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I. SINGLE EXCITATION BOUND STATE

For a two-level atom interacting with the electromagnetic field modes of a photonic

crystal, a bound state exists that is the superposition of an atomic excitation and a localized

excitation of the photonic modes [1–4]. The atom-photon bound state is the solution to the

Schrödinger equation, H|ψ〉 = �ω|ψ〉, where ω lies within the band gap, for the Hamiltonian

given in Eq. (2) of the main text. We assume the bound state has frequency near the lower

band edge with detuning δ = ω − ωb > 0. The upper band is assumed to be much further

detuned from the atomic resonance and have a negligible effect on the bound state (the

complementary solution near the upper band is found in the same manner).

Making the effective mass and associated approximations described in the main text,

the eigenenergy is found to be the positive real root of (δ − ∆)
√
δ = 2β3/2 for β =

(
πg2|uk0(0)|2k0/

√
4αωb

)2/3
and ∆ = ωa − ωb. The solution can be expressed explicitly

as

δ =
2

3
∆ + β

(
λ
1/3
+ + λ

1/3
−

)
where λ± =

(
1±

√
1− ∆3

27β3

)2

. (S1)

The corresponding eigenstate is expressible in the form |φ1〉 = cos θ|e〉 + sin θ|1〉 where

|1〉 =
∫
dkc∗kâ

†
k|0〉 is a single photon excitation of the modes in the band. Here cos θ =

(1+ (β/δ)3/2)−1/2, sin θ = (1+ (δ/β)3/2)−1/2 and ck = (δ/β)3/4guk0(0)/(ω−ωk). In the limit

∆ � β, the detuning δ → ∆ and the population of the excited state cos2 θ → 1.

The weights of the photonic modes give us an indication of the validity of the ap-

proximations used above to derive the form of the bound state. The distribution ck ∝

(δ + αωb(k − k0)
2/k2

0)
−1 is a Lorentzian in k centered at k0 with half width

√
δ/(αωb)k0.

Our approximations required that the populated modes have wavevectors close to k0, that

is, provided
√

δ/(αωb) � 1.

II. DIPOLE-DIPOLE INTERACTIONS

A. Two-level atoms

We first consider the case of many two-level atoms trapped near a photonic crystal. The

atomic resonance frequency is taken to be in the band gap near the lower band edge, such

that the detuning satisfies ∆ � β. In this case the photonic modes are weakly populated

2

and we may eliminate them to obtain a description of the system in terms of effective

dipole-dipole interactions [2, 5–7] as detailed below.

In the interaction picture, the interaction between the atom and photonic crystal modes

is

HI = �
∑
j

∫
dkgkσ

j
egâkuk(zj)e

iδkt+ikzj +H.c., (S2)

where δk = (ωa − ωk). In the presence of loss, we can describe the evolution of the system

by the master equation ρ̇ = Lint(t)ρ + Lγρ + Lκρ. Here Lint(t)ρ = − i
� [HI , ρ] describes

the coherent evolution, while the loss mechanisms resulting from spontaneous emission from

the atomic excited state (rate γ) and loss of photons in the photonic crystal (rate κ) are

described by

Lγρ = −γ

2

∑
j

(
{σj

ee, ρ} − 2σj
geρσ

j
eg

)
and Lκρ = −κ

2

∫
dk

(
{â†kâk, ρ} − 2âkρâ

†
k

)
. (S3)

We now proceed to eliminate the photonic modes using the Nakajima-Zwanzig approach in

the Born-Markov approximation [8]. This yields the master equation for the reduced density

operator, ρs = Trk(ρ) after tracing over the field modes,

ρ̇s = − i

�
[Hef

I , ρ] + Lγρs + Lef
κ ρs. (S4)

With the field modes eliminated, the interaction is described by the effective Hamiltonian

H̃ef
I =

∑
j,l

σj
egσ

l
ge

∫
dk

g2kδkEk(zj)E
∗
k(zl)

δ2k + (κ/2)2
. (S5)

We can then integrate over the field modes, applying the same approximations near the

band edge as used to derive the bound state, that is, the band is quadratic and only makes

significant contributions for k ∼ k0. To first order in the κ/∆, the interaction becomes

