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A procedure
is give.
n for calculating
the evolutionof a sedimentary
basinunderlain
by a phase-change
b6undarythat is in isostaticequilibrium.The equationof motion
of the water depth 'w(t) as a function of the water depth and as • function of the
sedimentation rate ds/dt is
dw

ds

dl

Q•,(w)
•- -]-Q,-• -!-(1- pl/p•)
• =0
where l(t) is the lag of the phaseboundarybehind the transientequilibriumposition.
Numericallypreciseintegralsof this equationare givenfor differenttime regimesby
useof certainapproximations
for the temperaturefield that determinedl/dt. Solutions
are demonstratedthat are attenuated,explosive,or near periodic,dependingon the
physicalparametersused.The resultsclearlyshowthe possibilityof depositingvery
thick sedimentarysectionsand the existenceof self-sustained
oscillations(aboveand
below sea level) for a sedimentary basin of this type.

There is no doubtthat phasechangesare a significantfeature of the earth's
interior.Thus, an understanding
of the theoreticalconsequences
of the dynamical
behaviorof a phase-change
boundaryis of generalinterest.Considerablespeculation has beenmade as to whetheror not a phasechangeat the Mohorovicic
boundarycould be a significantcauseof mountainbuilding or of thick sedi-

mentarysections..There
is, however,considerable
doubt [seeWetherill,1961]
that the M discontinuityis a phasechange.Furthermore,the more recentdiscoveryof plate tectonicsmakesdoubtful any simplephase-change
model of
crustal structure. Understandingthe basic characteristicsof the dynamical
behavior is nonethelessof considerableimportance. The general problem is
dependenton many physicalparameters,and the field equationsare nonlinear.
Somepreviousinvestigations
have been carried out in which heavy computer
calculations
wereused(seeJoyher [1967] for a correctcalculation).In the present work, we shall outline and summarizethe generalone-dimensional
analytic
theory basedon the work of O'Connelland Wasserburg[1967] and O'Connell

[1969] (to be referredto as 'OW' and '0,' respectively).
Theseworkershave
shownhow to obtain approximatesolutionsto the heat-transpor•problemfor

a moving
phase
boundary.
In particular,
0 givesa ratherdetailed
development
of the analytic resultsusedin this paper,which permitsthe discussion
of the
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geophysicalproblem without the direct encumbermentoœthe field equations
œorheat flow. The detailed analysisoœthe various analytic approximationswill
not be given here. The reader is referred to 0W and to 0 for particulars.
This paper extends the paper 0W by presenting the phase-boundary
dynamicsin the framework oœan isostatically compensatingsedimentationbasin,
using the solutions presented in 0W but generalized in a fundamental way
to a physically identifiable problem. Certain characteristicsof the geophysical
problem are identified (e.g., stability) and the existenceof different classesof
solutions, such as oscillatory, are demonstrated.Much of this is contained in
0 but is here presented in a more expository form. We shall attempt in our
presentationto outline the dissectionoœthe problem into well-defined 'regimes'
and to give the •undamental conclusions.It is our hope that other workers may

be able to use this condensedpresentationto simply analyze the geophysical
consequences
of any particularphase-change
model.
The essential problem that we have attacked is the motion o• a first-order
phase boundary subjected to the pressure (transmitted instantaneously) of a
layer oœ overlying sediments, assuming that some mechanism operates to
isostatically compensate for the change in surface load and elevation that
results. This will then constitute the evolution through time oœa water-filled
sedimentary basin that may finally be filled with sediments, is then uplifted

and eroded,and may again subside.The equation of motion for the changeof
water depthdw with the changein sedimentthicknessds as relatedto the position
of the phase boundary M will be given by a general equation o• the form

dw(t)/ds(t) - ,I,(M(t)). The integralof this equationwill providea description
oœthe developmentoœthe sedimentary basin with time when the law of sedimentation (and erosion) ds/dt is given and will yield the thicknessof accumu-

lated (or remaining) sedimentsand the height and duration of upliœtthat
may result.
MODEL

FOR

ANALYTIC

DESCRIPTION

The basic model is shownbelow and followsthat used before (0W, pp.
396-397).
Water

x = x•

Sea level

x = x8

Top of sediments
s --

x = 0

Bottom

x = M

Phaseboundary

x = b

Thermal lower boundary

x -- xc

Level of isostatic compensation

pW

Sediment

ps, Ks

Low-density phase

p•, K•

High-densityphase

p2,K2

Asthenosphere

p•

•0 ---- Xs --

Xw

of sediments

The coordinatesystem is fixed with respect to the low-density phase,
i.e., the 'region above the phase boundary x -- M. The origin x = 0 is at the
top of the low-densityphase,which is the interface betweenthis phase and
any sedimentsthat may be present. Elevation is expressedrelative to mean
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sea level x•. The water depth in a basinis w - x• -x•, wherex• is the top of
the sediments.If the surfaceis abovesealevel, w will be negativeand will correspondto the elevation above sea level. The sedimentthicknessis s -

-x•. We

shallassume•ha• at time t - 0, s(0) = 0.
The level x = b is fixed in the material of the high-densityphase and is
the level at whicha thermal boundaryconditionis prescribed,so that the heattransfer equationassociatedwith the moving phaseboundaryis solvedin the
region above x - b. Somewherebeneaththis region is the asthenosphere,
in
which the material can flow to maintain isostaticequilibrium.This region is.
boundedbelow by the level x•, which is fixed relative to the center of the earth
and is thus fixed relative to x• so that x• - x• is constant. The model is said
to be in isostaticequilibriumwhen the massper unit area in a vertical column
above x• is constant.The case of no isostaticcompensationcan be treated by
letting p•• •.
In this model the referenceelevation x•, which is assumedto be stable
with respectto the center of the earth, coincideswith the top of the water.
That is, the basin is assumedto be connectedwith the ocean so that the water
level in the basin coincideswith the mean sea level. If this is not the case,
e.g., if the basin becameisolatedor if one were consideringan inland sea where
the water level would not be maintained at mean sea leveJ,the model would
require modification.The modification can be made by reconsideringthe mass
balancein the vertical columnwith these considerationsexplicitly included.
In order to treat the motion of the phaseboundaryM (t), we must construct
a thermal model of the crust and upper mantle. For our purposea relatively
simple model is sufficient;the model is directly related, however,to a realistic
picture of the thermal state of the crus• and upper mantle, and the important
parameters and features of the model are obtained from consideration of the

actual geophysicalsituation. The model we use is a one-dimensionallayered
regionthat is finite. At the surface (the top of the sediments)the temperature
is taken as constan•in •ime. At the bottom of the regionanotherboundarycondition must be fixed. In this paper, we shall assumethat the heat flux is constant
at a level x -- b, which is at some depth in the earth. The effect of this lower
boundary condition has been investigatedin detail in OW, where constant
temperature and constan• flux caseswere compared.The importan• parameters
are the initial depth of the phase boundary M(0), the slope of the Clapeyron
curve dT•/dP ------G, and the initial temperature distribution near the phase
boundary.
In our model, we shall neglect the presenceof radioactive heat sourcesin

the dynamicequations.This has been previouslyjustified (OW, pp. 347, 384390). In terms of our presentmodel,this approximationmeansthat the gradient
of the initial temperature distribution in the region through which the phase
boundarymovesis taken as constant,with a value

OT(x,
O)
I _J•
whereJ• is the heat flux at the phaseboundarybeforethe onsetof any dynamic
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effects,and Kx is the thermal conductivity of the low-density phase that was
originally present in the region through which the phase boundary moves. To
take into accountthe thermal blanketing effect of the. sedimentsdeposited,we
must know the heat flow into the baseof the sedimentarycolumn.We shall take
this flux J8 to be the initial value at x = 0. The temperaturein the superimposed
sedimentswill then be proportionalto JsK• whereK• is the conductivityof sediments.In general,Js > J•, owingto the presenceof radioactiveheat sourcesin

the upper crust. Both J•/Kx and J,/K8 may be regardedas mean effective
temperaturegradientsin the respectiveregionsand shouldcorrespondto values
taken from a realistic geothermalmodel (cf. Figure 1). All these parametersare
obtained from considerationof the supposedactual state of the crust and upper
mantle. Note that althoughheat sourcesmay be neglectedin the solutionof the
dynamical problem, their effect in determining the initial steady-state temperature distribution must still be taken into account.The solution for the temperature field obtained from the dynamical solution correspondsto the change of
the temperature distribution from the initial steady state (cf. OW).
If

there were no thermal

transients

associated with

the movement

of the

phase boundary and the deposition of sedimentson the surface, the phase
boundary would be at the intersection of the Clapeyron curve and the initial
temperature distribution Me(t), as shownin Figure 1. Becauseof the latent heat
of the phase change,there will be a thermal transient owing to the release of
latent heat at the phase boundary, and the phase boundary M(t) will actually
lag a distance l(t) behind Me(t). Since we can compute Me(t) at any time
from a knowledge of the pressure and the initial state of the model, we can
formally write M(t) = Me(t) + /(t), in which case all the information about
the dynamic responseof the phase boundary is containedin the lag l(t), which
must be obtained from a detailed study of the heat-transport problem. For
our model,neglectingheat sources,
G[Po(t) - Po(O)]

