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SHOCK WAVE EQUATIONS OF STATE USING MIXED-PHASE REGIME DATA 

J. Peter Watt 1 and Thomas J. Ahrens 

Seismological Laboratory, California Institute of Technology, Pasadena 

Abstract. A method is given that uses Hugo- 
niot data in the mixed-phase regime to constrain 
further equation of state (EOS) parameters of 
low- and high-pressure phases of materials under- 
going phase transformations on shock loading. We 
compute the relative proportion of low- and high- 
pressure phases present in the mixed-phase region 
and apply additional tests to the EOS parameters 
of the separate low-and high-pressure phases by 
invoking two simple requirements: the fraction of 
highLpressure phase (1) must increase with in- 
creasing shock pressure, and (2) must approach 
one at the high-pressure end of the mixed-phase 
regime. We apply our analysis to previously pub- 
lished data for potassium thioferrite, KFeS2, and 
pyrrhotite, Fe0.9S. We find that including the 
mixed-phase regime data in the KFeS 2 analysis re- 
quires no change in the published high-pressure 
EOS parameters. For Fe0.9S we must modify the 
high-pressure phase EOS parameters to account for 
both the mixed-phase and high-pressure phase Hu- 
goniot data. Our values of zero-pressure density, 
bulk modulus and first pressure derivative of the 
bulk modulus of the high-pressure phase of Fe0.9S 
are 5.3 Mg/m 3, 106 GPa, and 4.9, respectively. 

Introduction 

In shock wave experiments on materials that 
undergo phase transformations upon shock loading, 
low-and high-pressure portions of the pressure- 
density curves are separated by a region termed 
the "mixed-phase" regime, a range of compressions 
in which both phases are thought to coexist. Most 
attention in shock wave work in the past has been 
focused on either the low-or the high-pressure 
regime. In the former region, results of static 
compression studies can be compared to the dyna- 
mic results, while geophysicists' interest in the 
high-pressure regime arises from the possibility 
of elucidating the high-pressure behavior of pos- 
sible mantle or core minerals. Examples are shock 
studies on pyroxene and o livine [McQueen et al., 
1967; Jeanloz and Ahrens, 1977; Jackson and Ah- 
rens, 1979; Watt and Ahrens, 1983], iron [Jean- 
loz, 1979], iron sulfide [Ahrens, 1979], and an- 
orthite [Jeanloz and Ahrens, 1980]. The mixed- 
phase region is usually regarded as something of 
a nuisance, a pressure interval to be traversed 
as quickly as possible in order to reach the more 
interesting high-pressure regime. 

Mixed-phase regime states can be detected with 
the various observing techniques currently in use 
in shock wave experiments: flash gap blocks, pin 
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detectors, and plane or inclined mirrors mounted 
on the sample. With inclined mirrors any elastic 
and one or more deformational waves can be seen 

and the appropriate elastic or Hugoniot state can 
be determined. With the other methods only the 
wave (elastic or deformational) travelling in the 
sample with the highest velocity can be detected, 
and the question arises whether this wave denotes 
an elastic, mixed-phase, or high-pressure state. 
By computing a theoretical Hugoniot for the low- 
pressure phase from static compression, ultrason- 
ic, or Brillouin scattering data, one can see at 
what point the shock wave data deviate from the 
low-pressure phase Hugoniot toward higher densi- 
ties and thus decide whether the data lie in the 

mixed-phase or the high-pressure phase regime ra- 
ther than in the elastic region. 

Development of in-material stress wave measur- 
ing systems has enabled yielding and phase trans- 
formation processes to be studied as a shock wave 
progresses through a sample. Grady [1977, 1980] 
reviews various experimental techniques and dis- 
cusses general features of shock loading and un- 
loading. Such work has led to increased interest 
in the mixed-phase (mp) regime and, in particu- 
lar, in the question of how materials under shock 
unload once the shock wave has passed. 

Grady et al. [1974] measured release paths in 
the alpha-quartz/stishovite mp region using in- 
material manganin gages. They concluded that at 
a given Hugoniot density in the mp field, the ma- 
terial unloaded following "frozen concentration" 
paths (constant mass fractions of stishovite and 
quartz) down to pressures of about 8 GPa with the 
release paths becoming shallower as the amount of 
stishovite in the mp region decreased. 

In this paper, we show how Hugoniot data from 
the mp region can be used to constrain further 
equation of state (EOS) parameters for the low- 
and high-pressure phases. As illustrations, we 
use previously reported data from the mp regimes 
of potassium thioferrite, KFeS 2 [Somerville and 
Ahrens, 1980] and pyrrhotite, Fe0.9S [Ahrens, 
1979]. We also set up the mp release path prob- 
lem in general terms, calculate theoretical re- 
lease paths for the two materials above, and com- 
pare calculated and measured release paths. 