Hef
I =

g2c
2∆

∑
j,l

Ek0(zj)E
∗
k0
(zl) exp[−|zj − zl|/L]σj

egσ
l
ge. (S6)

where we have defined L =
√

αωb/(∆k2
0) and gc =

√
2π/Lg. If we had considered atoms

with resonance near the upper band instead, with α < 0, the above relation would still hold,

however ∆ would now be negative in the band gap and the interaction would hence have

opposite sign. This provides a method to tune the sign of the interactions by placing the
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atomic resonance close to either the lower or upper band edges. To lowest order, the loss of

coherence due to photon loss in the crystal is described by

Lef
κ ρ = − g2cκ

8∆2

∑
j,l

Ek0(zj)E
∗
k0
(zl)

(
{σj

egσ
l
ge, ρ} − 2σj

geρσ
l
eg

)
. (S7)

The leading order loss terms are hence a factor of κ/(4∆) smaller than the coherent inter-

action.

The interaction in Eq. (S6) is obtained by the integration in Eq. (S5) over a one dimen-

sional band structure. For two or three dimensional band structure Eq. (S5) is generalized

to become

Hef
I = �g2

∑
j,l

σj
egσ

l
ge

∫
dk

E∗
k(zl)Ek(zj)

ωa − ωk

. (S8)

For example, for a two-dimensional band edge of the form ωk = ωb(1 − α|k − k0|2/k2
0),

the interaction has spatial dependence f(zj, zl) = 2
π
K0(|zj − zl|/L)Ek0(zj)E

∗
k0
(zl), where

K0(z) is the Bessel function of the second kind. The interaction now decays approximately

exponentially with an additional 1/
√
|zj − zl| scaling due to the two-dimensional spread of

the photon cloud.

B. Weakly driven multi-level atoms

We can now examine the effective interactions between atoms with more complicated

internal level structures as depicted in Fig. 4a of the main text. We assume the transitions

not coupled to the photonic crystal are weakly excited by an orthogonally polarized laser

and we denote by Ω the Rabi driving of |s〉-|e〉 and by Ω′ the drive of |g〉-|e′〉, which is zero

in the three level case. For concreteness, we assume spontaneous emission occurs with equal

rate γ from both excited states |e′〉 and |e〉, and decay from each state occurs with equal

probability into either of the ground states. We take the driving frequency to be detuned

by δL � γ,Ω(′) from each atomic resonance, in which case the atoms are weakly driven and

the Raman scattered fields are predominantly centered around the two-photon resonance

frequency. When the laser frequency is in the photonic band gap we then expect the atoms

to form bound states with photons near the laser frequency.

In this regime we can obtain effective dynamics for the long-lived atomic ground states

|s〉 and |g〉. We follow a similar procedure as above. In particular, in a frame rotating

4

at the laser frequency, we first eliminate the photonic modes using the Nakajima-Zwanzig

technique, followed by the atomic excited states. Following this recipe we obtain effective

dynamics to first order in κ/∆ and γ/δL described by

Hef
I =

g2c
2∆L

|Ω|2

δ2L

∑
j,l

Ek0(zj)E
∗
k0
(zl) exp[−|zj − zl|/L]S†

jSl. (S9)

where Sj = ((Ω′/Ω)σj
sg + σj

gs) and we make the replacement ∆ → ∆L = ωL + ωs − ωb in

the expression for L. The replacement of ∆ by ∆L means L now changes with the laser

frequency, leading to the possibility of dynamic tuning of the interaction length.

The loss of coherence in the ground state manifold resulting from spontaneous emission

into free space is described by

Lef
γ ρ = −

∑
j

[
γ̃

2

(
{σj

ss, ρ} − σj
ssρσ

j
ss − σj

gsρσ
j
sg

)
+

γ̃′

2

(
{σj

gg, ρ} − σj
ggρσ

j
gg − σj

sgρσ
j
gs

)]
(S10)

where the effect of the Raman transitions is to narrow the linewidths of the transitions

according to γ̃(′) = |Ω(′)|2γ/δ2L. Losses in the photonic crystal induce another dissipation

mechanism for the atomic degrees of freedom, which is given by

Lef
κ ρ = − g2cκ

8∆L

|Ω|2

δ2L

∑
j,l

Ek0(zj)E
∗
k0
(zl)

(
{S†

jSl, ρ} − 2SjρS
†
l

)
. (S11)

The interaction and losses are all reduced by the same factor, |Ω|2/δ2L, and as a result all

processes happen on a slower time scale, while the cooperativity of the system remains

constant.

