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One of the primary objectives for pulsar timing arrays (PTAs) is to detect a stochastic background
generated by the incoherent superposition of gravitational waves (GWs), in particular from the cosmic
population of supermassive black hole binaries. Current stochastic background searches assume that
pulsars in a PTA are separated from each other and the Earth by many GW wavelengths. As more
millisecond pulsars are discovered and added to PTAs, some may be separated by only a few radiation
wavelengths or less, resulting in correlated GW phase changes between close pulsars in the array. Here we
investigate how PTA overlap reduction functions (ORFs), up to quadrupole order, are affected by these
additional correlated phase changes, and how they are in turn affected by relaxing the assumption that all
pulsars are equidistant from the solar system barycenter. We find that in the low-frequency GW background
limit of f ∼ 10−9 Hz, and for pulsars at varying distances from the Earth, these additional correlations only
affect the ORFs by a few percent for pulsar pairs at large angular separations, as expected. However, when
nearby (order 100 pc) pulsars are separated by less than a few degrees, the correlated phase changes can
introduce variations of a few tens of percent in the magnitude of the isotropic ORF, and much larger
fractional differences in the anisotropic ORFs—up to 188 in the m ¼ 0, l ¼ 2 ORF for equidistant pulsars
separated by 3°. In fact, the magnitude of most of the anisotropic ORFs is largest at small, but nonzero,
pulsar separations. Finally, we write down a small angle approximation for the correlated phase changes
which can easily be implemented in search pipelines, and for completeness, examine the behavior of the
ORFs for pulsars which lie at a radiation wavelength from the Earth.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs),
predicted by Einstein’s theory of gravity, will open a
new window of observation on the Universe. The existence
of GWs was confirmed via neutron star binary observations
decades ago [1–4]; however, direct evidence of GWs
remains elusive. The direct detection of GWs is possible
with a pulsar timing array (PTA) [5–8]—a type of GW
detector which uses one or more radio telescopes to
regularly monitor a selection of ultrastable millisecond
pulsars. The propagation time of radio waves from each
pulsar to the Earth is affected by the GW-induced space-
time perturbations along its path. The difference between
the expected and actual time of arrival of the radio pulses,
called the timing residual, carries information about the
GWs which can be obtained by correlating the residuals
between pulsar pairs in the array.

PTAs are sensitive to gravitational radiation in the
nanohertz frequency regime: the low-frequency limit is
set by the inverse of the total observation time—typically
10 yr—yielding a lower bound of 1=ð10 yrÞ ∼
3 × 10−9 Hz. A few pulsars have been timed for approx-
imately 30 yr and are therefore sensitive to radiation of
10−9 Hz. The cadence of observation, typically a few
weeks to months, gives an upper frequency bound of
∼10−6 Hz. A promising class of sources in this frequency
band are supermassive black hole binary (SMBHB) sys-
tems with masses in the range of ∼107–109M⊙ during their
slow, adiabatic inspiral phase [9–15]. GWs from other more
speculative sources from the early Universe, including
cosmic strings [16–18] and relic GWs [19,20], are also
expected to be found in this frequency band. Searches of
increasing sensitivity are currently ongoing in the European
PTA [21], the Parkes PTA [22], and the North American
Nanohertz Gravitational Wave Observatory [23], which
together form the International PTA (IPTA) [24].*chiara@caltech.edu
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In stochastic GW background searches, the expectation
value of the cross-correlated timing residuals is proportional
to the overlap reduction function (ORF)—a dimensionless
function which quantifies the response of the pulsars to the
stochastic GW background; see, e.g., Refs. [25,26]. The
ORF in turn depends on the frequency of the GW back-
ground and the geometry of the PTA, specifically the
distance to each pulsar and the angular separation of pulsar
pairs. A standard normalization is usually applied to the
ORFs which ensures that the maximum correlation between
pulsar pairs, in an isotropic stochastic GW background, is
1.0 for the “autocorrelation”—the correlation of a pulsar’s
timing residual with itself.
The observed timing residuals depend on a linear

combination of the GW perturbation at the time when
the GW transits at the pulsar, the so-called “pulsar term,”
and then when the GW passes the Earth, called the “Earth
term.” The Earth-term residual is then transformed to the
solar system barycenter (SSB), which will be the origin of
our geometry from here on. In stochastic GW background
searches, the Earth-term contribution is correlated between
all the pulsar pairs. If we assume that the interpulsar
distance is large with respect to the radiation wavelength
of the stochastic GW background, the pulsar term will add
incoherently at the SSB due to large GW phase offsets
between the pulsars and average to zero when integrated
over the sky. One may therefore simplify the ORF by
considering the Earth term only. In this limit, called the
“short wavelength approximation,” the ORF is no longer
dependent on pulsar distances and the frequency of the
stochastic GW background.
To date, all the stochastic GW background searches use

the short wavelength approximation, except when consid-
ering the autocorrelation, which doubles the ORF
[5,27,28]. However, as PTAs become more densely popu-
lated with millisecond pulsars, either by dedicated pulsar
searches with current radio telescopes, e.g., Refs. [29–31],
or by searches performed by advanced radio telescopes
currently under development such as the Five Hundred
Meter Aperture Spherical Radio Telescope (FAST) [32]
and/or the Square Kilometre Array [33] to name but a
few examples, pulsars in a PTA may no longer lie many
radiation wavelengths apart. This would be especially
true if millisecond pulsars in globular clusters, e.g.,
Refs. [34–36], were eventually added to PTAs.1

Exploring the limits of the short wavelength approxi-
mation is the main theme of this paper. If the interpulsar
separation is no longer large with respect to the radiation
wavelength of the stochastic GW background, the pulsar
term may need to be included in the evaluation of the ORF
to model the correlated phase changes between close pulsar

pairs. To get a sense of how these correlated phase changes
may impact stochastic GW background searches, we
examine how the pulsar term modifies the ORFs for close
pulsar pairs bathed in a low-frequency stochastic GW
background of f ∼ 10−9 Hz. Such a low-frequency back-
ground can be generated by SMBHBs in their slow,
adiabatic inspiral phase, as well as by the cosmic pop-
ulation of eccentric SMBHBs according to new studies by
Refs. [37,38]. This type of low-frequency GW background
paired with nearby pulsars such as J0437-4715 which is
only L ∼ 160 pc from the Earth [39] (or equivalently the
SSB), yield a lower bound of 10 on the number of radiation
wavelengths, fL, which separate the SSB from the nearest
pulsar in a PTA. The following calculations can therefore
be considered upper limits on how the correlated phase
changes affect the ORFs. Although the low-frequency
stochastic GW background is likely to be highly isotropic
[27], the anisotropic ORFs are included for completeness.
Pulsars from the IPTA mock data challenge are used
throughout to give examples when additional phase terms
should be included in the ORFs.
The paper is organized as follows. In Sec. II we provide a

brief introduction to stochastic GW backgrounds which is
largely taken from Ref. [27]—more details can be found in,
e.g., Refs. [27,28,40]. This is followed by an introduction
to the PTA ORF in Sec. III, where we show how cross-
correlated timing residuals can be used to search for
stochastic GW backgrounds. In Sec. IV we illustrate
how relaxing the assumption that all the pulsars in a
PTA are at the same distance from the SSB affects the
magnitude of the ORFs. This is done for the all the ORFs
up to the quadrupole. In Sec. V, we approximate the pulsar
term for neighboring pulsars separated by less than a few
degrees. We show that this approximation captures the most
important behavior of the pulsar term and set a limit on
when the pulsar term can be ignored. For completeness, we
further investigate the behavior of the pulsar term when a
pulsar is within one radiation wavelength from the Earth in
Sec. VI. Conclusions are presented in Sec. VII.
We consider geometric units and therefore set c ¼

G ¼ 1.

