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Spatial linear stability of a hypersonic shear layer
with nonequilibrium thermochemistry
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We examine the spatial linear stability of a shear layer in a hypervelocity flow where high
temperature effects such as chemical dissociation and vibrational excitation are present. A shock
triple point is used to generate a free shear layer in a model problem which also occurs in several
aerodynamic applications such as shock-boundary layer interaction. Calculations were performed
using a state-resolved, three-dimensional forced harmonic oscillator thermochemical model. An
extension of an existing molecular-molecular energy transfer rate model to higher collisional
energies is presented and verified. Nonequilibrium model results are compared with calculations
assuming equilibrium and frozen flows over a range of �frozen� convective Mach numbers from
0.341 to 1.707. A substantial difference in two- and three-dimensional perturbation growth rates is
observed among the three models. Thermochemical nonequilibrium has a destabilizing effect on
shear-layer perturbations for all convective Mach numbers considered. The analysis considers the
evolution of the molecular vibrational quantum distribution during the instability growth by
examining the perturbation eigenfunctions. Oxygen and nitrogen preserve a Boltzmann distribution
of vibrational energy, while nitric oxide shows a significant deviation from equilibrium. The
difference between translational and vibrational temperature eigenfunctions increases with the
convective Mach number. Dissociation and vibration transfer effects on the perturbation evolution
remain closely correlated at all convective Mach numbers. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2972937�

I. INTRODUCTION

Hypersonic flight can create high temperature conditions
in which molecular effects such as vibrational excitation and
chemical dissociation/recombination become significant.
Such real gas flows are relevant to natural objects entering
planetary atmospheres such as meteorites, as well as to pro-
pulsion applications. In propulsion systems, the designer
typically desires to promote fuel-oxidizer mixing in the com-
bustor but minimize aerothermal loading on the vehicle
body. In both cases, the predictive capability for transition in
high-enthalpy, hypersonic flows is critical.

We investigate how real gas effects impact the spatial
linear stability of a free shear layer in high-enthalpy flow by
performing calculations assuming equilibrium, nonequilib-
rium, and frozen flows. The model problem of a free shear
layer generated from a three shock �triple-point� intersection
is chosen with conditions selected to match experiments car-
ried out in a hypervelocity expansion tube facility.1 Two op-
posing wedges �12.5º and 17.5º wedge half-angles� are used
to create a Mach reflection and two shock triple points in a
Mach 7.1 free stream �Fig. 1�a��. Shock triple points appear
in numerous supersonic or hypersonic flows, for example,
starting flow over a blunt body, oblique shock impingement,
or shock-boundary interaction. In the experiment, a triple-

point-generated shear layer avoids the boundary layer com-
plications of a splitter plate and provides comparatively well-
characterized inflow conditions. More details on the inflow
conditions are given in Sec. IV. The shear layer separates two
gas streams: a relatively hot subsonic stream of fluid that has
passed through the Mach stem and a relatively cold super-
sonic stream of fluid that has passed through the incident and
reflected oblique shocks �Fig. 1�b��. The Mach reflection
configuration typically results in the shear layer having a
higher convective Mach number than that resulting from a
regular reflection. In this study, we consider shear layers with
convective Mach numbers between 0.341 and 1.707.

Real gas effects are known to play an important role in
hypersonic boundary layer stability2–5 and related Görtler
vortex instability.6,7 A hypersonic boundary layer flow in
thermochemical equilibrium was analyzed by Malik and
Anderson,3 using a five species air model. The mean flow
velocity and temperature profiles were found to shift due to
chemical reaction, with the boundary layer thickness and
wall temperature both decreasing with an increase in the spe-
cific heat ratio. With the inclusion of thermochemical equi-
librium, the growth rate of first mode instabilities decreases
and shifts to higher frequencies. The second mode instabili-
ties shift to lower frequencies in spite of the decrease in the
boundary layer thickness. Bertolotti5 reached a quite differ-
ent conclusion about the stabilizing effect of hypersonic ther-
mochemistry. Using a two species air mixture with rotational
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and vibrational nonequilibrium, Bertolotti concluded that
mean-profile characteristics strongly affect the results, and
that, for practical cases, large nonequilibrium effects in the
mean flow act as strong destabilizing agents. Stuckert and
Reed4 studied linear disturbances in a viscous shock layer in
a hypersonic, chemically reacting flow, assuming a five spe-
cies model for air in local thermal equilibrium. Nonequilib-
rium and equilibrium Navier–Stokes simulation calculations
also showed a shift to lower frequencies in the second Mack
mode compared to perfect gas calculations. Hudson et al.2

examined thermal and chemical nonequilibrium effects in
boundary layer flow by solving the Navier–Stokes equations
with a two-temperature, five species air model for Mach 10
flow over a flat plate with an adiabatic wall and a cold wall
condition and a Mach 15 flow over a cold wall plate.
Vibrational-dissociation coupling was observed to result in
the highest mean flow translational temperatures, with the
effects of nonequilibrium being more prominent near the
leading edge. Thermochemical nonequilibrium conditions
were found to be more destabilizing than chemical nonequi-
librium effects alone on oblique first mode disturbances,
while equilibrium conditions were the least destabilizing for
boundary layer stability. The growth rates of second mode
disturbances were also affected by the choice of the thermo-
chemical model.

These previous works have shown that thermochemical
equilibrium and nonequilibrium affect boundary layer stabil-
ity both through modifications to the mean flow and to the
frequency and amplitude of disturbance growth rates. The
impact of real gas effects on free shear layers has also been
noted in several experiments, although the stability of these
flows has not been examined in detail. For example, in an
experimental shock-boundary layer interaction study, Davis
and Sturtevant8 measured a significant change in the scaled
laminar separation length at high enthalpies. The authors at-
tributed the increase in separation length to recombination in
the free shear layer downstream of separation.

The linear stability of a compressible shear layer without
reaction has been extensively studied �see, for example, re-
view by Criminale et al.9�. The effect of chemical reaction
and heat release has also received significant attention pre-
dominantly for combustion applications, particularly in the
effect on the outer modes. At supersonic convective Mach

numbers, additional fast and slow “outer” unstable modes are
found,10–12 whose velocities are supersonic relative to the
slow and fast speed streams, respectively. Shin and
Ferziger13 performed an inviscid spatial stability analysis
with simplified one-step kinetics and found that the super-
sonic modes become less unstable with increasing the Mach
number and more unstable with increasing heat release. Jack-
son and Grosch14 reported on the appearance of additional
neutral modes and changes in growth rates and disturbance
wave propagation direction with the presence of exothermic
chemical reaction �flame sheet�. All of these studies have
concentrated on exothermic chemical energy release appro-
priate for combustion applications rather than the endo-
thermic conditions appropriate for hypervelocity flight.

In the present work, we build on these previous studies
and investigate the dissociation/recombination reaction and
vibrational excitation in compressible shear-layer stability.
The nominal inflow conditions are chosen to match an ex-
perimental configuration consisting of opposing 12.5º and
17.5º half-angle wedges in a Mach 7.1 free stream. We con-
sider a range of convective Mach numbers and three flow
models: frozen, equilibrium, and nonequilibrium. We pre-
serve the thermochemical complexity of the system by using
the semiclassical three-dimensional forced harmonic oscilla-
tor �FHO� collision model developed by Adamovich and
co-workers15–17 in our analysis. The time scales of the shear-
layer instability and the thermochemical time scales of the
individual energy transitions are found to be comparable
�Sec. IV C�. We therefore directly examine the coupling of
the thermochemistry with flow fluctuations by using the
state-resolved master equation, offering a realistic insight
into the development of instabilities in nonequilibrium flow
and facilitating direct comparison with experiments.

