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In this paper, we study small-scale fluctuations (baryon pressure sound waves) in the baryon fluid during
recombination. Inparticular,we lookat their evolution in thepresenceof relativevelocities betweenbaryonsand
photons on large scales (k ∼ 10−1 Mpc−1), which are naturally present during the era of decoupling. Previous
work concluded that the fluctuations growdue to an instability of soundwaves in a recombiningplasma, but that
the growth factor is small for typical cosmological models. These analyses model recombination in an
inhomogenous universe as a perturbation to the parameters of the homogenous solution. We show that for
relevant wave numbers k≳ 103 Mpc−1 the dynamics are significantly altered by the transport of both ionizing
continuum (hν > 13.6 eV) and Lyman-α photons between crests and troughs of the density perturbations.
We solve the radiative transfer of photons in both these frequency ranges and incorporate the results in a
perturbed three-level atom model. We conclude that the instability persists at intermediate scales. We use the
results to estimate a distribution of growth rates in107 random realizations of large-scale relativevelocities. Our
results indicate that there is no appreciable growth; out of these 107 realizations, themaximumgrowth factorwe
find is less than ≈1.2 at wave numbers of k ≈ 103 Mpc−1. The instability’s low growth factors are due to the
relatively short duration of the recombination epoch during which the electrons and photons are coupled.
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I. INTRODUCTION

The early universe is largely composed of atomic matter,
or baryons, radiation and cold dark matter. The main
resources available to study this era are the cosmic micro-
wave background (CMB) and large-scale structure (LSS).
Primary anisotropies of the CMB are a result of the imprint
of primordial fluctuations on radiation at early times [1,2],
while secondary anisotropies probe the matter distribution
at late times [3]. LSS surveys are a complementary probe of
the clustering of matter at late times [4].
The distribution and dynamics of baryons during early

epochs of the Universe is poorly constrained by this data.
The angular distribution of power in the CMB constrains
them on large scales, through their coupling with the
radiation and its effect on the baryon acoustic oscillations.
The CMB is well described by a spectrum of adiabatic
fluctuations at these scales—these are motions of both the
baryon and radiation fluids. Tight bounds exist on the
primordial fluctuations of solely the baryon fluid at these
scales—the so-called isocurvature modes [1].
This paper deals with the complementary limit of

fluctuations in the baryon field on very small scales. In
the CMB, this information is lost due to diffusion damping
of the anisotropies. The spectral distortion associated with
diffusion damping has been suggested as a probe of modes
on these small scales [5]. The proposed PRISM mission
aims to study CMB spectral distortions [6].

In the rest of this paper, we use the term “matter” to refer
to baryons, for reasons of readability; we are not concerned
with the dynamics of cold dark matter. We concentrate on
small-scale fluctuations of the matter field, and their evo-
lution through the epoch of recombination. In particular, we
undertake a detailed study of an instability which can
amplify sub-Jeans length fluctuations at recombination
suggested by Shaviv [7]. The mechanism of interest is
potentially applicable to wave numbers in the range 102 ≲
k≲ 3 × 105 Mpc−1 comoving. This is at much smaller
scales than the standing acoustic waves responsible for
peaks in the CMB power spectrum and baryon acoustic
oscillations in the matter power spectrum (e.g. [8,9]), which
are damped below the Silk scale [10] kSilk ∼ 0.1 Mpc−1. We
expect the prerecombination amplitudes of modes at k ≫
kSilk to be extremely small, but if an instability is present then
a “seed” amplitude could be generated by nonlinear gen-
eration of small-scale isocurvature modes [11], or even
thermal fluctuations if the growth rate is fast enough.
Shaviv’s instability acts on sound waves propagating in a

partially ionized gas, in the presence of a background flux
of radiation. The scenario is illustrated in Fig. 1. The key
observation is that the fraction of ionized atoms is different
in overdense and underdense regions; the ionization frac-
tion, xe, is lower in overdense regions where recombination
proceeds faster due to the increased flux of free electrons
seen by the ionized atoms.
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Sound waves are propagating longitudinal waves in the
matter fluid—if we orient ourselves along the wave vector,
k, the local velocity at a compression is in the forward
direction, while the opposite is true for rarefactions. Thus,
the earlier observation leads to a negative correlation
between the ionization fraction and the local velocity in
the region of propagation.
In the presence of a background flux of radiation in the

matter’s bulk-rest frame, the radiative force acting on a
mass element is related to the radiation flux, or alternatively
its velocity vγ, by the opacity, which is proportional in turn
to the ionization fraction, xe. Over a time period of the
sound wave, the resulting force per unit mass a performs an
amount of work Δw given by

Δw ¼
I

a · dr ∼
uγσ

mHc
vγ ·

I
xedr; ð1Þ

where in the second equation, the multiplicative factor
involving the energy density of the radiation (uγ), its
interaction cross section with matter (σ), the particle mass
(the hydrogen mass mH) and the speed of light c relates the
force per unit mass to the ionization fraction. The net work
done over a time period is nonzero due to the difference in
ionization fractions during the forward and backward
motion. From consideration of Fig. 1, the work integral
of Eq. (1) is positive if the flux, vγ , is directed opposite to
the wave vector, k.
The first estimate of the growth rates due to this

mechanism, due to Shaviv [7], used the assumption of
local thermal equilibrium (LTE) to derive the variations in
the ionization fraction. Recombination in the real universe
proceeds out of LTE, and most of the hydrogen first
recombines to excited states before reaching the ground

state [12–19]. Subsequent work [20,21] used the three-level
approximation to model non-LTE recombination, and
incorporated the diffusion of microwave background pho-
tons, following which the expected growth rates were
revised downward.
The standard treatment of recombination assumes that

the ionization state is set by the local radiation field. This is
valid in the homogenous case, since the transport of
photons out of the region of interest is perfectly balanced
by the influx from other regions. This is no longer true in
the inhomogenous case, and these two components (the
influx and outflux) do not balance each other. In particular,
direct recombinations to the ground state, which did not
affect the homogenous ionization fraction, xe, are important
in determining its fluctuation, δxe.
In this paper, we incorporate the transport of both

continuum and Lyman-α (Lyα) photons. We find simple
analytical expressions for this “nonlocal” contribution
to the evolution of the ionization fraction, and provide
revised estimates for the growth rates of the small-scale
sound waves.
The paper is organized as follows: In Sec. II, we expand

upon the simple estimate given above for the work done on
the fluctuations, and estimate the associated growth rates.
In Sec. III, we list the relevant background variables, and
the various factors which determine their size during the
epochs of interest.
In the subsequent sections, we write down equations of

motion for the small-scale fluctuations. We start with the
standard Newtonian equations for the density and velocity
in Sec. IV. We estimate growth rates using a simple scaling
relation for the ionization fraction fluctuation in Sec. V. We
then move beyond this simple treatment, and study in detail
the radiative transport of photons between different parts of
the fluctuations—Secs. VI and VII deal with the transport
of continuum and Lyman-α photons respectively.
Finally, we bring all the pieces together and estimate the

growth rates of the small-scale fluctuations in Sec. VIII,
and find their distribution due to a stochastic background of
large-scale relative velocities in Sec. IX. We finish with a
short discussion of our results and their implications in
Sec. X. We collect some details which lie outside the main
line of analysis, but provide some physical intuition, into
the appendices.

II. MOTIVATION AND SIMPLE ESTIMATE

This section closely follows the analysis of [7].
We use the two fluid approximation, where matter

and radiation fluids are coupled by Thomson scattering
of photons off free electrons. The characteristic response
time, τeγ, is inversely related to the matter’s opacity per unit
mass, κ. For a given relative velocity between the two
fluids, ve − vγ ¼ veγ, the force per unit mass is expressed in
terms of the response time as

FIG. 1. Illustration of the instability of sound waves during
recombination: The symbol ⊙ represents a neutral atom, while
large and small dots represent positive ions and free electrons,
respectively. The sound wave propagates to the right. Regions of
compression and rarefaction, marked with (a) and (b), have lower
and higher free electron fractions respectively. Solid arrows show
the local velocity at various points along the wave in the bulk-rest
frame of the matter. If the background flux of radiation, vγ , is
directed to the left, the work done on the wave by the radiative
force at (b) is larger than that extracted from it at (a).
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a ¼ dhveγi
dt

¼ κ

c
Fγ ¼ −

hveγi
τeγ

; ð2Þ

where Fγ is the photon flux seen in the matter’s rest frame.
This force, and the related response time, are most easily
obtained by considering the Doppler shifted background
radiation field in the matter’s rest frame. The result is [22]

1

τeγ
¼ 4

3

σT
mHc

aradT4
r xe; ð3Þ

where xe is the hydrogen ionization fraction, σT is the
Thomson scattering cross section and arad is the radiation
energy density constant. The matter temperature, Tm
closely follows the radiation temperature, Tr, at these
times. With this understanding, we omit the subscript on
the temperature in subsequent equations.
Primordial adiabatic fluctuations entering the horizon

lead to large-scale motions of the matter and radiation
fluids. Their physical size, λH is ≈250 kpc at recombina-
tion. Due to the small but finite response time, τeγ, during
this epoch, the matter velocity does not perfectly follow the
local radiation velocity; this leads to a spectrum of relative
velocities that can be estimated from the background
cosmology [23].
We consider motions of the matter fluid alone, as

contrasted with the large-scale adiabatic modes involving
both matter and radiation. In particular, we concentrate
the evolution of very small wavelength modes though the
epoch of recombination out to late redshifts of z ¼ 800. We
consider modes that are isothermal in nature, i.e., have a
uniform matter temperature. As noted in the discussion
(Sec. X), this condition restricts our analysis to modes with
wave numbers k smaller than ≈3.5 × 105 Mpc−1. The
large-scale adiabatic modes are effectively fixed on the
time scales relevant to these small-scale modes, and provide
a background radiation flux due to their associated relative
velocity. The radiative force due to this flux is given
by Eq. (2).
The ionization fraction and opacity vary with the local

density during recombination. Thus small-scale fluctua-
tions of the matter density are associated with a modulation
of the of the local force, denoted by δa. The in-phase
component of δa feeds power from the large-scale relative
motions into small scales.
The rest of this section estimates the size of this effect

in a simplified scenario with direct recombination to the
ground state of neutral hydrogen. With this assumption,
the ionization fraction is given by the Saha equilibrium
value, which we denote by xSe. This is set by the balance
between the recombination of free electrons to the ground
1s state, and photoionization by microwave background
photons.