II. STOCHASTIC BACKGROUNDS

Let us consider a plane wave expansion for the metric
perturbation hijðt; ~xÞ produced by a stochastic background,

hijðt; ~xÞ ¼
X
A

Z
∞

−∞
df

Z
S2
dΩ̂hAðf; Ω̂Þei2πfðt−Ω̂·~xÞeAijðΩ̂Þ;

ð1Þ

where f is the frequency of the GWs, the index A ¼ þ;×
labels the two independent polarizations, the spatial indices
are i; j ¼ 1; 2; 3, the integral is on the 2-sphere S2, and
dΩ̂ ¼ sin θdθdϕ where θ and ϕ are the usual polar and

1Large uncertainties in the time of arrival of the radio pulses
are introduced by the gravitational acceleration toward the core of
the globular cluster, making them unsuitable for current PTAs.
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azimuthal angles, respectively; see Fig. 1. The unit vector Ω̂
identifies the propagation direction of a single gravitational
plane wave, that can be decomposed over the GW polari-
zation tensors eAijðΩ̂Þ and the two independent polarization
amplitudes, hAðt; Ω̂Þ or equivalently hAðf; Ω̂Þ [41,42]:

hijðt; Ω̂Þ ¼ eþijðΩ̂Þhþðt; Ω̂Þ þ e×ijðΩ̂Þh×ðt; Ω̂Þ; ð2aÞ

hijðf; Ω̂Þ ¼ eþijðΩ̂Þhþðf; Ω̂Þ þ e×ijðΩ̂Þh×ðf; Ω̂Þ: ð2bÞ

The polarization tensors eAijðΩ̂Þ are uniquely defined once
one specifies the wave principal axes described by the unit
vectors m̂ and n̂:

eþijðΩ̂Þ ¼ m̂im̂j − n̂in̂j; ð3aÞ

e×ijðΩ̂Þ ¼ m̂in̂j þ n̂im̂j: ð3bÞ

For a stationary, Gaussian and unpolarized background, the
polarization amplitudes satisfy the following statistical
properties:

hh�Aðf; Ω̂ÞhA0 ðf0; Ω̂0Þi ¼ δ2ðΩ̂; Ω̂0ÞδAA0δðf − f0ÞHðfÞPðΩ̂Þ;
ð4Þ

where h·i is the expectation value and δ2ðΩ̂; Ω̂0Þ ¼
δðcos θ − cos θ0Þδðϕ − ϕ0Þ is the covariant Dirac delta
function on the 2-sphere [43]. This condition implies that

the radiation from different directions are statistically
independent. Moreover, we have factorized the power
spectrum such that Pðf; Ω̂Þ ¼ HðfÞPðΩ̂Þ, where the func-
tion HðfÞ describes the spectral content of the radiation,
and PðΩ̂Þ describes the angular distribution of the GW
energy density on the sky. As in Refs. [27,44], we
decompose the GW energy density on the basis of the
spherical harmonic functions,

PðΩ̂Þ≡X
lm

cml Y
m
l ðΩ̂Þ; ð5Þ

where the sum is over 0 ≤ l < þ∞, and jmj ≤ l. The
anisotropy coefficients, cml , become additional search
parameters in anisotropic stochastic GW background
searches (see, e.g., Ref. [28]), which characterize the
angular distribution of the background. Here the coeffi-
cients are assumed to be frequency independent; however, a
future study is planned to introduce a frequency depend-
ence in these coefficients.

III. OVERLAP REDUCTION FUNCTION
FOR PULSAR TIMING ARRAYS

The IPTA now shares data on over 40 ms pulsars which
are regularly monitored by eight radio telescopes: five in
Europe, two in North America, and one in Australia [45].
GWs affect the time of arrival of radio pulses at the SSB.
Consider, for example, a pulsar with frequency ν0 for which
the location in the sky is described by the unit vector p̂, at a
distance L from the SSB. AGW source in direction−Ω̂, see
Fig. 1, generates a metric perturbation hijðt; Ω̂Þ, affecting
the frequency of the radio pulses, ν, received at the radio
telescope. This frequency shift is given by

zðt; Ω̂Þ≡ νðtÞ − ν0
ν0

¼ 1

2

p̂ip̂j

1þ Ω̂ · p̂
Δhijðt; Ω̂Þ; ð6Þ

where

Δhijðt; Ω̂Þ≡ hijðt; Ω̂Þ − hijðtp; Ω̂Þ ð7Þ

is the difference between the metric perturbation at the SSB
hijðt; Ω̂Þ, the Earth term, with coordinates ðt; ~xÞ, and at the
pulsar hijðtp; Ω̂Þ, the pulsar term, with coordinates ðtp; ~xpÞ.
We consider a frame in which

tp ¼ te − L ¼ t − L ~xp ¼ Lp̂; ð8aÞ

te ¼ t ~xe ¼ 0; ð8bÞ

where the indices “e” and “p” refer to the Earth (SSB) and
the pulsar. In this frame we can therefore write Eq. (7) using
Eq. (2b):

FIG. 1 (color online). The “computational” frame: pulsar a is
on the z axis at a distance La from the origin (solar system
barycenter), and pulsar b is in the x-z plane at a distance Lb from
the origin making an angle ζ with pulsar a. Ω̂ is the direction of
GW propagation with principal axes m̂ and n̂ such that
m̂ × n̂ ¼ Ω̂. The polar and azimuthal angles are given by θ
and ϕ, respectively.
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Δhijðt; Ω̂Þ ¼
X
A

Z
∞

−∞
dfeAijðΩ̂ÞhAðf; Ω̂Þei2πft

× ½1 − e−i2πfLð1þΩ̂·p̂Þ�: ð9Þ

The fractional frequency shift, zðtÞ, produced by a stochas-
tic background is simply given by integrating Eq. (6) over
all directions. Using Eq. (9), we obtain

zðtÞ ¼
Z

dΩ̂zðt; Ω̂Þ

¼
X
A

Z
∞

−∞
df

Z
S2
dΩ̂FAðΩ̂ÞhAðf; Ω̂Þ

× ei2πft½1 − e−i2πfLð1þΩ̂·p̂Þ�; ð10Þ

where FAðΩ̂Þ are the antenna beam patterns for each
polarization A, defined as

FAðΩ̂Þ ¼
�
1

2

p̂ip̂j

1þ Ω̂ · p̂
eAijðΩ̂Þ

�
: ð11Þ

The quantity that is actually observed is the time residual
rðtÞ, which is simply the time integral of Eq. (10):

rðtÞ ¼
Z

t
dt0zðt0Þ: ð12Þ

Searches for a stochastic GW background rely on
looking for correlations induced by GWs in the timing
residuals from pulsar pairs. The expected value of the
correlation between a residual from pulsar a at time tj, with
that from a different pulsar, say pulsar b at time tk, depends
on terms of the form

hr�aðtjÞrbðtkÞi ¼
�Z

tj
dt0

Z
tk
dt00z�aðt0Þzbðt00Þ

�
; ð13Þ

hr�aðtjÞrbðtkÞi ¼
Z

tj
dt0

Z
tk
dt00

Z þ∞

−∞
dfe−i2πfðt0−t00Þ

×HðfÞðabÞΓðfÞ; ð14Þ

where HðfÞ contains the information of the spectrum of
radiation. In analogy with Refs. [27,28,42], we define the
quantity above that depends on the relative location of the
pulsars in the PTA, and the angular distribution of the GW
energy density as the overlap reduction function, Fig. 2:

