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We study how electron-electron (e-e) interactions affect the current carried by excited electrons
and holes in Dirac systems such as graphene or topological insulators. We find that the current shows
distinctly different behavior for e-e collisions involving the electron or the hole. Most surprisingly,
for positive Fermi energy, collisions of the electrons can substantially increase the current. This
remarkable amplification of the current can be of the order of ∼ 10% per scattering event. It also
causes a strong suppression of the overall current relaxation rate of a photoexcited electron-hole
pair, with the amplification of the electron current making up for a fast decay of the hole current.
PACS numbers: 73.23.-b, 72.20.Jv, 73.20.At, 78.68.+m

Introduction.—Dirac systems like graphene and topological insulators (TIs) are a central research topic in
condensed matter physics. The easy fabrication process
of graphene [1] and the discovery of a variety of materials
that are 2D [2–4] or 3D [5–8] TIs are but two reasons why
Dirac systems are studied intensively. Because of their
linear dispersion and unique helical (pseudo)spin structure, graphene and TIs might be valuable materials for
spintronic devices [9]. In addition, graphene and TIs are
promising systems for applications in the rising field of
optoelectronics, for instance as transparent conductors
or photodetectors [10, 11].
Photocurrents provide an interesting probe of the optoelectronic properties of Dirac materials, and have been
measured in both systems [12–16]. Their magnitude is
governed by a competition between carrier excitation
which is asymmetric in momentum space and current relaxation [17]. While there has been extensive research
on energy relaxation of excited electrons both theoretically [18–24] and experimentally [25–29], current relaxation of photoexcited carriers in Dirac systems remains
much less unexplored [15]. In general, current relaxation
occurs through impurity, electron-phonon, or electronelectron (e-e) scattering. Here we study highly excited
electrons, holes, or electron-hole pairs in the Dirac cone
and assume that e-e interactions provide the dominant
relaxation mechanism [see Fig. 2(a)]. Interestingly, e-e
scattering does not contribute to current relaxation when
the carrier dispersion is quadratic. Indeed, for quadratic
dispersions velocity is proportional to momentum and
thus momentum conservation implies current conservation. In contrast, in Dirac systems with their linear dispersion velocity is no longer proportional to momentum
and the current can change and relax by e-e scattering.
We find that this current relaxation process has rather
surprising properties. Consider first the relaxation of the
current associated with a single excited electron or hole
above the Fermi sea. We find that the change in current strongly depends on the position of the Fermi level
and, most importantly, changes sign as the Fermi energy

0.15
0.10

h∆ji/j0

arXiv:1312.6084v1 [cond-mat.mes-hall] 20 Dec 2013

1

0.05
0.00

−0.05
−0.10
−0.4 −0.2

0

0.2 0.4
F /k1

0.6

0.8

1

Figure 1. (color online) Mean change of the current per electron scattering event h∆ji/j0 relative to the initial current j0
vs F for fixed initial energy k1 ≈ 0.15 eV. The blue and red
shaded areas indicate current amplification and relaxation,
respectively. The rate of change of the current is normalized
by the total scattering rate Γ. The results are obtained for
realistic parameters for Bi2 Se3 , including particle-hole asym2
metry ξ = 23.7 eV Å , vF = 5 · 105 m/s [30], and α = 0.1
[31, 32] (see text for definitions). Inset: Schematic of the excitation of an electron-hole pair by the initial photoexcited
electron.

crosses the Dirac point. This leads to the surprising conclusions that for an excited electron, the current actually
increases rather than decreases by e-e collisions when the
Fermi energy is above the Dirac point. Similarly, for an
excited hole, the current increases when the Fermi energy
lies below the Dirac point. The mean change of the current per scattering event is illustrated in Fig. 1 and is of
the order of ∼ 10% for realistic parameters. Ultimately,
these remarkable results can be traced back to the fact
that at zero temperature, there is no current relaxation
when the Fermi energy is right at the Dirac point.
For a photoexcited electron-hole pair, the relaxation of
the total current involves a subtle interplay between the
electron and the hole contribution. We find that overall,
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Figure 2. The photoexcitation of an electron-hole pair within
the Dirac cone and the relaxation process of the hot electron
by excitation of an electron-hole pair, for (a) F = 0 and (b)
F > 0. (c) A possible relaxation process of the excited hole.

e-e scattering decreases the total current of the electronhole pair, but the relaxation is strongly suppressed due
to cancellations between electron and hole processes. In
the limit of large excitation energies 1 of the initial carriers, the rate of change of both electron and hole currents
varies linearly with F /1 , but with opposite signs. These
linear terms cancel in the relaxation of the electron-hole
pair and relaxation of the total current is dominated
by subleading contributions which we find to scale as
∼ (F /1 )3/2 .
Analysis of kinematic constraints.—The surprising
possibility of an increase in current due to e-e scattering can be seen most directly by analyzing the kinematic
constraints of the scattering process. Energy and momentum conservation demand
k1 + k2 = k10 + k20 ,
k1 + k2 =

k10

+

k20 .