The paper is organized as follows: The thermochemical
model is described in Sec. II, including a new extension of
the model to high collision energies by a reformulation of the
steepest descent procedure. The numerical implementation is
validated in Sec. III. Results for a free shear-layer flow at
different convective Mach numbers are presented in Sec. IV,
beginning with an evaluation of the mean flow for equilib-
rium, nonequilibrium, and frozen flow models, followed by
two- and three-dimensional spatial linear stability analyses.
Throughout this paper, the term “real gas” effects will be

FIG. 1. �a� Schlieren image of a Mach reflection generated at two opposing wedges in a high-enthalpy, Mach 7.1 air free stream. Two triple-point shear layers
are evident. Image height is 25 mm. Conditions in this study are chosen to match experiments �Ref. 1�. �b� Schematic of free shear layer considered in this
study. The contact surface separates two streams: a relatively cold, supersonic stream �state 3� behind two oblique shock waves and a relatively hot, subsonic
stream �state 4� behind a Mach stem.
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used to denote high temperature molecular effects, such as
vibrational excitation and chemical dissociation, rather than
a gas in which intermolecular forces become significant.

II. MODEL

Energy transfer in adiabatic inelastic molecule collisions
is of key importance in understanding nonequilibrium pro-
cesses. Collisions can be categorized as reactive and nonre-
active. Nonreactive collisions �transitions� include the fol-
lowing three subtypes:

�1� vibration-translation �VT� transitions,
�2� vibration-vibration �VV� transition, and
�3� bound-free transition.

A. Nonreactive transitions

Energy transfer rates are approximated using the FHO
with free-rotating �FHO-FR� molecule trajectories model de-
scribed by Adamovich and Rich,15 Macharet and
Adamovich,16 and Adamovich.17 New analytical expressions
for the molecule-molecule rates are derived here in order to
extend those previously presented17 to high collisional ener-
gies at which the optimum configuration may become nonu-
nique and integration of transition probabilities becomes sub-
stantially more complex.

Rates for molecule-atom collisions are taken identical to
those reported in Ref. 15. The use of rates based on a three-
dimensional collision model can be justified by the compari-
son between a one-dimensional collinear collision model and
the quantum-classical path theory18 presented by da Silva
et al.19 One-dimensional collision analysis requires calibra-
tion through a steric factor in order to match single-quantum
vibration transfers, and thus does not perform well in pre-
dicting multiquantum transfers.

1. VT collision model

The FHO probability for the VT transition between the
vibration quantum states i and f is a function of the quantum
levels and the classical oscillator energy transfer parameter
Q:15

PFHO,i,f =
ns

s

s!2Qs exp�−
2ns

s + 1
Q −

ns
2

�s + 1�2�s + 2�
Q2� .

�1a�

s � �i − f �, ns � �max�i, f�
min�i, f� �1/s

. �1b�

Here Q depends on the total energy E and the seven collision
parameters: �1, �2, �1, �2, �1, �2, and y, representing rotation
angles �, obliquity angles �, rotational to total collision en-
ergy ratio �, and impact parameter y:

u = 	2E/m , �2a�

� = max�0,−
sin�2�1�cos �1

2
	�1 −

sin�2�2�cos �2

2
	�2

+ 	�1 − �1 − �2��1 − y�� , �2b�

Q =
��

4�
� cos �1 cos �1

sinh���/�u���2

. �2c�

The subscripts 1 and 2 indicate either of the two molecules.
Integration of the FHO probability over the seven collision
parameters yields the average transfer probability Pi,f�E�.
The integration is approximated through steepest descent.
Following Adamovich,17 we identify two energy ranges for
the steepest descent integration: low energy transitions,

which results in P̌i,f�E�, and high energy transitions, P̂i,f�E�.
The threshold energy value Eth is where the maximum value
of Q over the seven collision parameters �1, �2, �1, �2, �1,
�2, and y is equal to

Qth =
�s + 1��s + 2�

2ns

	3s + 2

s + 2
− 1, �3�

i.e., the value that maximizes PFHO,i,f. For a collision energy
greater than Eth the maximum FHO probability does not cor-
respond with the maximum of Q but with the locus Q=Qth,
which is not a unique point. The application of steepest de-
scent integration to the determination of the average transfer
probability for energy values close to Eth or above it is the
major limitation of the existing FHO formulas.17

An approximation for the average transfer probability is
formed from the low and high energy probabilities as

�1� = 2.5920, �2� = 3/4�, xth = sin�2�1��2,

�4a�
�1� = 0, �2� = 0, y� = 0,

�1� = xth/�xth + 5�, �2� =
1

xth + 5
, �4b�

�� =
− sin�2�1��	�1� + 	�2�

2
+ 	1 − �1� − �2�, �4c�

Eth = �−
	2m��

���

log
 Qth�

cos��1��2��
��2

, �4d�

� =
1 + tanh�5�E/Eth − 1��

2
, Pi,f P̌i,f

1−�P̂i,f
� . �4e�

Also by substituting the result of Eq. �3� into the FHO tran-
sition probability �Eq. �1a��, we determine the threshold
probability as

Pth =
�nsQth�s

�s!�2 e−2�nsQth/�s+1��−�nS
2Qth

2 /�s + 1�2�s+2��. �5�
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2. Low energy VT transitions

Steepest descent integration is performed by expanding
the logarithm of the FHO probability in a Taylor series for-
mula at its global maximum and then neglecting terms with
derivative of order higher than 2 and terms involving mixed
derivatives. Below the threshold value E	Eth, all the deriva-
tives �Q /�pi with respect to the ith collision parameter are
zero at the global maximum of PFHO,i,f, so that

�2 log�PFHO,i,f�
�pi

2 =
�PFHO,i,f/�Q

PFHO,i,f

�2Q

�pi
2 . �6�

This approach allows us to carry out the integration once the
derivatives �Q /�pi are determined provided that
�Pfho,i,f /�Q�0, which occurs at E�Eth. At this energy value
the steepest descent approach fails and the approximation for
Pi,f�E� becomes singular. Neglecting the hyperbolic singular
term, Th
1 / �E−Eth�, that becomes singular at Eth, as in Ref.

17, yields accurate transitional probabilities for low energy
transfer collisions but underpredicts large energy transfer
probabilities and thus yields inaccurate bound-free transfer
rates. In the present work, we avoid such behavior by replac-
ing Th with an exponential term, as in a Padé formula. A
comparison between the approximated formula and numeri-
cal integration of the FHO-FR probability shows that the
addition of the regularized term decreases the accuracy of the
approximation for low quantum transfers. In order to pre-
serve the correct behavior for low quantum transfers, s�1,
we multiply the regularized term Th by a factor

� = exp�− 2.1/s1.58� ,

where the numbers 2.1 and 1.58 are obtained by minimizing
the error over all the set of possible molecular collisions for
O2, NO, and N2. Thus the below-threshold energy probabil-
ity is

G = 32��
6�1 − �1��	 �1�

�4 + �1���5 − 5�1��
, �7a�

F = 
��2�

3/2 − 	�2��1� + �2�����1�
2

��
5�2�

2

�

2��

�4�2�
3/2 − 4	�2��1� + 5�2��� + �2����tan��1���2��1�

��
3�2�

3/2

�2

�2�2 �1 + 1�tan��1���2�
� , �7b�

H = 1/4�1 + erf�1/8	�4�2� + �1���1�s

�2�
3/2 �s���−1���1 + erf�1/8�2�

	5	 s

�2�
3/2 �s���−1�� , �7c�

C =�
4

HGns
s�4

�5�s!�2�s��4m2

− 2
ns

s + 1
�1 − 4�/s�

−
ns

2

�s + 1�2�s + 2�
�1 − 4�/�s + 2��

� , �7d�

P̌i,f = C�1�E2Qs exp�C�2�Q + C�3�Q2�
	C�4� + C�5�u + C�6�u2

, �7e�

where m is the collision reduced mass and �= �Ei−Ef� /s� is
the average oscillator frequency. The parameter � is intro-
duced in the expression of the intermolecular repulsive po-
tential as in Refs. 17 and 20,

U = 4A exp��R�cosh��r/2 cos��1�cos��1��

cosh��r/2 cos��2�cos��2�� . �8�

The parameters A and � are calibrated by comparing U from

Eq. �8� with the results of ab initio calculations of Wormer
and van der Avoird21 and Berns and van der Avoird.22 Given
the nature of the steepest descent formulation, the calibration
is performed by varying the intermolecular distance R at an
intramolecular distance r=re and at collision angles and im-
pact parameters equal to those that maximize the energy
transfer probability. For E	Eth, such values correspond with
the values that maximize Q and are given in Eqs. �4a� and
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�4b�, marked with an underscore star. For all the molecule-
molecule interactions we find that a value �=3.58 Å−1 pro-
duces a good fit. The values for the pre-exponential param-
eter A are listed in Table I for the nine molecule-molecule
combinations.