Theory 

For a given mp Hugoniot state we first calcu- 
late the amounts of low- and high-pressure phases 
in a manner similar to Ahrens et al. [1976] for 
olivine. We assume that both low-(lpp) and high- 
pressure (hpp) phase components in the mp region 
are at the same temperature. Accordingly, we com- 
bine lpp and hpp isotherms to match the observed 
mp densities at the mp Hugoniot pressure. We thus 
assume pressure, temperature, and particle velo- 
city equilibrium between the two phases and ig- 
nore surface energy effects. In their study of 
coexisting alpha-quartz and stishovite, Grady et 
al. [1974] combined adiabats, noting that the 
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Fig, 1, Schematic adiabats and isotherms for 
low-(lpp) and high-pressure (hpp) phases used to 
calculate relative proportions of each component 
at a given Hugoniot pressure P in the mixed-phase 
(top) regime from mass and energy balance condi- 
tions in equations (1) and (2). 

difference between isotherms and adiabats is 

small; however, at a given pressure, temperatures 
on the lpp and hpp adiabats are generally differ- 
ent. We do the more rigorous analysis here. By 
assuming thermal equilibrium between the low- and 
high-pressure phases we also ignore thermal loca- 
lization effects by which isolated high-tempera- 
ture regions may serve as the nuclei for shock- 
induced phase transitions, as proposed by Grady 
[1980]. 

In a two-phase region, mass and energy balance 
considerations yield 

Vmp = XVh(P,T) + (1-x)Vœ(P,T) (1) 
and 

P(Vo-Vmp)/2 x[Etr / Vh = _ PsdV 
Voh 

nh-1 
+ •-•s•)Vo•Vo•/V• /•o•1 

+ (Z-x)[- /VlPsdV 
Voœ 

+ (P-Psœ)Voœ(Voœ/Vœ)nœ-l/7oœl (2) 
where x is the mass fraction of the high-pressure 
phase at: mp pressure P and specific volume Vm•., 
V o is zero-pressure specific volume, Err is •e 
transition energy from the low- to high-pressure 
phase, T o is the zero-pressure Gr•neisen parame- 
ter, n is the exponent relating Gr•neisen parame- 
ter and specific volume assuming that T/T o = 
(V/Vo)n Ps is the pressure on an adiabat at 
volume V, and the subscripts "Z" and "h" denote 
low-and high-pressure phase, respectively (Fig- 
ure 1). Equation (2) corrects and generalizes to 
n•l equation (4) of Ahrens et al. [1976]. It 
equates the increase in energy at pressure P on 
the mp Hugoniot to the energy change along the 

adiabats of both phases plus the energy required 
to raise the pressure at constant volume from the 
adiabats to isotherms of temperature T and in- 
cludes the transition energy Err. 

We use third-order finite strain to calculate 
adiabats: 

Ps = l'5Koy5/3(y2/3-1)[1 + B(y2/3-1)] (3) 
where Y=Vo/V , K o is the zero-pressure bulk modu- 
lus, and B=0.75(•Ko/•P-4). Pressures (PT) on iso- 
therms of temperature T are related to adiabat 
pressures by 

)vn-1 / n (4) PT = P s + To Cv(T-T s Vo 

where C v is specific heat at constant volume (as- 
sumed constant). Temperature T s on an adiabat is 
given by 

T s = T O exp (-To[(V/Vo)n-1]/n) (5) 
where T o is the temperature of the unshocked ma- 
terial (300øK). In (4) and (5) we again assume 
that T/T o = (V/Vo)n. 

The problem is then to find the lpp and hpp 
volumes Vœ and V h so that the mass and energy 
balance equations (1) and (2) are satisfied at a 
set mp pressure P (=PT). We substitute (3) and 
(5) into (4) to obtain an implicit equation for 
PT(Y) for the individual 1ø!:.• - and high-pressure 
phases on isotherm T, solve for y (i.e., for Vœ 
and V h) using Newton's method, calculate x from 
(1), and check for energy balance using (2). We 
adjust the isotherm temperature T until (2) is 
satisfied to a specified tolerance. The parame- 
ters needed for each phase are Vo(--1/Po), Ko, 
•Ko/•P, T o , n, Cv, and Err. 