(1)
(2)

Here, ki (ki0 ) is the momentum of the initial (final) electrons and k = ±vF k for the upper (conduction) and
lower (valence) band, respectively. Expressed in terms of
momentum, Eq. (1) depends on whether the specific scattering process is intraband or interband, with the allowed
scattering processes depending on the Fermi energy.
If the Fermi energy lies at the Dirac point, F = 0,
a typical relaxation process of a highly excited electron
is illustrated in Fig. 2(a). The excited electron relaxes
by scattering off an electron in the Fermi sea, creating
a hole in the valence band and an additional electron
in the conduction band. Energy conservation, Eq. (1),
demands k1 − k2 = k10 + k20 , which takes into account
that the electron in the Fermi sea has a negative energy,
k2 = −vF k2 . Thus, the length of vector k1 must be
equal to the sum of the lengths of the remaining three
vectors. This is only satisfied for collinear scattering so
that initial and final states have the same velocities, i.e.,
v1 = v2 = v10 = v20 , and the current remains unchanged
in the e-e collision. For Dirac systems with the Fermi
energy at the Dirac point, e-e interactions therefore do
not relax current.
When the Fermi energy lies above the Dirac point, i.e.,
F > 0, the excited electron can interact with Fermi-sea

Figure 3. (color online) Kinematic ellipse for allowed electron
scattering processes for i > 0. k1 and k2 are drawn head-totail starting and ending at the left and right focal points (red
dots). k10 and k20 are drawn in a similar fashion and touch at
points that lie on the ellipse. (k1 + k2 )/2 and |k1 + k2 | are
the lengths of the semi-major axis and the distance between
focal points, respectively. The green dashed circle indicates
the Fermi momentum. Because of Pauli’s principle we have
k2 ≤ kF < k20 , k10 and the point where k10 is connected to k20
must lie on the ellipse outside the green dashed circles, while
the point of connection of k1 and k2 has to lie inside the green
dashed circle.

electrons which are either in the conduction (+) or the
valence (−) band [see Fig. 2(b)], corresponding to the
processes (+, +) → (+, +) or (+, −) → (+, +). The
previous argument for F = 0 implies that a collision
with electrons in the valence band, (+, −) → (+, +), is
collinear and does not relax current. Thus, we only need
to consider intraband processes [see Fig. 2(b)]. Energy
conservation, i.e., k1 + k2 = k10 + k20 from Eq. (1), and
momentum conservation (2) can now be graphically interpreted in terms of an ellipse as illustrated in Fig. 3.
The energy k1 + k2 = k10 + k20 = const. defines the semimajor axis, while |k1 + k2 | = |k10 + k20 | is the distance
between the focal points.
This construction implies that the current actually increases along the direction of the initial current k̂1 . In
a first step, we assume that not only k1 but also k2 is
fixed. The resulting ellipse is defined by the axes µ̂k (k2 )
and µ̂⊥ (k2 ) (see Fig. 3). We will show that a summation
over all k10 and k20 restricted to the ellipse leads to a current increase along µ̂k as well as a change in current along
µ̂⊥ . In a second step, we sum over all k2 , i.e., over all
ellipses. It turns out that a possible change of the current
along µ̂⊥ averages to zero due to the rotational symmetry of the problem. Remarkably, the increase in current
along µ̂k averages to an increase along the direction of
the initial current k̂1 (see [33] for more details).
The initial and final currents along µ̂k are given by
(vF = 1, e = 1 for brevity)
ji = (k̂1 )µk = cos φ1
jf =

(k̂10

+

k̂20

− k̂2 )µk =

(3)
cos φ01

+

cos φ02

− cos φ2 , (4)

where the angles are defined as in Fig. 3. To analyze the
change in current, we have to compare cos φ1 + cos φ2 to
cos φ01 + cos φ02 . It can be shown by elementary geometry
that the sum of the cosines, restricted to the ellipse, has
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a maximum for the symmetric case where the of connection of the corresponding vectors lies on µ̂⊥ , and falls off
monotonically away from the maximum. We know from
Pauli’s principle that k2 ≤ kF < k10 , k20 . This implies
that the point of connection of k1 and k2 must lie inside
the green dashed circle of radius kF while the point of
connection of k10 and k20 must lie outside this circle (see
Fig. 3) and thus closer to the µ̂⊥ -axis. Hence, jf ≥ ji for
any scattering event, i.e., the current increases along µ̂k .
Averaging over k2 , i.e., averaging over all ellipses, leads
to an average increase of the current along k1 [33]. An
analogous argument shows that e-e scattering decreases
the current when F < 0 [33].
Quantitative analysis.—Quantitatively, the current relaxation rate for the optically excited electron-hole pair
can be obtained within a golden-rule approach. For definiteness, we consider the surface states of the TI Bi2 Se3 ,
described by the (second-quantized) Dirac Hamiltonian
H=

