
Scott. R. F 119901. Geotefhnique 40. No. 2, 211 22 1 

Radial consolidation of a phase-change soil 

R. F. SCOTT* 

An Ol'erconsolidated sensithe clay has been rep
resented by a one-dimensional compressional 
model in which the clay structure is rigid both 
below and above the maximum past effective stress 
and collapses at this stress from a higher void ratio 
to a lower value. This model is incorporated in 
several different geometries to describe the behav
iour of the sensith·e clay under applied stress. 
These cases include radial compression of a cylin
der and a sphere, and expansion of a cylindrical 
cavity in an infinite region. Solutions are given for 
displacements and pore pressures. 
KEYWORDS: analysis; consolidation; phase change; 
radial; sensitive clay; spherical 

INTRODUCTION 
Overconsolidated sensitive clays exhibit a highly 
non-linear consolidation behaviour. Their 
response to applied load has generally been rep
resented by an incremental numerical approach 
in which the compressibility and permeability of 
the clay have been varied. following the labor
atory test behaviour, during the consolidation 
process (Mesri & Rokhsar, 1983; Mesri & Choi. 
1985). Consolidation and settlement calculations. 
described this way, have required the use of a 
computer. Recently, for one-dimensional com
pression, the laboratory behaviour of such soils 
has been represented differently, by assuming at 
the simplest level that the clay under applied 
stress exhibits no compression up to the precon
solidation pressure, at which it collapses to a new 
void ratio where it remains. again rigid. for higher 
pressures (Scott, 1989). The process is shown in 
Fig. 1, which illustrates the typical behaviour of 
such a clay in laboratory tests and the ideal
ization of the model to represent such behaviour : 
an arithmetic scale of stress is given in both plots. 
In effect, under a stress increment .1.a~ from effec
tive stress a~ to stress a; , the clay undergoes a 
phase change at the maximum past effective stress 
a~ from an initial void ratio e1 to a final state at 

Discussion on this Paper closes on I October 1990. For 
further details, see p. ii. 
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Une argile sensible surconsolidee est representee 
par un modele unidimensionnel de compression 
dans lequel la structure de l'argile est rigide a des 
valeurs aussi bien superieures qu'inferieures a la 
valeur maximale passee de la contrainte effective 
et s'effondre au niveau de celle-<:i en acquerant un 
indice des lides plus faible. Le modele est incorpore 
dans plusieurs geometries differentes pour decrire 
le comportement de l'argile sensible sous con
trainte appliquee. Ces cas comprennent la com
pression radiale d'un cylindre et d'une sphere et 
!'expansion d'une ca,·ite cylindrique dans un milieu 
infini. Des solutions soot presentees pour les depla
cements et pour les pressions interstirielles. 

lower void ratio. e2 . The letters A. B etc. on Fig. 
l(a) correspond to material states at points A 1 , 

8 1 etc. on Fig. l (b). The possibility of a more 
complicated model (Scott, 1989) is allowed for by 
establishing an intermediate point C. The more 
complicated model admits the possibility of 
studying the application of the phase-change 
process to cylindrical or spherical geometries to 
examine the pore pressure in the central core by 
analogy with the Mandel- Cryer effect (Cryer. 
1963). This is not treated here. 

When a surface load is applied to a half-space 
composed of such a clay. with drainage at the 
surface, the soil collapses to the lower void ratio 
first at the surface. and this collapse releases pore 
water at the collapse front, which is a shock wave 
passing into the undisturbed medium. The flow of 
the released water through the increasing thick
ness of the collapsed zone to the drainage surface 
controls the rate of advance of the shock in the 
simplest one-dimensional case of uniform homo
geneous soil and a step load at the ground surface 
according to the equation 

.1.L' dZ _ k, up = Q 
dt }',.(Z - : o) 