For consistency among the lpp, hpp, and mixed- 
phase Hugoniot states the proportion of the hpp 
computed in the mp region must increase with in- 
creasing pressure and must approach unity at the 
high-pressure end of the mp regime. If these con- 
ditions are not met, then the EOS parameters must 
be adjusted until the conditions are satisfied. 
Thus mp region Hugoniot data can be included in 
the determination of EOS parameters for the lpp 
and hpp. This approach can also be used to refine 
initial estimates of the pressure limits of the 
mp regime, i.e., the pressures at which the val- 
ues of x in (1) are 0 and 1. We illustrate this 
procedure below. 

Once we have determined EOS parameters compa- 
tible with all the experimental Hugoniot states, 
including mp states, we calculate release adia- 
bats. We assume that shocked materials unload 

isentropically. Kieffer and Delaney [1979] showed 
that if the work done against viscous forces in a 
material in a shock state is small compared with 
the gain in lattice strain energy upon adiabatic 
rarefaction, the effective viscosity of the mate- 
rial must be less than 10 3 kg/m s (10 4 Boise). 
Jeanloz and Ahrens [1979] have argued that this 
condition is satisfied for many geological mate- 
rials shocked to pressures below 150 GPa. 

We assume that the amount of hpp remains con- 
stant while the sample unloads to zero pressure. 
This "frozen concentration" release adiabat is 

the steepest theoretical release path and yields 
the maximum theoretical postshock density. This 
can be compared with experimental release paths 
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determined using shock velocities in buffer mir- 
rors mounted on shock-compressed samples [Ahrens 
et al., 1969], the impedance matching method, and 
an approximation to the Riemann integral for the 
release wave velocity [Rice et al., 1958; Lyzenga 
and Ahrens, 1978]. The pressure-particle veloci.- 
ty release path is assumed linear and is shown to 
be an extremum, which extremum is then inferred 
to yield a maximum value for postshoe k density. 

We calculate the release adiabat iteratively, 
as follows. For both the lpp and hpp we consider 
the energy change produced by a small pressure 
decrement, treating both isothermal and adiabatic 
paths, starting from the mp Hugoniot pressure 

Pap' Figure 2 illustrates the first iteration. 
The change in energy, AEi, along isotherm T from 
Pap to Pr is [Ahrens et al., 1969] 

= + 
where Ap is the pressure decrement, V i is the 
specific volume on the isotherm T at pressure Pr 
(--Pap-AM), and we again take T/T o -- (V/Vo)n. The 
energy change from (Vmp,Pmp) to (Vi,P r) along the 
adiabat is 

I.O 
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Fig. 3. Calculated mass fraction x of the high- 
pressure phase versus Hugoniot temperature T in 
the mixed-phase region of potassium thioferrite 
between 15 and 30 GPa. 

AEa = AP(Vr-Vmp)/2 Equating energy changes along the two paths 
( n n ) (equations (6) and (7)) gives an implicit equa- + CpT 1-exp[To(Vmp-Vr)/n/Vo n] (7) tion for the specific volbrae V r at Pr on the re- 

lease adiabat, which we solve numerically for the 
where V r is the specific volume on the adiabat at lpp and hpp separately. The V r values for both 
Pr' The second term in (7) is the energy change phases are then combined using (1) to yield the 
at constant pressure from the adiabat to the iso- density on the mp release adiabat at Pr' Because 
therm, Cp(T-Ts) , where T s is the adiabat tempera- ture (equation (5)) at Pr Cp is related to C v by lpp and hpp release adiabats at Pr are at differ- ' ent temperatures (equation (5)), we take the tem- 

Cp -- Cv(l+ c•TT) (8) perature at Pr on the release adiabat as 
where c• is the volume thermal expansion coeffi- 
cient, which we approximate as 

• = TCvP/KT • Cv(AP/AP)T (9) 

Pressure 

Tr(P r) = XTsh + (1-X)Tsœ (lO) 

thus assuming that thermal equilibrium is main- 
tained between the two phases with equal heat 
capacities along the release path. The release 
path point (Vr,P r) is then taken as a new mp 
starting point, and the process is repeated (with 

T--T r) until Pr --10s ß We generally divide Pm • into 10 equal interva for the release adiaba• com- 
putation. 

Results for KFeS 2 and Fe0.9S 

We illustrate the above method with potassium 
thioferrite, KFeS2, and pyrrharite, Fe0.9S. These 
materials were chosen because shock wave data are 

available that include several mp Hugoniot states 
[Somerville and Ahrens, 1980; Ahrens, 1979]. For 
Fe0.9 S [Ahrens, 1979], partial release states al- 
so were reported from buffer mirror measurements. 
Partial release states were not given for KFeS 2 
[Somerville and Ahrens; 1980]; however, we have 
extracted release states from the original streak 
records, as described below. 