X
k

Ψ†k Hk Ψk +

1 X
Ψ†k1 +q Ψ†k2 −q V (q)Ψk2 Ψk1 ,
2
q,k1 ,k2

(5)

where V (q) = e2 /2ε0 εq is the Coulomb interaction and
Hk = vF (kx σy − ky σx )

(6)

describes the single-particle Dirac dispersion with
eigenenergies k = ±vF k and eigenstates |ki i.
The initial photoexcitation creates an electron-hole
pair with fixed momentum k1 [see Fig. 2(a)]. Then, the
rate of change of the electron and hole currents is
X
dj (e/h)
= ∓e
(v10 + v20 − v1 − v2 )Wk1 ,k2 ;k10 ,k20
dt
0
0
k2 ,k1 ,k2

×f

(e/h)

(k2 )[1 − f (e/h) (k10 )][1 − f (e/h) (k20 )],

(7)

where the velocity is vi = vF sgn(ki )k̂i and f (e/h) (ki )
denote the Fermi distribution function of electrons and
holes, respectively. The transition rate is given by
Wk1 ,k2 ;k10 ,k20 =

2π
|M |2 δk1 +k2 ,k10 +k20 δ(1 + 2 − 01 − 02 ),
~
(8)

with i = ki and interaction matrix element
M=

1
[hk0 |k1 ihk20 |k2 iu(|k1 − k10 |) − (k10 ↔ k20 )]. (9)
2L2 1

Here, L2 is the surface area of the system and u(q) =
(e2 /2ε0 ε)/(q + qTF ) the screened Coulomb interaction
where qTF = αkF is the Thomas-Fermi wave vector with
α = e2 /(4π~vF ε0 ε). As photoexcitation creates highly
excited electron-hole pairs, we can set T = 0.
Eq. (7) can be simplified by introducing the momentum transfer q = k1 − k10 = k20 − k2 and the identity

R
δ(1 + 2 − 01 − 02 ) = dωδ(1 − 01 − ω)δ(02 − 2 − ω).
Then, in the thermodynamic limit the two δ-functions
can be used to eliminate the angular integrals leaving
us with a three-dimensional integral which can be solved
numerically for general parameters and analytically in
limiting cases [33].
We first evaluate the expressions numerically for a particular carrier type, namely the photoexcited electron,
and compute the mean change of current per scattering event. To make our results realistic, we include
the particle-hole asymmetry of the dispersion through
k = ±vF k+ξk 2 [34]. As illustrated in Fig. 1, the current
relaxes for negative Fermi energies but becomes amplified
for positive Fermi energies, with the current enhancement
being of the order of ∼ 10%.
From now on, we assume a perfectly linear dispersion,
i.e., ξ = 0, and F > 0 for definiteness. The case of
negative Fermi energy follows by electron-hole symmetry. The rates of change of the electron, hole, and total
currents, obtained by numerically integrating Eq. (7) are
illustrated in the inset of Fig. 4. As already seen, e-e scattering increases the electron current (red squares) and
decreases the hole current (green diamonds). For large
Fermi energies F /1 ∼ 1 the rate of change approaches
zero for the electron current and remains finite for the
hole current, reflecting the different behavior of the phase
space for scattering in the two cases [see Figs. 2(b) and
(c)]. The e-e scattering also relaxes the total current
(blue circles) but there are substantial cancellations between the electron and hole contributions. To quantify
these cancellations, we analytically explore the asymptotic behavior of Eq. (7) for large excitation energies and
small Fermi energy, i.e., for the limit F /1  1. Here,
we focus on the results. Details of the calculations can
be found in [33].
For the electron current, we only need to consider the
scattering process illustrated in Fig. 2(b) because interband processes, i.e., (+, −) → (+, +), are collinear and
do not change the current, as shown above by the geometric argument. For the hole, we have to consider scattering processes like the one illustrated in Fig. 2(c). The
hole can recombine with an electron in the valence band,
exciting an electron from the conduction band above the
Fermi energy, i.e., (−, +) → (−, +), or the hole can recombine with an electron in the conduction band, exciting an electron from the valence band above the Fermi
energy, i.e., (−, +) → (+, −). Other allowed processes
will be collinear. We find that the asymptotic behavior
of the rate of change of the electron and hole currents is
given by
F
dj (e/h)
≈ ±Cα2 j0 ,
dt
~

(10)

where C ≈ 0.3 [33], ± stands for the electron and hole
current respectively, and j0 is the initial current of magnitude j0 = evF of the photoexcited carrier. This re-
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dj (e)
dj (h)
α 2 F
dj (tot)
=
+
≈−
dt
dt
dt
9 ~



F
1

1/2

j0 .