M(O)
-- Me(t)
= [-•p•---Y•-•/•i]
where the Clapeyron slope is dTc/dP = G, g is the accelerationof gravity and
Po(t) is the pressureat the surface x = 0. Correspondingly,l(t) -----M(t) Me(t) = M(O) - Me(t) - [M(O) - M(t)].
M(O) - Me(t) is thus obtained by consideringthe intersection of the
Clapeyron and temperature curves for a realistic model; this is obtained by
simple geometricalconsiderations.If heat sourcesare included in the model, the
equation for M(0) - Me(t) will be quadratic; nevertheless,if J• is regardedas
the average flux betweenM(0) and Me(t), a linear relation can be obtained. In
so far aS the concentrationof heat sourcesis small, J• can be taken as the heat
flux at M(0) with negligible error. All the information, including effects of
thermal blanketing, about the moving phase boundary is thus associatedwith
the lag l(t). This involves the solution of a nonlinear diffusion equation with a
moving boundary, which has presented mathematical difficulties in previous
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CIapeyron curve. (c) Relation between
geotherm and Clapeyron curve implied by
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Fig. 1. (a) Geotherm and Clapeyron curve
for supposed crust and upper mantle. The
initial position of the phase boundary M(O)
is at
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lines are assumed to be

linear. In addition, a thermal boundary con-

dition is specifiedat depth b. The model
still correspondsclosely to the supposed
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intersection of the Clapeyron curve T•(x, t)
and the initial temperature curve T(x, 0).
The phase boundary M(t) will lag a distance l(t) behind M•(t) becauseof transient
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studiesof this problem.The solutionof this problemhas beenobtainedby OW
and will be usedto calculate l(t) in this paper.

We thus obtain the followingbasic relation for an isostaticmodel between
water depthw, initial water depthWo,sedimentthicknesss, (with s(0) - 0), and
the lag of the phaseboundaryl, (equation67 of OW)

Qww
- Q•owo
+ Q•s: -/pl(1
•1

1)

(la)

Here Q• are definedby the initial conditionsand the sign of w

[1 1 1(1•11

Qi -- p•

Pi

Pc

W

i = s, w, Wo

(lb)

.and

JM__
1W-- 1-- K•Gp•g

OT(x,O)l
/dTc(x)]
(lc)
Ox [x=•-•x--

The parameterpwrepresents
the water densityif w > O(pw-- 1); if the sediment
surfacexs(t) is abovesealevel (w < 0), thenpw- O.The critical quantitiesfrom
the initial temperaturedepth curve are the initial positionM (0) and temperature
Te(M(O)) of the phaseboundaryand the temperaturegradientat this point.The
term Gplgis the spatial gradientof the Clapeyroncurve.
The parameter W is the normalized differencebetween•he Clapeyron slope
and the temperaturegradient, and rangesfrom 0 (equal slope) to I (infinite
Clapeyron or zero temperaturegradient). When W is small, the angle of intersection of the two curvesis alsosmall, so that a small displacementof either curve
can causea large displacemen•of their intersection.
Important consequences
of the dynamicalmotionmay be seenby taking the
derivativeof equationI with respectto s (equation68 of OW)
,

dw
pl(1
ds'= Q•
q• q•
•1-• 1)dl
d•

(2)

The expression
dw/ds is the changein water depth with the changein sediment
thickness.When this term is negative, the water depth decreasesas sediments
are deposited,and the basin is filling up. When the term is positive, the water
depth increasesas sedimentsare deposited,and the water basin becomesdeeper.
For Q8 < 0 and Qw • O, and if l(t) - 0 (i.e., if the phaseboundaryresponds
instantaneously),then dw/ds • O. Sucha caseis definedas unstable.In general
the lag will be a functionof time, and the term in dl/ds in (2) may causedw/ds
to be •0, even for an unstable model;such a caseis termed dynamically stable.
A modelmay exhibit both dynamic instability and dynamic stability at different
periodsin its history. The developmentin time of a stable and an unstablebasin
is shownin Figuce2. The unstablemodelis initially dynamically stable (dw/ds
• 0) but becomesdynamically unstable (dw/ds • 0) for a period beforebecoming dynamically stable again.
The causeof this type of instability can be understoodby recallingthat an
isostatically compensatedcolumn can be regarded as a crustal block of mean
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density<•>floatingin a fluid asthenosphere
of densityp• > <•>.The elevationof
the surfaceis thus determinedby Archimedes'principle. Ordinarily, with no phase
changespresentin the block, the mean density <p>changeslittle with the addition
or removal of material to the block. If a phase changeis present,however,the
mean density<p>can changesignificantlyif enoughmaterial changesstate from
onephaseto anotherof differentdensity.This can thus markedly affect the level

Sea level

•

''•••ence
............
''

Stable=Qs>O
i

ediment

I

water depth
decreases

with

sedimentation

time-->

dynamically

dynamically

dw

dw

ßunstable=
•-•->0:! stable=
•-•-<0
Unstable=Qs<O
water depth can
increase

with

sedimentation

time
Fig. 2. Comparisonof stable and unstable behavior. For a stable
model, the water depth alwaysdecreases
as sedimentsare deposited,
and the basin fills up. For an unstable model, there may be times
of dynamic instability when the water depth increasesas sediments
are deposited.Thermal blanketing eventually causesthe behavior
to become dynamically stable again, so that the basin does eventually fill up. The time when the basin fills (water depth ---- 0) is
defined as
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to which the block sinks in the fluid, and hencethe elevation of the top of the

blockabovethesurface.
Whenmaterialis added
to a blockwitha phase
change,
the increasein pressurecauseslow-densitymaterial to changeto high-density
material, raisingthe mean densityof the block and thus causingit to sink deeper.
If enoughmaterial changesstate, the mean density of the block can increaseto
the extent that the block sinksdeepenoughto lower the elevationof the surface.
This is just the type of behavior defined above as unstable.
Thus instability can result from the phaseboundarybeingvery responsiveto
changesin pressure.An unstablemodelis characterizedby a negativevalue of
which results when W in equation lc is sufficientlysmall. This will occur if the

ratioJ•/Kl•p!.gjs nearunity,i.e.,if the slopes
of the Clapeyron
curveand
temperature
cU•.rve
arenearlythesameat thephaseboundary.
Thensmallshifts
of the Clapeyron curve due to a pressureload at the surfacecan shift the intersectionof the two curvesa relatively large distance.
FILLING

OF

A BASIN

Before explicitly consideringsolutions giving the responseof the phase
boundary (i.e., l(t)) we can determine important characteristicsof the model
from more simpleconsiderations.
We considera basin of initial water depth too
being filled by sediments.

Thedepthof thebasinasa function
of timeisobtained
bydirectly
substituting the valuesof l(t) and s(t) into equation1 and calculatingw(t). The sediment thicknesss(t) is determinedby the law of deposition,and for a constant

deposition
ratek is s(t) - let.The.basi
n dept•h
w(t)'continuously
changes
with
timeuntil,at a timetl, thebasinis completely
filledwithsediments.
Thebaseof
the column of sedimentssubsidesas the basin fills and eventually accommodates

a thicknesss(tl) of sedimentsat a time tl. At the time t• the surfaceof the sediments is just at sea level. This time t• may be found by evaluating equation 1,
and finding when w(t), which is initially positive, passesthrough zero. The formal
definition of tf is

s(t•)
=[Q•owo/(t•)(1P')•/Q•
p•

J

(3)

A simple limi• for the •otal sedimentthicknesscan be obtained by noting
that s(t•) calculatedfrom 3 is lessthan the maximumpossiblethickness,which
would be attained if l(t) ----O,i.e.,

s=• = (Q•./Q,)wo
(4)
The time at S,m•is s•,•/{ds/dt) which is always greater bhan tt, •he •ime when
the basinactually fills. (ds/dr) is •he averagesedimen•a'•ion
rate.
If •here were no erosionafter t•, then the maximum uplift would occur.When
t -• •, we ob•ain•/(t) -• s(tt)Js/K•Gp•gW (O'Connell [1969]; this resul5follows
from the final steady-statetemperaturedistribU:•ion,
wherethe averagehea• flux
•hrough•hesediments
is J•). The maximumelevationis •"

-w = Q•s(t•)
- Q•owo
-]-l(•) 1- •
whereQwis (as pointedout above)evaluatedwith •w - 0.