3. High energy VT transitions

For high energy collisions E�Eth, PFHO,i,f is maximum
over a hypersurface. A simple result of steepest descent in-
tegration is that at large energy E /Eth�1,

P̂i,f =
Pth

Qth
	2�
2

ns
2

�s + 1�2�s + 2�
+

s

Qth
2 �−1

F�E/Eth,Qth�/��� , �9�

where F is a yet to be specified function. The integrated
probability varies slightly above Eth; thus, to avoid cumber-
some computations, we derive the function F as a curve fit to
the exact solution. The fitting is performed by minimizing
the square of the deviation from numerical integration over
the range of all the possible O2, N2, and NO quantum
transfers,

Â = − 2.78 +
��1�

1 + ��2��E/Eth�2.6 , �10a�

B̂ = 0.0665 +
1

1 + 1.8972�E/Eth�2.6 , �10b�

F = exp�Â + B̂�log�Qth�/��� + 8�� . �10c�

Here the curve fitted vector parameter � is expressed as a
function of s in order to extend the formula down to
E�Eth:

� = �− 0.9213 − 6.6896s

0.7603 + 0.7737s
� . �11�

4. VV transitions

Sections II A 1–II A 3 were dedicated to VT transition
rates where we have modified expressions for the integrated
�averaged� transition probability in three-dimensional �non-
collinear� collisions. As mentioned above, the rationale was
to match large quantum transition and thus dissociation-
vibration coupling. For the VV rates we use the one-
dimensional collinear collision FHO model of Adamovich
et al.23 The VV rates are smaller than the VT rates and con-
tribute to the vibrational relaxation mostly via quasireso-
nance processes. For quasiresonance processes, the one-

dimensional collision model calibrated with a steric factor
predicts experimental rates with a similar accuracy as the
three-dimensional FHO-FR model.

5. Reaction rates

Rate constants are evaluated by averaging transition
probabilities over a Maxwellian distribution of kinetic en-
ergy, as described in Ref. 24. The integrals are evaluated
using steepest descent integration. Similarly to Adamovich
and Rich,15 we determine the maximum location of the sym-
metrized integrand function by iteratively finding a root for
its first derivative. This procedure requires the solution of a
nonlinear equation by the Newton method per each rate
evaluation.

B. Reactive collisions

Reactive collision governs energy transfers for the Zel-
dovich reactions,

N2�v� + O → NO�v�� + N, �12a�

O2�v� + N → NO�v�� + O. �12b�

State-resolved reaction rates are taken from the work of Bose
and Candler.25,26 For the first reaction the nascent diatomic
molecule NO is assumed to be in a Boltzmann distribution at
the transition temperature. In contrast, according to Ref. 26
the vibrational levels of NO molecules created through the
second Zeldovich path are not Boltzmann distributed. For
vibrational levels lower than the threshold value vm� , the vi-
brational distribution is flat, while for higher vibrational lev-
els, the distribution approaches a log-linear variation against
the temperature. Based on these observations, the vibrational
distribution of NO created through the second Zeldovich
path is assumed constant for v�	vm� and log linear �Boltz-
mann� with temperature Tv� for v��vm� . Here vm� is taken to
be the highest populated NO vibrational state and is related
to the reacting oxygen vibrational level through

eNO�vm� � = eO2
�v� + De,NO − De,O2

. �13�

Tv� is the terminal slope, a curve fitted to the values reported
in Table 3 of Ref. 26, De is the dissociation energy, and e is
the vibrational energy for a anharmonic oscillator.

C. Model results and validation

In this section we compare model results with experi-
mental rate constants and theoretical quantum-classical com-
putations of Billing et al.20,27,28 The first set of comparisons
is reported in Figs. 2 and 3 for nitrogen and oxygen, respec-
tively. The experimental data are based on vibrational relax-
ation times of Millikan and White29 and Ormonde30 for the
transfer between vibrational levels 1 and 0. A third plot �Fig.
4�, compares VT rates in

O2�v� + N2 → O2�v − 1;v − 2� + N2

collisions at 1000 K for single O2�v−1� and double quantum
O2�v−2� energy transfers. Finally, Fig. 5 shows a compari-
son between dissociation rates in N2–N2, O2–O2, and

TABLE I. Potential pre-exponential parameter A in Eq. �8� for molecule-
molecule collisions expressed in eV. The matrix is symmetric.

O2 N2 NO

O2 325 610 445

N2 ¯ 1256 925

NO ¯ ¯ 645
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O2–Ar systems, the latter being included to validate the ac-
curacy of atom-molecule collision transfers. The dissociation
rates are evaluated using the quasisteady approximation de-
scribed by Park.31 The comparison between experimental
and computed rates is satisfactory in the thermal range of
interest to this research, 3500–10 000 K. Below 2000 K, the
computed rates tend to underpredict experiments mostly due
to failure of the steepest descent method to accurately ap-
proximate rate integrals when higher ��1� order derivatives
are not large at the integrand maximum location.

A comparison between the vibrational transfer probabil-
ity for the quasiresonant transfer

N2�1� + NO�0� → N2�0� + NO�1� �14�

and experimental data of Taylor et al.34 is shown in Fig. 6.
The comparison suggests a satisfactory agreement between
model and experiments for VV transitions.
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FIG. 3. Comparison of VT rates for O2 with experimental data of Millikan
and White �Ref. 29� ��� and Ormonde �Ref. 30� ���, and semiclassical
computation of Billing and Kolesnick �Ref. 27� ��. The top curve and
symbols refer to the transfer 2→1 and the lower to the transfer 1→0.
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FIG. 2. Comparison of VT rates for N2 with experimental data of Millikan
and White �Ref. 29� ��� and semiclassical computation of Billing �Ref. 20�
��. The top curve and symbol refer to the transfer between vibrational
levels 20 and 19 and the bottom to the 1→0 transfer.
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the single-quantum transfer and the lower to the double quantum transfer.
The temperature is 1000 K.
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�14� with the data of Ref. 34 �open symbols�.
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III. MASTER EQUATION

The master equation approach follows closely that de-
tailed by Park.35 A two term Dunham expansion of the vibra-
tional levels distribution yields 37, 48, and 40 vibrational
energy levels for the three diatomic molecules, O2, N2, and
NO, respectively �note that since the first vibrational level is
usually denoted as 0, the Dunham expansion implies that
vmax= �36,47,39� for the three aforementioned molecules�.
The air mixture also includes monatomic oxygen, nitrogen,
and argon, which brings the total number of species, Ns, in
the mixture to 128. We validate the numerical implementa-
tion by comparing equivalent vibration temperatures versus
the nozzle flow Raman scattering measurements of Sharma
and Gillespie36 �Fig. 7�.

The equivalent vibrational temperature Tve for a di-
atomic molecule in vibrational nonequilibrium is defined as
the translational temperature that would support at equilib-
rium a vibrational energy equal to the actual �nonequilib-
rium� value. Initial conditions for this simulation are im-
posed at the nozzle throat. Isentropic flow, conservation of
energy between reservoir and throat, plus sonic flow at the
throat, Me=1, determine the initial state; here Me is the
Mach number based on the equilibrium speed of sound. The
simulation slightly underpredicts the experiments and further
simulations �not shown� have demonstrated that this outcome
is due to the overprediction of the nitrogen 1→0 transfer
rate �see Fig. 2�. Park35 obtained slightly better results, but
he also calibrated transfer rates to match experiments. We
choose not to do this for three reasons: �i� we believe that our
results fall within experimental uncertainty, �ii� the throat
vibrational temperature is underpredicted by an amount simi-
lar to that at 6 cm, and �iii� experiments only allow low
quantum transfer calibration �thus the extension of the cali-
bration to higher quantum transitions is arbitrary�.