We first consider KFeS 2. In Figure 3 we plot 
the mass fraction x of high-pressure phase versus 
Hugoniot temperature for the mp region, using the 
approach described above. The lpp and hpp EOS pa- 
rameters are those in Table 3 of Somerville and 

I/VoL I)V•ll•Vo. I/V. (I/V) DensiJy 
I/Vmp 

Fig. 2. Schematic diagram of the iterative cal- Ahrens [1980] for third-order finite strain fits 
culation of release adiabats from mixed-phase Hu- to the lpp and hpp data. There is a nearly linear 
goniot pressure Pap using energy balance condi- variation of x with isotherm temperature. For mp 
tions in equations'(6) and (7). The figure illus- Hugoniot pressures from 15 to 30 GPa, x increases 
trates the first iteration. from 0 to 0.97, i.e., from no hpp component to 
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nearly complete conversion. Thus the mp region 
proposed by Somerville and Ahrens and the fitted 
EOS parameters are consistent with our calculated 
proportions of lpp and hpp, although we would be- 
gin the mp regime at 15 GPa rather than at 13 GPa 
as suggested by Somerville and Ahrens. For Hugo- 
niot pressures below 15 GPa our calculations 
yield negative values for x. 

Zou et al. [1982] carried out a static com- 
pression study of KFeS 2 to 34.5 GPa. The data are 
consistent with the shock wave results of Somer- 

ville and [hrens [1980] except that three dis- 
tinct phases were observed: a low-pressure phase 
stable to 15.8 GPa, a high-pressure phase stable 
from 15.8 to 27.4 GPa, and a second high-pressure 
phase stable above 27.4 GPa. 

Figure 4 shows calculated release adiabats for 
the KFeS 2 mp region calculated by the iterative 
method described above. The heavy curve through 
the mp points is a quadratic least squares fit in 
density: P(GPa)=36.22-26.99p+5.72p 2 (p in Mg/m3). 
The mp Hugoniot pressures have been corrected for 
porosity, ranging between 1.1 and 3.8%, as des- 
cribed by Jeanloz [1979]. This correction reduces 
Hugoniot pressures reported by Somerville and 
Ahrens [1980] by 0.2-0.5 GPa. Included in Figure 
4 are adiabats and 300, 700, and 1800øK isotherms 
for both the lpp and hpp. All curves were calcu- 
lated from the EOS data in Table 3 of Somerville 
and Ahrens [1980]. Also shown are our calculated 
release adiabats for mp Hugoniot pressures of 15, 
21, 24, 27, and 30 GPa. The theoretical release 
paths become shallower as mp Hugoniot pressures 
decrease, in agreement with the results of Ahrens 
and Rosenberg [1968] and Grady et al. [1974] on 
quartz. This is a consequence of the steeper 
slope of the hpp adiabat. 

In order to compare theoretical release adia- 
bats and measured release paths we have reanal- 
yzed the shock wave streak records for KFeS 2 and 

extracted partial release states, given in Table 
1. Our values for initial densities, projectile 
velocities, and shock wave velocities agree with 
those in Table 2 of Somerville and Ahrens [1980] 
within one standard error, except for shots LGG54 
and LGG56 (hpp region) where we agree within two 
standard errors. The partial release states are 
determined from shock wave velocities measured in 
buffer mirrors of fused quartz or lexan on the 
KFeS 2 samples and the impedance matching method 
[Walsh and Christian, 1955]. Buffer mirror equa- 
tion of state data used were those of Wackerle 

[1962] and Jackson and Ahrens [1979] for fused 
quartz and Carter and Marsh [1977] for lexan. In 
Table 2 we list our measured buffer shock wave 

velocity UB, the Hugoniot state (particle veloci- 
ty up H, pressure pH, and density pH) as given by 
Somerville and Ahrens, and our values for the 

partial release states (u•, pR, and pR). 
We plot Hugoniot and release states in Figure 

5 for pressures up to 50 GPa, excluding the two 
highest pressure points at 100 and 111 GPa. On 
the basis of shock velocity/particle velocity 
plots and fitted lpp and hpp equations of state, 
Somerville and Ahrens concluded that the mp re- 
gime extends from about 13 to 30 GPa. In this 
region of Figure 5 the partial release states lie 
on the Hugoniot, within the experimental error. 
At the lowest Hugoniot pressures (1.6 and 4.3 
GPa), the samples unload at almost constant den- 
sity. In the high-pressure region the release 
path from 45 GPa is much shallower than the Hugo- 
niot. Similar behavior occurs for the 100- and 