(1) 

in which .1.v is the volume of water expelled by 
unit volume of the original sensitive clay in the 
phase change from e1 to e2 (i.e., .1.L• = (e1 - e2)i( l 
+ e i)), Z is the distance from the original surface 
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Fig. 1. Beha,·iour of ol·erconsolidated sensitive clay in 
oOHlimensional consolidation test (note linear scale of 
stress): (a) laboratory test; (b) idealization 

(reference level) to the advancing front, c is time, 
k, is the permeability of the collapsed soil, uP is 
the excess pore pressure at Z. ;·~ is the unit 
weight of water, and z0 is the settlement of the 
soil surface (not assumed small) from the original 
surface reference. The settlement =o is obviously 
related to the thickness of the collapsed layer by 
the equation 

z0 = .1vZ (2) 

To generate the process it is necessary that the 
applied pressure increment increase the effective 
stress in the soil from its existing value (see Fig. I) 
to a value in excess of the maximum past consoli
dation pressure: otherwise no drainage or settle
ment will occur. When the maximum past 
pressure is exceeded. the pore pressure up gener
ated at the shock front is equal to the difference 
between the total applied stress and the 
maximum past pressure (Fig. !). For uniform soil 
with constant maximum past pressure with depth, 

and a step application of load. thereafter .con
stant, the integration of a rearranged equation ( l) 
gi\'es the simple result that Z (and therefore .:: 0) 

varies with the square root of time 

Z = 2ac 1 2 (3) 

where 

, k, up 
a-= ---~-

2;·~( I - .1r).1t• 
(4) 

In a previous paper (Scott, 1989), this result 
was extended to a case of a layer of sensitive clay, 
and calculations of settlement were found to 
compare well with measured values at the Olga B 
test site (Mesri & Choi, 1985). Here the analysis is 
extended to treat cases of radial consolidation, 
when the driving stress increment is applied first 
to the outside of an infinite cylinder of sensitive 
clay behaving according to Fig. 1, and second to 
the inside surface of an infinitely long cylindrical 
hole in such a clay. 

PRESSCRE APPLIED TO OUTSIDE OF 
INFINITE SOLID CIRCULAR CYLINDER 

The first situation is shown in Fig. 2, at a time t 
after the step application of a stress increment .1rl 
to the outside of a cylinder of overconsolidated 
sensitive clay. As in Fig. 1, this applied stress is 
sufficient to generate a constant pressure up in the 
pore water at the advancing shock front, where uP 
is the difference between the applied stress and 
the maximum past effective stress. Here the posi
tion of the shock front is described by the radius 
R, which decreases with time. The original radius 
of the cylinder is R 0 , and the radius of the com
pressed cylinder is r 0 . The controlling equation 
again comes from the rate of flow condition, 
where the flow generated by the advancing shock 
is conducted through the permeable collapsed 
layer between R and r0 to the outer drainage 
surface at r0 . The difference from the plane 
problem is due to the radial geometry. and the 
fact that R is shrinking. The equation is 

dR 
-.1t• - 211R - rate offtow from R to r0 = 0 (5) 

dr 

But the flow condition is one of one
dimensional radial flow, so that the rate q in the 
annulus between Rand r0 is (Scott, 1963) 

2rrk, up 
q= 

Y~lnr0,:R 
(6) 

and. substituting m equation (5). the control 
equation becomes 
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Apched 
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Fig. 2. Phase change in infinite solid circular cylinder 
under pressure applied at outside boundary 

_ ~v dR R _ k, up = 0 
di Yw lnr0iR 

(7) 

The relationship of r 0 to R is also different from 
the plane case because of the radial symmetry. At 
the time t, shown in Fig. 2, all the soil at void 
rato e1 formerly occupying the annulus or 
volume between R0 and R now has been com
pressed to void ratio e2 in the volume between R 
and r0 . Consideration of the volumes and void 
ratios gives the equation for the ratio of new 
volume to original volume 