IV. SHEAR-LAYER STABILITY ANALYSIS

Spatial linear stability analysis of a free shear layer in
hypersonic flow is carried out using the state-resolved, three-
dimensional FHO thermochemical model described above. A
triple-point-generated free shear is chosen as a model prob-

lem which also occurs in numerous supersonic flows. Appro-
priate inflow conditions are selected to match a realistic ex-
perimental configuration �Sec. IV A�. The shear layer
separates a relatively hot, subsonic stream of fluid that has
passed through the Mach stem and a relatively cold super-
sonic stream of fluid that has passed through the incident and
reflected oblique shocks.

The stability analysis considers local perturbations to an
equilibrium solution, the mean profile. Mean profiles are ob-
tained by solving the two-dimensional Navier–Stokes equa-
tions in boundary layer form where pressure gradients and
second order derivatives in the streamwise direction are
neglected.37 Transport properties are obtained using a
CHEMKIN based multicomponent transport package.38,39 Bi-
nary diffusion coefficients of diatomic molecules are as-
sumed to be independent of the vibrational level. Equations
are solved after being transformed into the shear-layer non-
dimensional variables � ,� using fourth order central stencils
in the � direction:

� �
x

	xref�2�/��U���

, �15a�

� �	
 U

2��
�

�

�0
y�dt
	x

, �15b�

where the underscored � indicates reference values taken as
the �postshock� supersonic side of the shear layer and xref is
a reference distance. The parabolic form of the equation is
solved with a spatial marching scheme starting from the ex-
perimental initial conditions. Although a self-similar solution
is not sought, the coordinate transformation detailed in Eqs.
�15a� and �15b� facilitates the mean flow spatial integration.
The rationale is that � profiles are weakly dependent on �;
thus numerical resolution close to the center of the shear
layer is maintained as the marching direction � is increased
in the parabolic integration. The computational grid includes
500 points in the � direction and the spatial marching inte-
grator relative tolerance has been set to 110−7. A total of
131 unknowns is solved for at each grid point; they include
128 species in addition to two components of velocity and
enthalpy.

A. Initial conditions

Inflow conditions on either side of the shear layer are
chosen to match an experimental configuration. A sample
schlieren image showing two triple-point shear layers is
shown in Fig. 1�a�. Two opposing wedges of 12.5º and 17.5º
half-angles are used to generate a Mach reflection in a high-
enthalpy, Mach 7.1 air free stream. More details about the
experimental facility can be found in Ref. 1. We focus on the
triple point closest to the 12.5º half-angle wedge. The experi-
mental free stream conditions have been investigated both
experimentally1 and numerically.40 Shock angles are mea-
sured from experimental schlieren images, and the flow on
either side of the contact surface is calculated from the ob-
lique shock relations assuming frozen flow to obtain rela-
tively well-characterized shear-layer inflow conditions �pre-
sented in Table II�. The convective Mach number based on
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FIG. 7. Comparison of equivalent vibrational temperature normalized by the
reservoir temperature T0 with the Raman spectroscopy data of Sharma and
Gillespie �Ref. 36�.
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the frozen speed of sound is calculated to be 0.683 for the
experiment; this is taken as the nominal case in the stability
analysis. Several schlieren images have been taken, and they
show that shock angles are repeatable to within the accuracy
of the measurement.

The vibrational relaxation time for the postshock condi-
tions is defined according to Park31 as the ratio between the
deviation of the vibrational energy from its equilibrium value
and the time derivative of the same energy:

tr =
�s�vNv,sev,s − �s�vNv,s

� ev,s

�s�mNm�vNv�v��ev�,s − ev,s�K�v,v�;s,m�
, �16�

where the index s refers to the three diatomic molecules and
the index m identifies the collidee molecule, say, Mm, for the
vibration transition,

Ms�v� + Mm → Ms�v�� + Mm. �17�

The transfer rate coefficient associated with such transition is
K�v ,v� ;s ,m�. Furthermore, N indicates the molar densities
and e the energy of a vibrational level �first subscript� and
species �second subscript�. Finally N� is the equilibrium mo-
lar density. The vibrational relaxation times for the postshock
conditions are reported in Table III.

The majority of the results presented here refer to a dis-
tance of 3 cm from the inlet plane. The result of varying such
a distance will be discussed later in this paper. The thermal
distribution is shown in Fig. 8 at three convective Mach
numbers, the formal definition of which will be given in Sec.
IV B. In Fig. 8 the equivalent dissociation temperature Tde is
the equilibrium translation temperature that yields a degree
of dissociation equal to the nonequilibrium case. Further-
more the first vibrational temperature Tv1 is defined as

e1 − e0

k log�N0/N1�
,

where N are mole numbers in the subscripted vibrational
levels, �0,1�, and k is the Boltzmann constant.

The computational results show that at nominal and
halved inlet speeds the dissociation is primarily responsible
for departure from equilibrium. At an inlet speed equal to 2.5

times the nominal value, Tve is significantly different from
the translational temperature. For oxygen and nitrogen the
first and equivalent vibrational temperatures are very similar
and thus not plotted. The closeness of the two vibrational
temperatures is an indication that both species have vibra-
tional energy levels approximately log-linearly distributed.
For the NO, the difference between Tve and Tv1 highlights
the absence of log linearity, which is caused primarily by the
vibration energy distribution of nascent NO in the second
Zeldovich reaction �Eq. �12b��.

B. Convective Mach number and flow model

The role of the convective Mach number in controlling
the instability is well documented, e.g., by Criminale et al. in
Ref. 9. The convective Mach number Mc is here defined
based on the frozen speed of sound, Af, at the inlet plane,

Mc =
U3 − U4

Af ,3 + Af ,4
, �18�

where the subscripts denote the two sides of the shear layer
originating at the triple point. The convective Mach number
corresponding to the experimental setup is Mc�=0.683; this
convective Mach number will be the nominal case for this
study. A parametric study is performed with Mc in
�Mc� /2,2.5Mc�� by multiplying the velocity on either side of

TABLE II. Inflow conditions. Note that the next-to-last column shows the Mach number based on the frozen speed of sound, while the last column shows the
relaxation time defined in Eq. �16�.

Variable T P � V XO2
XN2

XNO Mach tr

Units K kPa kg /m3 m/s - - - - �s

Fast stream 4443 60.2 0.0473 2892 0.211 0.789 7.4810−7 2.16 1.58

Slow stream 8329 60.2 0.0249 725 0.211 0.789 7.4810−7 0.396 0.245

TABLE III. Boundary layer equivalent temperatures in Kelvin. The vibra-
tional and dissociation temperatures are identical in both streams. The vi-
brational temperature has the same value for the three diatomic molecules
and corresponds with the equilibrium temperature before the shock.

Variable Tve Tde,O2
Tde,N2

Tde,NO

Both streams 740.00 779.22 760.28 770.71
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FIG. 8. Shear-layer temperature distribution at x=3 cm downstream of the
triple point for three convective Mach numbers, Mc=0.341, 0.683 �the
nominal case�, and 1.707. The solid line represents the translational tem-
perature, the dashed �thin� line is the equivalent vibrational temperature, and
the dash-dotted line is the equivalent dissociation temperature. In the third
row the first vibrational temperature is plotted with a thick line.
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the shear layer by a factor while keeping the enthalpy and
pressure constant.

For a flow in chemical/vibrational nonequilibrium the
convective Mach number alone is not sufficient to character-
ize the shear-layer flow. The balance between temperature-
dependent vibrational relaxation and perturbation convection
affects the growth of the instability. Thus, two isentropic
flow models are considered in addition to the nonequilibrium
one: equilibrium flow, the limit for infinitesimally fast relax-
ation, and frozen flow, the limit for vanishing relaxation
source terms. Equilibrium conditions are obtained by assum-
ing that species and vibrational states are distributed accord-
ing to the partition function Qi�T� �see, for example, Ref.
31�. The equilibrium composition at two enthalpy values and
atmospheric pressure is compared with experimental data in
Table IV at two enthalpy values. The agreement is satisfac-
tory at both.

The frozen flow model corresponds to the usual perfect
gas approximation, with properties identical to the postshock
conditions. Different flow model solutions with the same in-
flow enthalpy, velocity, and pressure are obtained. Figure 9
details the effect of the flow model on the shear-layer ther-
mal profiles. Equilibrium solutions are characterized by
much lower temperatures than those of frozen solutions
given that pressure and enthalpy are set equal at the inflow.