111-GPa Hugoniot points. We emphasize that be- 
cause of the method of calculating the Riemann 
integral the partial release paths yield maximum 
partial release densities (maximum release path 
slopes). Comparing Figures 4 and 5, we can con- 
clude that since the measured partial release 
paths are much shallower than the theoretical re- 
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TABLE 1. Measured Buffer Shock Wave Velocities and Calculated Hugoniot 
and Partial Release States for KFeS 2 

Shot 

Hugoniot State Partial Release State 

km/s s GPa Mg/m 3 s GPa Mg/m 3 

451 2.647 0.223 1.56 2.78 0.20 0.64 2.78 

(-+0.022) (+0.004) (+0.04) (-+0.04) (-+0.01) (-+0.05) (+0.01) 
444 3.199 0.515 4.27 3.06 0.55 2.12 3.05 

(+_0.020) (_+0.005) (+_0.04) (_+0.04) (+_0.0•) (+_0.06) (+_0.0•) 
450 3.626 0.630 5.55 3.17 0.83 3.58 2.98 

(+0.024) (-+0.010) (-+0.11) (-+0.05) (-+0.01) (-+0.08) (+0.02) 
455 3.621 0.635 5.76 3.18 0.82 3.56 3.02 

(,_0.025) (+_0.002) (,_0.04) (_-,-0.03) (,_0.02) (+_0.09) (_,0.03) 
440 4.097 0 . 851 8.29 3.38 1.1 3 5 . 51 3.10 

(-+0.029) (-+0.002) (_+0.06) (-+0.03) (_+0.02) (-+0.13) (-+0.05) 
437 4.542 1.06 11.4 3.50 1.41 7.65 3.18 

(-+0.069) (-+0.02) (*_0.3) (_+0.07) (_+0.04) (+0.36) (--+0.10) 
458 4,892 1,31 14,6 3,67 1,63 9,55 3,39 

(+_0.040) (+_0.01) (+_0.1) (+0.04) (_+0.03) (+_0.23) (-+0.05) 
470 5.181 1.45 17.2 3.83 1.82 11.2 3.49 

(-+0.044) (+_0.01) (-+0.2) (-+0.05) (_+0.03) (-+0.3) (-+0.06) 
467 5.480 1.63 19 ß 7 3.97 2.01 13.1 3.64 

(-+0.047) (-+0.01) (-+0.2) (_+0.03) (_+0.03) (_+0.3) (-+0.06) 
436 5.826 1.79 22.5 4.13 2.23 15.5 3.73 

(_,0.052) (,_o.o4) (+_o.5) (_,0.08) (_,o.o3) (+_o.4) (,_o.o8) 
435 6.289 2.05 27.4 4.34 2.52 19.0 3.88 

(+_0.059) (+_0.05) (+_0.7) (+_0.09) (_+0.04) (+_0.5) (+_0.09) 
449 --- 2.16 30.0 4.47 ......... 

(+_0.0•) (+_0.3) (+_0.04) 
LGG56 5.585 2 . 79 45.1 4.68 2.82 34.7 4.27 

(+_0.051) (+_0.02) (-+0.6) (+_0.06) (_--H).03) (-+0.7) (+_0.03) 
LGG54 8.7 81 4.45 100.3 5.30 4.84 93.6 4.75 

(+_0.113) (+_0.02) (-+1.1) (+_0.07) (_+0.07) (+_2.6) (-+0.25) 
LGG69 9.262 4.72 111.1 5.40 5.14 104.9 4.26 

(-+0.091) (+_0.02) (-+1.3) (-+0.08) (+_0.06) (-+2.2) (-+0.26) 

Shot numbers refer to Table 2 of Somerville and Ahrens [1980], which gives initial 
densities and projectile and sample shock wave velocities. 

lease adiabats, the KFeS 2 phase transformation 
must begin reversing as soon as the samples start 
to unload. 

Complete release states were obtained for sev- 
en shots with Hugoniot pressures below 30 GPa us- 
ing inclined mirrors on the KFeS 2 samples [Ahrens 
et al., 1968]. Zero-pressure release densities 
from pressures of 4.27, 5.55, 5.76, 8.29, 14.6, 
17.2, and 19.7 GPa are 2.06, 2.59, 2.60, 2.65, 
2.33, 2.37, and 2.59 Mg/m 3, respectively. The 

TABLE 2. Equation of State Data for Fe0.9S 

Low-Pressure High-Pressure 
Phase Phase 

A B 

Po, Mg/m3 4.6025 5.54 5.3 
Ko, GPa 55. 150. 106. 
Kg, dimensionles s 4.0 4.2 4.9 
Etr , kJ/g 0.0 0.097 0.097 
•o, dimensionless 1.13 1.3 1.3 
n, dimensionless 1.0 1.0 1.0 

Column B gives the hpp preferred values. 

average, 2.46(+_0.15) Mg/m 3, is close to the ini- 
tial density of KFeS 2 (2.663 Mg/m3). 