'02-R2 l+e2 
Roi - Ri = I + e1 = b, say (8) 

where b is a new constant lying between the limits 
zero and unity. It can be seen that this new con
stant is related to ~v by the relation ~v = I - b. 
At this stage, it is convenient to define dimension
less terms 

(9) 

where 0 < R' < I; b < r~ < I, so that, with some 
rearranging, equation (7) becomes 

- (In r~/ R')R' dR' = :•up d1 
Ro ~V't'w 

(10) 

Both sides are now dimensionless and it can be 
seen that a group of terms on the right-hand side 
has the dimensions of a diffusion coefficient, or 
coefficient of consolidation, say c,P, for this 
problem 

(11) 

Substituting equation (8) in equation (10) and 
rearranging gives the equation to be solved, in 

which the prime on R' has been dropped 

{
[R2(1 - b) -J- b]t 2} 

-Rln R dR 

__ k_,_u~P -- d1 
R0 

2 
}0.,(l - b) 

(12) 

The solution is obtained by integration of the left 
side from R = I to R, and the right side from 
t = 0 to t, to give 

(I - b) {2R 2 ln R - (R 2 + _b_) 
4 1-b 

} 
k u t 

x In [(I - b)R 2 + b] = ~ = T (13) 
Ro }'w 

where T is a dimensionless time, defined as 

k,uPI c,.Pr 
T=--=-

.. ; ... Roi Roi 
(14) 

The phase change process terminates at a time Ir 
when the entire cylinder has collapsed to the new 
state at void ratio e2 , with R = 0. Placing R = 0 
in equation ( 13) gives 

or 

bin l .b 
7;=---

4 

(15a) 

(15b) 

It may be noted here that, although of less practi
cal use, the one-dimensional compressional 
problem of spherical symmetry can be treated 
similarly. In the spherical case the solution is 

(1 - b) [ 2 I 
-- (1-R)---

2 (1 - b) 

x {I - [(I - b)R3 + b]2 3}] = t'Pk,t = T 
R/ Yw 

(16) 

in which all the variables and constants have the 
same meaning as in the radial problem, but refer 
to the spherical case. Once again, t = Ir at the end 
of the process, when R = 0, and .. from equation 
(16) 

Roi ;·,.(b2.·3 - b) 
Ir= 

2k,uP 
(17a) 
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or 

b2 3 - b 
7;=---

2 
(17b) 

T he solutions in terms of the posn1on of the 
advancing shock front for the cylindrical and 
spherical cases (equations ( 13) and ( 16)) are com
pared in Fig. 3 for five values of the constant b, in 
terms of dimensionless time T. and the square 
root of dimensionless time. 

In Figs 3(b) and (d), the behaviour of the 
advancing front is seen to correspond to a linear 
variation with the square root of dimensionless 
time a t small times in all cases. If, in equation (3). 
a dimensionless distance Z' 1s defined. where 
Z ' = Z/H. then equation (3) can be recast in the 
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Z'= b(l -b) ( 18) 

if T is defined as in equation (14) with H repla
cing R0 . This is a straight line of slope [21 

b(l - b)] 1 2 on a plot of Z ' against T 1 2
. It is seen 

that the slope is the same for pairs of values of b 
and I - b, as illustrated in Fig. 3 for both radial 
and spherical solutions which can be shown to be 
asymptotic to equation (18) at small values of T . 
At larger times both radial and spherical solu
tions di\'erge from the one-dimensional slab case 
to approach the appropriate final values of 7; 
more rapidly, because of the influence of the effec
tivel:r two- and three-dimensional drainage paths. 

ib) 

008 0 0·05 0 1 0 15 0·2 0·25 03 
Square roe; of a,rrens1onless t -e 
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Fig. 3. Solution for displacement of surface as a function of dimensionless time : (a) cylindrical case, plot of l - R 
against T ; (b) cylindrical case, plot of l - R against T1

'
2

; (c) spherical case, plot of l - R against T; (d) spherical case, 
plot of l - R against T11 2 
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Fig. 4. Dimensionless compression \'ersus dimensionless time: (a) cylin
drical case; (b) spherical case 