ðxSe Þ2
1 − xSe

¼ ð2πmekBTÞ3=2
h3nH

e−ðEI=kBTÞ; ð4Þ

where EI is the ionization energy of a hydrogen atom in the
ground 1s state, and nH is the hydrogen number density. We
take the logarithm of both sides of Eq. (4), and perturb it to
estimate the power-law exponent relating the perturbed free
electron fraction and hydrogen density as follows:

αS ¼
δ log xSe
δ lognH

¼ −
ð1 − xSe Þ
ð2 − xSe Þ

; ð5Þ

where we have used the assumption that the small-scale
fluctuations do not perturb the temperature, T. The Saha
electron fraction is approximately xSe ≈ 4 × 10−3 at recom-
bination, so the exponent αS ≈ −0.5.
Consider a region with a background relative velocity

between matter and radiation, ve;0 − vγ;0 ¼ v0. The asso-
ciated force per unit mass, a0, is related to the relative
velocity v0 by the response time τeγ, according to Eq. (2).
The local matter density, velocity and force per unit mass
are perturbed due to the small-scale fluctuation. For a sound
wave, these perturbations are of the form

δρm
ρm

¼ δmeiðk·r−ωtÞ; ð6aÞ

vm ¼ vs;Iδmk̂eiðk·r−ωtÞ; ð6bÞ

δa ¼ δκ

κ
a0 ¼

δxSe
xSe

a0 ≈ −jαSjδma0eiðk·r−ωtÞ: ð6cÞ

In the above relations, vs;I denotes the isothermal sound
speed. It is determined by the matter temperature according
to vs;I ¼ ½kBTð1þ xSe Þ=mH�1=2. Averaged over the phase of
the wave, the power input into the fluctuation by the extra
force, δa of Eq. (6c), is

hpi ¼ 1

2
Reðvm · δa�Þ ¼ −

1

2
jαSjδ2mvs;Ia0 · k̂ ð7Þ

¼ 1

2
jαSjδ2mvs;I

v0 · k̂
τeγ

: ð8Þ

The first line uses Eqs. (6b) and (6c) for the velocity and
force respectively, while the second uses Eq. (2) for the
background force and the definition of the response time τeγ
in Eq. (3). The energy per unit mass in the fluctuation is
hϵi ¼ ð1=2Þv2m;max ¼ ð1=2Þδ2mv2s;I. Hence the growth rate
for the amplitude, G, can be estimated from the input power
of Eq. (8) as

G ¼ hpi
2hϵi ¼

jαSj
2τeγ

v0 · k̂
vs;I

: ð9Þ
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The growth of the instability is maximal during the epoch
with large relative velocities and moderate response times.
Relative velocities of the order of the isothermal sound
speed are needed to produce an appreciable growth rate.
The last part of Sec. III deals with the distribution of large-
scale relative velocities in detail. In particular, Fig. 3 shows
the mean relative speed, and the isothermal sound speed, as
a function of redshift, z. We see that large relative velocities
are much more probable in the postrecombination era;
however, this effect is mitigated by the growing response
time. Ultimately, the instability is limited by the relatively
narrow duration of cosmic recombination.

III. BACKGROUND PARAMETERS

This section describes the relevant properties of the
background on which the small fluctuations of interest live.
We assume a standard spatially flat Λ cold dark matter

cosmology with the Planck cosmological parameters [24].
The derived quantities of interest to us are the hydrogen
number density and ionization fraction, and the relative
velocities between matter and radiation on large scales due
to adiabatic fluctuations of primordial origin.
The simplest of these to obtain is the hydrogen number

density, nH, which is given by

nHðzÞ ¼ 248.7 cm−3
�
1þ z
1100

�
3 Ωbh2

0.022
1 − YHe

0.752
; ð10Þ

where Ωbh2 is the Baryon fraction and YHe is the Helium
mass fraction.
It is considerably harder to estimate the hydrogen

ionization fraction, xe, as a function of redshift. It is
especially challenging to follow it through the epoch of
recombination, when the Universe transitions from a
plasma of free electrons and hydrogen nuclei to a largely
neutral phase with traces of free electrons that are strongly
coupled to the CMB radiation.
This difficulty arises from the fact that direct transitions

to the ground 1s state of hydrogen contribute very little to
recombination, since they produce ionizing photons them-
selves. Instead, recombination mainly proceeds through
excited states of neutral hydrogen. In order to derive the
evolution of the ionization fraction to subpercent level
accuracy, we should follow the populations of a large
number of excited states of the hydrogen atom [18,19].
We eschew this sophisticated analysis for a conceptually

simpler, and less accurate, model of recombination origi-
nally proposed in Refs. [12,13]. This is adequate for the
purposes of this paper, since we follow fluctuations in the
ionization fraction. The errors introduced in the fluctua-
tions by using the approximate model should be at the few-
percent level.
This model approximates the hydrogen atom as a three-

level system; it assumes that the excited states of the true
hydrogen atom are in thermal equilibrium with each other,

and cascade down to the n ¼ 2 level through fast radiative
decays. Atoms in the 2p state reach the ground state when
photons redshift through the Lyα line due to cosmological
expansion, while those in the 2s level deexcite through a
two-photon process. Direct recombination via the redshift
of continuum photons is much slower (by a factor of
∼10−6) than through the Lyα channel [25]. Hence we set
the direct recombination’s contribution to zero in the
background case. As Sec. VI demonstrates, this assumption
is no longer valid in the perturbed case.
We add the recombination coefficients to the excited

states to obtain an effective, or case B recombination
coefficient, αB. We also have an effective rate of photo-
ionization from this state, βB. With these definitions, the
ionization fraction evolves according to

_xe ¼ −CðnHx2eαB − 4x1sβBe−E21=kBTÞ; ð11Þ

where C is the Peebles C factor, which is the probability
that an atom in the n ¼ 2 state reaches the ground state
[12]. It is defined in terms of the Lyα escape rate, the 2s–1s
two-photon transition rate, and the rate of photoionization
from the n ¼ 2 state. We derive explicit expressions for C
and the population of the n ¼ 2 state, x2, in Sec. VII A 1.
The case B recombination coefficient and the effective

photoionization rate are related by the principle of detailed
balance [12,13,17]:

βBðTÞ ¼
ð2πmekBTÞ3=2

4h3
eðE2=kBTÞαBðTÞ: ð12Þ

We assume that the four sublevels of the n ¼ 2 level are
equally occupied. Thus their occupation fractions are
related by x2p ¼ 3x2s ¼ ð3=4Þx2. This is justified by the
high effective 2p–2s transition rate at these redshifts
(Λ2p;2s ≈ 2.5 × 104 s−1 [18,26]). This is much faster than
both the case B recombination rate per hydrogen atom, and
the photoionization rate, which are ∼1.3 × 102 s−1, and the
two-photon decay rate, Λ2s;1s ¼ 8.22 s−1 [27].
In deriving Eq. (11), we assume that the population of

the n ¼ 2 level is in steady state, i.e., we balance the net
rate of recombination and photoionization against the
escape of Lyα photons and two-photon decays. This is
valid if the abundance of intermediate states is very small;
in this case, x2=x1s can be estimated from the recombina-
tion codes themselves (e.g. Ref. [18]), and is typically of
order ∼10−14.
The final piece needed is the spectrum of relative

velocities between matter and radiation on large scales.
We assume that velocities are irrotational, i.e., they are
aligned with their wave vectors, k. The velocity at any
point in space is a Gaussian random variable, whose two-
point correlation function is
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hv0;iðxÞv�0;jðxÞi ¼
1

3
δij

Z
d ln kΔ2

v0ðkÞ; ð13Þ

whereΔ2
v0 is the dimensionless power per log wave number

of the component along the wave vector. This power
spectrum is given by [28]

Δ2
v0ðkÞ ¼

k3Pv0ðkÞ
2π2

¼ 1

k2
jΘmðkÞ − ΘrðkÞj2Δ2

ζðkÞ; ð14Þ

where ζ is the primordial curvature perturbation, and Θm
andΘr are the transfer functions for the matter and radiation

velocity divergence respectively. We use the publicly
available CLASS code to obtain these transfer functions
[29]. Figure 2 shows the resulting power spectrum for the
relative velocity. We observe that most of the power is in
scales near k ∼ 0.1 Mpc−1.
We estimate the typical velocities from the distribution of

Eq. (13). Figure 3 shows the both the average speed of the
matter relative to the radiation, and the isothermal sound
speed, as a function of redshift. We observe that these
velocities are very small during the prerecombination era:
the matter-radiation response time, τeγ , is much smaller
than the expansion age due to rapid scattering, which
suppresses the relative velocities. During recombination the
free electron fraction drops, and the response time becomes
comparable to the expansion age, i.e., recombination leads
to decoupling.

IV. LINEAR ANALYSIS OF DENSITY
AND VELOCITY FLUCTUATIONS

Small-scale fluctuations of the matter field perturb the
density, velocity and the ionization fraction. We denote the
fractional matter overdensity by δm, the velocity by vm and
the ionization fraction and its fluctuation by xe and δxe
respectively. In addition to these, we denote the perturbed
gravitational potential by δϕ. In this section, we derive the
evolution equations for the density and velocity. In what
follows, x is the position on a comoving grid, while a dot
represents a derivative with respect to coordinate time.
There is a small amount of helium present in the

early universe: the He∶H ratio by number, fHe, is given
in terms of the Helium mass fraction, YHe, by
fHe ¼ YHe=½4ð1 − YHeÞ� ≈ 0.08. We consider late times,
z≲ 1800, where the helium is fully neutral, so that it does
not contribute to the ionization fraction. The hydrogen
mass fraction XH ¼ 0.76 is also used in the equa-
tions below.
The matter density, velocity, and gravitational potential

on subhorizon scales are governed by the Newtonian
equations of motion—the equation of continuity, the
Navier-Stokes equation and Poisson’s equation written in
the comoving frame (as in [30]). The linearized forms of
these equations are

_δm þ 1

a
∇ · vm ¼ 0; ð15aÞ

_vm þHvm ¼ −
1

aρm
∇P −

1

a
∇δϕþ frad; ð15bÞ

1

a2
∇2δϕ ¼ −4πGρmδm: ð15cÞ

The quantity H is the Hubble rate of expansion, H ¼ _a=a.
The relative velocity force term, frad, depends on the

FIG. 2. Power spectrum of relative velocities between matter
and radiation at the redshift of recombination, z0 ¼ 1100. This
assumes that these velocities arise from primordial adiabatic
fluctuations. (This figure uses units in which velocity v0 is
dimensionless.)