Q•
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It shouldbe noted that, for an unstablemodel, Q8 < 0, and (4) gives a
meaningless
result.For suchcases,a static analysiswith 1 - 0 doesnot suffice,
and the time dependence
of the lag l(t) is needed.
UPLIFT

AND EROSION

So far in this discussion,
we have startedwith a basin at t - 0 and followed
it until the time whenthe surfaceemerges.We also have found the maximum elevation by assumingno erosion.

Oncethe surfaceof the sediments
is raisedabovesea level, erosionalprocessesmay take place (ds(t)/dt • 0).
Equation 1 is always valid and will obtain during uplift and erosion.In the
region of uplift, however,the value of Qw is different from the value during
sedimentation(pwis zero duringuplift). The differentialversionof this equation
is then

dwQ•dtds -•dl(1- •
Q•,(w)•-]-

(5)

where•his mustbe integratedfrom •ime tt (a• whichs - s(t•), 1 - l(tt), w - 0),
when•he surfaceemerges,
ands
onemus•use•he valueof Q• (with • - 0) appropriate•o •he Periodof •imeduringwhich•he surfaceis abovesealevel.The evolution of •he surfacew is determinedby the erosionra•e ds/dr, and •he lag dl/dt,
which in turn dependson •he erosionra•e and •he past history of sedimentation.

In •hedifferential
formof equation
5 onecansee•heinheren•
nonlinearity,
in •hat Q• is a œunc•ion
ofW (when:wchanges
sign,Q• assumes
a differen•value).
Nevertheless,equation5 may s•ill be directly integratedby considering•he •wo
separateintervals 0 _• t _• tf•and tt _• t and matching the solutionsfor the two
intervalsat t -tl. Sincein ea'Chinterval Qwwill be constant,equation5 will not

beinhere'ntly
nonlinear
Withintheinterval.

If erosion
reduces
th:•"•Surface
.:to
sealevelagain,
thenanother
interval
must
be started, during which a new value of Qw will obtain. The solution will also

have to be matchedat the time of transition,so that it is continuous.
SOLUTIONS

FOR

TI-IE

MOTION

OF

TItE

PHASE

BOUNDARY

The quantitative solution of the history of a model basin can be obtained
from equation1, oncewe kn.Q..w
(1) the initial state of the system (the initial

waterdepthwø,etc.); (2) th•'•lawof sedimentation
[ds/dr- •(w, t, . . .) ]; and
(3) the positionof the phaseboundaryM(t) or, mqreconveniently,the lag/(t)..

It is this lastrequirement
that haspresented
mathematical
difficulties
that have

previously
limite•/t
theinvestigation
ot•thisproblem.
Theproblem
ofthedynamical
motion
ofthephase
boundary
•has
been
studied

in detailby OWandbyO'Connell
[1969].
Thereshits
of the•'•:
investigations

permit us to accurately describethe responseo$;.the•.•phase:i'boundary
in very

simpleterms.The motion can .be brokendowninto three different•regimesof
motion,asillustratedin Figure3'

1. Short-term
motion-thethermaleffects
dueto the:moving
phaseboundary
are localized
in the neighborhOOd
of the boundary.
In' addit;io.n,-•the
thermal
ß
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•

•
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Io•er
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u•=

' •--

Long time
time

depth---*-
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Fig. 3. Temperaturefield for differentregimesof behavior.During short-timebehavior,
the tempera.ture
near the phaseboundaryM(t) is not influencedeither by boundaryor by
the sedimentson the surface.During blanketed response,the temperaturefield near M(t)
is noticeablyinfluencedby the thermal blanketing of the sediments.During long-time
response,the temperaturefield in the whole region between the surfaceand the lower
boundaryis primarily influencedby the boundaryconditionsat the boundaries.Also shown

is a representative
illustrationof the history of • sedimentarybasin subsidingas it is
filled with sediments.The behavior in the region where the sedimentshave emerged above
sealevel is shownfor the specialcaseof no erosion.(Note: Temperatureeffectsexaggerated.)

blanketingeffectsof the sediments
have not propagatedto the neighborhood
of
the phaseboundary.
2. Blanketed response:thermal blankekingof the sedimentssubstantially
interfereswith the motion of the phaseboundary.
3. Long-termresponse:there is no localizationof any of the thermal effects;

the temperature
fieldis dominatedby the conditions
at the boundaries
x -- xs(t)
andx - b(t).

A typical time sequenceis also shownin Figure 3. The time of filling of the
basin for a given model may lie in any of the above regimes,dependingon the
initial water depthand the rate of sedimentation.
EQUATIONS

FOR

SHORT-TERM

BEHAVIOR

In this regimethe motion of the phaseboundary is describedby
d

• APo(t)

d(tqt)l/2
[/]4(0)
-- M(t)]= --u[M(0)
- M(t)]q-W

(6)
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where/• is a constantdefinedby
2

Gpl•]W'c1

• • x/; 5 [1+(.,)1•]
c•'-- (K2p2c•/K•p•c.•)

and APo(t) is the pressureon the surface x = 0 due to sedimentation. ci is the
hea• capacity, L is the laten• heat o• •he phase transition, and • is the thermal diffusivity. This is a generalization (including convective mo•ion [O'Con.nell, 1969,Appendix 1]) of equation61 in our previouspaper (OW, p. 391). The
notation here is in terms of real dimensionalparameters,rather than the dimensionlessparameters in OW. The integral of 6 can be directly obtained for an
arbitrary law of sedimentation

•/•e••

ß•(o)- •(t) = •• •, e-••

•Po(z)d(•z)•/•

(7)

We can obtain the lag l(t)

l(t) = M(O) - M(t) -- IN(0) - M•(t)]

l(t)= M(O)
-- M(t)-- [• GAPo(t)
- J •/K• ]
With APo(t) = p•gs(t) (neglectingany change in wa•er depth), where p• is
the sedimentdensiW, we •hus obtain an expressionfor l(t) in terms of the sediment thickness.

For the caseof a constantsedimentationrate ds/dt = k, this gives

2 p•
l(t)- W
p• k• [•(• t)l/•--

1+

]

(8)

This is always positive and therefore, from considerationof equation 2, cannot
lead to dynamical instability. When a model is unstable,this term can compensate
for -Q•/Q• and causeit to be dynamically stable •or this case.Since

•/• = •dl/ds
decreaseswith time, it follows that an unstable system will start with dynamically stable motion, and the basin will begin to fill up. As dl/ds decreases,the
motion will becomedynamically unstable when dw/ds - 0 at a time satisfying

Remember that Q• is negative for an unstable model. The value of this time
will indicate whether dynamic instability will occur during the period when the
shod-time approximation is valid
END

OF

SHORT-TERM
LONG-TERM

BEHAVIOR
BEHAVIOR

AND

ONSET

OF

Short-term responsewill end when t is greater than either (M + s)2/K• - or
(b - M)•/•.e•., i.e., when the thermal effect œromeither the surfaceor the lower
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thermal boundary is noticeablenear the phase boundary. Long-term behavior
will apply when the effect of both boundariesis apparent at the phaseboundary,
i.e., whent is greaterthan both (M + s)2/Kl•- and (b In general, there will be a time interval between the end of short-term
behavior and the start of long-term behavior during which neither type
behavior should strictly obtain. Usually, this period will be relatively short,
so that errors introducedby using an inapplicable solutionwill be correspondingly small. The limits above are rather strict in that use of either short-term
or long-term solutionsbeyondthese limits has not resultedin significanterrors
•or the wide variety of numericalmodelsstudiedby us (0W, p. 361; 0).
LONG-TERM

RESPONSE

Duringthisperiodthe motionof the phaseboundary
is limitedby the
boundary conditionsgoverningthe flow of heat at the boundariesx = 0 and
x := b. To treat this, we use a quasi-steady-stateapproximation (QSSA) that
representsthe temperaturefield at eachtime by that steady-statesolutionappropriate to the instantaneouspositionof the phase boundary.The derivation and
justification of this have been treated in 0W, and more explicitly for this model,
in 0. The differential equation governingthe motion of the phase boundary in
this time domain is
d

ds

d(tqt)
[N(O)
-- M(t)]= -w[M(O)
- M(t)]q-•,s(t)
q-ed•

(9)

where

l•plgWCl
Hd
__

•--

l•p•gcl

Hd

--Gp*gcl
(•q_
C•
)
el d,

e -- Ztrl

«[----L -•-«ClGp•gWd
-•-c2d'
Gplg •2•]
and d and d' are constants'd is the averagevalueof M(t) + s(t), and,d' is
,•.heaverage value of b function

M(t)

The sediment thickness s(t) is an arbitrary

of time.