An interesting aspect of the solutions shown in 
Fig. 3 is that the time to complete consolidation 
(R = 0) reaches a maximum, and then diminishes 
as b decreases. It might be expected that, for soil 
which collapsed more for the same pressure 
increment (decreasing b), the necessity for re
moving increasing quantities of water at the 
shock interface would result in monotonically 

increasing consolidation times. However, at the 
same time, r0 is also decreasing, which cuts down 
the distance that the released water has to travel 
to the drainage surface. Eventually the effect of 
waning radius overcomes the volume of water to 
be drained, and the time decreases for small (and 
perhaps, at least for soils, unrealistic) values of b. 
By differentiation of equations (15b) and (17b) for 
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cylindrical and spherical cases, respectively. the 
maximum value 'lfm is 1/4e = 0·0920 for a b of 
l /e = O· 3679 for the cylinder, and 'lfm is 2: 
27 = 0·0741 for b = (2/3)3 = 0·2963 for the 
sphere. Values of 7; for the various values of bare 
shown in Fig. 4. 

In the plane one-dimensional case the curve 
shown also represents U =, the degree of consoli
dation, since the settlement, z0 , is just equal to 
the distance Z times the constant factor ~v. 

However, in the radial and spherical problems. 

the relationship of the contraction radius, r0 , to 
R is more complicated, being represented by 
equation (8) in the radial case and by the equa
tion 

ro3 - R3 
-1 ---R-J,_ = b (19) 

in the spherical case, where r0 and R are both in 
their dimensionless forms. In these circumstances, 
the degree of consolidation. expressed in terms of 
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the contraction of the cylindrical or spherical 
element. is given b} the eq~ation 

U,(radial) or U. (spherical) = I - ' 0 (20) 
I - ' or 

In equation (20). r 0 is obtained from the dimen
sionless form of equation (8) 

r z - Rz 
0 =b 
l - R 2 

(21) 

for cylindrical consolidation. and from equation 
( 19) for spherical consolidation. Since at the com
pletion of consolidation R = 0 in both cases, ' or 
can be obtained by substitution of R = 0 in equa
tions (21) and (19) to give respective values of ' or 
of b1 2 and b 1

"
3 for the radial and spherical cases. 

Combining equation (20) with equation (21) or 
equation (19) gives expressions for the degree of 
consolidation in terms of displacement, referred 
to here as 'dimensionless compression' for the 
radial and spherical problems, respectively. For 
different values of b, the dimensionless compres
sions for the two cases are plotted against time in 
Fig. 4, in which the terminal values of dimension
less time, 7; , are also illustrated . 

A third possibility for degree of consolidation 
in problems of radial and spherical symmetry is 
to define it by reference to the ratio of the wlwne 
of settlement. or volume of expressed fluid to the 
fi nal volume. With this approach. degree of con
solidation becomes 

1 - ' 02 u =-
rv I - ro/ 

fo r radial compression. and 

. I - ' 0 3 
U.,. =-1--3 

- ' or 

(22) 

(23) 

in the spherical case. Both of these expressions. 
a long with equations (8) and ( 19). lead to simpler 
equations linking U and R 

(24) 

and 

USY = 1 - R3 (25) 

The one-dimensional plane representation of 
U = remains unchanged, of course. with these dif
ferent definitions. In Fig. 5. U" and u., from 
equations (24) and (25) are shown plotted against 
the square root of dimensionless time to give 
better definition of the consolidation values at 
small times. 

Since the cylindrical and spherical problems 
correspond to the geometry a nd boundary condi
tions of the Mandel- Cryer effect (de Leeuw. 1964; 
Cryer. 1963). the pore pressure at the centre 
(r = 0) is of interest. The history is simple: in each 
case, the central pore pressure rises immediately 
to the value uP, at which it stays constant until 
the time Tr , where it drops abruptly to zero as the 
phase change reaches the centre. 