FIG. 3. Speeds with redshift: the solid line shows the average
magnitude of the background relative velocity between matter
and radiation; the dashed line shows the isothermal sound speed.
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flux of background radiation in the local matter rest frame.
We use Eqs. (2) and (3) to write the force as frad ¼
−ΛeγXHxeðvm − vrÞ, where Λeγ is the inverse of the
response time in the case where the hydrogen is completely
ionized and the helium mass is neglected. Typical large-
scale relative velocities, v0, on comoving scales
k ≈ 0.1 Mpc−1, appear nearly uniform to the small-scale
matter fluctuations. By definition, the latter do not perturb
the radiation field. Hence the force associated with the
relative velocity is

frad ¼ −ΛeγXHxevm − ΛeγXHδxev0: ð16Þ

We decompose the velocity into scalar (curl-free) and
vector (divergence-free) parts:

Θm ¼ ∇ · vm and Ωm ¼ ∇×vm: ð17Þ

Under the equation of motion, (15b), the vector part’s
evolution depends on the scalar part through the latter’s
modulation of the free electron fraction in the force term,
but the reverse is not true. We focus on the scalar part in the
rest of this paper.
We expand the restoring force due to the pressure up to

first order in the fluctuation as follows:

−
∇P
aρm

¼ −
1

aρm
∇ðnkBTÞ

¼ −
1

aρm
kBT∇½nHð1þ fHe þ xe þ δxeÞ�

¼ −
1

a
kBT
mH

XH∇½ð1þ δmÞð1þ fHe þ xe þ δxeÞ�

¼ −i
k
a
kBT
mH

XH½ð1þ fHe þ xeÞδm þ δxe�: ð18Þ

We substitute the pressure and relative velocity force terms
[Eqs. (18) and (16)] in the Newtonian equations [Eq. (15)],
and eliminate the gravitational potential, δϕ. Assuming
plane-wave forms for the perturbed quantities, αðxÞ ¼R ½d3k=ð2πÞ3�αðkÞ exp ðik · xÞ, the final forms of the
evolution equations for the matter density and
velocity are

_δm ¼ −
1

a
Θm; ð19aÞ

_Θm ¼ −
k2

a

�
4πGρm
k2

a2 −XHð1þ fHe þ xeÞ
kBT
mH

�
δm

− ðHþΛeγXHxeÞΘm þXH

�
k2

a
kBT
mH

− iΛeγk · v0

�
δxe:

ð19bÞ

V. IONIZATION FRACTION FLUCTUATION:
SAHA EQUILIBRIUM SCALING

In order to get a complete picture of the ionization
fraction’s evolution, we need to study the transport of
photons between different parts of the fluctuations. Before
we deal with this problem in Secs. VI and VII, we make a
simple first estimate following [7].
The simplifying assumption in this section is that the

ionization fraction scales with matter density in the same
manner as the value calculated using LTE (or Saha
equilibrium). In subsequent sections, we consider non-
equilibrium ionization. We note that perturbed nonequili-
brium ionization in cosmology is one of the contributions to
the CMB bispectrum and hence has been investigated as a
potential contaminant to primordial non-Gaussianity stud-
ies [31–34] and probe of new physics [35]; however, these
studies did not consider the very high k of interest in this
paper and hence did not have to solve the nonlocal radiative
transfer problem considered in Secs. VI and VII.
Using the scaling of Eq. (5) for the ionization fraction

fluctuation in Eq. (19b), we reduce the Newtonian evolu-
tion equations to

_δm ¼ −
1

a
Θm; ð20aÞ

_Θm ¼ −½H þ ΛeγXHxe�Θm þ
�ð1 − xeÞ
ð2 − xeÞ

iΛeγXHxek · v0

−
k2

a

�
4πGρm
k2

a2 −
2 − fHexe
2 − xe

XH
kBT
mH

��
δm: ð20bÞ

The instantaneous growth rate, G, is the largest eigenvalue
of the system of Eq. (20). Figure 4 plots this growth rate
(normalized to a net elapsed coordinate time, τu, at the
redshift of recombination, z0 ¼ 1100) for various values of
the large-scale relative velocity, with the wave vector
oriented along its direction. Modes with comoving wave
numbers satisfying k > 2 × 102 Mpc−1 (or physical wave-
length smaller than ≈30 pc) at recombination are unstable.
The growth rate increases with wave number, until it
saturates on very large wave numbers: k ≈ 105 Mpc−1,
or physical wavelength λphys ≈ 0.06 pc, or 104 AU. The
modes at the saturation scale grow by a factor of a few
hundred. Since there is a large number of small-scale
modes, it is worth considering mechanisms that can cut off
the growth on these scales.
Photons in the continuum and Lyα line interact strongly

with matter during this epoch. We have briefly considered
the aspects of this interaction relevant to background
recombination in Sec. III. Continuum photons produced
in direct recombinations to the ground state are completely
unimportant for the background at the level of accuracy
of Sec. III. Their interaction cross section with neutral
hydrogen atoms is so large that they are promptly
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reabsorbed. However, we should keep track of them in the
in-homogenous case, since they can stream from one part of
the fluctuation to another.
Figure 5 is a schematic diagram of the radiative transport

processes relevant to perturbed recombination. Before we
study the various processes in detail in subsequent sections,
we clarify a few general points.
Under the assumptions of the three-level model of the

hydrogen atom, we only need to consider a single spectral
line (Lyα). This greatly simplifies our analysis. The Lyα

photons can be decoupled from the continuum due to their
wide separation in frequency. In the rest of this paper, we
neglect the homogenous population of the first excited
state, x2 (except in equations which compute transitions
from the n ¼ 2 level), and assume xe þ x1s ≈ 1. As dis-
cussed in Sec. III, it is completely negligible compared to
the other populations.
A first step towards judging the relative importance of

various arms of Fig. 5 is to look at the mean-free paths
(MFPs) of the photons at this redshift. If we use numbers
for Lyα photons at the line center, the comoving wave
numbers corresponding to the MFPs are

kcont ¼ n1sσ1s;conta ≈ 3.6 × 106 Mpc−1 ð21Þ
and

kLyα ¼ n1sσ1s;Lyαa ≈
HτSa
cΔH

≈ 1011 Mpc−1: ð22Þ

Here σ1s;cont ≈ 6.3 × 10−18 cm2 is the photoionization cross
section for a ground-state hydrogen atom at the threshold
frequency, while τS ≈ 5.6 × 108 and ΔH ≈ 2.3 × 10−5 are
the Sobolev optical depth and the dimensionless Doppler
width of the Lyα line at the redshift of recombination.
The MFP for continuum photons is very close to the

saturation scale in Fig. 4. Moreover, as we show in
Appendix A 1, the length scale for the diffusion of Lyα
photons is much larger than this naive estimate. In fact, we
will see in Sec. VII that Lyα transport is important for wave
numbers satisfying k > 103 Mpc−1. We begin by studying
the outer arm of Fig. 5 in the next section.

VI. RADIATIVE TRANSFER IN THE CONTINUUM

We study the transport of continuum photons in two
stages—we first determine their perturbed phase space
density, and then calculate its effect on the recombination
rate. We approach the problem using the Fourier-space
Boltzmann equation (as used in previous sections and in
modern CMB codes [28,36–38]). We note that the similar
problem of ultraviolet and x-ray radiative transfer in the
literature on high-redshift 21 cm radiation is usually
addressed by a Green’s function approach, i.e. by summing
the contributions from individual point sources either
analytically or numerically [39–42].
Let the phase space density (henceforth, the PSD) of

continuum photons be fðν;x; n̂; tÞ. It evolves via the
Boltzmann equation

∂f
∂t −

�
H þ ninj

a
∂vi
∂xj

�
ν
∂f
∂ν þ

c
a
n̂ · ∇f ¼

X
process

_f jprocess:

ð23Þ
The second and third terms on the left-hand side account
for the redshift of photons, and their advection respectively.

FIG. 4. Maximum instantaneous growth rate for small-scale
fluctuations in the matter field at recombination, normalized to
the net elapsed coordinate time, τu. The wave vector is oriented
along the large-scale relative velocity between matter and
radiation, v0. This approximates the perturbed ionization fraction
with the scaling relation of the Saha equilibrium value, given
by Eq. (5).

FIG. 5. Schematic diagram showing the effect of continuum
and Lyα photon transport on the evolution of the ionization
fraction fluctuation associated with small-scale fluctuations.
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Both the background cosmological expansion and the
peculiar matter velocity contribute to the redshift term.
We assume that the PSD is not a dynamical variable and

drop the explicit time dependence. This is valid both in the
unperturbed and perturbed cases: in the former, because
photons redshift through the frequency range much faster
than a Hubble time, and in the latter, because the advection
term dominates below the Jeans scale.
We neglect the redshift term in Eq. (23). This is equivalent

to neglecting the background rate of recombination through
the continuum channel. We consider the contributions of
the absorption and emission of continuum photons to the
right-hand side of Eq. (23), and neglect the redistribution
of photons within the frequency range due to resonant
scattering—this is important within the Lyman lines.
Let σaðνÞ, α1sðνÞ and ϕðνÞ denote the continuum photon

absorption cross section, the direct recombination coeffi-
cient, and the probability distribution for the emitted
photons’ frequency respectively. These quantities are
functions of radiation (absorption) and matter (recombina-
tion) temperature. The integrated or total recombination
coefficient to the ground state is defined by

α1s ¼
Z

∞

νc

dνα1sðνÞϕðνÞ: ð24Þ

The rates of absorption and emission of continuum photons
are

_fðν;x; n̂Þjabs ¼ −cn1sσaðνÞfðν;x; n̂Þ; ð25Þ

_fðν;x; n̂Þjem ¼ c3

2ν2
nenpα1sðνÞ

ϕðνÞ
4π

; ð26Þ

where we have used the fact that every direct recombination
is accompanied by the emission of a continuum photon,
and multiplied by a factor of c3nH=ð2ν2Þ to convert the
contributions per hydrogen atom to those for the PSD.
Substitution in the Boltzmann equation yields

1

a
n̂ · ∇fðν;x; n̂Þ

¼ −n1sσaðνÞfðν;x; n̂Þ þ
c2

8πν2
nenpα1sðνÞϕðνÞ: ð27Þ

In the homogenous case, with just the background param-
eters, this reduces to the balance between absorption and
recombination contributions.

0 ¼ 1

a
n̂ · ∇fðνÞ ð28Þ

¼ −ð1 − xeÞnHσaðνÞfðνÞ þ
c2

8πν2
ðxenHÞ2α1sðνÞϕðνÞ:

ð29Þ

In the presence of small-scale fluctuations, we linearize the
Boltzmann equation and simplify using the unperturbed
solution, Eq. (29).