This may be directly integratedto yield
-

=

s(z) +

Note that the independentvariable is •t
as it was for the short-term

case. This

a½,z)

for :this case, and not (•t) •/2,

fundamental

difference

reflects the dif-

ference in •he nature of the flow of heat away from the moving phase boundary
in the different regimes.
•he solution for long-term behavior should':be matched to that for shodtern behavior at the time (say, to) at which the transition is made•.•..Thus
M (t,o)
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- M(0) comesfrom the short-term solution and M(t)
term solution,to give M(t) - M(O).
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- M(to) from the long-

By the time of long-termresponse,thermal blanketing is usually important.
Thereforewe shall defer the presentationof explicit solutionsof the lag l(t) for
this regimeuntil this effecthas beenincluded.
THERMAL

BLANKETING

The influence of the surface on the motion of the phase boundary will
certainly take place at a time

•;lt•_[-/¾I(t)
-•-8(t)]
•
As •he mo•ionof the phaseboundary
depends
on the heat5ransport
awa
y
from i•, a more precisecriterion for the time by which thermal blanketing will
dominateis (cf. OW, p. 396; O) •he root of
•t =

c•J•p•W

+

•

1 +--s

•

exp

=

d• /•

(11)

where d • M(t) + s(t) • M(O) as before. No•e •ha• this criterion is independen•of the sedimentationrate.
The effec• of thermal blanketing is included in the solution for •he moving
phase boundary by adding a te• to the differential equation (6 or 9) that
correspondsto the change.in •he heat flux away from the phase boundaw due
•o the presenceof the •hermal blanke• of sediments (see O, Appendix 4, and
appendix of •his paper). This can be expressedin te•s of a function r(t). The
equation for blanketed responsein the regime of short-term mo•ion is obtained
by adding

r (t)
•o the right-hand side of equation 6. For long-te•

blanketed response,one adds

(c,/n)r(t)

•otheright-hand
sideof equation
9. In either
case,
•heresulting
differen6al
equationis s•ill directly integrable.
For an arbitrary sedimentation function, we obtain from Duhamel's

theorem[CarslawaadJaeger,1959,p. 30; O]

F(t)- ds •(-1)%aexp -• .] expkd• ]•Ts(z)
dz

(12)

For a constan•sedimentationrate, s - kt, we can obtain a more accurate
expressiontha• takes better into accountthe movemen• of the phase boundary
and sedimentationsurface relative •o the coordinatesystem (appendix)

J•k •/• (1/2)kt
+ •/k

cosh
(1/2)(dk/2•,)

F(t)= --•,7e (• •2•dk•,) -- ds•h• (1/2)(dk/2•,)

d• • [•n•/&•
• ;•/4•]a
expk• +•)•t

(13)
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For (1/2) (dk/K1)• 0.1 this becomes

cxp --•- Kjt

(14)

Thisequationcanalsobeobtained•romequation12'.
BLANKETED

RESPONSE

The solutionfor the lag of the phaseboundaryduringthe periodof shortterm blanketed responsecan be found by integrating equation 6 with the
appropriateexpression
for r(t) includedon the right-handside.The quadrature

is straightforward,
althoughcumbersome.
Since short-termresponseusually
ends by the time thermal blanketingbecomesimportant,this solutionis of
limitedutility andwill not bepresented
here.it may be foundin 0 (p. 116) for
a constant sedimentation

rate.

The mostusefulsolutionis that for long-termblanketedresponse,
sinceany
modelmust ultimately enter this regime.The solutionfor a constantsedimentation
rate • = k is obtainedfrom equations9 and 13 or 14

+ aid
(wKl
t -- I -]- e_OO,•t)
-]- a,d(1 -- e( •. :)(i -- e-.,•,•t)

l(t) = k

-- dwa3
• (oor•)
n---!

--

. •

(15)

where

r,•- d• -]-4t/12
Jsk• exp(dk/2•)

al ----2K•l• sinh(dk/2Kl)Gp•gW

J.•k
exp
(dk/2•l)
I2•1tanh (dk/2K•)
•fc/--•l)•plgW

a•--=2K•i •

(16)

2J•k•r"exp(dk/2•j)

a• = --K•ld•Gp•gW

=

(-2- +

When (dk/2Kl) •(( 1, the aboveconsSants
become

a•
r• = n"r
Jsk/(K•ldGp•gW)
"d"

a•= --(d•6)al

aa - (2•'•/d•)al
hn-- (-- 1)nd4/n271-4

(17)
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which corresponds
to usingequation 14 for r(t). This latter case,which applies
when the sedimentation rate is small, considerably simplifies the computation
of l(t). Also note that the terms in the infinite sum in (15) becomesmall rapidly
as t increases.

The results we have so far presented permit us to write a general differential equation for an arbitrary sedimentationlaw •or the solution in this
regime. From equations1, 9, and 12 and the definition o• l(t), we obtain the
relation betweenwater depth (or elevation) w(t) and the sedimentthicknesss(t)
dw

• - -wK•q•w(t)
--q,•s(t)
-Fq.•
d•tt)
-Fqlwo

q• dt

-+-q• •'• (-- 1)%•e
-( ....

e•..... •/a')'s(z)dz

(18)

n----1

where

Qw

q4= I27l'2K
12Cl
Js

q5-- d.•HK,
Equation18 can be integratedoncea sedimentation
law s(t) - S(w(t), t,...)
is specified.
As mentionedabove,the regimeof long-term blanketed responseis probably
the most important period. In so far as the precisedetails o• motion during the
short term period are not of critical interest, we can use equation 18 as a
reasonableapproximation to describethe behavior of the basin over all time
domains. This will permit a rather good analysis of the general development
of the basin and will demonstrate the basic dependenceof the model on the
choiceo• physicalparameters.
PERIODIC

SOLUTIONS

One of the critical questionspertaining to a phase-changemodel is whether
or not the processes
of depositionand uplift can be repeated.The investigations
by MacDonald and Ness [19'60] in no way answeredthis question,sincethey
did not considerisostasyor extend their solution to a long enoughtime. Errors
in their analysis have been discussedby Wetherill [1961]. More than one cycle
of sedimentationand erosion was found by van de Lindt [1967], who considered a model by MacDonald and •Nesswith isostasy. However, it is not
possibleto assessthe importanceoœthis owing to possibleerrors in his solution,
whichhave beendiscussed
by O'Connell [ 1968].
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Joyr•er's[1967]solutionshowed
morethan onecycleof sedimentation
and
erosion.However,the coarsene•:sizeusedin his numerical
•'solutionmakesi•
difficul••o assess•he reality of t•hiscyclicalphenomenon.
We shall show•hat
cyclicalprocesses
do in fac• occurin sucha model,and•ha5they are •he resu15
of a time lag between•he effectsof surfacepressurechangesand surface
•hermal effectson the phaseboundary.

The existence
of suchperiodicor cyclicsolutionsis of fundamentalimportance in •ha5 no externalmechanism
is required•o reini•ia•e•he formationof
a basino•her5ban•he self-sus•aining
processof sedimentation
and erosion.
The generaldifferentialequation•ha• we wishto investigatefor oscilla•ory
solutions
is equation5. As mentioned
before,•his is a nonlinearequationbecause
Q•ois a functionof w. In the ensuingdiscussion
we shall linearize•he equation
by neglecting
the changein Q•. Presumably,
the solutions
obtainedwith either
value of Q• (for w • 0 and w • 0) shouldgive approximatebounds•o the
type of behaviorto be expected
for the solutionof •he nonlinearequation.
The regime of grea•es•in•eres• is •ha5 of long-Sermbehavior.The corresponding
differentialequationis equation18, givenin •he precedingsection.
The solutioncan be obtainedby direct integration,given •he initial conditions
and •he sedimenSa•ionand erosion law. A simple law •hat is geologically
plausibleis
ds/dt =

wherefi is a cons[an[.This s•a[es•ha[ the rate of sedimen[a•ion
is propor[tonal
•o water depth and thai erosionis propor[tonalto the elevationof the surface
above sea level. The limi[a[ions of [his assumed law will be discussedla[er.

Assuming[his law, we inves[igate[he possibili[yof solutionsfor which
w (t) is periodic.Taking

we obtain immediately

s(t)=

'*' + (s)

where(s) is the meansedimentthicknessaboutwhichthe sedimentthickness
varies sinusoidally.

Substitutingthis into equation18,we obtainas a constantof the motion

Q,•oWo
= Q,•(s)
q- 1- • K,Gp•gW
This equationrelatesthe meansedimentthickness
over a time of several

oscillations
to theinitialdepthof thebasinandto physical
parameters
that are
deterministicof the mechanism;this may be of considerableutility in relating

theseparameters
to (s),whichmay be determinable
fromthe.geologic
record.
We alsoobtain the characteristicequation

•1•
2=iX2iT
+Xa
+•4• (-1)•2
[1-e-<
.....
+iy)t]•} (19)
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where X•, X2, Xa, and X4 are constants,v• - n%r2,/d
2, as in equation 17, and
i-

(--1) 1/2.