PRESSCRE APPLIED TO INSIDE OF INFIN ITE 
CYLil\DRICAL HOLE 

From a field testing point of view, the condi
tion where a pressure is applied to the inside of a 
cavity in an infinite homogeneous clay medium is 
also of interest. This problem is more complicated 
than the case of consolidation of a finite solid clay 
cylinder stressed externally. 

In a mass of uniform. homogeneous, sensitive 
overconsolidated clay the lateral effective stress at 
any depth may be less than, equal to, or greater 
than the present overburden effective stress, 
depending on the maximum past vertical effective 
stress. the present vertical stress and the depth. 
The maximum past lateral effective stress will be 
less than the maximum past vertical stress, but 
the present lateral effective stress will still be less 
than the maximum past stress. If a vertical circu
lar cylindrical hole is drilled into the soil. the 
lateral stress on the hole wall may be reduced to 
zero. or maintained at some stress if drilling mud 
is used. It is assumed for the following analysis 
that a cylindrical cavity expansion apparatus is 
lowered into the borehole, and that the 
equipment has a length several times its diameter. 
so that the pressurized part of the hole can be 
considered effectively infinite in length. Further, 
the apparatus is special in that a drainage layer is 
interspersed between the pressurizing tube and 
the hole wall. so that consolidation of the clay 
can take place by drainage into this layer. As far 
as is known, such a device is not at present avail
able. It will be assumed in the following analysis 
that the water pressure a t the test depth in the 
hole has the same value as the hydrostatic pres
sure in the undisturbed clay. 

The apparatus is expanded to apply a known 
pressure to the inner surface of the hole; the pres
sure is greater than the maximum past lateral 
effective stress, so that the clay will begin to col
lapse at the inner boundary of the hole as a result 
of drainage of pore water to the inner boundary. 
As in previous cases, a cylindrical phase change 
boundary or shock will begin at the inner hole 
surface and propagate outwards, leaving a 
growing annulus of collapsed soil behind it. and 
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this will result in an increasing radius of the hole 
itself, so that the distension appara tus. as usual. 
must be capable of following the hole surface, 
while maintaining a constant pressure on it. The 
principal difference in this case from previous 
ones is that the lateral stress at the radius or the 
shock decreases as the radius increases, even with 
constant lateral stress at the hole wall. Even
tually, the shock will reach a radius at which the 
lateral stress has dropped down to the maximum 
past lateral effective stress, and the phase change 
process will stop, with the expansion of the cavity 
wall reaching a limit value. 

In this geometry the compressional radial 
stress is accompanied by an extensional tangen
tial stress, but it is assumed here for a first 
analysis or the problem that the phase change is 
dependent only on the compressive radial stress, 
as in the plane one-dimensional case. Since the 
clay is assumed to be rigid both before and after 
collapse, the variation of the radial compressive 
stress with radius is obtained by consideration or 
radial equilibrium, and therefore diminishes with 
the square of the radius. The geometry of the 
problem is shown at times t in Fig. 6, where part 
(a) shows a horizontal section through the hole, 

\ \\ 
\,PJ *, 

Pore pressu·e 
r, < r < R 

\ IR. 
I 

,,·t----='---'-'---'=----~---o'--
R:J r . ,r r 1 R 1 ,q~ R1 

Rad1usr 
;b) 

Fig. 6. Phase change in infinite solid due to pressure 
applied at internal circular boundary: (a) plan \ie~· 
showing geometry with shock boundary: (b) ele\·ation 
showing pressure distribution at various times 

of initial radius R 0 , with R the radius of the 
shock, and r0 the radius of the expanded cavity at 
t. Fig. 6(b) shows the radial stress distributions at 
various times and the pore pressure variation as a 
function of radius between r 0 and R. 