All three models reveal an overshoot in temperature at the
shear line due to viscous heating; this feature becomes more
pronounced as the inflow velocity increases.

In a frozen flow, the convective Mach number controls
the relative strength of advective terms, such as velocity-
velocity correlations, with respect to pressure-velocity corre-
lations in the perturbation equations. In a nonequilibrium
flow, the relative importance of energy transfer source terms
varies with a change in the convective time scale, thus with a
change in inflow velocity. Time scales associated with the
source terms are termed thermochemical time scales and are
discussed in Sec. IV C.

C. Thermochemical time scales

An important aspect of a flow in thermochemical non-
equilibrium is the influence of thermochemical processes on
the fluctuation characteristic times. Our approach and use of
the master equation are motivated by the coupling of ther-
mochemical and shear-layer instability time scales. Time
scales of unsteady motion in free shear layers are intrinsic �or
characteristic� to the system of partial differential equation
that controls the fluid dynamics in the sense that they are
related to the solution of an instability eigenproblem. An
important quantity in identifying the range of characteristic
fluctuation time scales is the convective time. Based on local
postshock conditions, the convective time is

ts =	2
xref�

�u3 � 2  10−8 s.

For the mean-profile conditions analyzed in this research, the
fluctuation circular frequency of the most amplified distur-
bances varies in the range �1106 ,1107� s−1; this range
of characteristic time scales will be compared to the time
scales of the state-resolved energy transfers.

The Jacobian matrix, composed of derivative of the en-
ergy transfer vector with respect to vibrational levels and
species, provides insights into the thermochemical process
time scales. The spectra of eigenvalues of the Jacobian are
related to the thermochemical time scales as

�i = 1/��i
r� ,

where �i
r is the real part of the ith eigenvalue.42 Figure 10

represents the variation in the eigenvalues with respect to the
shear-layer coordinate � for the nominal inflow condition
profile at 3 cm from the triple point. The difference between

TABLE IV. Equilibrium composition �mole fractions� and temperature of air at 1 atm and two enthalpy values.
JANAF data are taken from Perini �Ref. 41�.

Model, 10 MJ/kg JANAF, 10 MJ/kg Model, 20 MJ/kg JANAF, 20 MJ/kg

T 4990 4991 6566 6541

O2 2.019710−3 2.21310−3 7.468210−5 9.00510−5

N2 6.286410−1 6.29810−1 3.757710−1 3.78510−1

NO 1.889810−2 1.88110−2 4.762710−3 4.78410−3

O 3.249810−1 3.23510−1 2.862810−1 2.854810−1

N 2.546010−2 2.56110−2 3.331110−1 3.30710−1
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FIG. 9. Temperature profiles at x=3 cm with three different flow models.
Mean profiles at nine convective Mach numbers from 0.341 to 1.707 are
described, as indicated in the title of each panel: �–� frozen, �– –� nonequi-
librium, and �−·� equilibrium.
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the two panels of Fig. 10 is that in panel �b� the contributions
of bound-free transitions and reactive collisions are ignored.
A comparison of the two panels indicates that the time scales
associated with the slower dissociation and Zeldovich pro-
cesses are significantly more sensitive to changes in tempera-
tures than those associated with vibrational transfers. At the
highest temperatures the two sets of scales �vibrational and
dissociation/reactive collision� become very close, implicat-
ing scale coupling. The eigenvalues vary in three ranges: �i�
time scales significantly slower than characteristic fluctua-
tion scales, �ii� those significantly faster, and �iii� those in the
same range. To determine the number of time scales likely to
affect the instability growth rate, we restrict our attention to
those associated with the set of eigenvalues such that

�6 	 log10���i
r�� 	 7� .

This range spans the variation in the most amplified three-
dimensional instabilities frequencies, discussed above. The
size of this set is plotted against the shear-layer coordinate in
Fig. 11, where the whole source term is considered. Figures
10 and 11 demonstrate that there is a large, almost continu-

ous spectrum of thermochemical scales in the system, and
their number in the same range as the characteristic shear-
layer times increases with a decrease in temperature. The
large number of very fast time scales, log10���i

r���8, sug-
gests that high energy vibrational levels are in equilibrium at
all times at the shear-layer conditions in this study, and that
the vibrational states of the molecules belong to attractive
manifolds with dimension lower than the actual composition
space �128 in this case�. Bertolotti,5 for example, identified
two principal relaxation time scales from the spectral analy-
sis of the transfer rate term for an air mixture in which car-
bon dioxide acts as catalyst. Only the excitation rate of the
first vibrational level was considered, while the other levels
were assumed to be in Boltzmann equilibrium. These as-
sumptions led Bertolotti5 to treat the vibrational relaxation of
each diatomic molecule as a Landau and Teller process.43 As
dissociation is neglected, Bertolotti’s model considers a con-
stant composition mixture and two vibrational relaxation
source terms,

RB,1 = −
EO2

− EO2

�

�O2

, �19a�

RB,2 = −
EN2

− EN2

�

�E2

, �19b�

for O2 and N2, respectively. Here E denotes the total vibra-
tional energy per unit mole of the diatomic molecules and E�

its equilibrium value. We should point out that Bertolotti’s
model is considered here without CO2 or H2O. The spectra
of the Jacobian, ��RB /�E�H,P, are plotted in Fig. 12 for the
same conditions documented in Fig. 10.

A comparison between Figs. 10 and 12 reveals the im-
possibility of identifying two dominant time scales from the
thermochemical analysis of high temperature air. For the
cases discussed in this research, the large temperature differ-
ences in the shear layer imply that the number of thermo-
chemical scales interacting with the characteristics scales
varies along the profile, which makes the process of reduc-
tion in the composition space nontrivial. This reason, in ad-

FIG. 10. Real parts of eigenvalues of the transfer term Jacobian against the
shear-layer distance at 3 cm from the triple point and for nominal inflow
conditions: �a� Including the whole source term. �b� Including only vibra-
tional transfers. Units: s−1.
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FIG. 11. Size of the set �6	 log10���i
r��	7� against the shear-layer distance,

where �i
r are the real parts of the eigenvalues of the transfer term Jacobian.
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FIG. 12. Real parts of eigenvalues of the vibrational relaxation rate Jacobian
for Bertolotti’s model �Ref. 5� �Eqs. �19a� and �19b�� for the same condi-
tions as in Fig. 10. Units: s−1.
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dition to the correlation between dissociation and vibration
processes through the bound-free transition mechanism,
leads us to perform shear-layer instability calculations in
which the detailed vibrational state of the diatomic mol-
ecules is resolved.

D. Linear stability

1. Linearized perturbation equations

The wavelike perturbation expansion over a parallel flow
approximation of the mean flow,

�u,v,w,p,h,�,Y j,� j� = �ū,0,0,1, h̄, �̄,Ȳ j,�̄ j�

+ �f ,��,g,�,�,r,zj,wj�

exp�i��x + �z − �t�� , �20�

leads to an eigenvalue problem for the complex number �,
the negative imaginary part of which, −�i, is the spatial
growth rate. Here the bar indicates a nondimensional mean
flow quantity; � and � are real numbers. The complex phase

velocity is c=� /�. Ȳ j and zj represent in order the mean
value and the perturbation of the jth species/vibrational level

mass fraction. �̄ j and wj are the depletion rates of the jth
species/vibrational level.

Noting that the prime denotes differentiation with re-
spect to the shear-layer variable �, the equations for the per-
turbations are written as

i
�ū − c�

�̄
r + if + ��̄��� = 0, �21a�

�̄�i�ū − c�f + ū��̄�� +
i�

��M2 = 0, �21b�

i�2�ū − c�� +
��

��M2 = 0, �21c�

�̄�i�ū − c�� + h̄��̄�� − i
�� − 1

��

�ū − c�� = 0, �21d�

i��ū − c�zj + Ȳ j��̄�� = wj, j = 1, . . . ,Ns, �21e�

where �� and M are in order the specific heat ratio and the
Mach number evaluated at the reference conditions. The
equation of state correlating density, pressure, enthalpy, and
species perturbations is

r = �̄� + �̄2 ��

�� − 1�
k=1

Ns 
 R

cp
h̄k − RkT̄�zk −

�̄

cpT̄
� . �22�

Similarly, a linearization of the energy transfer terms yields

�w1,w2, . . . ,wNs−1,wNs
�T = �p� + �h�

+ �y�z1,z2, . . . ,zNs−1,zNs
�T,

�23�

where �p= ���̄1 /�p ,��̄2 /�p , . . . ,��̄Ns−1 /�p ,��̄Ns
/�p�T and

�h= ���̄1 /�h ,��̄2 /�h , . . . ,��̄Ns−1 /�h ,��̄Ns
/�h�T are vectors

of size Ns, while �y of components ��̄i /�Ȳ j is the Jacobian
matrix of size NsNs.