ðabÞΓm
l ðfL; ζÞ

≡
Z

dΩ̂Ym
l ðθ;ϕÞκabðf; Ω̂Þ

�X
A

FA
aðΩ̂ÞFA

bðΩ̂Þ
�
; ð15Þ

where

κabðf;Ω̂Þ≡ ½1−ei2πfLað1þΩ̂·p̂aÞ�½1−e−i2πfLbð1þΩ̂·p̂bÞ�: ð16Þ

For these investigations we use a particular reference
frame, called the “computational frame,” where one pulsar
is placed along the z axis and the second in the x-z plane,
and the angle between the pulsars is ζ, as seen in Fig. 1.
Specifically, we write

p̂a ¼ ð0; 0; 1Þ; ð17aÞ

p̂b ¼ ðsin ζ; 0; cos ζÞ; ð17bÞ

Ω̂ ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ; ð17cÞ

m̂ ¼ ðsinϕ;− cosϕ; 0Þ; ð17dÞ

n̂ ¼ ðcos θ cosϕ; cos θ sinϕ;− sin θÞ; ð17eÞ

where p̂a and p̂b are the unit vectors pointing to pulsars a
and b, respectively, Ω̂ is the direction of GW propagation,
and m̂ and n̂ are the GW principal axes; see Eqs. (3a) and
(3b) and Fig. 1. This is indeed a convenient choice of
geometry, as in this reference frame F×

a ¼ 0 by Eq. (11).
We now consider the behavior of the function κabðf; Ω̂Þ,

defined in Eq. (16) and present in Eq. (15), which
introduces the frequency and distance dependence of the
ORFs. Indeed, one can think of κabðf; Ω̂Þ as the term which
encodes the information about both the pulsar terms.
Assuming La ¼ Lb ¼ L, the typical scale of κabðf; Ω̂Þ
for the current pulsar population and PTA sensitivity is

fLð1þ Ω̂ · p̂Þ ¼ 103
�

f
10−8 Hz

��
L

1 kpc

�
ð1þ Ω̂ · p̂Þ:

ð18Þ

The quantity fL has a physical interpretation as the number
of radiations wavelengths which, in this case, separate the
pulsar from the SSB. It is a key physical quantity which
will be used throughout the rest of this paper.
When one computes the integral in Eq. (15) for large

fL, the frequency-dependent contributions to the integral
rapidly average to zero as the angle between the pulsar
pairs increases [27,40]. Therefore, Eq. (15) is well approxi-
mated by

ðabÞΓm
l ðζÞ≃ ð1þ δabÞ

Z
dΩ̂Ym

l ðθ;ϕÞ
�X

A

FA
aðΩ̂ÞFA

bðΩ̂Þ
�
;

ð19Þ

where δab is the Kronecker delta. Note that the above is an
Earth-term-only expression, except for the autocorrelation
(when pulsar a ¼ b) and is therefore denoted by ðabÞΓm

l ðζÞ,
whereas the full ORF is denoted by ðabÞΓm

l ðfL; ζÞ.
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Pulsars such as J0437-4715, J1856-3754, and J2144-
3933 lie at 160 pc from the Earth (equivalently the SSB)
[39], and such nearby pulsars in a low-frequency GW
background of 1 nHz, generated, for example, by eccentric
SMBHBs [37,38] or simply SMBHBs in their slow
adiabatic inspiral phase, would be at ∼10 radiation wave-
lengths from the SSB:

fLð1þ Ω̂ · p̂Þ ¼ 10

�
f

10−9 Hz

��
L

100 pc

�
ð1þ Ω̂ · p̂Þ:

ð20Þ

It is not clear that Eq. (19) holds if the distances to the
pulsars are small (order of 100 pc) and/or if the pulsar
distances are allowed to vary (La ≠ Lb). Moreover, it is not
obvious that the ð1þ δabÞ approximation of κabðf; Ω̂Þ
holds in Eq. (19) if the pulsars are within a few radiation

wavelengths, fL, of each other. These assumptions are
verified in Sec. IV.

A. Features of the Earth-term-only ORFs

The response of a PTA to a stochastic GW background
depends on the position of the pulsars in the PTA and the
distribution of the GW energy density on the sky. This
response is captured in the ORFs, see Eq. (15), and here we
examine some of their features, in the limit that fL ≫ 1.
The pulsar term is examined in detail in Sec. IV, and the
description of its effect on the ORF is fully explored there.
We note that for an isotropic stochastic GW background,

the detector response for ζ ¼ 0 is twice that of ζ ¼ π; see
Fig. 2(a). Considering the response to an incoming GW at
some angle θ may help one to understand this observation.
If ζ ¼ 0, which is the case for coincident and coaligned
pulsars (i.e., a ¼ b), the antenna beam pattern, Eq. (11), is
given by

(a) (b)

(c)

FIG. 2 (color online). The Earth-term-only overlap reduction functions for isotropic, (a); dipole, (b); and quadrupole,
(c) GW energy density distributions [27]. In the chosen reference frame, Γ−m

l ðζÞ ¼ ð−1ÞmΓm
l ðζÞ. The legends are as follows:

in Fig. 2(b), the m ¼ 0 curve is the solid (blue) curve, m ¼ 1 is the dashed (green) curve, and m ¼ −1 is the dashed-dotted (red) curve.
In Fig. 2(c), m ¼ 0 is the solid (blue) curve, m ¼ 1 is the dashed (green) curve, m ¼ −1 is the dotted (cyan) curve, and m ¼ �2 is the
dashed-dotted (red) curve. Features of these ORFs are discussed in Sec. III A.
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Fþ
a F

þ
a¼b ¼

�
−
1

2

sin2θ
1þ cos θ

�
2

¼ 1

4
ð1 − cos θÞ2; ð21Þ

where the numerator has been computed from pipjeþij ¼
−sin2θ for pulsar a on the z axis. Note that in this particular
geometry, there is no ϕ dependence. Integrating this
response over dΩ̂ ¼ sin θdθ gives