1

a
n̂ · ∇δfðν;x; n̂Þ þ ð1 − xeÞnHσaðνÞδfðν;x; n̂Þ

¼ c2

8πν2
n2Hxeα1sðνÞϕðνÞ

�
xeδm þ 2 − xe

1 − xe
δxe

�
: ð30Þ

Let the total number flux of continuum photons in a
direction be Nðx; n̂Þ. In terms of the PSD, it is given by

Nðx; n̂Þ ¼
Z

∞

νc

dν
8πν2

c2
fðν;x; n̂Þ: ð31Þ

The photoionization cross section, σaðνÞ, is discontinuous
across the threshold frequency. It falls off with increasing
frequency in a power-law fashion [43], while the PSD falls
in an exponential manner in the UV part of the spectrum.
Hence we neglect the frequency dependence of σa in all
integrals. Using Eq. (30) and the definition (31), we get the
equation for the transport of the number flux

1

a
n̂ · ∇δNðx; n̂Þ þ AδNðx; n̂Þ ¼ nH½B1δm þ B2δxe�;

ð32Þ

where the coefficients are

A ¼ ð1 − xeÞnHσaðνcÞ; ð33aÞ

B1 ¼ nHx2eα1s; ð33bÞ

B2 ¼ nHxeα1s
2 − xe
1 − xe

: ð33cÞ

Note that the coefficient A is the inverse of the mean-
free path for continuum photons at the threshold for
photoionization.
We assume a plane-wave dependence for the fluctuation,

following which the solution to Eq. (32) is

δNðk; n̂Þ
nH

¼ B1δm þ B2δxe
Aþ iðn̂ · k=aÞ : ð34Þ

The photoionization from and recombinations to the
ground state together cause the free electron fraction to
evolve as

_xejcont ¼ x1s

Z
∞

νc

dν
8πν2

c2
σaðνÞf0ðν;xÞ − nHx2eα1s: ð35Þ

In the homogenous case, we approximate the small con-
tribution to be zero, which gives us a relation between the
absorption cross section and the recombination coefficient.
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We can obtain this relation by considering the alternative
scenario of LTE between a population of ionized and 1s
hydrogens, free electrons, and a blackbody distribution of
photons above the threshold frequency. The free electron
fraction then equals the Saha equilibrium value of Eq. (4).
As earlier, we neglect power-law frequency dependence of
prefactors in the integrals over frequency and obtain the
relation

α1sðTÞ ¼ 4
hνc
mec2

hνc
ð2πmekBTÞ1=2

σaðνc; TÞ: ð36Þ

In the inhomogenous case, we perturb Eq. (35) and retain
terms up to the first order.

δ_xejcont ¼ x1s

Z
∞

νc

dν
8πν2

c2
σaðνÞ

�
δx1s
x1s

f0ðνÞ þ δf0ðν;xÞ
�

− nHx2e

�
δm þ 2

δxe
xe

�
α1s: ð37Þ

We use detailed balance in the homogenous case, and the
definition of the total flux in Eq. (31) to simplify this
contribution to

δ_xejcont ¼ ð1 − xeÞσaðνcÞδN0ðxÞ

− nHxe

�
xeδm þ 2 − xe

1 − xe
δxe

�
α1s ð38Þ

¼ −
1

4πanH

Z
dn̂ n̂ ·∇δNðx; n̂Þ: ð39Þ

To get to the second line, we used Eq. (32) for the flux.
We use the solution (34) and evaluate the angular integral

to obtain the final equation for the effect of continuum
photon transport on the ionization fraction for a plane-wave
fluctuation.

δ_xejcont ¼ −
�

1

4π

Z
dn̂

in̂ · k
Aaþ in̂ · k

�
½B1δm þ B2δxe�

¼ −
�
1 −

Aa
k
arctan

�
k
Aa

��
½B1δm þ B2δxe�; ð40Þ

where the coefficients A;B1 and B2 are given in Eq. (33).
The MFP of continuum photons is 1=A; as expected the
continuum photons’ contribution goes to zero when the
wavelength becomes much larger than this.

VII. RADIATIVE TRANSFER IN LYMAN-α

This section works out the radiative transfer of Lyα
photons in an inhomogenous universe. The subject and
details of this calculation are self-contained, but impact the
rest of the paper through the resulting perturbed recombi-
nation rates. This sections’ results are applicable over a

wide range of length scales; we show that they reduce to
expected values in the large- and small-scale limits in
Appendices A and B.
The PSD of Lyα photons evolves via the Boltzmann

equation of Eq. (23). It is simplest to work in the matter’s
rest frame, since the source terms on the right-hand side
take on simple forms. Absorption, emission and resonant
scattering contribute to this source term; we describe each
of these processes in detail below.
The scattering of photons off a hydrogen atom in the

ground state is a two step process, involving an excitation
to a virtual excited state through the absorption of the
incident photon, and subsequent decay through the emis-
sion of the outgoing one. When the first photon is of very
low frequency, this corresponds to classical Rayleigh
scattering. When its frequency approaches the Lyα fre-
quency (henceforth νLyα), the intermediate state is long
lived and other processes which deplete it become
important.
In particular, the excitation of the 2p state to higher

bound states and its photoionization compete with sponta-
neous emission. We count the former as true absorptions,
and the latter as coherent scattering events. The net photon
number is unaffected by coherent scattering, but the
frequency of the outgoing photon is related to that of
the incident one.
The branching ratio for coherent scattering is set by the

rate of spontaneous emission from the 2p state

psc ¼
ALyα

Γ2p
¼ 1 − pab; ð41Þ

where Γ2p is the width due to all processes, and pab is the
complementary branching ratio for absorption via two-
photon processes. Coherent scattering is the dominant
process, and the scattering probability psc is close to unity.
A useful definition is the Sobolev optical depth of the

Lyα line. It is the net optical depth for the absorption of a
photon over its path as it redshifts through the Lyα line due
to cosmological expansion.

τS ¼ 3

8π
n1s

�
c

νLyα

�
3 ALyα

H
: ð42Þ

The line is optically thick at the redshift of recombination,
i.e. τS ≈ 5.6 × 108 ≫ 1. We divide this optical depth into
true absorption and scattering contributions as

τsc=ab ¼ psc=abτS: ð43Þ

The rate of removal of Lyα photons per unit volume of
phase space due to coherent scattering is

_fðν; n̂Þjsc− ¼ −HντscϕðνÞe½hðν−νLyαÞ=kBT�fðν; n̂Þ: ð44Þ
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In the above expression, ϕðνÞ is broadened from a delta
function at the Lyα frequency, νLyα, due to the thermal
motions of the absorbing atoms and the finite lifetime of
the excited state. The resulting profile is a Voigt function,
which is most easily expressed in terms of the deviation
from the central frequency in Doppler widths [44]:

ϕðx; aÞ ¼ a

π3=2

Z
∞

−∞
du

e−u
2

a2 þ ðx − uÞ2 ; ð45Þ

x ¼ ν − νLyα
νLyαΔH

; ΔH ¼
�
2kBT
mHc2

�
1=2

: ð46Þ

The Voigt parameter, a, quantifies the relative strength of
the radiative and Doppler broadening mechanisms, and is
given by

a ¼ Γ2p

4πνLyαΔH
: ð47Þ

The outgoing photon follows a redistribution function,
pðν; n̂jν0; n̂0Þ. This is defined as the probability of an
outgoing photon ðν; n̂Þ conditioned on the incoming
photon ðν0; n̂0Þ [44]. It is normalized as

Z
dν

dn̂
4π

pðν; n̂jν0; n̂0Þ ¼ 1: ð48Þ

The rate of injection per unit volume of phase space due to
coherent scattering is

_fðν; n̂Þjscþ ¼ Hντsc

Z
dν0

dn̂0

4π
ϕðν0Þe½hðν0−νLyαÞ=kBT�

× pðν; n̂jν0; n̂0Þfðν0; n̂0Þ: ð49Þ

True absorptions are two-photon transitions to higher
states, through an intermediate “virtual” 2p state. Direct
photoionization from the 2p state is formally included by
letting the summation over the higher states run over the
continuum states. However, the dominant transitions from
2p are to the 3s and 3d levels. To the first approximation,
the resultant absorption probability is

pab ≈
A3s−2p þ 5A3d−2p

3ALyα
e−ð5hνLyα=27kBTÞ

≈ 10−4 at z0 ¼ 1100: ð50Þ

In the first line, we have neglected the absorption con-
tribution in the denominator, and assumed that the PSD for
the second photon of lower energy is that of a blackbody at
the radiation temperature. The rate of removal of photons
due to true absorption is

_fðν; n̂Þjab ¼ −HντabϕðνÞe½hðν−νLyαÞ=kBT�fðν; n̂Þ: ð51Þ

In a similar manner, true emission of Lyα photons is a two-
photon process, in which the first photon is emitted in a
transition from one of the higher levels (as earlier, largely
from 3s and 3d) to a virtual 2p level, and the second one
during a subsequent decay to the ground state. We neglect
the stimulated component of both transitions since the
PSDs involved are much smaller than unity. The rate of
injection due to true emission is

_fðν; n̂Þjem ¼ c3nH
8πν2

psc

X
i≠1s

xiAi−2pϕðνÞ: ð52Þ

In principle, two-photon transitions to and from the 2s
state can also inject or remove photons within the Lyα line.
Depending on the frequency of the more energetic photon
involved, these are Raman scattering or two-photon tran-
sitions between 2s and the ground state. However, these
transitions are much slower than those involving the 2p
state; in particular, their cross section goes to zero at the
central frequency, since there is no phase space available
for the second photon (see Fig. 6). This statement is no
longer true if we include stimulated emission, but the full
transition rates are still much smaller than the ones to 2p
within the Lyα line [45]. Thus, the majority of photons
produced in this manner are on the far red side of the line.
We can safely neglect this channel while calculating the
spectral distortion within a few hundred Doppler widths of
the Lyα line center.

FIG. 6. Rates of radiative processes: The solid and dashed lines
show the rate coefficients per unit frequency for two-photon
absorption via an intermediate 2p level, and two-photon absorp-
tion/Raman scattering to the 2s level, respectively. The lower and
upper axes show the frequency in physical units, and Doppler
widths from line center respectively. Also shown on the same plot
is the spectral distortion, as calculated by HyRec [18]. The dotted
line shows the number of excess photons over a blackbody per
hydrogen atom per logarithmic frequency interval. The plots are
generated at redshift z0 ¼ 1100.
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Figure 6 shows the rates of the radiative processes
described above which add or remove photons from the
frequency range of interest.

A. Solution of the Boltzmann equation

We solve the Boltzmann equation under a number of
simplifying assumptions.
(1) The 2s–2p transition rate is high enough so that all

their sublevels are equally occupied. Consequently
we neglect the fast transitions between these sub-
levels.

(2) The line profile, ϕðνÞ, dominates the frequency
dependence of the absorption and emission terms.
Thus we replace all factors of ν multiplying the
profile with the central frequency, νLyα.

(3) The rates of radiative processes are large compared
to the Hubble rate, so the PSD and excited level
populations are effectively in steady state. This is
valid within the line profile due to the high scatter-
ing rate.