At the phase boundary. the excess over hydro
static pore pressure, uP , driving water through the 
collapsed annulus to the inner hole boundary at 
r0 is the difference between the effective radial 
pressure, a~. generated at the shock and the 
maximum past lateral effective stress, a~, in the 
clay. At great radial distances from the hole the 
lateral effective stress is the static value a~. It is 
noted that. since the soil is assumed to be rigid 
ever) where. at the borehole wall the total radial 
stress applied does not generate any change in the 
static pore water pressure. Thus the total radial 
stress and the effective radial stress both decay 
inversely as the square of radius. At the borehole 
wall, radius R 0 • the applied radial effective stress 
is a~0 . At any radius. r. the radial effective stress 
is given by the equation 

(26) 

since. at infinite distance, the lateral effective 
stress is a~. Here C 1 is a constant, to be deter
mined by the condition at any time t that, when 
r = r0 , a~ = a~0 . so that 

(27) 

and, thus 

(28) 

and in particular. substituting equation (28) in 
equation (26) at r = R, the shock front 

(29) 

But from the earlier argument, the excess pore 
pressure, up , is given by 

and thus 

r 2(a' - a') 
_ 0 RO h ( , ' ) 

up - Ri - aP - ah (30) 

The same consideration of conservation of mass 
applies here as in the case of external pressure on 
a cylinder; namely, the clay solid which occupied 
the volume between R 0 and R at void ratio e1 is 
equal to that filling the volume between r0 and R 
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at void ratio e2 after collapse. This gives a rela
tion, as before, among r 0 • R, and R0 . Ratio of 
new volume to old volume equals 

(31) 

From equation {31) an expression can be 
obtained for r/ for substitution in equation (30), 
to give 

up = {(1 - b) + b :021}a~0 - a~) - (a~ - a~) 
(32) 

At the limiting value of R, equal to Rr. u = 0 
so that, from equation (25) P 

R i , ' 
(1 - b) + b - 0- = c;P - ah 

Rr 2 Ci~o - a~ 
(33) 

Since a~ is a reference stress, new terms will be 
defined for convenience as follows 

(34) 

in which both a~0 and a: are still effective 
stresses. Thus equation (32) can be written 

up = {(l - b) + b :02
2

}a~0 - a: (35) 

For this problem the control equation obtained 
from the continuity of flow out of the phase inter
face, and permeability-controlled flow to the 
inner cylindrical surface is the same as equation 
(7) except that R is increasing so the first term is 
positive, and flow is taking place from the outer 
radius R to the inner radius r 0 . The equation is 
therefore 

dR k u 
6v-R - s P = 0 

dt / wlnRir0 

(36) 

As has been seen, up is no longer constant, and 
must be replaced with equation {35). In addition, 
r 0 is obtained from equation (31) in terms of b, R 
and R 0 . With these substitutions, the revised 
form of R' from equation (9), and some rearrange
ment, equation (36) can be written in the form 

R3 In {[R2(l - ~) + b]1 ,2} dR 

ba;0 - [a: - (1 - b)a;0JR 2 

in which, for simplicity of expression, the prime 
has again been dropped from R' everywhere. It is 

convenient to substitute for the constant terms in 
the denominator 

(38) 

The solution requires integration of the left side 
from R = 1 to R, and the right side from c = O to 
t. The integration of the left side leads to a com
plicated solution 

(I~ b) [~ ({R2 + 1 ~ b} In {R2 +I~ b} 

- R2 In R2 + (R 2 
- 1) In (I - b) 

-{I + _b } In {I + _b }) + up B 
1-b 1-b A 2 

x (1n {BB--A~2} In {s - b~ - AJ 

- Li 2 {1 -~} + Li 2 {1- A:2

} 

. {(1 - b)(B - A)} + L1 2 B - b(B - A) 