1

4

Z
π

0

dθ sin θð1 − cos θÞ2 ¼ 2

3
: ð22Þ

When ζ ¼ π, the antenna beam pattern is given by

Fþ
a F

þ
b ¼ 1

2
ð1 − cos θÞ 1

2
½1 − cosðπ − θÞ� ¼ 1

4
sin2θ; ð23Þ

and integrating over θ yields

1

4

Z
π

0

dθ sin θðsin2θÞ ¼ 1

3
: ð24Þ

It is therefore clear that particular geometries are more (or
less) sensitive to stochastic background signals. Note that
this is an Earth-term-only argument and does not take into
account the pulsar term which doubles the ORF at ζ ¼ 0
(the autocorrelation).
More generally, features of the ORFs can be explained in

terms of the alignment of the GW direction, Ω̂, and the
position of the pulsar, p̂; see Fig. 1. The product Ω̂ · p̂
enters into the ORF via the antenna beam patterns given in
Eq. (11), where Fþ

a;b ∝ ð1þ Ω̂ · p̂Þ−1, and κabðf; Ω̂Þ,
Eq. (16). When Ω̂ is parallel or antiparallel to p̂,
Ω̂ · p̂ ¼ �1. These cases both yield zero detector response,
for reasons described below.
When Ω̂ · p̂ ¼ −1, the photons emitted from the pulsar

surf the GWs, and there is no frequency shift in the photons
emitted from the pulsar. This effect can be understood by
considering the metric perturbation including the pulsar
term: since the signal at the SSB is the same as the signal at
the pulsar, Δhijðt; Ω̂Þ ¼ 0 by Eq. (7). Note, however, that
there appears to be a divergence in the antenna beam
pattern caused by zero division for the antiparallel case. In
fact, since the pulsar position and the direction of GW
propagation are antiparallel, θ ¼ π, and therefore by
Eq. (11), Fþ

a ¼ þ1 and is not singular. Recall that ORF
is integrated over the whole sky, and this is just one piece of
the integration.
When Ω̂ · p̂ ¼ þ1, it is clear that Fþ

a ¼ 0 by Eq. (11)
[equivalently Eq. (21) if one considers only Fþ

a ], since
θ ¼ 0. Note that in this case the photons from the pulsar
travel over the maximum number of radiation wavelengths
resulting in a significant amount of redshifting, or “stretch-
ing and squashing”; cf. Fig. 1. The additional phases
introduced by the GW then largely cancel out, limiting
the detector response.

Next we describe some features of the l ¼ 1, m ¼ 0
dipole ORF, Fig. 2(b) (solid blue line). Here the autocor-
relation is negative, which may be counterintuitive to the
reader. This feature can be understood by considering the
dipole spherical harmonic, Y0

1ðθ;ϕÞ, which is a peanut
shape with its maximum positive region aligned with θ ¼ 0
and maximum negative region aligned on θ ¼ π. Here the θ
axis is aligned with the z axis, where we typically place
pulsar a; see Fig. 1. Since the direction of the source in this
reference frame is actually −Ω̂, the GW energy density
described by the dipole is inverted; hence, the negative
region aligns with p̂a resulting in a negative autocorrela-
tion. These effects are also explored for the quadrupole
Y0
2ðθ;ϕÞ harmonic in Appendix A.

IV. CORRELATED PHASE CHANGES FROM
THE PULSAR TERM

The Earth-termORF, Eq. (19), is a good approximation to
the full ORF when fL ≫ 1; cf. Eq. (18). However, it is not
clear that this form of the ORF can be used in a selection of
cases where the pulsars no longer lie at many radiation
wavelengths from the SSB and/or from each other.
Here we explore how relaxing the assumption that all

pulsars in a PTA are at the same distance from the SSB, i.e.,
La ¼ Lb (see Figs. 1 and 3), affects the ORFs for nearby
pulsars in the current low-frequency limit of the stochastic
GW background. Since we have a concrete lower bound of
fL ¼ 10, we fix the dimensionless product fLa ¼ 10 and
vary fLb from 10 to 14. Larger values of fLb were

FIG. 3 (color online). Geometry of pulsar in the “strong pulsar-
term regime.” Here Lx is the distance to pulsar x from the SSB,
and ζ is the angular separation of the pulsars. The dimensionless
product fLx is the number of gravitational radiation wavelengths
from the SSB to each pulsar. The geometry indicates two possible
movements: pulsar b is moved azimuthally by ζfLa radiation
wavelengths from a, or b is moved radially away from the origin
by fLb − fLa.
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computed, up to fLb ¼ 20 for all the ORFs; however, the
oscillations converged to zero increasingly rapidly as fL
increased.
We probe the strong pulsar-term regime—where the

pulsars are separated by less than a few radiation wave-
lengths—by continuously moving pulsar b toward or away
from pulsar a radially (along the z axis). This change in
distance is given by fLb − fLa, as shown in Fig. 3. Pulsar b
is also moved azimuthally away from a by an angle ζ, and
therefore the number of radiation wavelengths b is from a is
approximately given by ζfLa. The effect of these continu-
ous movements on the magnitude of the ORFs is shown in
the contour plots in Figs. 4 and 5. The overall shape of the
ORFs in the strong pulsar-term regime is a function of the
geometry of the pulsars and how they are aligned with
the GW energy density, which is in turn described by the
standard spherical harmonics Ym

l ðθ;ϕÞ. A detailed explan-
ation of the features seen in the contours in Figs. 4 and 5 is
given in Appendix A, and the most significant differences
between the complete ORF, Eq. (15), and the Earth-term-
only ORF, Eq. (19), are highlighted in Table I. The ORFs
are truncated at ζ ∼ 40°, since the pulsar-term-induced
oscillations at larger angular separations are smaller than
the expected error of the average timing residual, which is
roughly a few tens of percent [23,40,46].
We first study the magnitude of the isotropic ORF

ðabÞΓ0
0ðfL; ζÞ, which in the short wavelength approxima-

tion is often referred to as the Hellings and Downs curve
[5]. Since this normalization is applied to the isotropic
ORF, it is also applied to the dipole and quadrupole ORFs
for consistency.
The analysis continues with the study of the dipole,

l ¼ 1, m ¼ 0; 1 and quadrupole l ¼ 2, m ¼ 0; 1; 2 ORFs.
The −m values of the ORFs are not explicitly shown, since
in our reference frame, described in Eq. (17) and illustrated
in Fig. 1,

ðabÞΓm
l ðfL; ζÞ ¼ ð−1ÞmðabÞΓm

l ðfL; ζÞ: ð25Þ
It may be surprising that all the ORFs are evaluated, since
our previous studies [27] indicated that the m ¼ 0 ORFs
were the most sensitive to the pulsar term. That study,
however, only considered ORFs with nonzero autocorre-
lation values. In fact, small interpulsar distance variations
will introduce correlated phase changes which are impor-
tant for all the ORFs, as we show in Figs. 4 and 5. A general
formula for when to include the pulsar term is given at the
end of this section.

A. Hellings and Downs curve

First, we explore the behavior of the isotropic overlap
reduction function when the pulsars are separated from
each other by a few radiation wavelengths, either azimu-
thally or radially; cf. Fig. 3. The contour plot Fig. 4(b)
complements Fig. 4(a) as it shows the continuous displace-
ment of pulsar b from pulsar a. We find that for a fixed

pulsar a with fLa ¼ 10 the largest value of the ORF is
achieved for ζ ¼ 0 and fLb − fLa ¼ 0, as expected.
Moreover, we find that the strongest pulsar-term effects
occur when pulsar b located less than a radiation wave-
length away from a, with the largest correlations occurring
when pulsar b is less than half a radiation wavelength from
a. The magnitude of the pulsar-term-induced oscillations
drops dramatically as pulsar b is moved one radiation
wavelength away from pulsar a. Moreover, the peak of
these oscillations moves to the right as fLb increases, and
the period of the oscillations increases. This behavior is
present in all the ORFs; cf. Table I and Figs. 4 and 5.
Indeed, it is clear that as fLb increases, the ORF converges
to the Earth-term-only solution, the solid (blue) curve in
Figs. 2(a) and 4(a).
Our analysis of the isotropic ORF therefore indicates that

the pulsar term only adds a significant additional piece to
the standard, Earth-term-only ORF for equidistant pulsars
within 10 radiation wavelengths from the SSB, separated
by no more than half a GW wavelength, or equivalently
ζ ≲ 3° for fL ¼ 10, in agreement with Fig. 4(a).