For longtimes suchthat transientshave decayed,and using

•1
--w
= (--1)nn2
n•+ • - 2sinh(•
the characteristicequationbecomes

(i(y)1/2

AI(?--A•io'-As=2 sinh
(i(y)1/2

(20)

in terms of the dimensionless
frequency
2
o'•-----u -q- iv ------'
K1

where u and v are real. The constants in this are'

QwHK •

A1 --1--

2ClJ,•d
p2

A2
•gplK•,
r, -- (01/02)]
_Pl +C,•t---2J• Ld•t•[!

HK•[1--(p•/p•)]
-]-2dc•J•[1
-- (Ol/O2)](21)

GgplK,WQ•

-

This equation in the complex frequency a can be written in terms of the
real variables u and v'

zsinh
zzcos
cosh
sin
A•(u'"
- v•)• A•v-- A•= 2[sinh•.
cøs
•yY•-• ycosh
• zzsin
•yy]

(22)

ysinh
cos
cosh
sin
2A•uv
- A•u= 2[sinh
• zzcos
•yy-if-zcosh•'
zzsin
2yy]

(23)

where

z -- z(u, v) = r cos 0

y ----y(u, v) = r sin O

r -- (u• + v•)

o_•o_•
u>o

v_•o

•0•
4-

-•

•r

v•O

When the root a is real (i.e., v - O) there will be a purely oscillatory
solutionwith period 2•d2/U•l. In general,a real root for a will not exist, and
valuesof u and v (the real and imaginaryparts of a) must be found by solving
equations22 and 23 simultaneously;the solutionfor the water depth will be

w(t)-- C•exp
(iu• t - v•«t
If the value of v is positive,the solutionwill exhibit dampedsinusoidalbehavior;
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if v is negative, the solution will be explosivein that the amplitude of the
oscillationswill grow exponentially with time.
The right-hand sidesof equations22 and 23 are shownin Figures 4 and 5.
We may explicitly examine the conditionsfor the existenceof roots for the two
specialcasesu - 0 or v - 0.
1. Undampedoscillations,i.e., v - 0. In this case,the left-hand sideof 22 is
AlU 2 -

which is the parabola, concaveupward, that intersectsthe vertical axis at -As.

i'2•
' I ' , ' , ' I ' , ' I ' , ' I ' I '•
4

v

0.8

0.6

0.4

0.2

-0.2

4
2

4

6

8

10

U

t2

'14

46

t8

20

r-

Fig. 4. Right-hand side of equation 22, which is function for
determining frequency of oscillatory solution for model with deposition or erosion rate proportional to water depth or elevation. Frequency equals (u q- iv),•/•,
and u and v satisfy A•(u • -- v2) qA•v -- As -- function illustrated, as well as satisfy the equation of
Figure 5.
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Thus a solufAonto equation 22 with v = 0 will exisf•for As - > !/2 (cf. Figure
4).

However, equation 23 must• be satisfied at• the same time. The left-hand
side of (23) becomes-A2u, which is a straight•line of slope -A2, which passes
through the origin. Thus (23) can have a root for u, with v = 0, only if A• _<

+ 1/12. However,this root•will not, in general,be t•hesame.as the root•for (22).
A soluteionwill occur only for special casessuch that (22) and (23) can be
sarAstiedsimult•aneouslywith v - 0. We may conclude,then, t•hat•an undamped
oscillatory solution will in general occur only for special cases.
2. Nonoscillatory solutAon,i.e., u -- 0. In this case (22) becomes

+ 4A•/= 2sin(V)
1/2 (24)

--AlV2
-[- A• - As= --A1v- 2A•/If v < O,the right-hand sidebecomes

2 sinh(-v)1/'2ø
where -v is positive.This œunctAon
is shownin Figure 6.
The left-hand side of (24) is a parabola, convex upward, with a maximum
of -(As + A•/2A1) at• v -- A.•f2A1. Examination of Figure 6 indicates that
there will always be a root of (24) near v - •2, where •he parabola will intercept
the branch coming from -o•. This root does not• interest us, however, since
we have assumedthat the time was such that• the exponential terms in (19)
may be neglected,viz., exp (t•l•t/(/•) << 1. A solution witchv - •2 would be
proportionalt.o

exp-

(Kl•r2t/d
2)

and would thus be small by this •ime.

There will be a negative root of (24) if -Aa > 1/2, as well as a positive

0

'

I

•

I

•

I

•

I

•

I

'

I

'

I

'

I

•

I

'

-0.2

Fig. 5. Right-hand side of equation 23 analogous to Figure 4.
Roots u and v must satisfy 2A•uv
-- A2u -- function illustrated, as
well as satisfy the equation of
Figure 4.
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Fig. 6. Functiongivenin Figure 4 plotted as • function

of v with u --

0. If

v > 0, the solution decays exponentially; if v < 0, the solution grows
exponentially. The root v (with u -- 0)
must satisfy equation 24, the right-hand
side of which

is the

function

shown.

Roots from the branch that approaches
--co at v ---- • decay so rapidly as to
be unimportant. A growing solution with
v • 0 will exist if--As • •.
-2

-5

-4

-5

0

5

•0

45

root. The negative root, however,will give rise to a solutionthat will grow
exponentially,and hence will dominate.Two positive roots could exist only
if -As • 1•2, A2 • 1•2, and -(As -t- A•2/4A•) • 112,whichin turn requires
A• • 0. However,A• • 0 if Qw • 0; thus two positiverootsare not possible
unless Qw • O.

For u - 0, (23) is alwayssatisfiedidentically;thus •he above-mentioned
roo•s of (24) are solutions.

From•hese•wolimitingcases,
•hen,we conclude
(1) •ha5a purelyoscillatow

solution
is a specialcaseandwill no•occurin general,
and (2) if As • -1•2,
a solutionwill exist•ha• growsexponentially.From (21), the condiSion
for an
exponentiallygrowing,nonoscillatowsolutionis

Q•• Ks•l W I - •

(25)

In general,
roo•su andv of (22) and (23) will haveto be foundby solving
the equations,
whichmustbedoneby trial anderroror someo•hersuchprocess.
MODEL

BASIN

CALCULATIONS

The equations
that permitthe solutionof the historyof a sedimentary
basinunderlainby a phaseboundary
havebeenpresented
in theprevious
section.
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We now present examples of how these equations can be applied to specific
models. We quantitatively considerthe histories of two models of depositional
basins. The models, A and B, describedin Table 1, are essentially similar to
models2 and 5c of Joyner [1967], who solved the field equationsdirectly by
numerical

methods.

The first model (A) is a sedimentary basin initially 1.5 km deep being
filled at a rate of 200 meters per 106 years. If we calculate Q8 (equation lb),
we see that

the model is stable.

The

maximum

sediment

thickness

the basin

can accommodateis 10.9 km (equation 2), which would take 55 million years.
From the criteria we have given and the values given in Table 1, short-term
behaviorwill end by 4.1 million years, thermal blanketingwill dominate by 14
million years (equation 11), and long-term behavior will apply after 22 million
years.

The configurationof the basin with time is shown in Figure 7, in which
TABLE

1.

Model

Parameters

Model

A

Ks, joule/cm sec øC
K•, joule/cm sec øC
K•, joule/cm sec øC
08, g/cm 3
p•, g/cm 3
p•, g/cm •
pc,g/cm s
c,, joule/g øC
c•, jottle/g øC
ca,joule/g øC
G, øC/kbar
L, joule/g
J•, erg/cm' sec
J., erg/em ' sec
d, km
d•, km
K•,cm'/see
K•,cm•/sec
W, cm2/sec
Q,, cm•/sec
Qw (pw - 1)
Qw(pw = 0)
•, km -•
1/•/(•, years

0.017
0.025
0.033
2.5
2.9
3.4
3.4
0.85
1.1
1.1
141.0
31.8
28.6
45.7
41
19
0.00784
0.00882
0.715
0.0873
0.635
1.00
2.51
6407

M(O)•,
106
years

21.6

/(17r

(b - M(O))'

ß
, 106 years

•o, cm-•

1/w• 10z years
H, joule/g

Model
0.021

0.025
0.033
2.6

2.9
3.4

3.4
0.85
1.1
1.1

66.0

67.9
28.6
45.7
41
19

0.00784
0 O0882
0 391

-0

71.6
1360

102

0 576
I

00

0 3O

447• 909
21.6

4.13

4.13
5.65 )< 10-•4

B

4.18

X 10 -'•

96.84

470.8
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Fig. 7. Results for Model A. The long-term solution (QSSATB) is shown
(solid line)

as are the short-term

solut,ion (SACTB

- dashed line)

and

Joyner's numerical solution (dotted line). The time at which the surface
emerged above sea level is indicated for each solution. The numerical
solution probably overestima,tes the time of emergence (see text). Solution QSSATB is the proper solution; the results for solution SACTB
were included to show that it is not in gross error even though it is
beyond its regime of applicability. This comparison shows that these
simple analytic approximationsfor the temperature field are quite adequate

and permit a direct calculation of the evolution of the basin without
numerical solution of the field equations.