_ Li
2 

{(I - b)(B - AR
2
)})] = upkst = T 

8-b(B-A) 1·.,,.R0
2 

(39) 

in which up is the initial pore pressure generated 
by the excess of the applied stress at the hole 
boundary over the maximum past effective stress, 
and the notation Li2 stands for the dilogarithmic 
function of Euler. There are a variety of notations 
for this function, which is apparently infrequently 
encountered; the notation of Lewin (1958) has 
been adopted here. The function is tabulated in 
Lewin (1958) and a closely related function in 
Abramowitz & Stegun (1965), but for convenience 
a brief table of values is included as Appendix I 
herewith. In practical problems in soil mechanics. 
the arguments of the function are always less than 
unity. If the analytical solution, equation (39), is 
inconvenient, the left side of equation (39) can 
always be evaluated numerically from 1 to the 
selected value of R. 

It can be seen that the integrand of the function 
on the left side of equation {37) goes to infinity 
when 

R 2 = R/ = B/A (40) 

and the integral also becomes infinite when R = 

Re is used as the upper limit. This is the same 
value of Rr obtained from equation (33) and is the 
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asymptotic value, which, as the integration indi
cates, is reached in infinite time. 

Equation (39) is dimensionless. since A and B 
both have the dimensions of stress. and in partic
ular the right-hand side is a dimensionless time T. 
A general graphic solution can no longer be 
given, but a solution from equation (39) can be 
plotted for specific values of the various con
stants. For the sake of illustration. Fig. 7 shows R 
and r0 plotted against the square root of dimen
sionless time from equation (39) for values of the 
constants represented by the Olga B test case. 
For that soil (Scott, 1989) e 1 = 2·75. e2 = 1·79. 
and thus b = 0·744; a~= 58 kN1m2

; a~ and aiw 
are chosen to be 20kN/ m2 and 120kN; m 2 

respectively, so that A = 12·4, and B = 74-4. 
From equation (40) the dimensionless limiting 
radius Rr here is 2·45. From the dimensionless 
form of equation (31), where R0 = 1, the limiting 
dimensionless value of cavity expansion, ror· is 
found to equal 1·5 1. 

Because of the diminution of the generating 
pore pressure at R with the inverse square of dis
tance, the solution to the internal cavity problem 
no longer exhibits the square root of time depen
dency at small times shown by the external 
loading cases. The solution also approaches the 
limiting radius Rr much more slowly than pre
viously, and, indeed, requires infinite time to 
reach it. In this case, the progress of the solution 
can also be represented by modified forms of 
equations (20) and (24) 

r0 - 1 
dimensionless displacement, U = --- (41) 

r ror - 1 

R 2 - 1 
volumetric consolidation, U,v = - 2-- (42) 

Rr -1 

and these solutions are shown in Fig. 8. For the 
same data, the one-dimensional plane solution 

R 

0·5 1 5 
Square root of 01riens1onless l ·me 

2 

Fig. 7. Solutions for monment of phase-<:hange surface 
as a function of dimensionless time for circular cylin
drical cavity expansion case; constants for Olga site sen
sitive clay (Mesri & Choi, 1985) as ginn in text 

0·5 1 1·5 2 
Square root o' d1mens1onless t ~e 

(b) 

Fig. 8. Solutions for consolidation for cylindrical cuity 
expansion case, Olga site: (a) dimensionless displacement 
U, = (r0 - l)/(r0 , - 1) plotted against T111

; (b) volu
metric consolidation U,. = (R1 

- 1)/(R, 1 
- 1) plotted 

against T111 

(Scott, 1989) is also shown. At different times in 
the progress of the problem. the excess pore pres
sures will appear as the dashed lines in Fig. 6, 
beginning at the displaced radii r 01 , r 02 and so 
on, to reach zero at all radii when r0 r is reached. 

Although, in this example, for comparison with 
the previous solution (Scott, 1989) the values of 
the maximum past vertical effective stress have 
been used, the reference stress to be employed in 
the case of a test in a real vertical borehole into a 
sensitive clay will be the maximum past lateral 
effective stress. The solution of the problem of the 
expansion of a spherical cavity in an infinite clay 
medium can also be accomplished, but would 
seem to have little value in view of the strong 
anisotropy present in an overconsolidated sensi
tive clay. 