B. Dipole overlap reduction function

For Γ0
1ðfL; ζÞ, the largest contribution from the pulsar

term arises from the scenario where fLa ¼ fLb ¼ 10, seen
in both Figs. 4(c) and 4(d). In Fig. 4(c), one can see that by
moving pulsar b one radiation wavelength to fLb ¼ 11, the
dashed-dotted (red) curve, the additional contribution of the
pulsar term is negligible. As fLb increases by 1 for each
subsequent curve, it is clear that the pulsar-term contribu-
tion converges to zero. Therefore, the ORF becomes
essentially an Earth-term-only expression as the pulsars
are separated by many radiation wavelengths (or large
angles). In Fig. 4(d), we find that the strong pulsar-term
region is extended in the fLb − fLa direction, indicating
that the pulsar term is important when pulsar b is up to one
radiation wavelength away (in the z direction) from pulsar
a. This strong pulsar-term range is twice that of the
isotropic ORF in the z direction, but in terms of azimuthal
radiation wavelengths, ζfLa, the sensitivity is very similar
to that of the isotropic ORF. The shape is due to a
combination of geometric effects and the transverse nature
of GWs, described in Appendix A.
For the Γ1

1ðfL; ζÞ ORF, the largest contribution from the
pulsar term arises from the scenario where fLa ¼ fLb, as
shown in Fig. 4(f), but the maximum is achieved at a
nonzero angular separation of ζmax ¼ 1.9°. Note that the
fractional difference between the full ORF and the Earth-
term-only ORF at ζmax is 49. This ORF also differs from the
ones studied so far in that the relatively large oscillatory
behavior is present up to ζ ≲ 20°. Moving pulsar b one
radiation wavelength to fLb ¼ 11—the dashed-dotted
(red) curve in Fig. 4(e)—the additional contribution of
the pulsar term is still remarkable, with its peak at ζmax ¼
3.5° and a fractional difference between the full and
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Earth-term-only ORF of 7. The strong pulsar-term region is
extended in the fLb − fLa direction, as it was for
Γ0
1ðfL; ζÞ, with the exception of having no response at

ζ ¼ 0; see Fig. 4(f). The peak is centered on ζfLa ∼ 0.5 and
extends to ζfLa ∼ 1, which translates into important

pulsar-term features for 0° < ζ ≲ 6°, in agreement with
Fig. 4(e). The oscillations are slower to converge for this
ORF, and therefore one may wish to include these additional
correlated phase changes in stochastic GW background
searches, up to ζ ∼ 15° when fLb ∼ 10–12; see Fig. 4(e).

(a) (b)

(c) (d)

(e) (f)

FIG. 4 (color online). The effect of pulsar distance variations on the magnitude of the isotropic and dipole overlap reduction functions,
with fLa ¼ 10 fixed. Panels on the left-hand side are truncated at 40°, as pulsar-term oscillations rapidly converge to zero at large
angular separations. (a) Magnitude of the isotropic overlap reduction function. (b) Strong pulsar term regime for ðabÞΓ0

0ðfL; ζÞ.
(c) Magnitude of the dipole ðabÞΓ0

1ðfL; ζÞ ORF. (d) Strong pulsar term regime for ðabÞΓ0
1ðfL; ζÞ. (e) Magnitude of the dipole

ðabÞΓ1
1ðfL; ζÞ ORF. (f) Strong pulsar term regime for ðabÞΓ1

1ðfL; ζÞ.
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C. Quadrupole overlap reduction function

Here we examine how varying the distances to pulsars in
a PTA affects the behavior of the l ¼ 2, m ¼ 0; 1; 2
quadrupole ORFs ðabÞΓm

2 ðfL; ζÞ. The key figure for this
analysis is Fig. 5. As before, we fix fLa ¼ 10 and vary fLb

from 10 to 14. The values of fLb were calculated up to
fLb ¼ 20; however, as before, these additional curves
converged to zero very quickly, providing little insight.
Starting with ðabÞΓ0

2ðfL; ζÞ, Fig. 5(a), the two main
curves of interest are fLb ¼ 10 and fLb ¼ 11. Although

(a) (b)

(c) (d)

(e) (f)

FIG. 5 (color online). The effect of pulsar distance variations on the magnitude of the quadrupole overlap reduction functions, with
fLa ¼ 10 fixed. Panels on the left-hand side are truncated at 40°, as pulsar-term oscillations rapidly converge to zero. Note that the
maximum value of these ORFs is achieved for small, but nonzero, pulsar separations. (a) Magnitude of the quadrupole ðabÞΓ0

2ðfL; ζÞ
ORF. (b) Strong pulsar term regime for ðabÞΓ0

2ðfL; ζÞ. (c) Magnitude of the quadrupole ðabÞΓ1
2ðfL; ζÞORF. (d) Strong pulsar term regime

for ðabÞΓ1
2ðfL; ζÞ. (e) Magnitude of the quadrupole ðabÞΓ2

2ðfL; ζÞ ORF. (f) Strong pulsar term regime for ðabÞΓ2
2ðfL; ζÞ.
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the ORF is twice the Earth term for fLa ¼ fLb ¼ 10 at
ζ ¼ 0, as expected [27], the maximum value of the
magnitude of this ORF is at ζmax ¼ 2.4°, where it is triple
the value of the Earth term, with a fractional difference of
∼2. Moving pulsar b a radiation wavelength away from
pulsar a, corresponding to fLb ¼ 11 in Fig. 5(a), the
autocorrelation is three times larger than the Earth-term
expression. Moreover, for fLb ¼ 11, the magnitude of the
autocorrelation of ðabÞΓ0

2ðfL; ζÞ is larger than the fLa ¼
fLb ¼ 10 case.
The full m ¼ 1 and m ¼ 2 quadrupole ORFs also

feature a remarkable departure from the Earth-term-only
expression for pulsars separated by less than a radiation
wavelength and converge more slowly to the Earth-
term-only ORF (solid blue curve), Figs. 5(c), 5(d), 5(e),
and 5(f). For ðabÞΓ1

2ðfL; ζÞ, the pulsar-term contribution is
important for pulsars separated by up to 6°, and for
ðabÞΓ2

2ðfL; ζÞ, with fLa ¼ fLb ¼ 10, the fractional differ-
ence between the Earth-term-only and full ORF is 188
at ζmax ¼ 3.1°.