We note that in the iterative energy balance 
procedure for calculating the theoretical release 
paths (equations (6) and (7))the differences be- 
tween the isothermal and adiabatic release paths 
from a given pressure are negligible (0.001 Mg/m 3 
or less). This would be expected from the essen- 
tially parallel nature of the adiabats and iso- 
therms in Figure 4. The release path calculation 
(Figure 2) shifts the adiabat to lower densities 
to intersect the isotherm at the required pres- 
sure, and thus the isothermal and adiabatic paths 
in Figure 2 should be nearly coincident. Accord- 
ingly, one can conclude that addition of adiabats 
used by Grady et al. [1974] for frozen concen- 
tration release paths is an excellent approxima- 
tion. We note, however, that using adiabats to 
compute the mass fraction of high-pressure phase 
at a given mp pressure underestimates the mass 
fraction. For example, at 20 GPa, use of lpp and 
hpp adiabats to determine x yields an hpp mass 
fraction of 0.08 compared to the correct value of 
0.22 derived from isotherms. 

We now consider a case in which the mp analy- 
sis can be combined with hpp Hugoniot data to 
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Fig. 5. Hugoniot (solid cicles) [Somerville and Ahrens, 1980] and partial release 
(open circles) states for KFeS 2. Partial release states are new data derived by 
rereading of the original streak records of Somerville and Ahrens. 

constrain further hpp EOS parameters. We use as 
an illustration data of Ahrens [1979] for pyrrho- 
tire, Fe0.9S. We note at the outset that the hpp 
EOS parameters in Table 4 of Ahrens [1979] do not 
provide a good fit to the high-pressure data, as 
shown by the dashed curves in Figure 6. 

We have done a third-order finite strain refit 

of the hpp data in Figure 6 and give the results 
in Table 2 (column A). The zero-pressure hpp den- 
sity was taken as the maximum zero-pressure re- 
lease density found from inclined mirrors on the 
samples using techniques described by Ahrens et 
al. [1969]. In shock wave reconnaissance experi- 
ments, where there exist no independent static 
compression determinations of the hpp zero-pres- 
sure density, one must make some such choice. In 
the discussion below we show how use of mp data 
confirms that this choice for zero-pressure hpp 
density is a poor one. The revised analysis for 
Fe0.9S yields a bulk modulus K o about 50 GPa 
higher than that previously reported, and a value 
of the first pressure derivative of Ko, •, about 
0.6 lower. 

In Table 2 we also include EOS parameters for 
the low-pressure phase of Fe0.9S. The lpp values 
of K o and K• are based on measurements by •L I. 
Christensen (private communication, 1972). The 
only other measurements of pyrrhotite K o of which 
we are aware are those of Birch and Bancroft 

[1939] for a sample of unspecified composition 
with Po--4.587 Mg/m 3 yielding K o values from 52 
to 73 GPa. 

In Figure 6 we also plot the measured partial 
release states from buffer mirror data and com- 

plete release states from inclined mirror obser- 
vations. Again, we emphasize that these release 
paths yield maximum postshock densities. The re- 
lease paths become shallower as Hugoniot pressure 
decreases, except for the release path from 29.1 
GPa. It is evident in Figure 6 that the previous 
hpp results for Fe0. 9 are in error; however, one 
might wish a better fit between 30 and 50 GPa, 
even with the revised parameters. On the other 
hand, it would not be unreasonable to expect that 

the mp region might extend to these higher pres- 
sures. It is these possibilities that we use the 
mp region Hugoniot data to explore. 

We calculate the fraction of hpp Fe0.9S in the 
mp regime using our revised hpp EOS parameters 
(Table 2, column A) and fitting the mixed-phase 
Hugoniot by a quadratic in density between 5 and 
25 GPa, the mp region proposed by Ahrens [1979]. 
The results are plotted as the short-dashed line 
in Figure 7. Even at 25 GPa, only about 70% of 

15o 

---- ioo 

õo 

o 
4.4 

• • • / • / 
FeosS / /, 

. Ahrens (1979) ' I i• / 
- _ Model A .' /'• / ,• 

/ ///' / 
= Release Polhs / /// 

_ // 

- . ,/J - 
-.,__ I I I 

•.o e.o ?.o e.o 

Density ( Mg/m 3 ) 
Fig. 6. Hugoniot (solid circles) and release 
(open circles) data for pyrrhotite, Fe0.9S [Ah- 
tens, 1979]. Also shown are adiabats and Hugoni- 
ots calculated from the equation of state fit of 
Ahrens [1979] (dashed lines), our initial reanal- 
ysis of the high-pressure phase data (Table 2, 
column A), and our preferred analysis (Table 2, 
column B) including the mixed-phase region data 
(heavy curves). 
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the Fe0.9S appears to have transformed. Thus the 
hpp EOS parameters used in constructing the hpp 
Hugoniot in Figure 6 (model A) and the calculated 
proportion of hpp in the mixed-phase region are 
not consistent with each other. Either the hpp 
EOS parameters or the pressure limits of the mp 
regime are in error. 