(4) The absorption and emission profiles are identical.
Under this approximation, factors of
exp ½hðν − νLyαÞ=kBT� are approximately equal to
unity. This is valid if we restrict ourselves to
frequencies which satisfy

jν − νLyαj ≪ νLyαΔHX;

X ¼ kBT
hνLyαΔH

≈ 1080; at z0 ¼ 1100: ð53Þ

This is satisfied within the frequency range of
interest, since the wings are optically thick to true
absorption only up to ∼20 Doppler widths at this
redshift [46].

(5) On the far blue side of the line, we take the PSD to
equal that of a blackbody at the radiation tem-
perature.

(6) The redistribution function, pðν; n̂jν0; n̂0Þ, is iso-
tropic. We condense it to the notation pðνjν0Þ.

We use the steady state approximation to balance the rate of
processes which populate the 2p level—downward tran-
sitions from higher levels and upward transitions from the
1s level—with its net rate of depletion.

0 ¼ _x2p

¼
X
i≠1s

xiAi−2p þ 3x1sALyαf̄ − Γ2px2p; ð54Þ

where f̄ is the average of the phase-space density over the
line profile, f̄ ¼ R

dνϕðνÞfðνÞ. We use this along with the
definition of the scattering probability in Eq. (41) to rewrite
the emission term of Eq. (52) as

_fðν; n̂Þjem ¼ HντSϕðνÞ½feq − pscf̄�; ð55Þ

where we have introduced the equilibrium PSD, feq, which
is defined as

feq ¼
x2p
3x1s

¼ x2
4x1s

: ð56Þ

1. Homogenous case

If the background ionization state and density are
homogenous, the PSD is independent of direction and
position. Under the assumptions listed above, the
Boltzmann equation of Eq. (23) reduces to

∂fðνÞ
∂ν ¼ τsc

�
ϕðνÞfðνÞ −

Z
dν0ϕðν0Þpðν0; νÞfðν0Þ

�

þ τSϕðνÞ½pabfðνÞ − feq þ pscf̄�: ð57Þ

This is easily solved if the redistribution due to coherent
scattering is unimportant, i.e., psc ≈ 0, or independent of
the incoming frequency, i.e., pðν0; νÞ ¼ ϕðνÞ. The PSD is
then given by the Sobolev solution. Complete redistribution
is a good approximation within the Doppler core (up to∼40
Doppler widths away from νLyα at z ¼ 1100 [46]).
However, redistribution due to coherent scattering is

nontrivial in the wings, since the average change in
frequency between the incident and outgoing photons is
only a few Doppler widths. We implement the resulting
diffusion in frequency using a second-order differential
operator. This is commonly known as the Fokker-Planck
approximation [14,46,47]. It is well suited for describing
the partial redistribution in the wings. Due to the high
scattering rates near the line center, the PSD sets itself to the
equilibrium value, and the particular prescription used
becomes unimportant, as long as it yields a small result.
Under this approximation, the rates of injection and
removal due to scattering are

_fðνÞjsc ¼ −Hντsc

�
ϕðνÞfðνÞ −

Z
dν0ϕðν0Þpðν0; νÞfðν0Þ

�

¼ Hντsc
ν2LyαΔ2

H

2

∂
∂ν

�
ϕðνÞ ∂f∂ν

�
: ð58Þ

The operator above does not account for the effect of
atomic recoil; this is consistent with the approximation of
equal absorption and emission profiles (assumption 4).
Using this in Eq. (57), we get a second-order ordinary
differential equation (ODE) for the phase-space density

∂fðνÞ
∂ν ¼ −τsc

ν2LyαΔ2
H

2

∂
∂ν

�
ϕðνÞ ∂f∂ν

�

þ τSϕðνÞ
�
pabfðνÞ − feq þ pscf̄

�
: ð59Þ
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We numerically solve this differential equation in a
frequency range extending out to 1000 Doppler widths
on either side of νLyα, with 50 bins per Doppler width. We
set the PSD to a blackbody on the far blue side, and use a
Neumann boundary condition on the far red side, where we
set the derivative to zero. The latter is designed to kill an
unphysical solution where the PSD grows catastrophically
as we approach the red side of the line.
Technically, this region is larger than the domain of

validity for some of our approximations, but we formally
extend the equation out to this region in order to reduce
boundary effects. We evaluate the Voigt profile using
Gubner’s series in the core, and a fourth order asymptotic
expansion in the wings [48].
In order to evaluate the equilibrium PSD, feq, we need

the occupancies of the ground (1s) and excited (2p) states.
The rates of their depletion and population depend on the
PSD itself, so to be completely self-consistent, we need to
solve for the level populations together with the PSD.
Instead, we use the three-level model of recombination of
Sec. III, which assumes the Sobolev solution. The error
introduced by doing so is small, because the most signifi-
cant effect of the redistribution is to broaden the jump in the
PSD, rather than change its amplitude.
Figure 7 shows the resulting spectral distortion, which is

defined via the PSD as the number of excess photons over a
blackbody distribution per hydrogen atom per logarithmic
frequency interval. Also shown are the true distortion
(as calculated by the publicly available HyRec code
[18]), and the Sobolev approximation to it, which neglects

redistribution due to coherent scattering. HyRec’s treatment
of recombination and radiative processes is significantly
more sophisticated than ours—it does not assume a steady
state or equal emission and absorption profiles, follows the
population of the higher levels, and accounts for two-
photon and Raman transitions which are nonresonant with
the Lyα transition.
The rate of recombination through the Lyα channel is the

difference between the downward and upward transition
rates

_x1sjLyα ¼ 3ALyαx1s½feq − f̄00�: ð60Þ

We get an expression for the average monopole, f̄00, and
hence the recombination rate through the Lyα channel by
integrating Eq. (57) over frequency, and using the nor-
malization of the redistribution probability.

Δf ¼ τS½f̄ − feq�; ð61Þ

where the notation ΔX represents the jump in a quantity X
across the line, ΔX ¼ XðνþÞ − Xðν−Þ. Using this in
Eq. (60), we recover the background recombination rate
in the Sobolev approximation with large optical depth

_x1sjLyα ¼ −
3ALyαx1s

τS
Δf: ð62Þ

Typically the PSD on the red side, fν− , sets itself to the
equilibrium value, feq, due to the high optical depth. On the
far blue side, we take fνþ to equal the blackbody value to
maintain consistency with assumption 5 and the numerical
solution.
A significant fraction of atoms reaches the ground state

via two-photon decays from the 2s level. From Fig. 6, we
see that the more energetic of the emitted photons is largely
on the far red side of the Lyα line. The effect of absorption
of the background spectral distortion in this region is
largely canceled by that of the stimulated emission of
the low energy photon [45]. Thus, we compute the two-
photon decay rate using the blackbody PSD.

_x1sj2s ¼ Λ2s;1sx1s½feq − e−fhνLyα=kBTg�; ð63aÞ

Λ2s;1s ¼
Z

νLyα

νLyα=2
dν

dΛ2s

dν
¼ 8.22 s−1: ð63bÞ

We neglect Raman scattering events involving photons
above νLyα. Their main impact on recombination is non-
local in time; they inject photons on the far blue side of Lyα
which redshift into the line at a later time due to cosmo-
logical expansion and get absorbed [45].
Equations (62) and (63) together give the net rate of

recombination to the ground state. The result depends on
the equilibrium PSD, feq, which in turn depends on the

FIG. 7. Lyα spectral distortion: This figure plots the number of
excess photons over a blackbody distribution per hydrogen atom
per logarithmic frequency interval, against the frequency offset
from line center measured in Doppler widths, at redshift
z0 ¼ 1100. The solid line is the solution of Eq. (59), which
incorporates redistribution due to coherent scattering, while the
dashed one is the Sobolev solution, which does not. Also shown
for reference is the result of the full calculation of HyRec [18].
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n ¼ 2 level’s population. We use the steady state
assumption and balance its overall rates of population
and depopulation.
One way of implementing this would be to follow the

populations of all the levels which connect to it, in the
manner of Eq. (54). Instead, we choose to work in the three-
level approximation of Sec. III, which collects all the higher
levels into a single block and assumes equal population for
all the sublevels. The rates of case B recombination and
photoionization add up to give the rate of the upper arms,
which connect the fully ionized state with the n ¼ 2 state.

_x2jrec=ion ¼ nHx2eαB − x2βB: ð64Þ

If we equate this expression to the sum of Eqs. (62)
and (63), we recover Eq. (11) after some algebra. The
explicit expressions for Peebles’ C factor and the n ¼ 2
population are

C ¼ 3ALyα=τS þ Λ2s;1s

3ALyα=τS þ Λ2s;1s þ 4βB
; ð65Þ

x2 ¼ 4
nHx2eαB þ ð3ALyα=τS þ Λ2s;1sÞx1se−E21=ðkBTÞ

3ALyα=τS þ Λ2s;1s þ 4βB
: ð66Þ

2. Inhomogenous case

The situation of interest in this paper involves spatially
varying hydrogen number density, ionization fraction and
matter velocity. The resulting phase-space density in Lyα is
both inhomogenous, i.e., varies with position x, and
anisotropic, i.e., varies with direction n̂. We assume that
these variations take the form of small fluctuations over a
homogenous background, so that we can expand their
spatial dependence into plane waves which evolve inde-
pendently of each other. They obey the Boltzmann equa-
tion (23), whose linearized form is

∂δf
∂ν −

ick
Hνa

ðk̂ · n̂Þδf− δτS
τS

∂f
∂ν

¼ τSϕðνÞ½pabδfðν; n̂Þ− δfeqþpscδf̄00�

þ τsc

�
ϕðνÞδfðν; n̂Þ−

Z
dν0

dn̂0

4π
ϕðν0Þpðνjν0Þδfðν0; n̂0Þ

�
:

ð67Þ

Here the perturbed source terms on the right-hand side
include the effects of absorption [Eq. (51)], emission
[Eq. (55)], and scattering [Eqs. (44) and (49)], after
applying the assumptions listed at the beginning of
Sec. VII A.
The fluctuation in the optical depth is

δτS
τS

¼ δm þ δx1s
x1s

−
Θ
aH

ðk̂ · n̂Þ2: ð68Þ

We decompose the angular dependence of quantities into
their spherical harmonic components. (This—or some
more sophisticated variant—is the standard approach
for Boltzmann solvers that predict CMB anisotropies
[28,36–38,49].) It is convenient to orient the z axis, ẑ,
along the wave vector, k. Due to azimuthal symmetry about
this axis, quantities depend on direction only through
μ ¼ k̂ · n̂, and the spherical harmonics reduce to the
appropriate Legendre polynomials. The explicit forms of
the decomposition and its inverse for the PSD are [28,49]

δfðν; k; μÞ ¼
X
j

ð−iÞjδfjðν; kÞPjðμÞ; ð69aÞ

δfjðν; kÞ ¼
2jþ 1

2

Z
dμijPjðμÞδfðν; k; μÞ: ð69bÞ

We substitute the expansion (69) into Eq. (67) to get the
Boltzmann equations for the moments. The equation for the
zeroth moment is

∂δf0
∂ν ¼ δτS;0

τS

∂f
∂ν − τSϕðνÞ½δfeq − pscδf̄0�

þ ck
3Hνa

δf1 þ pabτSϕðνÞδf0

þ τsc

�
ϕðνÞδf0 −

Z
dν0ϕðν0Þpðνjν0Þδf0ðν0Þ

�
:

ð70Þ

The term within curly braces is the scattering contribution,
which redistributes photons within the line. We replace it
with a second-order differential operator under the Fokker-
Planck approximation, in the same manner as in the
homogenous case.