D. SUMMARY

From Table I, one can note that the largest values for the
magnitude of the ORFs is achieved when equidistant
pulses are separated by small angles. However, pulsars
separated by up to two radiation wavelengths (denoted
below as λ ¼ 2) could contribute additional correlated
phase terms to the ORF which may need to be modelled,
depending on themagnitude of the error bars for each point
on the curve, which in turn depend on the observations.
The correlated phase changes are therefore important for
pulsars separated by

jLa − Lbj ¼ 19

�
λ

2

��
f

10−9 Hz

�
−1

pc: ð26Þ

One can also use the law of cosines to estimate when the
pulsar term should be included. As above, let λ be the
number of radiation wavelengths separating a pulsar pair.
Then by the law of cosines,

λ2 < ðfLaÞ2 þ ðfLbÞ2 − 2ðfLaÞðfLbÞ cos ζ; ð27Þ
or

cos ζ <
1

2ðfLaÞðfLbÞ
½ðfLaÞ2 þ ðfLbÞ2 − λ2�: ð28Þ

For an isotropic stochastic GW background, we found
that the pulsar term should be considered for pulsars
separated by half a radiation wavelength or less; see
Figs. 4(a) and 4(b) and Table I. Therefore, by Eqs. (27)
and (28) with fLa ¼ fLb ¼ 10 and λ ¼ 1=2, the pulsar
term should be considered for angular separations less
than

ζ ≤ arccosð799=800Þ rads ∼ 2.86°: ð29Þ

Note that the nonlinearity of Eq. (28) prevents us from
writing down a straightforward scaling relation as a
function of fLa, fLb, and λ.
In the following section, we give an approximation to

κabðfL; ζÞ which can be used for small angular pulsar
separations in order to model this effect.

V. SMALL ANGLE APPROXIMATION
OF THE PULSAR TERMS

In Sec. IV we showed that the pulsar term is important to
include in the evaluation of all the ORFs if the pulsars are
separated by less than a few radiation wavelengths; see
Table I for details. Motivated by the possibility of having
pulsars separated by such a small angle in future PTA
experiments, we give a small angle approximation of the
pulsar term, up to Oðζ2Þ which closely follows the true
behavior of the complete isotropic ORF. This approxima-
tion can be easily integrated into stochastic GW back-
ground search pipelines and will be faster to evaluate than
the full expression.
Since the pulsar term, Eq. (16), is not a function of

angular distribution of the GWenergy density, this approxi-
mation can be used for all PTAORFs; however, it is advised

TABLE I. Here we list the largest fractional difference of the magnitude of the full ORFs (F) and Earth-term-only ORFs (ET), see
Figs. 4 and 5, and report the angle at which this maximum value was achieved, ζmax. The value of fLa is fixed at 10. The fractional
difference (Frac diff) of the magnitude of the ORF is jF − ETj=ET, rounded to the nearest integer unless it is less than 1. Note that for
ζmax ¼ 0 in Γ0

l¼0;1 the pulsar term is adequately modelled by ð1þ δabÞ; see Eq. (19).

ORF fLb ζmax Full ORF ET ORF Frac diff ORF fLb ζmax Full ORF ET ORF Frac diff

10 0.0° 1.0 5.0 × 10−1 1 10 2.4° 3.0 × 10−1 1.0 × 10−1 2
Γ0
0 11 0.8° 5.7 × 10−1 4.8 × 10−1 0.2 Γ0

2 11 0.0° 3.3 × 10−1 1.1 × 10−1 2
12 1.1° 5.2 × 10−1 4.8 × 10−1 0.1 12 2.4° 1.9 × 10−1 1.0 × 10−1 0.9
10 0.0° 8.6 × 10−1 4.3 × 10−3 1 10 2.3° 2.1 × 10−1 2.5 × 10−3 84

Γ0
1 11 0.5° 5.5 × 10−1 4.2 × 10−3 0.3 Γ1

2 11 3.6° 1.1 × 10−2 3.6 × 10−3 30
12 1.1° 4.8 × 10−1 4.1 × 10−1 0.2 12 5.6° 6.0 × 10−2 4.6 × 10−3 12
10 1.9° 2.5 × 10−1 4.9 × 10−3 49 10 3.1° 1.8 × 10−1 9.7 × 10−4 188

Γ1
1 11 3.5° 6.9 × 10−2 9.0 × 10−3 7 Γ2

2 11 4.7° 4.8 × 10−2 2.2 × 10−3 21
12 5.5° 4.2 × 10−2 1.4 × 10−2 2 12 13.2° 4.2 × 10−2 1.6 × 10−2 2
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to extend the approximation to Oðζ3Þ for l ≥ 1. We show
how this approximation compares to the full isotropic ORF
for fLa¼b ¼ 10; 100, and 51.2 as a noninteger example;
see Fig. 6.

Working in the computational frame, as defined in
Eq. (17) and shown in Fig. 1, we write down the full
expression for the isotropic ORF, Eq. (15), with
Y0
0ðθ;ϕÞ ¼ 1=

ffiffiffiffiffiffi
4π

p
:

ðabÞΓ0
0ðζÞ ¼

1ffiffiffiffiffiffi
4π

p
Z
S2
dΩ̂½1 − ei2πfLað1þΩ̂·p̂aÞ�

× ½1 − e−i2πfLbð1þΩ̂·p̂bÞ�Fþ
a ðΩ̂ÞFþ

b ðΩ̂Þ: ð30Þ

Recall that for anisotropic ORFs, one will need to
rotate the pulsars back into the cosmic rest frame
from the computational frame using Wigner D matrices
[27,28,47]. This is because for anisotropic stochastic
GW backgrounds the position of the pulsar pair
with respect to the background GW energy density
matters.
To simply the following notation, we define

M ¼ 2πfLað1þ cos θÞ; ð31Þ

N ¼ 2πfLbð1þ cos θ cos ζ þ sin θ sin ζ cosϕÞ; ð32Þ

and write κabðf; Ω̂Þ in terms of trigonometric functions,
separating real and imaginary parts:

κabðf; Ω̂Þ ¼ ð1 − eiMÞð1 − e−iNÞ;
¼ cosðM − NÞ − cosM − cosN þ 1þ i½sinðM − NÞ − sinM þ sinN�: ð33Þ

For small angles, one can approximate κabðf; Ω̂Þwith a Taylor series about ζ ¼ 0. Since the following expression is not a
straightforward function of either M or N, we do not use these definitions, although they will be reintroduced when
convenient.
To order Oðζ2Þ, the real part of this expansion is

ℜðκabðf; Ω̂ÞÞ ≈ 1 − cos½2πfLað1þ cos θÞ� − cos½2πfLbð1þ cos θÞ� þ cos½4πðfLa − fLbÞcos2ðθ=2Þ�
þ ζ4πfLb sin θ cosϕ cos ½2πðfLa − 2fLbÞcos2ðθ=2Þ� sin½πfLaðcos θ þ 1Þ
− ζ2πfLbf2πfLbsin2θcos2ϕ½cos ð4π½fLa − fLb�cos2ðθ=2ÞÞ − cosð2πfLb½cos θ þ 1�Þ�
þ cos θðsin ½4πðfLa − fLbÞcos2ðθ=2Þ� þ sin½2πfLbðcos θ þ 1Þ�Þg þ � � � ; ð34Þ

and the imaginary part is

ℑðκabðf; Ω̂ÞÞ ≈ sin ½4πðfLa − fLbÞcos2ðθ=2Þ� − sin½2πfLaðcos θ þ 1Þ� þ sin½2πfLbðcos θ þ 1Þ�
þ ζ4πfLb sin θ cosϕ sin½πfLaðcos θ þ 1Þ� sin ½2πðfLa − 2fLbÞcos2ðθ=2Þ�
− ζ2πfLbf2πfLbsin2θcos2ϕðsin ½4πðfLa − fLbÞcos2ðθ=2Þ� þ sin½2πfLbðcos θ þ 1Þ�Þ
þ cos θðcos½2πfLbðcos θ þ 1Þ� − cos ½4πðfLa − fLbÞcos2ðθ=2Þ�Þg þ � � � : ð35Þ