Joyner's numerical solution (dotted line) is also shown. Solution SACTB is
obtained by integrating equation 6 using equation 13 and is appropriate for
short-term motion, including the effec• of thermal blanketing. Solution QSSATB
is thai; given by equation 15 and is appropriatefor long-term blanke•ingbehavior.
Note tha• the two solutionsare virtually identical during short-term response
(4 million years), and that •he use of •he long-•erm solution during this initial
period would introduceno significanterror. Thus it is unnecessaryto s•art the
long-term solutionat the •ime of transition from short-term to long-•erm behavior
with the value of l(t) at this time given by the short-term solution (this is discussedmore fully in O'Connell [1969,p. 134]).
The basinbecomesfull (i.e., w = 0) duringthe periodof long-termresponse;
the time whenthe basin fills tt is obtainedfrom equation15 by usingequation
12 for the lag and yields a time of filling the basin of 40 million years, which
is indicated by the vertical arrow labelled QSSATB in Figure 7. (Also shown
for comparisonare the emergence•imes for the solutionSACTB and Joyner's
numericalsolutionJ.) The sedimentthicknesswhen•he basinfills is s(tt) : 7.9
km, which is 73% of •he maximumthicknessof 10.9 km (equation4), which
wouldtake 55 million years •o be deposited.
We now investigateanother type of model (model B), which is a sedi-
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mentary basin initially 500 meters deep being filled at a rate of 30 meters
per million years. We calculate Q'8 = -0.102, hence the model is unstable.
This is due to the similarity of the Clapeyron slope and the temperature
gradient at the phase boundary, which results in a small value of W - 0.39'1
(Table 1, equation lc). This in turn allows the negative term in Q8 (equation
lb) to dominate,making Q• negative.
Becausethe model is unstable,a simple static analysiswith 1 = 0 will not
work; e.g., we cannot calculate a maximum sedimentthicknessfrom equation 4.
We must therefore investigatethe time dependenceof the model, since the
dynamic effects, the time dependenceof the lag, and the effect of thermal
blanketingon this are of paramountimportanceand will determinethe dynamic
stability of the model and the amount of sediments the basin can accommodate
beforefilling up.

To obtain the long-termresponsefor model B, we use equations15 and
16 for the lag. Theseequationsapply only until the basinfills and erosionstarts.
After this time, equation9 must be integratedby using equation12 for the
effect of thermal blanketing.The result is shownin Figure 8. (Only the longterm solutionfrom time t - 0 is shown,sinceit did not deviate significantly
from the short-term solutionduring the 4-million-year period of short-term
response.)During the first 50-60. million years of sedimentation,the water
depthremainsessentially
constant,eventhough1.5km of sediments
are deposited
in a basinonly 500metersdeep.This is a consequence
of the dynamicinstability
of the model (cf. Figure2). Only after 100 million yearsdoesthe basinfinally
becomefull and the uppersurfaceof the sedimentsbecomeexposedto erosion.
The erosionrate is 15 metersper million years,whichis 1/2 the sedimentation
rate.

The surface is maintained above sea level until all the sediments that were

depositedare eroded away, which takes 200 million years. Even basement
rock is exposedto.erosionfor 30 million years beforethe surfaceagain subsides
belowsealevel, at whichtime anothercycleof sedimentation,
uplift and erosion
begins.Duringthe periodshownin Figure8, the motionof the phaseboundary

relativeto sealevelis restricted
to a 3-km interval,althoughit moves5-1//2km
relativeto the materialin the uppercrust.
Figure 8 clearly shows that more than one cycle of sedimentationand
erosion can take place, once the processis started. Figure 9. showsthe same
solutionas in Figure 8, continuedfor a longertime (1,000'million years versus
450). The similarity of the last three cycles indicates that the solution is
periodicand undamped,once the initial transientsfrom the. first cycle have
disappeared.During each cycle of 234 million years, 2.21 km of sedimentsare
deposited,
whereasthe water depthneverexceeds120 meters.The resultingratio
of sedimentthicknessto water depthis 18.4; this exceeds,
by far, the value of
6 for the first cycle and is a striking illustration of the amount of subsidence
that a phase-change
mechanismcan accountfor.
COMPARISON

WITH

NUMERICAL

SOLUTIONS

It is of interest to compareour analytic solutionswith the numericalsolutions obtainedby Joynet [1967] for modelsA and B, which are essentially
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Fig. 8. Resultsfor Model B. During two cyclesof depositionand uplift and erosion,
the long-time solution from equation 15 agreesexcellentlywith Joyher'snumerical
solution. The differences that do exist are due to the different erosion laws of the two
solutions (see text) and the discontinuous sedimentation in the numerical solution.

The instability of the model is manifestedby the failure of the water depth to
decreaseduringthe first 50 million yearsof deposition.

identical to Joyner's models 2a and 5c. The numerical solutionsare shown as

do•ed lines in Figures7 and 8. The agreemen•betweenthe analytic and the
numerical soluQonsis very good.The irregularitiesin the numerical solution
arise partly becausein the numericalsolutionsedimentswere depositedin
increments
of I km, ratherthan continuously;
e.g.,in Figure7, I km of sedimentswas placedinstantaneously
on the surfaceevery 5 million years. This
mode of depositioncould easily causethe •ime of emergence
of the surface
(indicatedby •he verQcalarrow labeledJ) to be in error by severalmillion
years. The effe½•of discontinuous
depositionis more apparen• in Figure 8.
Deposition
of a slabof sediments
causes
the phaseboundaryto movein a steplike fashion,whereas•he analytic solutionappearslike a reasonable
smoothed
versionof •he numericalsolutionduringthe first 100 million years.We no•e

that the dynamicinstabilityof modelB is evidenced
in the numericalsolution,
sincethe water depthincreases
whenthe first slab of sediments
is deposited.
The importance
of •hiswasnotmentioned
by Joyner.
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The difference
betweenthe numericaland analyticsolutionduringthe period

of erosion
in Figure8 is dueto different
erosion
lawsforthetwomodels.
Joyner's
erosion
ratewasproportional
to elevation;
ourerosion
ratewasconstant.
With
thistakeninto account,
the agreement
between
the two solutions
is very good,
whichsuggests
that the exactformof the erosion
law may not be of paramount
importance.

In generalwe conclude
that there is essentialagreement
betweenthe
numericalsolutions
of Joyner [1967] and our analyticsolutionsof the same
models.
In fact,it wouldrequirea numerical
solution
considerably
morerefined
thanJoyner's
to revealany shortcomings
of the approximate
analyticsolution
wehavedeveloped.
In addition,the repeated
cyclesof sedimentation
anderosion
shownin Figure9 demonstrate
that the cyclesshownin Joyner'ssolutionwere
not merelyconsequences
of the numericaltechnique
usedbut are implicitin
the model itself.
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Fig. 9. Analyticsolutionof Model B of Figure8 extendedto 109 years,showingthe

existence
of undampedoscillations
after the first cycleof deposition
anderosion.During
the SO-million-year
deposition
phaseof eachcycle,2.21km of sediments
are deposited
in water that never exceeds120metersin depth.During the erosionof these2.21km of
sediments,
a surfaceelevationof up to 164 metersis maintained.In this solution,
deposition
occursat a constantrate whenthe surfaceis belowsea level, and erosion

occu•at a constant
ratewhenthesurface
isabove
sealevel.
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SOLUTIONS

Model B can also be investigatedfor the existenceof sinusoidalsolutions
of the form

w(t)= C•e
•t -- C1expiu•} t--v• t
The sedimentationrate is proportionalto water depth,with the ratio fi ranging
from 0.1 to 0.5 per millionyears.We seefrom equation19 that initial transients
will decay by a factor of e in 7 million years; our analysiswill thereforebe
applicablefor processes
that take a time that is considerablylongerthan this
time, as will be the case.The constantsAi in the characteristicequation20 are
given in terms of the model parametersby equation21. Equations22 and 23
can be solvedby an iterative procedure.

The dimensionless
frequencyrootsu and v are givenin Table 2, alongwith
the period of the oscillations(time for one cycle of depositionand erosion)
and the e-folding time of the growth or decay of the oscillations (time for
solut.ionto grow or decay by a factor of e). The roots are given for several
sedimentationrate constants/•,and for two differentvaluesof Q• corresponding
to caseswith water either absentor presentat all times.Becausethe asymmetric
case, with water present during depositionbut absent during erosion,is nonlinear, it is not amenableto the same analysisfor roots that is possiblefor the
linear caseswe consider (cf. equation 5. if.). Nevertheless,the behavior of
the linear cases should bracket the behavior of the nonlinear case. If the solution

of the nonlinear case is desired,it can always be obtained by integrating equation 18 directly, as was done for the resultsshownin Figures 8 and 9.
The periods of oscillation in Table 2 range from 132 to 351 million years.
Since the amplitudesof the oscillationsare not determined,the absolutesedimentation rates are not known. However, for an average water depth of 100
meters, the rates correspondingto our values of • (0.1-0.5)-x million years
would be 10-50 meters/106years. The sedimentthicknesswill oscillatearound
the mean value (s) = 2.8 km. If more than 2(s) - 5.6 km are erodedin any one
cycle, the basementrock will be exposedto erosion.At an erosionrate of 50
meters/106years this would require 112 million years, corresponding
to a period
of 224 million years. This period is comparableto those in Table 2; thus the
erosionof all the sedimentsand the exposureof basementrock is clearly possible
for this model.

