
tor of Eq. (23). In most cases, the contamination is signif-
icantly smaller for the source-hardened estimator. Dashed
red curves are model fits, obtained by analytically propa-
gating the corresponding model curves in Fig. 1 to lensing.
Dotted gray lines give fractional biases (from top to bottom)

of CφφL × (0.1, 0.01, 0.001). Left-hand panels show the auto-
spectra of the quadratic estimators applied to each component
map, after subtracting the disconnected term Nφφ

L . The Nφφ
L

terms which have been removed are plotted in gray. Right-
hand panels show the cross-spectra of the quadratic estima-
tors with the input lensing potential (multiplied by a factor of
2× to represent the bias to the auto-spectrum). Dot-dashed
magenta is an estimate for the bias due to secondary contrac-
tions, discussed in the text.

B. Lensing Biases

Having examined the source related trispectra, we now
turn to the biases which they generate for the estimates
of the CMB lensing potential power spectrum. We feed
the RPS, tSZ and IR component maps into both the

standard quadratic lensing estimator φ̂ as well as the
source-hardened estimator of Eq. (23). As in the pre-
vious section, we take both the auto-spectrum of these
estimates (to probe the 4-source terms), as well as the
cross-spectrum with the input lensing potential (to probe
the 2-source terms). In this case, because we are inter-
ested in the bias on the lensing power spectrum, we mul-
tiply the 2-source terms by a factor of two. Our results
are shown in Fig. 2 and Fig. 3 for the two values of lmax.

In principle these estimators are able to probe the lens-
ing potential up to L = 3000 and L = 6000 respectively,
however in practice these modes are often very noisy and
so we have only plotted them to L = 1500 and L = 3000
to emphasize the modes which are of interest in the lens
reconstruction. It can be seen that the biases for the
standard lensing estimator (plotted in black solid) are
generally larger than those for the source-hardened es-
timator (plotted in green solid). In particular, for radio
point source population, which are delta functions on the
sky and completely dominated by the “shot noise” term
S4
i , bias hardening reduces the measured bias by more

than two orders of magnitude for the 4-source terms and
one order of magnitude for the 2-source terms.

The improvement for tSZ sources is somewhat smaller,
generally 1 order of magnitude on large scales. We note
that the source-hardened estimator we have used here is
configured to reject delta function point sources. Better
results would likely be obtained constructing a more in-
volved estimator which is hardened against an ensemble
of source profiles characteristic of the tSZ, however given
that the bias reduction is already sizeable we have not
attempted this improvement.

The improvement for the IR source population is not
as dramatic, although the S2S2 contribution is still re-
duced on small angular scales, and the S2φ contribution
is modestly reduced on all scales. This is consistent with
the results of the previous section, where we had dif-
ficulty finding an explanation for the shape of the IR
trispectrum.

We note one final aspect of the 2-source bias terms.
When cross-correlating the lensing estimate obtained on
source maps with the input φ realization we are only
probing one contraction of the 2-source trispectra. By
convention we will label this as the primary contraction.
To get a feeling for the magnitude of the secondary con-
tribution, we calculate the secondary contractions asso-
ciated with the S2φ trispectrum, for the template shape
given in Eq. (32). These are plotted as the dot-dashed
magenta curves in Figs. 2/3. We have verified using the
simulations (by taking the auto-spectra of quadratic esti-
mates in which one leg is from a component map, and one
uses the lensed CMB temperature) that these estimates
of the secondary contribution are reasonable (although
this procedure is somewhat noisy, due to the CMB modes
which act as a source of noise). On large scales, the pri-
mary contractions generally dominate, however on small
scales the secondary terms are often as large or larger in
magnitude than the primary ones – similar to the case
with the CMB lensing trispectrum, where the secondary
contractions are known as the “N (1)” bias [17].