∂δf0
∂ν ¼ δτS;0

τS

∂f
∂ν − τSϕðνÞ½δfeq − pscδf̄0� þ

ck
3Hνa

δf1

þ pabτSϕðνÞδf0 − τsc
ν2LyαΔ2

H

2

∂
∂ν

�
ϕðνÞ ∂δf0∂ν

�
:

ð71Þ

The Boltzmann equations for the higher moments, with
j ≥ 1, are of the form

∂δfj
∂ν ¼ ck

Hνa

�
−

j
2j − 1

δfj−1 þ
jþ 1

2jþ 3
δfjþ1

�

þ τSϕðνÞδfj þ
δτS;2
τS

∂f
∂ν δj;2; ð72Þ

where the δj;2 in the final term on the rhs equals unity if
j ¼ 2 and zero otherwise.
Equations (71)–(72) form a hierarchy for the moments

of the PSD, δfj0 [28,36]. Absorption, emission and
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redshifting of Lyα photons contribute to the evolution of
each moment, while redistribution due to coherent scatter-
ing only contributes to the zeroth moment. The latter is a
direct consequence of the assumption of the isotropy of the
redistribution function, pðν; n̂jν0; n̂0Þ (assumption 6). In
addition to this, free-streaming couples moments whose
angular indices differ by unity [49].
We obtain the complete solution by adding the ones for

each of the source terms as follows:

δfjðνÞ ¼
�
δm þ δx1s

x1s

�
AjðνÞ þ

Θ
aH

BjðνÞ

þ
�
δfeq − pscδf̄0

�
CjðνÞ; ð73Þ

where Aj;Bj and Cj are dimensionless solutions sourced
by combinations of the first and second terms on the rhs of
Eq. (71), and the last term on the rhs of (72). The notation
for Cj is used only in this section, and is not to be confused
with Peebles’ C factor.
We numerically solve the Boltzmann hierarchy of

Eqs. (71) and (72) for a set of multipoles from j ¼ 0 to
jmax ¼ 8. We discretize a range of frequencies extending
out to �1000 Doppler widths from the line center,
with 50 bins per Doppler width, in the same manner as
we did for the homogenous case. We assume that all the
perturbed moments go to zero on the far blue side, i.e., a
boundary condition of the Dirichlet type, with an additional
Neumann boundary condition on the blue side for the
zeroth moment. We use a nonreflecting boundary condition
at jmax to minimize the propagation of errors back to low
values of j [28].

Figure 8 shows the resulting basis solutions Aj and Bj.
These source terms for these solutions create regions of
higher and lower optical depth, which accumulate over- and
underdensities of photons in the blue damping wings
of the Lyα line. The excess photons stream between
these regions, which leads to characteristic features in
higher moments as well. Since there is no injection of
photons, the solutions go to zero on the red side of the line
center.
Figure 9 shows the solution Cj, whose source term

includes δfeq, which injects photons within the line. Due to
these photons’ large interaction cross section, local equi-
librium between emission and absorption is achieved over a
range of frequencies. This is reflected in the large and
“truncated” peak in the monopole. Also worth noting is the
characteristic double peak in the dipole, which arises due to
streaming away from the central frequency.
We solve for the perturbed monopole, δf̄0, by averaging

Eq. (73) with j ¼ 0 over the line profile.

δf0 ¼
1

1þ pscC̄0

��
δm þ δx1s

x1s

�
Ā0 þ

Θ
aH

B̄0 þ δfeqC̄0

�
:

ð74Þ

B. Perturbed recombination rate

Our goal is to compute the fluctuation in the recombi-
nation rate. We first consider the recombination rate within
the Lyα line. The linearized form of Eq. (63) is

δ_x1sjLyα ¼
δx1s
x1s

_x1sjLyα þ 3x1sALyα½δfeq − δf̄0�: ð75Þ

FIG. 8. Basis solutions for the inhomogenous Boltzmann equation: (a) and (b) show the solutions Aj and Bj defined in Eq. (73). The
source terms modulate the optical depth through the density and ground-state population, and velocity gradient. This figure is generated
for k ¼ 105 Mpc−1 at redshift z0 ¼ 1100.
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We substitute the expression (74) for the fluctuation in the
monopole averaged over the line, to write this in terms of
the dimensionless solutions defined in Eq. (73).

δ_x1sjLyα

¼ δx1s
x1s

_x1sjLyα þ 3x1sALyα
1 − pabC̄0
1þ pscC̄0

δfeq − 3x1sALyα

×

��
δm þ δx1s

x1s

�
Ā0

1þ pscC̄0
þ Θ
aH

B̄0

1þ pscC̄0

�
: ð76Þ

Next we consider the perturbation to the two-photon decay
rate from the 2s level. This is only sourced by changes in
the level populations, since the perturbed moments of the
PSD go to zero on the far red side of the line (see Figs. 8
and 9). The linearized form of Eq. (63) is

δ_x1sj2s ¼
δx1s
x1s

_x1sj2s þ Λ2s;1sx1sδfeq: ð77Þ

To close Eqs. (76) and (77), we need to compute the
fluctuation in the equilibrium PSD, δfeq (or equivalently,
the population of the n ¼ 2 level). As in the homogenous
case, we use the steady state assumption within the three-
level approximation, and balance the rates of the upper and
lower arms of Fig. 5.
For the upper arm, we perturb Eq. (64), which describes

the change in the population of the n ¼ 2 level due to
photoionization and recombination from the continuum
levels. We expect the fractional change in the population of
the n ¼ 2 level, x2, to be related to those in the other
parameters of the system. The background value of x2 is
much smaller than the other states’ populations (see
discussion in Sec. III). Thus, it is a good approximation
to set δxe þ δx1s ¼ 0. Using this,

δ_x2jrec=ion ¼ nHx2eαB

�
δm þ 2

δxe
xe

�
− δx2βB: ð78Þ

¼ nHx2eαBδm − ½2nHxeαB þ 4feqβB�δx1s
− 4x1sβBδfeq: ð79Þ

The rate of the lower arm is the sum of the recombination
rate in the Lyα line [Eq. (76)] and two-photon decays from
the 2s state [(77)]. Using Eq. (64) for the background rate,
and equating the sum with the rhs of Eq. (79), we get

δfeq ¼
�
3ALyα

1 − pabC̄0
1þ pscC̄0

þ Λ2s;1s þ 4βB

�
−1

×

�
nH

x2e
x1s

αB

�
δm −

δx1s
x1s

�
− 2nHxeαB

δx1s
x1s

þ 3ALyα

×

��
δm þ δx1s

x1s

�
Ā0

1þ pscC̄0
þ Θ
aH

B̄0

1þ pscC̄0

��
:

ð80Þ

Before we compute the perturbed recombination rate, we
define the quantity

P ¼
3ALyα

1−pabC̄0
1þpscC̄0

þ Λ2s;1s

3ALyα
1−pabC̄0
1þpscC̄0

þ Λ2s;1s þ 4βB
: ð81Þ

This is the analog of Peebles’ C factor [see Eq. (65)] in
the perturbed case—it represents the probability that a

FIG. 9. The case of injected photons: Shown above is the
solution Cj as defined in Eq. (73), which perturbs the equilibrium
PSD. This figure is generated for k ¼ 105 Mpc−1 at redshift
z0 ¼ 1100.

FIG. 10. Inhomogenous analog of the Peebles C factor: The
parameter P defined in Eq. (81), as function of the wave number,
k. It is the probability that a fluctuation in the population of n ¼ 2
leads to one in that of 1s. This figure plots values out to
k ≈ 3.6 × 105 Mpc−1, up to which matter fluctuations can be
assumed to be isothermal.
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fluctuation in the population of atoms in the n ¼ 2 level
translates into one in the ground-state population.
Figure 10 plots P as a function of the wave number. We

observe that it asymptotes to a small value for large
wavelengths. We expect this limiting value to be the
Peebles C factor. It approaches unity in the complementary
limit of small wavelengths, but we do not show this since
the assumption of the isothermal nature of such small
wavelength modes breaks down at low redshifts. This
turnover happens on scales of k ≈ 103 Mpc−1, which is
large compared to the diffusion scale at line center, which
was calculated in Sec. V. We give physical arguments for
the large wavelength limit in Appendix B, and the turnover
scale for small wavelengths in Appendix A.
We substitute Eq. (80) into Eqs. (76) and (77), and use

the definition of P to write the fluctuation in the net
recombination rate as

δ_x1sjLyα;2s ¼ PnHx2eαBδm þ δx1s

�
ð1 − PÞnH

x2e
x1s

αB

− 2PnHxeαB − 4feqβB

�
− 3ð1 − PÞx1sALyα

×

��
δm þ δx1s

x1s

�
Ā0

1þ pscC̄0
þ Θ
aH

B̄0

1þ pscC̄0

�
:

ð82Þ

In Appendix A 2, we derive the expression for the per-
turbed recombination rate for wavelengths much smaller
than the diffusion scale, and show that it is identical to the
above expression in the limit P → 1.

VIII. SOLUTION FOR THE LOCAL
GROWTH RATES

We solve for the local growth rates by finding the fastest
growing modes of the matter field. We use Eq. (19) for the
evolution of the matter density and velocity, and obtain the
evolution equation for the perturbed ionization fraction by
adding the rates of perturbed recombination due to Lyα
photons and two-photon decays from 2s [Eq. (82)] and
Continuum photon transport [Eq. (40)]. We use case B
recombination coefficients from [50] for numerical
estimates.
Figure 11 plots the maximum instantaneous growth rate

for small-scale matter fluctuations at recombination (nor-
malized to the net elapsed coordinate time, τu at z ¼ 1100)
for various values of the large-scale shear v0. Comparison
with the results of Fig. 4 shows that the instability persists,
and even somewhat strengthened, on intermediate scales
with wave number k ≈ 102 Mpc−1. However, it is cut off on
small scales due to the radiative processes described in
Secs. VI and VII. The precise wave number at which it is
cutoff depends on the large-scale relative velocity, but is

well before the saturation scale over the practically achiev-
able range.
In the next section, we estimate the growth rates achieved

due to a stochastic background relative velocity, the
distribution for which was introduced in Sec. III.