(11)

The relaxation of the total current is suppressed for
small F /1 and even vanishes in the limit 1 → ∞.
Fig. 4 shows the rate of change of the total current
for small F /1 determined by numerically integrating
Eq. (7) (blue circles), and the asymptotic behavior given
by Eq. (11) (red solid line).
These asymptotic behaviors of the total current and
the individual electron and hole currents can be traced
back to distinct scattering processes. The amplification
and relaxation of the individual currents are governed by
scattering processes with small energy transfers of the
order of F . In contrast, for the total current the contributions with small energy transfer cancel exactly to the
order considered and the result in Eq. (11) arises solely
from scattering processes with large energy transfers of
the order of 1 . Specifically, the relaxation of the total current is dominated by the interband hole process,
(−, +) → (+, −), where the hole recombines with an electron from the conduction band while exciting an electron
from the valence band to empty states in the conduction
band. The predominance of scattering events with large
energy transfers of the order of 1 also explains why the
relaxation vanishes in the limit of 1 → ∞.
Conclusion.—Motivated by photocurrent measurements on various Dirac systems, we investigated the
interaction-induced relaxation of photocurrents in clean
Dirac systems and uncovered a surprising effect: For
a single excited electron, the current actually increases
upon scattering with the electrons in the Fermi sea, as
long as the chemical potential is above the Dirac point.
Even for a single collision, this increase is substantial
for realistic parameters. Furthermore, since high-energy
electrons decay via a cascade of e-e collisions, the current
increase can be further amplified by an additional factor
up to ∼ 1 /F , as the typical energy loss per collision
is of the order of the Fermi energy [24]. While the relaxation cascade underlying this argument has been predicted theoretically, the experimental situation remains
inconclusive [29, 35], possibly due to competing opticalphonon collisions or a large radiation intensity which
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sult has several interesting aspects. First, the time scale
on which the initial current changes is independent of
the large initial excitation energy 1 of the photoexcited
carrier and instead depends on the Fermi energy only.
This is a consequence of the fact that the typical energy
transfer in the relevant e-e collisions is of the order of
the Fermi energy. Secondly, to this order the rates of
change of electron and hole currents differ only in their
sign and thus cancel exactly. Thus, the rate of change of
the total current of the photoexcited electron-hole pair is
indeed much smaller and must scale with a higher power
of F /1 . We find that [33]
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Figure 4. (color online) Rate of change of the total current
(blue circles) [from Eq. (7)] and the asymptotic behavior ∼
(F /1 )3/2 given by Eq. (11) (red). Inset: Rates of change of
the electron (red squares), hole (green diamonds), and total
(blue circles) currents. Parameters as in Fig. 1. Relaxation of
the total current is strongly suppressed due to cancellations
between the electron and hole contributions. Results for F <
0 follow by electron-hole symmetry.

produces a high density of photoelectrons and phonons
[24, 36]. Thus, the amplification effect may be most pronounced for excited electrons with energies below opticalphonon frequencies (≈ 200 meV for graphene) and for
low-intensity irradiation. This current amplification has
important implications for photocurrents where it results
in a substantial suppression of the current-relaxation rate
of photoexcited electron-hole pairs, but might also be
observable more directly in other types of experiments.
Most promising may be time-resolved measurements of
photocurrents as recently performed on graphene [15].
One might also expect a strong non-linear signature in
IV characteristics, since high energy electrons produce a
jet of induced current. For the same reason, the current
amplification might enhance the photoconductivity (electron conductivity in the presence of light), with the effect
increasing with the frequency of the irradiating light. We
intend to pursue a quantitative analysis of such effects in
future work.
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A) DETAILS OF THE GEOMETRIC ARGUMENT FOR CURRENT INCREASE OR DECREASE