The number of exponentiallygrowingsolutionsin Table 2 is rather striking.
The most rapidly growing of these will increasein amplitude by a factor of e
in 111 million years, which is lessthan one period; in lessthan two periodsthe
oscillationswill grow in amplitude by a factor of ten. Even if the basin was
initially very shallow, the rapid growth would result in the depositionand
erosionof considerablethicknessesof sediments,and eventually basementrock.
The values for the period and growth or decay rates in Table 2 are consistent with the solution shown in Figure 8, although the sedimentation laws
are quite different. The solution in Figure 9 has an average sedimentation/
erosion rate of ~(1/2)(30. •- 15) - 22.5 meters/10• years and an average
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waterdepth/elevation
of ~100 me•ers.This corresponds
mostnearlywith the
solutionsin Table 2 wi•h fi ~ 0.2, whichhave periodsof ~225 million years
and a small growthor decayconstant,so that the solutionsare nearly constant
in amplitude.

The solutions
with water present(• -- 1) are lesss•ablethan thosewi•h
water absent.This may seeminconsistent,sincethe depositionof sediments
in water would reduce the effective density of the sediments,owing •o the
buoyan5effect of •he water. Referring to. Figure 9, however,we see'tha5 as
sedimentsare depositedthe wa•er depShis increasing,thereby increasingthe
load on •he surfaceand making the phaseboundarymore responsiveto the
surfaceload,whichpromotesinstability.

For any oscillatorysolution,the ratio of sedimentthicknessdepositedto
•he maximumwater depthcanbe considerable,
sincethe periodof the oscillation,
and hencethe time available for deposition,is independentof the water depth.
Thus if •he period is 200 million years, and •he averagewater depth is 100
meters,then for fi = 0.3 (millionyears)-x, 3 km of sediments
will be deposited,
andthe maximumwater depth•vill be 157meters.The ratio of sedimen5
thickness
to wa•er depthwill be 19.1.In fac•, •his ratio is independen•of the wa•er depth,
and is approximatelyequal to fiT/•- where T is •he period of •he oscillation.
The value of 19.1 obSained above can be con•rasted with the value of 3.0 for this

ratio if 5herewere no phasechangebut only isostasy.
The existenceof oscillationsas solutionsof an equation arising from heat
diffusionmay seemanomalous.The oscillatorysolutions,and even the presence
of uplif• after deposition,associatedwith phase-changemodels are casesof a.
system 'overshooting'when i5 moves to equilibrium. This arises for phasechangemodelsbecause,althoughthe pressurechangedue to the sedimentsis
•ransmitSedto the phaseboundaryessentiallyinstantaneous]y,
the thermal effect
of the sedimentsis only 5ransmittedwith a velocity characterizedby r•/d,
which is of the order of 10-• km/sec. The resultant phaselag betweenthe two
effects a5 the phase boundary causesthe phase boundary to move toward a
'false' equilibrium position, false becausei5 is determinedby the thermal effec5
from a previousconfigurationof sedimentsand 5he pressureeffect from •he present configuration. Anything that tends to increase or speed up the thermal
effec5at the phaseboundary will tend to reducethe phase lag betweenpressure
and temperature effects and hencethe period of any oscillations.Thus a more

rapid sedimentation
rase,by causinga more rapid changeof surfacethermal
condiSions,
tends •o reducethe period of oscillation,as is seenin Table 2. A
lower value of •hermal conductivity for the sediments,• shallower phase
boundary,a higher surface-heatflux, or a higher value of rx would have the
same effecS.In this manner, the effect of most parameters can be predicted and
understood.
SUMMARY

The resultsoœ•he previoussectiondemonstrate•he accuracyand simplicity
of the approximateanalytic solutionfor •he mo•ion of a phaseboundary.The
simplicity is noteworthy,especiallyin comparisonwi•h •he completese5 oœ
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partial differentialequationsdescribingthe problem (cf.:OW), which require
rather complexand time-consuming
techniqueseven for numericalsolution.
By usingan approximateexpression
for the temperaturefield,the problemhas
been reducedto t.he solutionof an ordinary differentialequation,which can
be directly integrated in many cases.

The generaltechniqueusedlendsitself to otherproblemsof this type and
deservesoutlining.

The firs• step is to isolatethe problemof the movingphase boundary
from the other processes
in the model.This was done by definingthe lag of
the phaseboundaryt, with whichall the transien•effectsof the movingphase
boundaryare associated.This reducesthe problemto that of solving for the
responseof the phaseboundary,which was presentedin OW. The subsequen•
stepsthat lead to the solutionare:
1. Subtractingthe initial steady-s•atetemperaturedistribution;reducing

•heproblemto solvingfor the change
in temperature(definedasthe perturbation
temperature.)
2. Finding the solutionfor short times by representing•he temperature

by a modificationof the solutionfor freezingat a constan•temperature.
3. Finding a long-time solution by using the steady-state temperature
distributiontha• appliesfor eachinstantaneous
positionof the phaseboundary.
4. Including the effects of thermal blanketing by superimposing•he
solutionsfor blanketing and the motion of the phaseboundary.
Although this paper treats one fairly specificmodel of an upper-mantle

phasechange,the methodis flexibleand of wide applicability.For example,
differen• boundary conditionsare includedby modifying the quasi-steady-state
temperaturedistributionin step 3, permitting even time-dependen•conditions
to be included. Such casescould arise from studying phase changesin a litho-

sphericslab as it movedover regionsof the upper mantle a• differen•temperatures,for example.
The reductionof the problem of a moving phase boundaryto •he solution
of an ordinary differential equation permits many importan• characteristicsof
•he problemto be immediatelyassessed.
In particular, the dependenceof the
solution on certain parameters of the model is immediately obvious. This is
of considerableimportance in a geophysicalproblem of •his •ype, since •he
values of many parametersare not known with certainty, and it is important
•o know to, wha• extent the solution depends on the values chosen for these
parameters.

For short-term motion, the primary rate constan• is the parameter • in
equation6. This is essentiallythe ratio of the differencebetweenthe Clapeyron
slopeand the geotherm to the laten• hea• of the phasechange.A larger value
of • would make the phase boundarymore responsive,as can be seen from
the solutiongivenin equation8.
•
For long-term motion, the primary rate parameter is • (see equation 9').
This dependsmostly on the parameters specifying the depth of the phase
boundary and the position a• which •he lower boundary conditionis applied,
which is a reflectionof the dependenceof long-term behavior on •he diffusionof
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heat over the entire region. Correspondingly,it can be seenthat the value of the
latent heat L is relatively unimportant in so far as it appearsin combination:with
other terms that may be considerablylarger. Similarly, one can see fromm.
equation 14, that thermal blanketing dependsprimarily on the surfacegradient, the
rate of loading,and the depth of the phaseboundary.
Some of the

limitations

of our model

should be discussed. O.ur use of a

one-dimensional model is clearly a simplification. Yet, for shallow phase
boundaries at depths ~50 km, and for areas more than ~100 km in extent,
the one-dimensionalapproximation is probably quite good. For deeper phase
changesor more limited regions,where the lateral xq_ow
of heat may be significant,
the one-dimensional model exaggerates t•he effects associated with the phase
boundary. Nevertheless, the effects should be qualitatively the same as those
predictedbut reducedin amplitude somewhat.
The boundary condition applied at the lower boundary has an important
effect on the long-term motion of the phase boundary, as has been discussedby
OW.