IX. DISTRIBUTION OF GROWTH FACTORS

The growth rate shown in Fig. 11 is a general property of
the equations of motion calculated in the presence of a
constant background relative velocity. In actuality, this
background velocity at a given location and time is picked
from the distribution of Eq. (13) of Sec. III. Moreover,
values at nearby redshifts are correlated with each other.
Thus we should critically consider how this distribution is
sampled over time.
Towards this end, we generalize the equal-time distri-

bution of Eq. (13) to

hv0;iðx; tÞv�0;jðx; t0Þi ¼
1

3
δij

Z
d ln kF ðk; t; t0ÞΔ2

ζðkÞ; ð83Þ

F ðk; t; t0Þ ¼ 1

k2
½θmðk; tÞ − θrðk; tÞ�½θmðk; t0Þ − θrðk; t0Þ��:

ð84Þ

The direction of the relative velocity, v0ðxÞ at a given point
x, varies with time. The force term, frad, in the equation of
motion (15b), depends on the direction of the local wave
vector relative to the background velocity. We proceed
under the simplifying assumption that the fastest growing
mode always aligns itself; this is true in the case where the
time scale for growth is much smaller than that for change

FIG. 11. Maximum instantaneous growth rate for small-scale
fluctuations in the matter field at recombination, normalized to
the net elapsed coordinate time, τu. The scenario here is identical
to that of Fig. 4, except that perturbed recombination is treated
with full radiative transport of continuum and Lyman-α photons.
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in the relative velocities. Thus the linear growth factors
obtained are upper bounds to the actual ones achieved.
We use the notation T ðk;xÞ to denote the net growth

factor of fluctuations with wave vector k in a small region
around a point x. This quantity depends on the entire
relative velocity history, v0ðx; tÞ. At any point on the
history, the growth rate is the largest eigenvalue of the
equations of motion [Eqs. (19b), (A9) and (40)]. As earlier,
we denote this eigenvalue by G. The growth factor in a
small region around a point, x, due to linear physics, and
over the velocity history, is

T ðk;xÞ ¼ exp

�Z
dtReðGÞðk; v0ðx; tÞÞ

�
: ð85Þ

Note that T ðk;xÞ is normalized to unity in the absence of
any growth or suppression. The relation in Eq. (85) endows
the growth factor with a distribution that is inherited from
that of the velocity histories. For a particular realization of
the relative velocity field v0ðx; tÞ, the value of T ðk;xÞ
varies when both its input wave vector k and position x are
varied. However, over the entire set of realizations, there is
no dependence on the direction k̂ and the position x, due to
the isotropy and homogeneity of the fluctuations under-
lying the relative velocities. With this understanding, we
use the condensed notation T ðkÞ for the growth factors.
We generate a large number of these velocity histories in

an efficient manner by sampling the distribution with the
covariance matrix of Eq. (83). We numerically sample these
velocity histories at 90 redshifts between z ¼ 800 and
z ¼ 1430, and evaluate Eq. (85) by spline integration. In
order to illustrate the tail of the growth distribution, we
choose to plot the mean growth factor achieved in the
highest pth fraction of the realizations. We formally define
this as

hT ðkÞip ¼ 1

Np

XN
i¼N−Npþ1

T iðkÞ: ð86Þ

In this equation, N is the number of realizations of the
relative velocity history, v0ðx; tÞ, which have been sorted in
increasing order of the value of T for the purpose of the
summation. The p in this definition corresponds to the
usual notion of p-value. This use of the symbols N and p is
restricted to this section alone, and they do not represent the
number flux and momentum here.
Figure 12 shows the tails hT ðkÞip estimated from a set of

107 samples of the relative velocity history, for a range of
wave numbers k. Note that Fig. 11 predicts that small-scale
modes of wavelengths k ∼ 105 Mpc−1 are most unstable for
a constant large-scale relative velocity. The growth factors
estimated in Fig. 11 are optimistic for two reasons: firstly,
they depend on the distribution of the histories, i.e. time
series of large-scale relative velocities, and secondly and

most importantly, the instability is only active during the
time where the electrons and photons are coupled, and this
is much smaller than the coordinate time due to the short
duration of recombination.

X. DISCUSSION

The analysis in this paper accomplishes our primary goal
of answering the question of the stability of small-scale
fluctuations in the matter field at recombination. Our main
conclusions in this regard is that while growing sound wave
modes exist, the amount of growth that occurs during the
cosmic recombination epoch is only a fraction of an e-fold,
and we do not expect the unstable modes to produce any
phenomenological consequences. Fluctuations with
comoving wave numbers satisfying k > 102 Mpc−1 are
unstable in the presence of large-scale relative velocities
between matter and radiation. On intermediate scales, this
instability persists in the face of, and is even strengthened
by the transport of continuum photons above the photo-
ionization threshold, and photons within the Lyα line of
neutral hydrogen. However, this transport cuts off the
growth before the saturation scale of k ≈ 105 Mpc−1.
The linear analysis of the fluctuations only yields

instantaneous growth rates for a constant large-scale
relative velocity; the true growth factor within a given
patch depends on the local relative velocity over a range of
redshifts, and occurs for a duration (the width of recombi-
nation) that is shorter than the coordinate time. Accounting

FIG. 12. This figure plots the mean growth factor hT ðkÞip
achieved in the highest pth fraction of a sample set of 107 velocity
histories, for successively smaller p-values and a range of wave
numbers. The growth factor is normalized such that it is unity
when there is no growth or suppression. Also shown is the largest
growth factor for each wave number achieved in this sample set.
Note that the growth is suppressed on scales on which the linear
analysis predicts the strongest instability for large relative
velocities (k > 104 Mpc−1, from Fig. 11).
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for this, we find no appreciable growth within a large
number of random realizations of the relative velocity
history. The largest growth factor achieved in our sample
set, which corresponds to a p-value of 10−7, is slightly less
than 1.2, for modes with wave number k ≈ 103 Mpc−1.
Along the way, we made a number of simplifying

assumptions to facilitate the solution of the complicated
problem of perturbed recombination. We examine a few of
them below.
The first, and most helpful one, is the three-level model

of the hydrogen atom, which assumes radiative equilibrium
between upper levels of the true hydrogen atom. This is a
good assumption at high redshifts, but becomes progres-
sively worse as the redshift approaches z≃ 800, at which
point it is approximately a 10% correction. In the context
of homogenous recombination, there have been two
approaches to deal with this—follow the higher levels in
a consistent manner [18], or multiply the case B recombi-
nation coefficient, αB, with a fudge factor [17]. We eschew
this additional complication in our preliminary analysis;
instead, we generate realizations and compute growth rates
only for redshifts z ≥ 800, where the instability is expected
to be strongest.
A second assumption is the equality of matter and

radiation temperatures, which allows us to compute the
recombination and photoionization rates at the CMB
temperature. This is an excellent approximation for the
background temperatures during the redshifts of interest
due to the high Thomson scattering rates [17]. Its validity is
much less clear in the perturbed case; a detailed discussion
of time scales can be found in Ref. [33]. In our case, the
relevant comparison is the dimensionless ratio tsc=tC of the
sound-crossing time tsc ¼ a=ðkvs;IÞ to the Compton cool-
ing time tC ¼ 3mecð1þ fHe þ xeÞ=ð8σTaradT4

γxeÞ. These
time scales are equal at a critical wave number kcr: sound
waves are isothermal for k ≪ kcr and adiabatic (or at least
decoupled from the CMB temperature) for k ≫ kcr. We find
that kcr decreases with time, equaling 108 Mpc−1 at
z¼1290, 107 Mpc−1 at z¼1020, 106 Mpc−1 at z¼870,
and 105 Mpc−1 at z ¼ 690. Thus for the range of redshifts
we consider in this paper (up to z ¼ 800), we can make the
isothermal approximation for modes of wave numbers up
to k ≈ 3.6 × 105 Mpc−1.
Another factor we have not included in our analysis is

the transport of the microwave background photons them-
selves between different parts of the fluctuations. Rather we
have assumed that the CMB photons can freely stream
through many perturbation wavelengths. At the earliest
redshift considered herein, z ¼ 1430, the photon comoving
attenuation coefficient [inverse comoving mean-free path:
1=ðnHaxeσTÞ] is 0.8 Mpc−1. This is much smaller than the
wave numbers k under consideration here, justifying the
treatment of the CMB as uniform.
Finally, in a larger context, this paper solves the problem

of perturbed recombination for modes on very small scales.

Previous work on large-scale modes relevant to the linear
fluctuations in the CMB [33,51,52] has shown that the
ionization fraction obtained by perturbing the ODE result-
ing from the three-level model of the hydrogen atom is
accurate enough for all practical purposes. This breaks
down for very small-scale modes; modulo the proper
prescription for the perturbed kinetic temperature, the
method outlined in Secs. VI and VII helps solve the
problem in this limit.
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APPENDIX A: LYMAN-α TRANSPORT:
DIFFUSION-DOMINATED REGIME

In this section, we study the diffusion of Lyα photons
during the epoch of recombination. In the first part of this
section, we demonstrate that the length scale for their
transport is much larger than the simple estimate of
Eq. (22). In the second part, we derive a simple expression
for the perturbed rate of recombination in the Lyα and two-
photon channels when the wavelength of the fluctuations is
much smaller than this scale.