Many of the ORFs share the feature that the pulsar term is most notable when the pulsars are equidistant from the SSB. In
this case, La ¼ Lb ¼ L, and Eqs. (34) and (35) are significantly simplified:

FIG. 6 (color online). The small angle approximation of the
isotropic ORF compared to the full ORF. Moving from right to
left: the solid curve is the full ORF, and the dashed one is the
approximation given by Eq. (36) for fL ¼ 10 (online blue),
fL ¼ 51.2 (green), and fL ¼ 100 (magenta). The approximation
appears to hold for ζ ≤ 2.3° for fL ≥ 10, Eq. (37). Afterward the
ORF reverts to the Earth-term-only solution, which appears flat
due to the small range of angles considered.
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κabðf; Ω̂Þ ≈ 2 − 2 cosM þ 2ζπfL sinM cosϕ sin θ þ ζ2πfL½− cos θ sinM þ 2πfLðcosM − 1Þsin2θcos2ϕ�
þ iζ2πfL sin θ cosϕðcosM − 1Þ þ iζ2πfL½cos θð1 − cosMÞ − 2πfL sinMsin2θcos2ϕ� þ � � � : ð36Þ

When ζ ¼ 0, Eq. (36) simplifies to 2 − 2 cosM. At a
glance, one may assume it is safe to ignore the
−2 cosM term since it is suppressed by a factor of at least
1=fL when integrated in the evaluation of the ORF. In fact
in Appendix C of Ref. [47], it is shown that this additional
2 cosM ∝ 1=ðfLÞ2 for the isotropic ORF, and so may
safely be ignored for fL ≥ 10. Section VI gives more
details on this.
As one may expect, the imaginary part of κabðf; Ω̂Þ

vanishes for the La ¼ Lb isotropic case but is otherwise
nonvanishing. This fact is somewhat masked by the use of

the magnitude of the ORFs, instead of the individual real
and imaginary components.
Since the stochastic GW background is likely to be

highly isotropic at low frequencies, we verify this approxi-
mation numerically against the full isotropic ORF. We find
that Eq. (36) is a good approximation for the isotropic ORF
when

ζ ≤ 2.3°

�
10

fL

�
; ð37Þ

(a) (b)

(c)

FIG. 7 (color online). In all panels ðabÞΓ0
0ðfL; ζÞ is the solid curve, ðabÞΓ0

1ðfL; ζÞ is the dashed curve (blue), and ðabÞΓ0
2ðfL; ζÞ is the

dotted curve (red). (a) The behavior of the pulsar term only when La ¼ Lb ¼ L and fL ¼ 1 for the aforementioned ORFs. This is found
by subtracting the Earth-term solution from the numerically integrated ORF. (b) The imaginary part only of ðabÞΓ0

0ðfL; ζÞ, ðabÞΓ0
1ðfL; ζÞ,

and ðabÞΓ0
2ðfL; ζÞ when fL ¼ 1. As there is no imaginary part in the computational frame where the Earth term is calculated, we cannot

display the difference as is done in panel (a). Note that these imaginary values are only a factor of a few smaller than their real
counterparts, with the exception of ðabÞΓ0

0ðfL; ζÞ, where the imaginary part is zero. Moreover, they do not quickly converge to zero as in
previous cases for fL ≥ 10. (c) Magnitude of the overlap reduction functions.
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as seen in Fig. 6. Note that these values fall in the strong
pulsar-term regime predicted by our estimates in Eq. (29).
Using the pulsars found in the IPTA Mock Data

Challenge 1 [45], we found that the smallest separation
between pulsar pairs was ζ ∼ 3.5° for pulsars J1853þ 1303
and J1857þ 0943. Although this angle is indeed small, the
distances to these pulsars found in the Australia Telescope
National Facility (ATNF) catalog [39] are 1.6 kpc and
0.9 kpc, respectively, meaning that their fL values in the
low-frequency limit are 168 and 90, respectively.
Therefore, the Earth-term-only ORF is still a reasonable
approximation for pulsar pairs in the IPTA mock data
challenge.

VI. CORRELATED PHASE CHANGES
FOR PULSARS WITHIN A RADIATION

WAVELENGTH OF THE SSB

At the time of writing, the ATNF pulsar catalog [39] lists
16 pulsars which are closer than 300 pc and three which are
only 160 pc away. Statistically, neutron stars could be as
close as 40 pc [48], with the closest known neutron star RX
J185635-3754 at a distance of 61� 9 pc, discovered in
the ROSAT all-sky survey [49]. Our results suggest that the
pulsar term can only be ignored if the distance between the
pulsars is larger than a radiation wavelength (depending on
the ORF) and/or ζfL ≥ 1, cf. Figs. 4 and 5 and Table I,
with the exception of the autocorrelation which must
always be considered. Current astrophysical constraints
place a lower limit of fL ¼ 10, and this limit may decrease
as more nearby pulsars are found and added to PTAs in the
future. It may still be unlikely to discover pulsars which are
closer than 100 pc; however, for completeness we inves-
tigate the behavior of the ORFs when fL ∼ 1, i.e., when the
SSB and the pulsar are separated by only one radiation
wavelength. The results are shown in Fig. 7.
From the results shown in Fig. 7, it is clear that if fL ∼ 1

the pulsar term has a very large effect on the ORF for pulsar
pairs separated by ζ ≤ 90°. There are a few interesting
features in these curves: first we note that the −2 cosM
term from Eq. (36) affects the autocorrelation of all three
ORFs. This can be seen by comparing the ζ ¼ 0 points
in Figs. 4(a), 4(c) and 5(a) to Fig. 7(a) or equivalently
Fig. 7(c), since there is no imaginary part for the auto-
correlation; see Fig. 7(b). Figure 7(c) clearly shows that
autocorrelation of the isotropic ORF is less than 1. It is also
interesting to note that the magnitude of ðabÞΓ0

2ðfL; ζÞ
shows little variation across the range of ζ. Since the
investigation of fL ∼ 1 ORFs is purely speculative at the
moment, further detailed analyses are left for future
investigations.
Tying together the small angle approximation with the

small fL considerations, we now give an example based on
current pulsars in the ATNF catalog. J0030þ 0451 is
currently an IPTA pulsar and is 0.24 kpc away, and its
relatively close neighbor, J010-1431, is 0.13 kpc away. The

latter is not currently being timed for PTA purposes but is
used here as an illustrative example. Assuming the low-
frequency limit for a PTA, we set f ¼ 10−9 Hz, we find
that fLa ¼ 24 and fLb ¼ 13, and their angular separation
is ζ ¼ 21°. For the Hellings and Downs curve, the frac-
tional difference between the magnitude of the full expres-
sion and the Earth-term-only expression is only ∼3%.