From Eq. (S9) we obtain the effective interactions given in the main text in Eqs. (5)-(6).

We obtain the Λ-system interaction, Eq. (5), when Ω′ = 0 such that Sj = σgs, and the four

level system interaction, Eq. (6), when Ω′ = Ω such that Sj = 2σx. For Ω′ = Ωeiφ, the

interaction in Eq. (S9) is rotated to be between spins Sj = 2 cos(φ/2)σj
x − 2 sin(φ/2)σj

y. We

can then adjust the spin-spin interaction temporally or spatially by adjusting φ.

III. NUMERICAL ANALYSIS OF APCW

We adapt the technique of Ref. [9] suited to quantizing the electromagnetic field in the

presence of dielectric media. Given a classical electric field mode Ek(r, ωk) of Maxwell’s

equations, the corresponding quantum electric field operator is given by Ê(r) = âkẼk(r, ωk)+

5
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h.c. Here Ẽk is a rescaled version of Ek satisfying the energy normalization condition �ωk/2 =
∫

dr ε0ε(r)|Ẽk(r, ωk)|2, where ε(r) is the dimensionless electric permittivity. Interactions

between an atom at r and the field are described by the electric dipole Hamiltonian, H =

d̂ · Êk(r) = �gk(r)âσeg + h.c., where the coupling strength �gk(r) ≡ deg · Ẽk(r, ωk) depends

on the normalized field and atomic dipole matrix element.

While the description thus far is completely general, we now specialize to the case of

interactions with a single band of a 1D photonic crystal, where k is now understood to be

the Bloch wavevector. By Bloch’s theorem, the guided mode satisfies Ek(r, ωk) = uk(r)e
ikz,

where uk is a function with periodicity given by the lattice constant a. Now, taking the

field profile of Eq. (3) in the main text for the localized photonic state around an atom

and performing the quantization prescription, we obtain |ḡc| = gcell
√
a/L, where �gcell is

the atom-field coupling strength of a mode at the band edge (k = k0) based upon the

normalization over a single unit cell, �ωk0/2 =
∫
cell

dr ε0ε(r)|Ẽk0(r, ωk0)|2. Taking the guided

mode profile obtained by numerical simulation of the APCW produces a value of gcell/2π =

12.2 GHz.

IV. DISORDER NEAR THE BAND EDGE IN A PHOTONIC CRYSTAL MODEL

Disorder in a photonic crystal may be introduced during fabrication, either deliberately or

inevitably due to the finite accuracy of the fabrication method. We model a one-dimensional

photonic crystal to investigate how this disorder affects the structure of photonic modes.

We take a simple model of a photonic crystal shown in Fig. S1a consisting of an alternating

dielectric stack, with high refractive index nh and low refractive index nl, where each layer of

the stack has the same phase length φb at the band edge. We then introduce weak disorder

by adding a random phase length shift εh(l)φb to each layer, which have mean 〈εh(l)〉 = 0,

variance 〈(εh(l))2〉 = ε2 and ε � 1.

This model of the photonic crystal, as discussed below, has the same band edge properties

as the weakly disordered Kronig-Penney model, which is given by [10–12]

[
− ∂2

∂x2
+ U

∑
n

(1 + βn)δ(x− an− aα̃n)

]
ψq = q2ψq. (S12)

The Kronig-Penney model describes the propagation of the wavefunction ψq with quasimo-

mentum q through a lattice of delta functions with spacing a and strength U . The disorder

6

b

ε 10−4 10−3 10−2
0

300

600

ε

ξ/a
nh nl

a

FIG. S1. Effect of disorder (a) Model of disorder in a photonic crystal consisting of alternating

layers of dielectric with high nh and low nl refractive indexes. For no disorder (top half), in

the band gap a field (red) decays exponentially. Introducing disorder (lower half), with standard

deviation ε, in the phase length of each layer of the crystal may lead to faster decay of the field

with a characteristic length ξ and fluctuations in the intensity. (b) Localization length ξ (in units

of the lattice constant a) as the strength of disorder ε varies for nh/nl = 2.