1. Length scale for diffusion

We begin by studying the redistribution of Lyα photons’
frequency due to resonant scattering off ground-state
hydrogen atoms.
The Sobolev optical depth, τS, is much greater than unity

at the redshift of recombination [see the estimate following
Eq. (42)]. The overwhelming majority of absorptions are
followed by the spontaneous deexcitation of the excited
atom [see Eq. (41)]. Thus the time scale for coherent
scattering is much shorter than the Hubble time for a
photon in the Doppler core of the Lyα line. A large number
of scattering events effectively scrambles the initial fre-
quency over a short time, and the emitted photon’s
frequency is well described by a distribution over the line
profile which is incoherent with the initial one.
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pðνoutjνinÞ ¼ ϕðνoutÞ; ðA1Þ

where we have adopted a suggestive notation for the
probability distribution.
The mean-free path of the scattered photon is obtained

by averaging over this frequency distribution

hlmfpðνÞi ¼
�

1

n1sσscðνÞ
	

¼ 1

τSH
c

νLyα

�
1

ϕðνÞ
	

→ ∞: ðA2Þ

Physically, this is a consequence of the Lyα photon rapidly
scattering out of the core into the wings, where the
probability of further scattering is very small. The repeated
scattering and resulting diffusion is not described by typical
Brownian motion with the steps drawn from a globally
Gaussian distribution. Thus the mean-free path at line center,
in Eq. (22), is a poor guide to the Lyα transport scale.
In the rest of this section, we look at this random walk’s

step size distribution in more detail, and estimate a scale for
the Lyα photon transport.
A general random walk is studied by following a

collection of walkers starting at the origin. It is characterized
by the distribution of their density after a given number of
steps. The asymptotic form of this distribution is [53]

pNðxÞ ¼
1

Nðd=αÞ Lα

�
x

Nð1=αÞ

�
; 0 < α ≤ 2; ðA3Þ

where d is the dimensionality of the random walk (d ¼ 3 in
our case), and Lα½x� is a stable distribution. Its index, α, is
fixed by the tail of the distribution of the step size:

lim
x→∞

pðxÞ ∼ 1

x1þα : ðA4Þ

We estimate the index in our case by marginalizing over the
frequency of the scattered photon.

pðxÞ ¼
Z

dνpðνÞpðxjνÞ

∼
Z

dνϕ4ðνÞx2 exp ½−x2ϕ2ðνÞ� !
x→∞

x−2: ðA5Þ

The argument for the scaling in Eq. (A5) is that the dominant
contribution to the integral at large step sizes, i.e., when
x → ∞, is from frequencies satisfying ϕðνÞ ≤ x−1; the
prefactor is exponentially suppressed when we move a
few Doppler widths away. Through Eq. (A4), this implies
a distribution of the form equation (A3) for the density
distribution, with an index of around unity.
We confirm this observation by following a large number

of photons through simulated scattering events. Following
each event, we redistribute the frequency incoherently
according to Eq. (A1), neglect any direction dependence
and pick the subsequent step with a Gaussian distribution
for its size, with the MFP at that frequency.

Figure 13 shows the density distributions following a
large number of scattering events, N, and the collapse of
these distributions onto a universal form when the displace-
ments are scaled appropriately.
The displacement does not follow the usual

ffiffiffiffi
N

p
law of

Brownian motion—instead, the histograms collapse onto a
universal form when the independent variable is scaled as
N1=α with α ¼ 1.06. Also notable is the fact that the
resulting universal form is a fat-tailed distribution which
exhibits power-law scaling, rather than the usual exponen-
tial falloff of the Gaussian distribution.
The quantity of direct interest for transport properties is

the spread in a given time, t. The diverging mean-free path
leads to a spread which approaches ballistic transport,
hence the distributions are significantly cut off by the
maximum distance ct.
As before, we directly sample the distributions through a

large number of simulated scattering events. Their spread is
fit by a power-law dependence of the form hx2ðtÞi ∼ t1.88.
To gauge the implications for the importance of Lyα

photon transport, we consider the various processes
involved in perturbed recombination, schematically repre-
sented in Fig. 5. The response time to a fluctuation in the
ionization fraction is set by the speed of the case B
recombination arm, tr ¼ ð1=neαBÞ. From the near-ballistic
transport discussed above, the time taken by a Lyα photon
to diffuse across the fluctuation is comparable to the wave
crossing time td ≈ ðλphys=cÞ. From Fig. 4, we see that
comoving wave numbers of k ∼ 105 Mpc−1 are most
relevant for the instability. On these length scales, the
wave crossing time and response time are

FIG. 13. Histograms of the displacements of 105 photons after
N scattering events, in units of the mean step size at the Lyα line
center, hxðνLyαÞi. They are normalized to integrate to unity. Inset:
Demonstration of their scaling property. The histograms collapse
onto a common form when the displacement, x, is rescaled by a
factor of N1=α, with the index α ¼ 1.06.
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td ≈
2πa
kc

¼ 0.2 yr ≪ tr ≈ 200 yr at z ¼ 1100: ðA6Þ

These two time scales become comparable for wave
numbers k ≈ 102 Mpc−1 at the redshift of recombination,
which is when the nonlocal radiative transport starts to
matter. These wavelengths are significantly larger than the
simple estimate of Eq. (22). This is borne out by Fig. 10.
The practical consequence is that for modes with wave-
lengths smaller than this, perturbed recombination cannot
be modeled by simply varying the cosmological parameters
of the homogenous solution.

2. Recombination rate in diffusion-dominated regime

This section uses the notation of Sec. VII for the
moments of the photons’ phase space density. In particular,
inhomogeneities in the zeroth moment, δf0ðνLyα;xÞ, drive
transport of Lyα photons. We consider fluctuations with
small enough wavelengths so that the Lyα photons easily
diffuse between the peaks and troughs. In this case, the Lyα
flux adjusts itself to wash out inhomogeneities in the zeroth
moment.
The population of the first excited level is set by

balancing the transition rates to and from the ground state.
The condition that the Lyα phase space density is uniform
yields

δf0ðνLyα;xÞ ¼ δðfeqÞ ¼ 0; ðA7Þ

δx2 ¼ 4feqδx1s: ðA8Þ

The precise details of the radiative transfer determine the
adjustment in the Lyα flux—we avoid studying that part of
the mechanism by considering the case B recombination
arm of Fig 5. All that is needed to solve the recombination
arm is the fluctuation in the population of the n ¼ 2 level,
which is given by Eq. (A8):

δ_xejLyα;2s ¼ δð−nHx2eαB þ x2βBÞ

¼ −nHx2eαB
�
δm þ 2

δxe
xe

�
þ βBδx2

¼ −nHx2eαBδm −
�
2nHxeαB þ 4feqβB

�
δxe: ðA9Þ

This matches the P → 1 limit of the result of the complete
analysis, Eq. (82).

APPENDIX B: LIMIT OF WEAK DIFFUSION

In this section we work out an analytical solution to the
Boltzmann hierarchy in a situation with weak diffusion.
This is the complementary limit to that considered in
Appendix A, and is realized when the wavelength of the
fluctuations is much larger than the length scale for the

diffusion of the Lyα photons. We restrict ourself to the
source term in Eq. (71) involving δfeq.

1. Anisotropic part of hierarchy

Let us consider the hierarchy of equations for the
moments with j ≥ 1, Eq. (72). If the range of frequencies
Δνv over which δfj0 varies is larger than

Δνmfp ¼
1

τSϕðνÞ
≈
4π2ðν − νLyαÞ2

ALyατS
ðB1Þ

(where the approximation is in the damping wings), the
photons’ scattering rate is faster than that of their redshift
through the frequency range of interest, and we may drop
the left-hand side. We expect this to be valid since Δνmfp <
jν − νLyαj in the damping wings, even out to jν=νLyα − 1j of
order unity.
This condition is satisfied very easily in the Doppler core

due to the high scattering rates:

Δνmfp;core ¼ νLyαΔH

ffiffiffi
π

p
τS

eðν−νLyα=νLyαΔ2
HÞ ≪ νLyαΔH: ðB2Þ

Dropping the left-hand side of Eq. (72) converts the system
of ODEs into an algebraic hierarchy. We can define the
frequency-dependent parameter

q ¼ qðν; kÞ≡HνaτSϕðνÞ
ck

ðB3Þ

¼ 1.1 × 106
�

k
105 Mpc−1

�
−1
ϕVðxÞ

at z ¼ 1100; ðB4Þ

which is the optical depth for photons to travel a comoving
distance k−1 at that frequency. We then reduce Eq. (72) to

0 ¼ q−1
�
−

j
2j − 1

δfj−1 þ
jþ 1

2jþ 3
δfjþ1

�
þ δfj ðB5Þ

(for j ≥ 1). It is convenient at this point to transform back
to angle space, i.e. to work with the function δfðν; k; μÞ.
Multiplying Eq. (B5) by 2 and using the inverse trans-
formation of Eq. (69), we see that

0 ¼
Z

1

−1
dμδfðμÞ½iq−1jPj−1ðμÞ þ iq−1ðjþ 1ÞPjþ1ðμÞ

þ ð2jþ 1ÞPjðμÞ�: ðB6Þ

Using the multiplication formula for the Legendre poly-
nomials gives

0 ¼ ð2jþ 1Þ
Z

1

−1
dμPjðμÞδfðμÞðiq−1μþ 1Þ: ðB7Þ
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This holds for all j ≥ 1, hence the solution is that the
combination ðiq−1μþ 1ÞδfðμÞ must be a constant inde-
pendent of μ:

δfðμÞ ¼ F
1

1þ iq−1μ
: ðB8Þ

In particular, the relation between the first and zeroth
moments is

δf1ðν; kÞ
δf0ðν; kÞ

¼ 3i

R
1
−1 dμμδfðν; k; μÞR
1
−1 dμδfðν; k; μÞ

¼ 3i

R
1
−1 dμμð1þ iq−1μÞ−1R
1
−1 dμð1þ iq−1μÞ−1

¼ −3q
�
1 −

1=q
arctan ð1=qÞ

�
: ðB9Þ

2. The isotropic part

It remains to solve the equation for δf0ðν; kÞ. We
substitute the relation (B9) into Eq. (71), and retain the
source term of interest to get the Boltzmann equation for
this moment

∂δf0
∂ν
¼ −τSϕðνÞ½δfeq − pscδf̄0� − τsc

ν2LyαΔ2
H

2

∂
∂ν

�
ϕðνÞ ∂δf0∂ν

�

þ τSϕðνÞ
�
pab −

�
1 −

1=q
arctan ð1=qÞ

��
δf0: ðB10Þ

The boundary condition is that δf00;þ ¼ 0 (i.e. no pertur-
bation to the incoming radiation on the blue side of the

line). The solution C0ðνÞ of Eq. (73) is determined by
setting δfeq − pscδf̄00 ¼ 1 in Eq. (B10).
We examine the simplest case, where the frequency

diffusion term is negligible. In the limit we are considering
in this section, the wave number k → 0. In that case, the
parameter q → ∞, and the term in curly braces on the rhs of
Eq. (B10) approaches zero. Taking this limit, we have

∂δf0
∂ν ¼ τSϕðνÞpabδf0 − τSϕðνÞ: ðB11Þ

Defining the cumulative distribution function of the profile
X ¼ R

dνϕðνÞ (so that X ranges from 0 at the red side of
the line to 1 at the blue side), we may solve this equation
to yield

δf0ðνÞ ¼
1

pab
½1 − epabτSðX−1Þ�: ðB12Þ

Averaging over the line profile is equivalent to the
integration

R
1
0 dX :

C̄0 ¼ δf̄0 ¼
1

pab

�
1 −

1 − e−τSpab

τSpab

�
: ðB13Þ

It follows that

1 − pabC̄0
1þ pscC̄0

¼ 1

τS

1 − e−τSpab

1 − pscð1 − e−τSpabÞ=ðτSpabÞ
: ðB14Þ

In the relevant optically thick limit of τSpab ≫ 1, this
becomes equivalent to the usual Sobolev escape proba-
bility, ≈1=τS. Substitution into the definition of P in
Eq. (81) recovers the standard Peebles’ C factor of Eq. (65).
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