One obvious solution is to extend the mp re- 
gion to higher pressures Figure 6 suggests that ' 

using our revised hpp EOS parameters, the Hugoni- 
ot points at 29.1, 30.6, 38.7 and 40.7 GPa should 
perhaps belong in the mp region. Repeating the 
calculation of the proportion of the hpp in an mp 
regime from 5 to 40 GPa, with a new quadratic 
fit, yields the long-dashed curve in Figure 7. 
This extended mp region requires that the amount 
of hpp in the mp region decreases once Hugoniot 
pressures exceed 30 GPa, an iraplausible result. 
Thus we can conclude that an extended mp regime 
is not acceptable, and we must attribute the dif- 
ficulty to our model A EOS parameters and, speci- 
fically, to our choice of an hpp zero-pressure 
density. This conclusion would most likely not 
have been reached in the absence of both a static 
compression zero-pressure hpp density and our 
mixed-phase calculation. 

We now must modify the hpp EOS parameters in 
light of the above results. If we lacked a static 
compression zero-pressure density for the hpp (as 
is the case in a reconnaissance experiment), we 
would most likely be inclined to lower the hpp 
density somewhat to yield a better fit to the Hu- 
goniot data between 30 and 50 GPa, since we have 
shown that these points are not in the mp regime. 
In the present case, however, we note that inde- 
pendent static compression studies of troilite, 
FeS, have been done. Pichulo et al. [1976] ob- 
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Fig. 7. Computed mass fraction of high-pressure 
phase for pyrrhotite in the mixed-phase regime. 
The long-dashed curve uses the same equation of 
state parameters as the short-dashed curve but 
extends the mixed-phase region to 40 GPa. Above 

served a density increase of 16% in phase transi- Hugoniot pressures of about 30 GPa, the amount of tions in troilite from FeS(I) to FeS(III). The 
high-pressure phase decreases, an inconsistent transition from FeS(I) to FeS(II) was a minor 

transformation with a density increase of about 
1%, while the FeS(II)->FeS(III) transition had a 
density increase of about 15%. Recently, Mao et 
al. [1981] refined the structure of the highest 
FeS phase, FeS(IV), from diamond cell static com- 
pression data from 15 to 60 GPa and found dis- 
agreement with Pichulo et al.'s FeS(IV) ortho- 
rhombic lattice parameters. Mao et al. found the 
net density change from FeS(I) to FeS(IV) to be 
15.7%. By analogy we take a zero-pressure hpp 
density of 5.3 Mg/m 3 for pyrrhotite, an increase 
of 15% relative to the lpp zero-pressure density. 

The results of the new fit to the Hugoniot da- 
ta above 30 GPa are given in column B of Table 2. 
Compared to model A, K o is reduced by 46 GPa, and 
g• is increased by 0.7. For comparison, Mao et 
al. [1981] determined K o for FeS(IV) as 137 GPa 
using a Murnaghan EOS with •=4. Our hpp adiabat 
and Hugoniot curves from model B are plotted as 
the heavy lines in Figure 6 and are an improved 
fit to the Hugoniot data between 30 and 50 GPa. 
The proportion of high-pressure phase calculated 
using these new EOS parameters is plotted as the 
solid curve in Figure 7. The results show that at 
27 GPa, nearly all the Fe0.9S has transformed to 
the hpp and that the mixed-phase region extends 
from just below 5 GPa to just above 27 GPa. Thus 
the revised hpp EOS values and the mixed-phase 
regime calculations are consistent, and the dis- 
agreements between the two regions found with the 
model A hpp parameters have been eliminated. 

result. The solid, preferred curve is calculated 
using equation of state parameters of Table 2, 
column B, and indicates that complete transforma- 
tion occurs at 27 GPa. 