We have used a condition

of constant

flux in the models treated

in this

paper. The proper boundary condition that should be applied is not obvious.
Therefore, the effect of different boundary conditionsshould be assessed,as
was done in OW. In general, a constant,temperature boundary condition results
in a more rapid motion of the phase boundary during long-term responsethan
does a constant flux condition; moreover, a deeper boundary condition lengthens
the time required to reach long-term response.
Our treatment of the motion of the phase boundary has assumedthat it
is a plane of separation between two phases,and that no mixed-phase region
exists.Phase transitions in the earth may be characterizedby transition regions
of mixed phase that may be several kilometers thick. The effect of a finite

mixed-phase
regionon our solutionshouldbe examined.
For very short,times,the width of the temperaturedisturbancenear the phase
boundary will be narrow (cf. Figure 3). If this width is of the same order or less
than the thicknessof a transitionzone,the assumptionof a plane phaseboundary
will not be very good.For longertimes,however,whenthe width of t.he temperature disturbanceis considerablywider than the transition region,the finite width
of the phase boundary shouldhave only a limited effect, sinceit will be narrow
comparedto the temperaturedisturbance.In this case,the assumptionthat the
phaseboundary is infinitesimalin width shouldbe good,becausethe diffusionof
latent heat away from the phaseboundarywill be controlledby the transport of
heat over the whole region of the temperature disturbance.Thus, it will not be
strongly dependenton details near the. phase boundary.Such will be the case
during long-term response,so that we may expectthat the existenceof a mixedphaseregionshouldhave little effectduringthis type of behavior.
Our model assumesinstantaneousisostaticcompensation
of changesin the
configurationof the model.The time scaleof the phase-change
mechanismfor the
type of exampleswe have considered
is tensof millionsof yearsand is thus much
longerthan the time scaleof ~10,000 years for isostaticreadjustment.Thus, our

assumption
of instantaneous
compensation
is well founded.A finiterate of isostatic compensation
comparableto the relationtime of the phasechangewouldmake
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the problemmore complexbut couldbe included.It wouldlead to the limit of no
isostaticresponse,
whichis includedin the generalsolutionby letting pc'• c•.
The fac5that the modelrequirescompensationonly of changesin the configuration of the model meansthat isostaticanomaliesmay still exist, if due to other
causes.A basin correspondingto our model could thus exist in a region with an
intrinsic isostatic gravity anomaly. The basin itself would no5 changethe preexistinganomaly as sedimentationuplift and erosionoccurred,and the anomaly
would no[ necessarilyreflectthe presenceor history of the basin.
Our model for studyingupper-mantlephasechangeshas assumedtha[ the
phaseboundarylies abovethe level at which isostaticcompensation
takes place.
This has led to the operationof both isostasyand the phasechangein promoting
subsidence.
If the phaseboundarywere beneaththe level of isostaticcompensation, i[ wouldbe insulatedfrom long-termpressurechangesat the surfaceby the
fluid layer, in which flow takes place to achieveisostaticcompensation.Such a
deep phasechangewould play no role then in the processes
of subsidenceand
uplif5tha[ we have beenconsidering.
Nevertheless,
the response
of phasechanges
deepin the mantleto changesin pressureor temperaturecan be calculatedby the
samegeneralmethodswe haveusedhere.
The two sedimentation laws we have investigated, • = constant and • =
/•w (i.e. proportionalto water depth) are clearly idealizations.The fact that both
laws yieldedperiodicsolutionsand that 5heperiodsof the oscillationwere roughly
the samefor modelswith the sameaveragesedimentationrate indicatesthat the
functional form of the sedimentationlaw is probably not of prime importance
•.
i
•
•. •
ß
and that_it is the weighted•ntegralœof.s(t)•m.
equat•on.18that is_important.
The relation of our one-dimensionalmodel to a real basin may perhaps be
visualized by consideringa region throughout which the elevation, water depth,
sedimentthickness,and sedimentationrate are all uniform a5 a given time. This
regionwould move up and down vertically as a plug in responseto the processes
we have been considering.The parameterstha5 are uniform throughoutthis area
would correspondto the same values averaged over the area of a real basin. For
a real basin, the location of a sourceor sink of sedimentsattains an importance
not presen5in the one-dimensionalmodel. The same processcould take place in
5wo adjacen5regions,but out of phase,so 5hat the emergen5region would be a
sourceof sedimentsfor an adjacent subsidingbasin. Obviously, such considera5ions are beyond •he limiSations of a one-dimensionalmodel, yet the results
of •he model still permit a qualiSaSivediscussionof the possibilities.

CONCLUSIONS

We have presentedapproximaSeanalySic solutions for the his5ory of an
isostaticallycompensated
sedimentarybasin (or erodingelevaSion)underlain by
a phasechange.Thesesolutionsare in closedform and can be evaluatedwiihou5
recourseto high-speedcomputers.The solutionsare accurate,especiallyin view
of/he uncertaintiesof the appropriateparameterstha5 shouldbe usedin modeling
a basin on the earth. The analySicform of these solutionsand 5heir simplicity
allows5heeffec5of the parametersof a modelto be readily seen.Thus •he behav-
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of a model that has been solved can be confi-

dently predicted.

•

In addition, certain characteristicsof a model permira •classification
of its
behavior.Thus, for example,criteria for both long-ter•-m
• and short-term behavior,

whicharedistinct,
allowoneto consider
thebehavior
cffa modelin a general
sense
and permit discussionof models in terms of these general characteristics.There
are also criteria that establishgenerictypes of modelS,suchas stable or unstable.
Models of one type all share certain important characteristics,which allows one
to discussthe behavior and consequences
of a sedimentary basin in terms of these
general properties, rather than on the basis of individual cases. In essence,
the solutionswe have presentedpermit the creation of a vocabulary for discussing
the behavior of models without dealing in particulars of any single model.
This vocabulary then allowsone to discussthe geologicalproblem in a precise
and quantitative manner. Whether or not phasechangesactually are an important
feature of sedimentarybasins,a framework for discussingand investigatingthe
questionhas been established.With this framework, the roles of phase changes
in subsidenceand uplift in the earth's history can be investigatedin an orderly
way. The existenceof practicable solutionsallows one to predict the consequences
of any model; in this way, modelscan be testedand either discardedor accepted.
The conditionson a model for it to be acceptablecan be evaluated, and the likelihood of these conditionsbeing fulfilled can be treated as a question apart from
the behavior of a model.

APPENDIX

The inclusionof the effect of thermal blanketing is done as in our previous

paper(OW, pp. 379 and 395). We shalllinearlysuperimpose
the temperaturefield
due to the movementof the phaseboundaryand the field from the blanketing
effectof the sediments.The heat flux at the phaseboundaryfrom both temperature
fieldsissetproportionalto the velocityof the phaseboundaryto obtaina differential
equationfor the motion of the phaseboundary.
Althoughthe problemis nonlinear,the analysispresentedin OW has shown
that a reasonablesolutioncan be obtainedby superpositionthat satisfiesthe field

equationsand the conditionsat the movingboundary,while only approximately
satisfyingthe other conditions.In the contextof the quasi-steady-state
solution
usedfor long-termmotion,all the boundaryconditionsare satisfied,whereasthe
fieldequationsare onlyapproximately
satisfiedin sofar asO/at • O.The accuracy
of this approximationhas beenverifiedby the numericalresultsin OW, 0 and
this paper.

To includethermalblanketing,we defineOse(x, t) asthe changein temperature
from the initial steadystate that is due to the thermal blanketingeffectof the

sediments.
Initially •sc•(x, O) = 0 everywhere.
As sediments
are deposited,
the
boundaryConditions
are •sc(x,, t) = (J,/K,)s(t) and •sc(M, t) = O. J, is the
initial surface heat flux and K, is the conductivity of the sediments.This defines

a changein temperaturethat increasesunderneaththe sedimentation
surface,
doesnot changethe temperatureat the phaseboundaryM, but doeschangethe
heat flux at x = M. Assuming
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M(t) - x,(t)

we can solve the field equation
2

in •he re½onz,(t) • z • •(t) subjee••o •he iniaa and boundaryeondiaonsabove.
If we neglect the motion of the pMse boundary •nd sedimentationsurface
relative to the m•teriM between them, the solution follows from Duh•mel's
theorem, •nd we obtain the result given in equation 12 for the •dded gradient
•t the phaseboundary

For rapid sedimen•aon •he moaon of •he sedimen•aon surfacera•ave •o
•he m•eria beneath e•n be •ken in•o •eeoun• •pproxim•b.
T•king &/•t •s •
eons•n• •vemge e•eeave sedimen•aon rate, •nd assuming•s before

•he problem is •s •bove •h •he exeepaon•h• bo•h •he sedimen•aon surface
and phaseboundary•re mo•ng rel•ave to •he m•teria between•hem • • velocity
•ppro•m•ely equ•l •o •s/•t. Using • coordinatesystem•' in which •he boundaries
are •ed •nd •he ma•eria is in moaon, •he field equ•aon becomes

00(•,,t) ds00
Using Laplace transforms[cf. Carslawand Jaeger, 1959, p. 388] we obtain for the
added gradient at the phaseboundary

r = K,i

•1ds. •1

(•dds)

-a

a

d3
n••l
V•2n2
(ds/d•t)
2•-"
(--1)'%*
],.
exp
[_{n"•r"
(ds/dt)"•
(A1)
k• +

In the limi• neglectingthe movementof the surfaceand the phaseboundary
(U • 0), we gel [he resukof our previouspaper (OW, p. 395) and

•=

•,•1 L'•' •

p .

•

This expressionis considerablyaiapl•r
where

ld ds< o 1

2 trl[dg '•

'

•xp -••1•

(•)
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A further simplification comesif the infinite sum on the right of (A1) and (A2)
can be neglected.This often is the caseby the time that thermal blanketing must
be included in the solution for the lag l(t).
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