The pressure perturbation dynamics are controlled by a
second order homogeneous equation,

�� + B�� + C� = 0, �24�

where B and C depend on the flow model and the prime
represents differentiation with respect to the shear-layer vari-
able �. For a frozen flow the coefficients B and C are evalu-
ated as detailed by Jackson and Grosch.44 For an equilibrium
flow, the B coefficient does not change, while C becomes

C = �2 − �2�1 − �Ū − c�2M2���
 � �̄

�p
�

h

+
�� − 1

�̄

 � �̄

�h
�

p
�� .

�25�

For nonequilibrium flow a perturbation equation analogous
to Eq. �24� is obtained. The scalar parameters B amd C are
determined as detailed by Massa et al.37 The accuracy of the
algorithm is improved by substituting rows of the species
vector equation �Eq. �21e�� with algebraic equations for the
conserved scalars, i.e., element �N, O, and Ar� conservation.
By doing so the source term Jacobian matrix can be inverted.
The derivation of the stability equations has been checked by
verifying that the frozen perturbation equation is obtained in
the limit of vanishingly small transfer rates, while the equi-
librium equation is obtained for infinitely large rates.

2. Spatial growth rate eigenvalue

The eigenvalue problem is solved for the nine Mc cases
shown in Fig. 9. The two-dimensional eigenvalues, �=0, are
presented in Fig. 13 as a function of the frequency. Peak
growth rates are largest for the equilibrium flow model only
for the first two cases, with lowest Mc. For Mc�0.683, the
highest peak growth rate occurs for frozen flow. The increase
in growth rate obtained with the equilibrium flow model at
low convective Mach numbers is linked to the effect of
changing the mean profile on the eigenvalue. This point will
be discussed in more detail later in this paper. The change

0 0.5 1
0

0.05

0.1

0.341

0 1 2
0

0.05

0.512

0 1 2
0

0.05

*0.683*

0 2
0

0.02

0.04

α,
[m

m
−

1 ]

0.853

0 2 4
0

0.01

0.02

1.024

0 5
0

0.01

1.195

0 5
0

0.005

0.01

1.364

0 5
0

0.005

0.01

ω, [µ s−1]

1.535

0 5
0

5

x 10
−31.707

FIG. 13. Two-dimensional perturbation spatial growth rates as a function of
the frequency: �–� frozen, �– –� nonequilibrium, and �−·� equilibrium. The
thick lines represent the second eigenmode appearing at Mc�1.
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between a single subsonic eigenmode and a double super-
sonic eigenmode spectrum occurs for the frozen case at Mc

�1, in agreement with Jackson and Grosch’s12 analysis. The
supersonic eigenmodes appear at Mc	1 for the equilibrium
case �first panel second row�. This behavior is justified by the
fact that Mc is evaluated on the basis of the frozen postshock
conditions, thus not accurately representing the equilibrium
model. Jackson and Grosch12 identified the threshold condi-
tion for the existence of supersonic unstable waves as the
Mach number for which the coefficient C of Eq. �24� van-
ishes at the same time in both free streams. It is easy to
verify from Eq. �25� that for an equilibrium flow such con-
dition translates in the requirement Mc,e�1, where Mc,e is
the convective Mach number now based on the equilibrium
speed of sound,

Ae = �
 ��

�p
�

h

+
���/�h�p

�
�−1/2

, �26a�

Mc,e =
U3 − U4

Ae,3 + Ae,4
. �26b�

For all cases discussed in Fig. 13 the ratio between the equi-
librium and the frozen convective Mach numbers is constant
and equal to 1.345. Therefore, in the first panel in the second
row of Fig. 13, Mc,e=1.147, a value grater than 1.

An analysis of the real part of the phase speed cr pre-
sented in Fig. 14 reveals that for all three flow models the
most unstable of the two supersonic eigenvalues corresponds
to a fast mode.9 The ordinate of Fig. 14 shows c�= �cr

−Vmin� / �Vmax−Vmin� against � /�N for two values of the con-
vective Mach number. Here Vmin and Vmax are in order the
minimum and maximum postshock streamwise velocities,
and �N is the neutral frequency, which takes a different value
for each mode.

Three-dimensional perturbation growth rates are re-
ported in Fig. 15, where for each frequency � the maximum
growth rate over �� �0,�� is shown. Unlike in the two-
dimensional case, the equilibrium shear layer is always more
unstable than the frozen case. The maximum growth rate of
the nonequilibrium case falls between the two isentropic
cases. The same conclusion is valid for the frequency range
of unstable modes only at low convective Mach numbers.
For large convective Mach numbers, the nonequilibrium case
has a range narrower than those of both the equilibrium and

frozen cases. The maximum growth rates decrease with an
increase in convective Mach number, as expected. This con-
sideration, along with the condition Mce�Mc and the fact
that the equilibrium growth rate exceeds the frozen one im-
plies that is not possible to collapse the �i versus Mach num-
ber relation onto a single curve by simply replacing the
Mach number with the appropriate convective counterpart.
Jackson and Grosch44 demonstrated that such a scaling is
possible for ideal gases of different compositions. Our analy-
sis leads to the conclusion that the effect of nonequilibrium
cannot be reduced to a scaling between pressure correlation
and velocity correlation terms: a more in depth study of the
effect of the flow model on the growth rate will be shown
later on by analyzing the contributions to the perturbation
kinetic energy growth.

The effect of the time scales associated with the Jacobian
matrix on the shear-layer instability can be separated from
the effect of changing the mean profile by performing com-
putations with the three flow models in which the profile is
kept fixed and equal to the nonequilibrium case. The mean
profile is assigned by setting the values of temperature and
pressure. Doing so implies that enthalpy, density, and species
mass fractions vary among the three models. The analysis
that follows focuses on the instability growth rate of two-
dimensional perturbation waves, so that � is set to zero. The
thin lines in Fig. 16 showcase results for three values of the
convective Mach number as marked above each plot. For the
highest convective Mach number case, it is of interest to note
that the nonequilibrium flow �thin dashed line� supports per-
turbations with a lower amplification rate than those of both
the equilibrium and frozen flows. To clarify, the thick lines in
the last panel represent results obtained with the nonequilib-
rium model where the source terms are multiplied by 1
10−8 �solid line� and by 1108 �dash-dot line�. The
growth rates are clearly different from the frozen and equi-
librium cases shown with thin lines of the corresponding
type. The results are justified by the use of a fixed �nonequi-
librium� mean profile. The nonequilibrium model exactly re-

0 0.5 1
0

0.2

0.4

0.6

c *

ω/ω
N

1.024

0 0.5 1
0

0.2

0.4

0.6

c *

ω/ω
N

1.195

FIG. 14. Nondimensional phase speed against the nondimensional fre-
quency for two values of the convective Mach number: �–� frozen, �– –�
nonequilibrium, and �−·� equilibrium. Thin lines represent the fast mode
while the thick lines represent the slow mode.
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produces frozen and equilibrium growth rates in the limit of
vanishing and infinite source terms only if the species and
vibrational level distributions also correspond to the frozen
and equilibrium conditions. Indeed we have verified that if
the computations with vanishing/infinite source terms are
performed with the mass fractions set to the frozen/
equilibrium values at the given temperature and pressure, the
thick lines would coincide with the thin lines in the last panel
of Fig. 16. Therefore, Fig. 16 demonstrates that modifica-
tions in the perturbation equation due to the presence of the
transfer source terms are important for convective Mach
numbers greater than the nominal Mc=0.683 case, while the
frozen perturbation equation gives satisfactory accuracy at
nominal and lower than nominal postshock velocities.