VI. CONCLUSIONS

At the resolution of current CMB measurements from
ACT, SPT and Planck, foregrounds are believed to gen-
erate percent level biases for lens reconstruction. We
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FIG. 3: Same as Fig. 2, but evaluated for an lmax = 3000 lens
reconstruction.

have considered a data-based approach to mitigate this
contamination, by constructing estimators for the source
contribution which are used to project out the contam-
inating trispectra. This provides another tool, in con-
junction with frequency dependence and modelling, to
quantify or reduce biases from the non-Gaussianity of un-

resolved foreground point sources. This approach works
well for radio point sources and tSZ clusters, particu-
larly on large scales, and generally reduces the contam-
ination by an order of magnitude or more. The only
trispectrum which we have had trouble interpreting, and
which does not improve significantly with our default
source-hardened estimator is the IR population, in par-
ticular the 4-source contribution. We note, however, that
with high-frequency measurements from Planck and Her-
schel, maps of the cosmic infrared background fluctua-
tions which source the IR component are now available
over much of the sky and may be used to strongly sup-
press this contribution in practice, as was done in [6].

Finally, we also note that although we have focussed
here on biases to the lensing potential power spectrum,
the methodology we have discussed can also be carried
over directly to other estimators of trispectrum non-
Gaussianity.
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Appendix A: Secondary Contractions

On the full-sky, calculations involving secondary con-
tractions of Eq. (11) often involve computationally ex-
pensive Wigner-6j symbols. In this section, we present
alternative flat-sky expressions which are numerically
more tractable.

A flat-sky quadratic estimator, x̄LM is given by

x̄(~L) =

∫
d2~̀1
(2π)2

W x(~̀1, ~̀2)T̄ (~̀1)T̄ (~̀2), (A-1)

where ~̀2 ≡ ~L − ~̀1. The weight functions W x(~̀1, ~̀2) are
the flat-sky analogues to the W x

`1`2L
weight functions.

For lensing, the weight function is given by

Wφ(~̀1, ~̀2) = CTT`1 (~̀1 + ~̀
2) · ~̀1 +CTT`2 (~̀1 + ~̀

2) · ~̀2 (A-2)

and for point sources, the weight function is

WS2

(~̀1, ~̀2) = 1. (A-3)

The flat-sky weight function for the source-hardened esti-
mator is given by replacing the full-sky weight functions
in Eq. (23) with those above. There are flat-sky expres-
sions for the response functionsRxyL , however in this work
we simply use the full-sky ones.

The connected trispectrum on the flat-sky is denoted
as

〈T (~̀1)T (~̀2)T (~̀3)T (~̀4)〉C =

(2π)−2 δ(~̀1 + ~̀
2 + ~̀

3 + ~̀
4)T (~̀1, ~̀2, ~̀3, ~̀4). (A-4)

As on the full-sky, it is useful to break the trispectrum
into primary and secondary contractions as

T (~̀1, ~̀2, ~̀3, ~̀4) =

∫
d2~L δ(~̀1 + ~̀

2 + ~L)δ(~̀3 + ~̀
4 − ~L)

×
(
P
~̀
1
~̀
2

~̀
3
~̀
4

(~L) + P
~̀
1
~̀
3

~̀
2
~̀
4

(~L) + P
~̀
1
~̀
4

~̀
3
~̀
2

(~L)
)

(A-5)

The forms of the trispectra in Table I map directly onto
the flat-sky expressions, simply by replacing the full-sky
weight functions with the corresponding flat ones. If our
data contains a (c, d) trispectrum with the form

cdP `1`2`3`4
(~L) = CcdL W

c(~̀1, ~̀2)W d(~̀3, ~̀4), (A-6)

then the bias to the (x, z) estimator for the (a, b) trispec-

trum (denoted by the quantity ĈxzL,ab defined in Eq. 25)
is given by

ĈxzL,ab
∣∣∣
cd

= RxzL,ab
∣∣
cd
CcdL + RxzL,ab

∣∣
cd

∫
d2`1
(2π)2

∫
d2`2
(2π)2

×
{
Ccd|~̀1−~̀′1|

W c(−~̀1, ~̀′1)W d(−~̀2, ~̀′2)

+ Ccd|~̀1−~̀′2|
W c(−~̀1, ~̀′2)W d(−~̀2, ~̀′1)

}
× F|~̀1|F|~̀2|W

x(~̀1, ~̀2)W z(~̀′1,
~̀′
2), (A-7)

where the trispectrum response function is defined as

RxzL,ab
∣∣
cd
≡ R

xc
L RzdL +RxdL RzcL
RxaL RzbL +RxbL RzaL

. (A-8)
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