Three constants are evident in the dimension
less form of the solution of the radial cavity 
expansion problem, A, B, and b, and they in turn 
involve the stress a~0, the applied pressure. a~ 
(the maximum past effective stress) and a~ (the 
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existing horizontal effective stress in the soil), as 
well as the before and after collapse void ratios e1 

and e2 . Complete evaluation of a test also 
requires knowledge of the post-collapse per
meability of the clay. 

CONCLUSION 
Solutions have been presented for several cases 

of consolidation of a sensitive clay exhibiting 
phase change or collapse behaviour at applied 
stresses above the previous maximum past effec
tive stress. The problems include radial consoli
dation due to either external stressing of an 
infinite clay cylinder or internal stressing of a 
cylindrical ca\ ity in an infinite clay mass, and 
spherical consolidation of a sphere under external 
loading. Applications include consolidation of tri
axial specimens of appropriate clay in the labor
atory. and a field test of the pressure-meter type, 
which will , however, require modification, to 
permit drainage at the cavity boundary. 

All the solutions given are capable of extension 
to the ·more complicated' model described pre
viously (Scott, 1989). 

APPENDIX I. DILOGARITHMIC Ft.: CTION 

x Li2(X) x Li2(X) x Li2(X) 

0·00 0·000000 0·34 0·374 341 0·68 0·855 427 
0·01 0·010025 0·35 0·386605 0·69 0·872291 
0·02 0·020100 0·36 0·398 958 0·70 0·889 377 
0·03 0·030228 0·37 0-411400 0·71 0·906 694 
0·04 0·040407 0·38 0·423 933 0·72 0·924 250 
0·05 0·050639 0·39 0·436 560 0·73 0·942057 
0·06 0·060924 0·40 0·449 282 0·74 0·960126 
0·07 0·071 264 0-41 0·462102 0·75 0·978469 
0·08 0·081659 0-42 0·475021 0·76 0·997099 
0·09 0·092110 0-43 0·488042 0·77 I ·016 030 
0·10 0·102617 0·44 0·501 167 0·78 I ·035 277 
0·11 0·113 182 0-45 0·514 398 0·79 I ·054859 
0·12 0· 123 806 0·46 0·527 739 0·80 1·074 794 
0·13 0·134488 0·47 0·541 190 0·81 I ·095 103 
0·14 0·145231 0·48 0·554 756 0·82 I· 115 808 
0·15 0·156035 0·49 0·568 438 0·83 1·136936 
0·16 0·166900 0·50 0·582 240 0·84 1·158 516 
0·17 0·177 829 0·51 0·596 165 0·85 1·180580 
0·18 0· 188 822 0·52 0·610216 086 1·203166 
0·19 0·199 879 0·53 0·624 396 0·87 1·226318 
0·20 0·211 003 0·54 0·638 708 0·88 1·250083 
0·21 0·222194 0·55 0·653 157 0·89 1·27452 1 
0·22 0·233 453 0·56 0·667 746 0·90 1·299701 
0·23 0·244 782 0·57 0·682 479 0·91 I ·325 702 
0·24 0·256181 0·58 0·697 361 0·92 1·352625 
0·25 0·267 652 0·59 0·712395 0·93 I ·380 590 
0·26 0·279196 0·60 0·727 586 0·94 1·409747 
0·27 0·290815 0·61 0·742939 0·95 1·440283 
0·28 0·302 509 0·62 0·758460 0·96 I ·472 439 
0·29 0·314 280 0·63 0·774 153 0·97 I ·506 525 
0·30 0·326129 0·64 0·790026 0·98 I ·542 946 
0·31 0·338 058 0·65 0·806082 0·99 I ·582 240 
0·32 0·350069 0·66 0 822 330 1·00 1 ·625132 
0·33 0·362 163 0·67 0·838 776 
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