For the case of F > 0 we have shown that for an arbitrary k2 the component of the current along the direction
given by the major axis of that specific ellipse, i.e., along µ̂k (k2 ), increases due to e-e scattering. In general, the
component of the current along µ̂⊥ (k2 ) might also change during a scattering event. However, we still need to sum
over all k2 . Summing over k2 means summing over all possible ellipses and thus over all possible µ̂k and µ̂⊥ . For
a given k2 and resulting φ1 , by symmetry there is also a k̃2 , i.e., the mirror image of k2 with respect to an axis
parallel to k1 , that leads to −φ1 as shown in Fig. 5(c). Thus, when summing over all possible k2 , the increase of
the component of the current along µ̂k (k2 ) averages to a current increase along k̂1 . A change in the component
along µ̂⊥ (k2 ) has components parallel and perpendicular to k1 . The component parallel to k1 changes sign under the
described reflection and thus averages to zero. The component perpendicular to k1 also has to average to zero because
the rotational symmetry of our systems requires that the average change in current can only be in the k̂1 -direction.
By symmetry there can be no change in current perpendicular to k̂1 .
An analogous argument to the case of F > 0 can be made for the case of F < 0. Here the highly excited electron
in the upper band scatters off an electron in the Fermi sea in the lower band. The scattering process that affects
the current has final electronic states which are in different bands as illustrated in Fig. 5(a), i.e., (+, −) → (+, −).
Processes where both final states are in the same band are equivalent to the process for F = 0 and thus do not change

Figure 5. (color online) a) Schematic illustration of two-electron scattering processes where a hot electron relaxes by creating
an electron-hole pair for F < 0. The dashed circles indicate constant energy contours and are a guide to the eye. Processes
where the final states k10 and k20 are both either in the lower or upper band are similar to the case of  = 0 and do not affect
the current. b) For F < 0 the allowed scattering processes can also be represented by an ellipse. (k1 + k20 )/2 is the length of
the semi-major axis and |k1 − k20 | is the distance between the focal points. The green dashed circle again indicates the Fermi
momentum. Because of Pauli’s principle we have k20 < kF ≤ k2 . Note that here we do not have a restriction on k10 other than
k10 ≤ k1 . c) When averaging over all allowed k2 , each k2 parametrizes a different ellipse. For each k2 and the resulting ellipse
(red) there is a mirror image with respect to k1 , k̃2 (blue), such that an increase in the current along µ̂k (k2 ) averages to an
increase along k̂1 . In general there can also be a change of the current in direction µ̂⊥ . The change in the component parallel
to k1 , however, averages to zero when averaging over k2 . By symmetry there can be no change in current perpendicular to k1 .
Changes of the current in the µ̂⊥ direction are therefore not important for the average change in current. The green dashes
circle indicates the Fermi momentum. The allowed states k2 must lie within this circle.
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the current. The condition for energy conservation becomes k1 − k2 = k10 − k20 . Written in the following way, energy
and momentum conservation can again be represented by an ellipse as illustrated in Fig. 5(b),
k1 + k20 = k10 + k2
k1 −

k20

=

k10

(12)

− k2 .

(13)

Note that in Fig. 5(b) the orientations of k2 and k20 are reversed with respect to the analogous case of F > 0, and
we have k20 < kF ≤ k2 (see Fig. 5(a)). The initial and finals currents along µ̂(k20 ) (see Fig. 5(b)) are thus given by
ji = cos φ1 and jf = cos φ01 − cos φ02 + cos φ2 and we have to compare cos φ01 + cos φ2 to cos φ1 + cos φ02 to analyze the
change in current. Because k20 < kF ≤ k2 due to Pauli’s principle, the point of connection of k1 and k20 , as drawn in
Fig. 5(b), will be inside the green dashed circle while the point of connection of k10 and k2 will lie outside this circle.
Again it can be shown by elementary geometry that this implies jf − ji ≤ 0 for any scattering event, i.e., the current
decreases along µ̂ parallel . Analogously to above, averaging over all possibles scattering processes leads to a current
decrease due to e-e scattering for F < 0.

B) EVALUATION OF THE ENERGY CONSERVATION δ-FUNCTION

as

After introducing the momentum transfer q = k1 − k10 = k20 − k2 the energy conservation δ-function can be written

δ(k1 + k2 − k1 −q − k2 +q ) =

1
~vF

Z

dpδ(k1 − |k1 − q| − p)δ(|k2 + q| − k2 − p),

(14)

where ~vF p is the difference in energy of the initial and final scattering states. Using the relation δ(a−b) = 2aδ(a2 −b2 )
with a, b > 0, we can write
δ(k1 − |k1 − q| − p) = 2(k1 − p)δ((k1 − p)2 − |k1 − q|2 )
Z 2π
= 2(k1 − p)
dφq f (cos φq )δ(−2k1 p + p2 − q 2 + 2k1 q cos φq )
0


(k1 − p)
q 2 − p2 + 2k1 p
q 2 − p2 + 2k1 p
=
δ(cos φq −
)θ 1 −
k1 q
2k1 q
2k1 q

(15)

where φq is the angle between k1 and q, such that
Z

0

2π

dφq f (cos φq )δ(k1 − |k1 − q| − p) = 2

1
(k1 − p)
q
f
q 2 −p2 +2k1 p 2
k1 q
)
1−(
2k1 q



q 2 − p2 + 2k1 p
2k1 q

 

q 2 − p2 + 2k1 p
θ 1−
2k1 q
(16)

where the factor of 2 comes from the fact that cos φ − a has two zeroes in the interval [0, 2π] with |a| ≤ 1. Analogously,
the φ2 -integration can be performed evaluating δ(|k2 + q| − k2 − p).