A similar analysis �fixed profile and two-dimensional
perturbation instability� is carried out to compare spatial
growth rates obtained with the nonequilibrium model and the
previously described Bertolotti5 model. The presence of dis-
sociated oxygen and nitrogen and of nitric oxide is handled
in Bertolotti’s model in two ways. The first submodel, here
referenced as �I�, assumes such species in a frozen state. The
first submodel is therefore a properly reduced model without
a master equation. In the second submodel, here referenced
as �II�, Eqs. �19a� and �19b� and the assumption of Boltz-
mann distribution for the O2 and N2 vibrational states define
the state specific vibrational �VT� rate terms for nitrogen and
oxygen only. The nitric oxide vibrational relaxation, the dis-
sociation, the Zeldovich transitions, and the VV transitions
are modeled in the same way as in the master equation �de-
tailed� approach. The second model is therefore a state-
resolved model that includes a Boltzmann vibrational distri-
bution for O2 and N2 to evaluate the VT transfer terms only
and was devised to minimize its differences �other than in the
VT transfer modeling� from the detailed model. In submodel
�II� the two pure diatomic molecules �O2 and N2� are con-
sidered independently, so that all the summations listed in
this section extend to all the vibrational states of each mol-
ecule. Denoting the derivative of the normalized partition
function �Qi�T�� for state �i�,

f i �
d�Qi/�kQk�

dT
, �27�

the VT molar transfer terms for state �i� of either molecule
�j=1 for O2 and j=2 for N2� is

RVT,i =
RB,j f i�kNk

�k�ekfk� − E j�k�fk�
. �28�

Note that the terms f i are evaluated at the equivalent vibra-
tional temperature Tve, while all the rate terms �RB,j� are
evaluated at the transition temperature; also E j

=�k�ekNk� /�k�Nk�. It has been verified that both simplified
models reproduce frozen and equilibrium eigenvalues in the
limit of vanishing and infinite relaxation source terms.

The eigenvalues shown in Fig. 17 at three convective
Mach numbers are computed with a mean profile extracted
from the steady nonequilibrium solution. The comparison be-
tween frozen, nonequilibrium �detailed�, and Bertolotti’s
�simplified� models shows that at the two lowest convective
Mach numbers presented both simplified models are accurate
in predicting the stabilizing role of the vibrational relaxation.
At the lowest convective Mach number reported the detailed
model and the simplified �II� model provide indistinguish-
able results on the scale of the plot. At the largest convective
Mach number the simplified �I� model predicts a spatial
growth rate larger than that of the frozen model, while the
�detailed� nonequilibrium and the simplified �II� model point
to the opposite direction. The destabilizing effect predicted
by the simplified �I� model is in agreement with what was
shown by Bertolotti5 for boundary layer spatial instability.
Given that Bertolotti’s model does not consider NO chemis-
try and because of the significant deviation of nitric oxide
from equilibrium conditions at the largest convective Mach
number �see Fig. 8�, it is of interest to show the effect of
changing the mean flow profile on the eigenvalue. The two
sets of lines in Fig. 18 show the growth rate eigenvalue ob-
tained with the frozen steady solution �thin lines� and the
equilibrium steady solution �thick lines� at the largest con-
vective Mach number, 1.707. The first set �thin lines� in-
cludes frozen, simplified �I�, and nonequilibrium perturba-
tion eigenvalues, while the second set �thick lines� includes
equilibrium, simplified �I�, and nonequilibrium perturbation
eigenvalues. Note that the thin solid line �frozen flow model�
is different from the line of the same kind in the last panel of
Fig. 17 because the latter was obtained using the nonequilib-
rium mean profile. Figure 18 shows that the simplified �I�
model is effective in predicting a strong stabilizing effect of
vibrational relaxation for a frozen mean profile. It also shows
that for equilibrium mean profile the simplified model pre-
dicts a stronger destabilizing effect than detailed nonequilib-
rium. In both the equilibrium mean-profile cases the simpli-
fied �I� model predicts the correct trend. Therefore, we
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accredit the discrepancy between the simplified �I� and non-
equilibrium models of Fig. 17 to the substantial deviation
from both equilibrium and frozen state in the mean profile
�see Fig. 8�. The good agreement between the simplified �II�
and detailed models in Fig. 17 also points to the necessity of
a more sophisticated thermochemistry to simulate large con-
vective Mach number shear flows. The concept that the ni-
trogen and oxygen molecules maintain a Boltzmann vibra-
tional distribution during the perturbation growth will be
analyzed in greater detail in Sec. IV E.

Vorticity contours obtained by superimposing the paral-
lel flow perturbation �at 3 cm� to the mean flow are plotted in
Fig. 19 for the most unstable three-dimensional perturbation
eigenmode and the nominal value of the convective Mach
number. The three panels of Fig. 19 display the frozen �top�,
the nonequilibrium �middle�, and the equilibrium �bottom�
cases. Fifteen equally spaced contours between the minimum
and maximum vorticities are shown in each panel. This fig-
ure demonstrates that, in this condition, the peak nonequilib-
rium mode behaves very similarly to the frozen analog.

We now turn to considering variations in the perturba-
tion growth rate along the streamwise distance and nonpar-
allel effects. To properly handle nonparallel terms, parabolic
stability equations,45 should be employed. The use of such
equations goes beyond the scope of this research. Therefore
we will focus only on the streamwise vibrational relaxation
and show that the parallel flow approximation is sufficient to
the scope of this work in two steps. First we show that,
assuming negligible mean flow streamwise derivatives, the
eigenvalue varies weakly with streamwise distance; second
we show that incorporating mean flow streamwise deriva-
tives in the parallel flow expansion problem �Eq. �20�� does
not alter the growth rate.

The least stable growth rate is plotted versus the convec-
tive Mach number in Fig. 20 at two distances from the inflow
plane. The difference in growth rates at the two distances is
essentially due to the growth in shear-layer thickness. For all
three models, growth rates at 6 cm are similar to those at 3
cm scaled down by a factor �	2 /2, in good agreement with
the expected 
	x self-similar scaling of the mean profiles.
Thus streamwise vibrational relaxation has a negligible ef-
fect on the spatial instability. Note, again, that plotting the
equilibrium growth rate versus Mce would further distance
the equilibrium curve from the other two.

The relative importance of nonparallel flow effects due
to relaxation is further investigated by determining the result
of including terms containing streamwise derivatives � · /��
on the parallel flow eigenvalue problem. The three-
dimensional perturbation growth rate eigenvalues for nomi-
nal inflow conditions at 3 cm with and without streamwise
derivative terms are indistinguishable when plotted with the
axes of Fig. 15. The relative percentage error is plotted ver-
sus the frequency in Fig. 21. Thus we conclude that the
mean-profile relaxation toward equilibrium in the streamwise
range of 3–6 cm does not significantly affect the shear-layer
growth.

The obliquity angle at the point of maximum amplifica-
tion is shown in Fig. 22 for the case Mc=0.683. The discon-
tinuity in the curves drawn in the second and third rows of
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the plots is a symptom of the existence of multiple maxima
in the −�i versus � curve at a fixed �, as demonstrated in
Fig. 23.

3. Perturbation kinetic energy

Further insights into the perturbation growth can be
gained by analyzing the spatial growth of the perturbation
kinetic energy integrated over the shear-layer thickness,

K�y� �
1

2
�

−y

y

�̄U�
�̃ · U�� dy , �29�

and its relation with the total flux,

Kf �
1

2
�

−�

�

�̄ŪU�
�̃ · U�� dy , �30�

where the tilde denotes the complex conjugate. For a parallel
flow approximation and using nondimensional variables, the
substantive derivative of the kinetic energy is composed of
three terms,

K1��� �
DK

Dt
= Re��−�

�

�− f̃���̄2Ū�

T1

−
�

��M2 �i� f̃ + i�g̃ − �̄�̃�̃��

T2

−
�̄��̃�̃���

��M2

T3

�d�

�̄ � , �31�

where the prime indicates the derivative with respect to the
shear-layer variable �. It is easily verified that K1 scaled by
the total flux Kf and integrated over the thickness is equal to
the growth rate,

K1���
Kf

= − �i, �32�

so that the total flux scaling allows us to determine the con-
tribution of the terms T1, T2, and T3 to the eigenvalue growth
rate. Term T3 is obviously a boundary term and its value
integrated over the thickness is zero, so it has no contribution
to the shear-layer growth. The first row of plots in Fig. 24

shows the kinetic energy �̄U�
�̃ ·U�� scaled by its over-the-

thickness integrated value, K���. The remaining two rows of
Fig. 24 show the integrated values �−�

� T2 and �−�
� T3 scaled by

the total flux in a dimensional form �units are mm−1� and
plotted against �.