In Figure 8, we plot calculated release adia- 
bats for mp Hugoniot pressures of 5, 9, 15, 23, 
and 27 GPa. We also include lpp and hpp adiabats 
and 300 and 1200øK isotherms. The heavy line is a 
quadratic P-p fit to the mp Hugoniot points: 
P(GPa)--198.82-85.17p+9.28p 2 (p in Mg/m3). As was 
the case with KFeS2, the calculated release adia- 
bats become shallower at lower mp Hugoniot pres- 
sures. The measured release adiabats in the mp 
region are all much steeper than the theoretical 
release paths. Since, as we have noted, the mea- 
sured release paths yield only maximum postshock 
densities, the results are not inconsistent with 
our calculated curves. 

Summary 

We have considered materials that show phase 
transformations upon shock compression and have 
formulated a method for calculating the amount of 
high-pressure phase in the mixed-phase regime as 
an additional test for equation of state parame- 
ters of the high-pressure phase derived from the 
Hugoniot states. Using EOS parameters for the 
individual low- and high-pressure phases, we corn- 



Watt and Ahrens: Mixed-Phase Equations of State 7843 

30 

25 

-• 20 

•0 

0 
4.5 

• ' '."! A/ 

..'//I 
........ •.o.,..- .."/// I 

_ ,,,.,, ,..,., / 

,oo., __ 
.." •00• 

5.0 5.5 6.0 6.5 

Density ( Mg / m 3) 

Fig. 8. Calculated frozen concentration release 
adiabats (dashed lines) for unloading from Fe0.9S 
mixed-phase Hugoniot pressures of 5, 9, 15, 23, 
and 27 GPa. The heavy line is a quadratic P-p fit 
to the mixed-phase Hugoniot data. Also plotted 
are adiabats (thin lines) and 300 and 1200øK 
isotherms (dotted lines) for the low- and high- 
pressure phases computed from our preferred para- 
meters (Table 2, column B). 

bine isotherms of the two phases and use mass and 
energy balance conditions to determine relative 
proportions of the two phases on the Hugoniot 
throughout the mixed-phase region. By so doing, 
we assume pressure, temperature, and particle ve- 
locity equilibrium between the two phases. We can 
then apply two simple requirements for the calcu- 
lated proportion of high-pressure phase in the mp 
region: (1) it must increase monotonically with 
increasing Hugoniot pressure, and (2) it must ap- 
proach one at the high-pressure end of the mixed- 
phase regime. Thus Hugoniot data from the mp re- 
gion, which have usually been regarded as of no 
particular use other than to fix in a general way 
the pressure at which the transition to the high- 
pressure phase is completed, can be used quanti- 
tatively in conjunction with the high-pressure 
region Hugoniot data in constraining equation of 
state parameters. 

Our calculations for the potassium thioferrite 
mixed-phase region show that the hpp EOS parame- 
ters of Somerville and Ahrens [1980] are consis- 
tent with a mixed-phase region extending from 15 
to 30 GPa. The release paths determined from the 
original KFeS 2 shock records sho w that as unload- 
ing begins from Hugoniot states in the mp region, 
the transformation reverses. Our computed release 
paths for frozen concentration (fixed concentra- 
tion of low- and high-pressure phases coexisting 
at a given Hugoniot pressure)are considerably 
steeper than the measured release paths. 

We have used our analysis of the mixed-phase 
regime to refine the high-pressure EOS parameters 
of pyrrhotite reported by Ahrens [1979]. Fitting 
the high-pressure Hugoni øt data without using da- 
ta from the mixed-phase region leads to an incon- 
sistent result that either only about 70% of the 
material has transformed at the upper end of the 
presumed mp region or, if the mixed-phase regime 
is extended to higher pressures, the proportion 

of high-pressure phase begins decreasing once 
Hugoniot pressures exceed about 30 GPa. This 
illustrates the difficulties one can encounter in 

shock wave reconnaissance experiments, where no 
independent measurement of the zero-pressure den- 
sity of the high-pressure phase exists and where 
only high-pressure region Hugoniot data, and not 
the mixed-phase region states, are used to fit 
equations of state, 

By adjusting the high-pressure EOS parameters 
we can simultaneously fit the high-pressure re- 
gion Hugoniot data and achieve monotonically in- 
creasing proportions of the high-pressure phase 
in a mixed-phase region extending from just below 
5 GPa to just above 27 GPa, with the proportion 
of hpp approaching unity at the high-pressure end 
of the mp regime. Revised values for the zero- 
pressure density, bulk modulus and first pressure 
derivative of the the bulk modulus of the high- 
pressure phase of Fe0.9 s are 5.3 Mg/m 3, 106 GPa, 
and 4.9, respectively. 

This technique should be especially useful in 
shock reconnaissance work, where data for the 

zero-pressure density of highTpressure phases are 
not available from other methods, and shoul d pro- 
vide motivation for acquiring additional, useful 
Hugoniot data in the mixed-phase regime. '•' 
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