VII. CONCLUSIONS

In this paper we have allowed the pulsar distances in a
PTA to vary in the evaluation of the magnitude of the
isotropic, dipole, and quadrupole overlap reduction func-
tions. For the first time, an in-depth study of the behavior of
the pulsar term has been carried out, focusing on the strong
pulsar-term regime—when pulsar pairs are separated by a
few radiation wavelengths or less; see Figs. 4 and 5.
Although the stochastic GW background is expected to
be largely isotropic at 10−9 Hz, we have included the
anisotropic overlap reduction functions for completeness
and included a new study of their features in Sec. III A.
In Sec. IV, we found that in a f ∼ 10−9 Hz stochastic

GW background, and for pulsars 100 pc from the solar
system barycenter, the pulsar term is the most important for
equidistant pulsars. We calculated the fractional differences
between the full and Earth-term-only ORFs, reported in
Table I, for ORFs up to l ¼ 2. Interestingly, we find that the
most significant fractional differences between the full and
Earth-term-only ORFs are found in the anisotropic ORFs,
with the maximum value of the magnitude of the ORF
achieved at nonzero pulsar separations. For example, for
ðabÞΓ2

2ðfL; ζÞ, the maximum fractional difference between
the full and Earth-term ORF is 188 for pulsars separated
by 3.1°.
More relevant to current stochastic GW background

searches is the fractional difference between the magnitude
of the full and Earth-term-only isotropic ORF, which is
most important for pulsars separated by less than a
radiation wavelength; see Table I and Figs. 4(a) and
4(b). Therefore, a Taylor series expansion of the pulsar
term was calculated in Sec. V, and this expression can be
readily input into GW data analysis pipelines. We find the
approximation should be used for pulsar pairs separated by
ζ ≤ 2.3°; cf. Eq. (37). In this range, the Taylor series
expansion closely follows the form of the full ORF.
Looking to the future, we reported the behavior of the

isotropic, dipole, and quadrupole ORFs when the pulsars
are within a radiation wavelength of the SSB in Sec. VI. We
found there would be strong deviations from the usual
delta-function-like behavior of the pulsar term, which is
currently used in searches.
It is clear from this study that the Earth-term-only

approximation of the overlap reduction function is still
very good for the current millisecond pulsar population
timed by PTAs. However, as more millisecond pulsars are
added to PTAs, one should be careful to check that all the
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conditions for using the Earth-term-only overlap reductions
function still hold.
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APPENDIX: FEATURES OF THE OVERLAP
REDUCTION FUNCTION IN THE STRONG

PULSAR-TERM REGIME

StochasticGWbackground searches all assume thatmany
GWs separate pulsar pairs from each other and the SSB.
However, when the pulsars are separated by a few radiation
wavelengths or less, there is a coherent addition of the GW
phase between neighboring pulsars; cf. Figs. 4 and 5. In
Sec. IV, we probed the strong pulsar-term regime by fixing
pulsar a and moving pulsar b azimuthally by ζfLa and
radially by δfL ¼ fLb − fLa; see Fig. 3. Some of the
contour plots in Figs. 4 and 5 showed new and interesting
behavior in this regime, including large fractional difference
between themagnitude of theORFwith respect to the Earth-
term-only ORF, for pulsars separated by a few degrees;
cf. Table I.
Here we explain these features by considering the

interplay between the geometry of the pulsar-Earth system
and its alignment with the GWenergy density decomposed

over the basis of spherical harmonics. The doubling of the
ORF at ζ ¼ 0 is a known feature; cf. Eq. (36). In the
following geometry, pulsar a is aligned with the z axis.
Take, for example, the Y0

2ðθ;ϕÞ spherical harmonic. In
Fig. 8, we show that it has both positive and negative
regions which contribute positively and negatively to the
ORF, respectively. The product of the positive/negative
correlation introduced by the pulsar term (which is in turn a
function of the separation of the pulsars and the direction of
the incoming wave, θ) and the sign of the spherical
harmonic in a particular region of the sky, gives the overall
sign of the ORF in that region. By studying how the
correlated phase changes interact with GW energy density
distribution, we will gain some insight into the general
features of the strong pulsar-term regime.
First we examine how moving pulsar b in the z direction

affects the ORF in the strong pulsar-term regime. When the
pulsars are separated by δfLð1þ cos θÞ ≤ 0.25, the pulsar
terms introduce a positive correlated phase change. This
comes from considering the difference in the number of
GWs that the pulse from pulsar b will traverse as compared
to the pulse from a. If this is less than 1=4 of a radiation
wavelength, the pulsar terms will be correlated. Since the
pulsars are embedded in a Y0

2ðθ;ϕÞ-type GW background,
the sign of the GW energy density in the cos−1ð−1= ffiffiffi

3
p Þ <

θ < π region is also positive. Therefore, the sign of the
ORF here is positive. This region is denoted by the topmost
½þ;þ� in Fig. 8.
The pulsar terms are again positively correlated when

0.75 < δfLð1þ cos θÞ < 1.25, i.e., the pulses from the
two pulsars differ in the number of GWs they traverse by
between 3=4 and 5=4 of a wavelength. Moreover, when

FIG. 8 (color online). (a) The energy density distribution for Y0
2ðθ;ϕÞ. The red and blue regions are positive and negative, respectively.

(b) The Earth (green, equivalently the SSB) is at the center with the two pulsars above. The magnitude of the ðabÞΓ0
2ðfL; ζÞ ORF is

enhanced by small 0 < δfL ≲ 1 pulsar b displacements, over the δfL ¼ 0 case. The arrow shows the direction of a GW propagating
with incoming angle θ. The lighter shaded regions of the diagram show the regions of the sky from which the signal will contribute
positively to the ORF. The darker shaded regions will contribute negatively to the ORF, though their size depends on δfL. The brackets
indicate the [sign of the pulsar-term correlation, sign of the background energy density].
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θ < cos−1ð1= ffiffiffi
3

p Þ, the contribution from the Y0
2ðθ;ϕÞ

distributed GW energy density is also positive. This region
is denoted by the lower ½þ;þ�.
When pulsar b is between 0.25 ≤ δfL ≤ 0.75 radiation

wavelengths from a, the pulsar-term phases will be anti-
correlated. However, this region coincides with the region
where the GWenergy density is also negative, and therefore
the overall contribution to the ORF is positive. This region
is denoted by ½−;−�. However, for overlapping pulsars, or
δfL ¼ 0, the pulsar terms would be positively correlated.
In this case, the aforementioned region would contribute
negatively to the ORF. This explains why some large ORF
values are observed for pulsars which are separated by a

small δfL or equivalent angle, cf. Table I, though it should
be noted that for the particularly favorable setup that
resembles the region sizes shown in Fig. 8 would require
δfL ≈ 1=2.
Analogous arguments hold when moving pulsar b

azimuthally, separating the pulsars by ζfLa radiation
wavelengths, though the difference in the number of
GWs the pulses from the two pulsars traverse is now given
by ≈fLζ sin θ. These arguments are also important for
explaining features seen in the other anisotropic ORFs,
though not always so straightforwardly as the energy
density distributions do not all have rotational symmetry
around the z axis.
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