Figure 24 reveals that the velocity-velocity correlations,
i.e., Reynolds stress terms, are primarily responsible for the
perturbation growth. The value of T1 integrated in
�� �−10,10� is very close to the value of −�i as demon-
strated by a comparison between the second row of plots in
Fig. 24 and the results of Fig. 20. Pressure-velocity correla-
tions are of less importance. It can be concluded that the
greater perturbation spatial growth in equilibrium model is
due to a stronger velocity-velocity correlation in the shear
layer.

E. Eigenfunctions

The eigenfunctions presented in this section are normal-
ized according to the condition ��0�=1. Pressure, normal
velocity, and enthalpy eigenfunctions are shown for the most
amplified three-dimensional mode in Fig. 25 �modulus� and
Fig. 26 �phase�. The difference between the three flow model
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solutions is marked, with the nonequilibrium solution falling
between the frozen and equilibrium cases. In general, for all
cases analyzed in this research, nonequilibrium eigenfunc-
tions are closer to the equilibrium than to the frozen coun-
terparts. Nonequilibrium eigenfunctions move closer to the
frozen analogs when the flow speed is increased: an expected
result given the decreased magnitude of reactive terms when
nondimensionalized by the convective time scale.

The translational and vibrational temperature eigenfunc-
tions are reported for three nonequilibrium cases in Fig. 27.
For oxygen and nitrogen, the equivalent Tve and first Tv1

vibrational temperatures are quite similar, which indicates
that the vibrational energy levels maintain a log-normal dis-
tribution in the perturbation growth. Nitric oxide has a very
different behavior, and the separation between the first and
equivalent vibrational energies increases with the convective
Mach number. While the difference between Tv1 and Tve de-
tails the energy level distribution in the perturbation, the dif-
ference between the translational temperature and the
equivalent vibrational temperature eigenfunctions provides

insight into the departure from equilibrium during linear
growth. A comparison of vibrational and translational tem-
peratures shows that nonequilibrium effects are more pro-
nounced at large convective Mach numbers, that nitrogen is
more susceptible to nonequilibrium growth than oxygen, and
that nitric oxide shows the most pronounced nonequilibrium
effects. The peculiar nitric oxide eigenfunction behavior
when compared to the other two diatomic gases shown in
Fig. 27 is linked to the effect of the second Zeldovich equa-
tion on the vibrational energy spectrum.

The vibrational nonequilibrium distribution in the pertur-
bation is analyzed by computing the term
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� =
T

Tve
− 1 �33�

and plotting its perturbation on the plane z=0. Figure 28
shows 40 equally distanced perturbation contours of the
three diatomic gases eigensolutions for the case Mc=Mc�.
The oxygen and nitrogen show a similar pattern of alternat-
ing peaks at both sides of the shear line, while the nitric
oxide has a large region of nonequilibrium in the cold side of
the shear layer.

The eigenfunctions of the equivalent dissociation tem-
perature perturbation are presented in Fig. 29, which shows
that dissociation nonequilibrium is more marked than vibra-
tional nonequilibrium within the linear growth. As the inflow
speed increases, the maximum modulus of the perturbations
shifts toward the cold/supersonic side of the shear layer.

Both nitrogen and nitric oxide are more susceptible to per-
turbation growth than oxygen. The relation between the dis-
sociation and the translational temperature is very different
for the three gases. For oxygen, the perturbation of the equi-
librium dissociation temperature is smaller than that of the
translational temperature, while for the two other diatomic
species the opposite is true. Similarly to the vibrational en-
ergy case, nonequilibrium dissociation effects become more
pronounced with an increase in the convective Mach number.
Figures 27 and 29 show a strong correlation between the
location and magnitude of peaks �of the eigenfunction
moduli� of Tde,N2

and Tve,NO. This fact confirms the intimate
relation between vibration and dissociation transfers. N2 dis-
sociation controls the formation of N which leads to the for-
mation of NO through the second Zeldovich relation; the
newly formed �nascent� NO is not log-linearly distributed
because of the distribution detailed in Eq. �13�, which leads
to nonequilibrium in the nitric oxide vibrational levels.

In conclusion, the analysis of the eigenfunctions reveals
that linear growth occurs almost in vibrational equilibrium
for oxygen and nitrogen at low convective Mach numbers.
On the other hand, dissociation nonequilibrium effects are
marked at all convective Mach numbers analyzed. Both the
nonequilibrium phenomena become more pronounced when
the inlet velocity is increased. Dissociation and vibration
transfers cannot be decoupled because of the strong effect of
the second Zeldovich reaction on the nitric oxide energy
levels.

V. CONCLUSIONS

We carry out a spatial linear stability analysis of a free
shear layer in a hypersonic flow. The goal of this work was
for the first time to compare equilibrium, nonequilibrium,
and frozen flow models and quantify the impact of high tem-
perature effects on shear-layer stability. The FHO model of
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Adamovich15–17 is used, with a new extension to higher col-
lisional energies overcoming the complexity of the steepest
descent integration of transition probability.

The nominal shear layer in this study is based on an
experiment in which the shear layer is created at shock triple
point. The convective Mach number was varied about the
nominal value of 0.683 from 0.341 to 1.707. Mean flow tem-
perature profiles show higher temperatures in the frozen
case, as expected. All three models show increased viscous
heating at the centerline at higher convective Mach numbers.
For oxygen and nitrogen, the first and equivalent vibrational
temperature profiles are very similar. For nitric oxide, how-
ever, the two temperature profiles are substantially different,
indicating departure from log-linear vibrational energy distri-
bution.

Two-dimensional and three-dimensional perturbation
growth rates are reported for different convective Mach num-
bers. The appearance of second mode instability at convec-
tive Mach number of 1 is observed in the two-dimensional
eigenvalues. For two-dimensional perturbation growth rates,
the importance of thermochemistry depends on the convec-
tive Mach number range. At lower Mc, the equilibrium flow
model has a higher maximum growth rate while at higher
Mc, the frozen model is dominant. For the three-dimensional
perturbation growth rates, the equilibrium case is always
more unstable. An analysis of the spatial growth of perturba-
tion kinetic energy shows that velocity-velocity correlations,
rather than pressure-pressure correlations, are primarily re-
sponsible for perturbation growth.

Normal velocity and enthalpy eigenfunctions for the
most amplified three-dimensional mode show significant dif-
ference among the three flow models. The relative impor-
tance of nonequilibrium eigenfunctions is dependent on the
inflow velocity or, in other words, the magnitude of the con-
vective time scale relative to the chemical time scale. The
equivalent and first vibrational temperature eigenfunctions
are similar for oxygen and nitrogen but very different for
nitric oxide, which may be attributed to the departure from
log-linear vibrational energy distribution. Vibrational non-
equilibrium can be quantified by examining the differences
between translational and vibrational temperature eigenfunc-
tions with increased difference indicating increased vibra-
tional nonequilibrium. Vibrational nonequilibrium effects are
greatest at higher convective Mach numbers, with nitric ox-
ide exhibiting the most pronounced temperature differences.
A comparison of dissociation and translational temperatures
shows significantly different chemical nonequilibrium be-
haviors for the different gases, with oxygen exhibiting a
smaller perturbation in equilibrium dissociation temperature
than translational temperature, while the opposite occurs for
nitrogen and nitric oxide. A strong correlation is observed
between eigenfunction peaks of equivalent dissociation tem-
peratures in nitrogen and equivalent vibrational temperature
in nitric oxide, showing a strong dissociation and vibration
transfer coupling through the second Zeldovich reaction.
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