is introduced to the Kronig-Penney model through the random variables α̃n and βn, which

adjust the position and strength of the nth delta function respectively, and is assumed to

be weak, that is, the variables have variance 〈α̃2
n〉 � 1 and 〈β2

n〉 � 1. This disorder in

the potential leads to localization of waves in the system, which is characterized by the

localization length ξ. In Ref. [10] the stochastic dynamics of the waves in the presence of

this disorder are studied by solving the associated Fokker-Planck equation, from which the

localization length is found to be

ξ

a
=

2Γ(1/6)

61/3
√
π
σ−2/3 (S13)

where σ is related to the variances of αn = α̃n+1 − α̃n and βn and Γ is the Gamma function.

We now show that the model of the photonic crystal is related to the Kronig-Penney

model near the band edge and as a result we can model the localization length in photonic

crystals using Eq. (S13). While the two models appear physically different, their respective

effects on wave propagation will be the same if the reflection and transmission of waves by

each unit cell is the same. Indeed at the band edge, in the absence of randomness, the

models can be tuned to produce the same behavior, i.e., equal phase and magnitude of the

transmission coefficient t, by adjusting the free parameters. As we introduce randomness

we then match the models by equating the magnitude and phase of t to first order in the
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∫
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ikz,

where uk is a function with periodicity given by the lattice constant a. Now, taking the
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√

a/L, where �gcell is

the atom-field coupling strength of a mode at the band edge (k = k0) based upon the

normalization over a single unit cell, �ωk0/2 =
∫
cell

dr ε0ε(r)|Ẽk0(r, ωk0)|2. Taking the guided

mode profile obtained by numerical simulation of the APCW produces a value of gcell/2π =
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[
− ∂2

∂x2
+ U

∑
n

(1 + βn)δ(x− an− aα̃n)

]
ψq = q2ψq. (S12)

The Kronig-Penney model describes the propagation of the wavefunction ψq with quasimo-

mentum q through a lattice of delta functions with spacing a and strength U . The disorder
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with a characteristic length ξ and fluctuations in the intensity. (b) Localization length ξ (in units
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each unit cell is the same. Indeed at the band edge, in the absence of randomness, the

models can be tuned to produce the same behavior, i.e., equal phase and magnitude of the

transmission coefficient t, by adjusting the free parameters. As we introduce randomness
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random variables. This gives the following relation at the band edge

βn → φb(nh − nl)

2
√
nhnl

εh, (S14)

αn → φb

φKP

εl +
φbnhnl

φKP (n2
h − nhnl + n2

l )
εh. (S15)

Eqs. (S14) and (S15) indicate that a random phase shift in the low refractive index layer of

the photonic crystal is equivalent to a change in the delta function separation in the Kronig-

Penney model, while a random shift in the high index layer is equivalent to changing both the

delta function height and separation. By substituting this mapping into the definition of the

variance [10] σ2 ≡ b2(φ2
KP 〈α2

n〉 +sin2(φKP )〈β2
n〉) and utilizing sin2(φKP ) = 4nhnl/(nh+nl)

2,

which holds when the band edges are matched between the two models, we obtain

σ2 = 4φ2
b

(
2(r2 + 1)(r − 1)2

r(r + 1)2
+

r(r − 1)2

(r2 − r + 1)2

)
ε2 (S16)

where r = nh/nl is the ratio of refractive indices. The localization length for the photonic

crystal model at the band edge then follows from Eq. (S13).

In Fig. S1b we plot the localization length as a function of the disorder strength ε for

nh/nl = 2, which could be achieved with air and SiN layers for example [13]. Here, we

find localization lengths of greater than 100 unit cells, provided that the fractional standard

deviation of the layer thickness is of the order of 10−3. For more complex geometries,

simulations might be needed to quantitatively map the effects of various types of disorder

onto σ, but even absent such simulations, Eq. (S13) serves as a useful guide as to how much

disorder can be tolerated to reach a given interaction length. We note that fabrication of

photonic crystals with variations on the order of 10−3 have been reported [14].
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