C) IDENTIFICATION OF DISTINCT SCATTERING PROCESSES IN THE ASYMPTOTIC BEHAVIOR
OF THE RATE OF CHANGE OF THE CURRENT

For F > 0 we only need to consider processes like the one illustrated in Fig. 6(a), in which the excited electron
scatters off an electron in the upper band. Other allowed processes will be collinear and thus do not change the

8

Figure 6. a) Electron and b) hole process for the case of F > 0. a) Scattering processes where |k2 i is in the lower band are
collinear and will not change the current. b) Processes where |k10 i, |k20 i are in the same band are also collinear.

current. The rate of change of the electron current is then given by
 2 2 X


dj e
1 2π
e
= −e 4
δ(k1 + k2 − k10 − k20 ) k̂10 + k̂20 − k̂1 − k̂2
dt
4L ~ 20 
0
0
k2 ,k2 ,k1

×
= −e

1 2π
4L4 ~

e
20 

k2 ,k20 ,k10

2

hk1 , +|k20 , +ihk2 , +|k10 , +i
θ(F − k2 )θ(k20 − F )θ(k10 − F )
|k1 − k20 | + qT F



e 2
δ(k1 + k2 − k10 − k20 ) k̂10 + k̂20 − k̂1 − k̂2 |Mde − Mex
|

hk1 , +|k10 , +ihk2 , +|k20 , +i
|k1 − k10 | + qT F
 2 2 X

−

× θ(F − k2 )θ(k20 − F )θ(k10 − F ),

(17)

where the sum is over states with positive energy only and we decide to call the first term in the interaction matrix
element ’direct’ and the second ’exchange’. Performing the sum, we find that the contributions to the rate of change
e 2
| are equal, as can be easily seen by switching the labels k10 ↔ k20 in one of the terms. We will
from |Mde |2 and |Mex
e
e
call these contributions djde /dt and djex
/dt respectively, with djde /dt = djex
/dt. The remaining contribution from the
e
e ∗
e
interference term proportional to 2Re[Md (Mex ) ] we will call djinter /dt.
Analogously for the hole current, we only need to consider processes where the hole recombines with an electron
in the lower(upper) band thereby exciting an electron from the upper(lower) band above the Fermi energy, i.e., the
states |k10 i, |k20 i of the scattering event are in different bands as illustrated in Fig. 6(b). Processes where |k10 i, |k20 i
are in the same band are collinear and thus do not change the current. The rate of change of the hole current can be
written as
 2 2 X


dj h
e
1 2π
= 2e 4
δ(k1 + k2 − k10 − k20 ) −k̂10 + k̂20 + k̂1 − k̂2
dt
4L ~ 20 
0
0
k2 ,k2 ,k1

×
= 2e
×

hk1 , −|k10 , −ihk2 , +|k20 , +i
|k1 − k10 | + qT F
 2 2 X

1 2π
4L4 ~
|Mdh

−

e
20 

h 2
Mex
|



k2 ,k20 ,k10

2

hk1 , −|k20 , +ihk2 , +|k10 , −i
θ(k2 − F )θ(F − k20 )
|k1 − k20 | + qT F


δ(k1 + k2 − k10 − k20 ) −k̂10 + k̂20 + k̂1 − k̂2
−

θ(k2 − F )θ(F − k20 ),

(18)

where we restricted the sum to k10 < 0 and k20 > 0 and added the factor of 2 in front for the other half of the
sum. We again call the first term of the interaction matrix element ’direct’ and the second ’exchange’. Analogously
h
to above we call the corresponding contributions to the rate of change of the hole current djdh /dt and djex
/dt, and
h
0
djinter /dt. Here, the contributions from direct and exchange term are not equal because the states |k1 i, |k20 i are in
different bands. Switching the labels as for the electron current does not transform one term into the other.
For large excitation energies, i.e., for F /1  1, we find to lowest order that
dj e
dj h
djde
+ ex ≈ − d ,
dt
dt
dt
e
e
djinter
djinter
≈−
.
dt
dt

(19)
(20)

9
As shown in the next section this cancellation results in the fact that the rate of change of the total current to leading
order is simply given by
dj e
dj h
dj h
dj tot
=
+
≈ ex .
dt
dt
dt
dt

(21)

h
djex
/dt is governed by the interaction matrix element
h 2
|Mex
| =

hk1 , −|k20 , +ihk2 , +|k10 , −i
|k1 − k20 | + qT F

2

,

(22)

which describes processes where the photoexcited hole recombines with an electron from the upper band thereby
exciting an electron from the lower band above the Fermi energy. These scattering processes involve large energy
transfers of the order of the initial excitation energy 1 .
D) ASYMPTOTIC BEHAVIOR OF THE RATE OF CHANGE OF THE CURRENT FOR LARGE
EXCITATION ENERGIES

We now want to calculate the asymptotic behavior of the rates of change of the individual electron and hole
currents and of the total current. We will show the calculation for djde /dt in detail. The calculations of the remaining
contributions follow analogously.
After introducing the momentum transfer q = k1 − k10 = k20 − k2 , we use that the Coulomb interaction in the direct
term of Eq. (17) is proportional to ∼ 1/(q + qT F ) and the integral will be dominated by scattering events with small
momentum transfer q  k1 . We now fix the initial momentum of the excited electron-hole pair k1 = k1 x̂ such that
the initial current is given by j0 = −2evx̂. The difference of the velocities of states k1 and k10 can be approximated
by zero, i.e.,
k̂10 − k̂1 =

k1 − q cos φq
− 1 ≈ 0.
|k1 − q|

(23)

We can also approximate the spin overlap of states k1 and k10 by 1, i.e.,
|hk1 |k10 i|2 =

k1 − q cos φq + |k1 − q|
≈ 1.
2|k1 − q|

(24)

The initial current flows in the negative x-direction so the rate of change of the current will only have an x-component.
By the rotational symmetry of our problem there can be no change of the current along ŷ. The sum of the quadratic
direct and exchange contributions to the rate of change of the electron current given by Eq. (17) can then be written
as


 2 2 X
e
djde
djex
1 2π
k2 cos(φ2 + φq ) + q cos φq
e
1
+
= −ev 4
δ(k1 + k2 − |k1 − q| − |k2 + q|)
− cos(φ2 + φq )
dt
dt
2L ~ 20 
~v
|k2 + q|
k2 ,q


1
k2 + q cos φ2 + |k2 + q|
×
θ(kF − k2 )θ(|k2 + q| − kF ),
(25)
(q + αkF )2
2|k2 + q|
where α = e2 /(4π~vF ε0 ε) is defined by qTF = αkF . As above, we use the identity
Z
δ(k1 + k2 − |k1 − q| − |k2 + q|) = dpδ(k1 − |k1 − q| − p)δ(|k2 + q| − k2 − p)

(26)

and evaluate the φ2 and φq integrations with the two δ-functions as shown in Eqs. (15) and (16). In Eq. (25), however,
we not only have terms with cos φ2 and cos φq but also terms that contain sin φ2 sin φq . Depending on the values of
φ2 and φq , we can write
q
p
sin φ2 sin φq = ± 1 − cos2 φ2 1 − cos2 φq .
(27)
Since we have to integrate both φ2 and φq from 0 to 2π, integration of the terms proportional to sin φ2 sin φq
gives zero. Thus, in the integrand of Eq. (25) we can neglect the terms proportional to sin φ2 sin φq , leaving us with a
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function that only depends on cos φ2 and cos φq . Performing the φ2 and φq integrations using Eq. (16) and simplifying
the result, we are left with
!Z
2
Z kF
Z kF
Z k1 −kF
Z kF
2k2 +p
1 1
e2
dp
dk
+
dp
dk
dq
2
2
20 
~v (2π)4
0
kF −p
kF
0
p
p


(2k2 + p)2 − q 2 q 2 − p2 + 2k1 p
(2k2 + p)
1
× (k1 − p) p
.
2
2
2
k1 q
(q + αkF ) k2 (k2 + p)
(2k1 − p) − q


dj e
1 2π
djde
+ ex = −ev
dt
dt
2 ~

(28)

For the integral over small p  k1 we can approximate the integrand further. Introducing dimensionless parameters
p̄ = p/kF , q̄ = q/kF , and k¯2 = k2 /kF and shifting the integration variable k2 → k2 + p/2, we get
D F
−
4π 1

Z

1

dp̄

Z

1+p̄/2

dk¯2

1−p̄/2

0

Z

2k¯2

dq̄

p̄

q

(2k¯2 )2 − q̄ 2

 
p̄
2k¯2
D F
1
≈ −γ
.
2
2
2
p̄
q̄ (q̄ + α) k¯2 −
4π 1

(29)

4

with γ ≈ 1.17 from numerical integration and D = evF α2 1 /~ and α = 0.1 as in the main text.
For the remaining integral we also use the dimensionless parameters p̄, q̄, and k¯2 . If the integral converges, then
the integrand has to go to zero faster than 1/p, i.e., the weight is negligible for large p and we are still allowed to
approximate p  k1 . The integral becomes
−

D F
4π 1

Z

k1 /kF −1

dp

1

Z

1

dk¯2

0

Z

2k¯2 +p̄

dq

p̄

p

2p

q

2k¯2 + p̄ − q̄

 
p̄
1
(2k¯2 + p̄)
.
2
q̄ (q̄ + α) k¯2 (k¯2 + p̄)

(30)

We are interested in the limit k1 /kF → ∞. To avoid numerical integration up to infinity we use that for the region
p  k2 we can approximate p ≈ q and get
D F
I> = −
4π 1

Z

∞

dp̄

Λ

Z

1

dk¯2

0

Z

2k¯2 +p̄

dq̄

p̄

p

Z
q
1 1
D 8 2 F ∞
1
¯
2p̄ 2k2 + p̄ − q̄ 2 ¯ = −
dp̄ 3/2 ,
p̄ k2
4π 3 3 1 Λ
p̄

(31)

where Λ is a cutoff that ensures that the approximation p  k2 is valid. The remaining part of the integral we cannot
approximate further and we have to integrate
D F
I< = −
4π 1

Z

Λ

1

dp̄

Z

0

1

dk¯2

Z

p̄

2k¯2 +p̄

p q
dq̄ 2p̄ 2k¯2 + p̄ − q̄

 
p̄
1
(2k¯2 + p̄)
2
¯
q̄ (q̄ + α) k2 (k¯2 + p̄)

(32)

p
2/5D/(4π)(F /1 ) and I< ≈ −1.93D/(4π)(F /1 ) and for Λ = 100 we
numerically. For Λ = 10 we get I> = − 16
9
1
get I> = − 16
D/(4π)(
/
)
and
I
≈
−2.68D/(4π)(
F
1
<
F /1 ). Both cutoffs give us the same final result of
9 5
dj e
D F ˆ
F
djde
+ ex ≈ 4.2
j0 ≈ 0.3evF α2 jˆ0 .
dt
dt
4π 1
~

(33)

dj e

inter
An analogous calculation for the interference term shows that dt
∼ −D/(4π)(F /1 )3/2 , which is of higher order.
e
It can be easily shown that to lowest order in F /1 , (djde /dt) + (djex
/dt) and (djdh /dt) just differ by a sign. In
Fig. 6(b), labeling the initial states by k1 , k20 and the final states by k10 , k2 , i.e., switching k2 ↔ k20 , and making use
of the approximations (23) and (24), the direct term of the hole current can be written as

djdh
1 2π
≈ 2e 4
dt
4L ~



e2
20 

2

X

k2 ,k20 ,k10



δ(k1 + k20 − k10 − k2 ) k̂2 − k̂20

hk20 , +|k2 , +i
|k1 − k10 | + qT F

2

θ(k20 − F )θ(F − k2 ), (34)

where k20 = k2 −q. The transformation φ2 → φ2 +π, leads to k2 → −k2 and k2 −q → −(k2 +q). With |−k, ±i = |k, ∓i
and |hk, +|k0 , +i|2 = |hk, −|k0 , −i|2 , we find to lowest order that
 e

e
djdh
djd
djex
=−
+
.
(35)
dt
dt
dt
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Analogous calculations to the one above for djde /dt lead to
3/2
F
jˆ0
1
 3/2
h
djinter
D F
∼−
jˆ0
dt
4π 1
 2
e
dj h
D F
djinter
+ inter ∼ −
jˆ0
dt
dt
4π 1
 5/2
dj e
dj h
D F
djde
+ ex + d ∼ −
jˆ0
dt
dt
dt
4π 1
 3/2
h
D F
djex
≈−
jˆ0 .
dt
9 1
e
D
djinter
∼
dt
4π



(36)

Calculating the rate of change of the total current, we then get for the asymptotic behavior in the limit F  1 ,
 e

dj (tot)
dj e
dj e
dj h
djinter
dj h
dj h
= d + ex + d −
+ inter + ex
dt
dt
dt
dt
dt
dt
dt
"  #
2
h
dj
F
≈ ex + O
dt
1
"  #
 3/2
2
F
D F
jˆ0 + O
≈−
.
(37)
9 1
1
E) DEFINITION OF THE MEAN CHANGE OF THE CURRENT PER ELECTRON SCATTERING
EVENT

The mean change in current per scattering event is defined by
1 dj
h∆ji
=
.
j0
j0 Γ dt

(38)

While dj/dt is always well defined, Γ diverges for a perfectly linear dispersion because the phase space for collinear
scattering becomes infinite. We regularize this by introducing a physical and commonly used particle-hole asymmetry,
such that k = ξk 2 ± vF k. When calculating the now well defined Γ we have to take into account all allowed scattering
processes. Processes that are collinear and can be neglected in the calculation of the rate of change of the current
have to be included in Γ.

