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Diffusion Processes in Lead-Uranium Systems 

G. J. WASSERBURG 
California Institute of Technology, Pasadena, California 

Abstract. The ratio TA of radiogenic daughter to residual parent (with decay constant },,) 
was investigated for a continuous diffusion model for a diffusion coefficient that is an arbitrary 
function of time. A solution for simultaneous diffusion of both parent and daughter is given in 
closed form. A theory is also developed that describes the trajectories 1)., TX' for paired decay 
schemes (with decay constants }" and },,') in the neighborhood of concordia. A wide class of systems 
is shown to be linear in the TA, TA' diagram when Jo' D(1J) d1J/a2 « 1. A radiation damage model 
is proposed for the diffusion coefficient that relates D( T) to the integrated irradiation damage 
and to the uranium (and thorium) contents. The functional relationship between rx and the 
uranium content is found for three important cases. The model D( T) = D1T yields a TM TA' curve 
that is very similar to that obtained by Tilton for D = Do. The slope is somewhat greater and 
the linear region more extended. The theoretical curves are found to be in reasonable agreement 
with the existing experimental data, and they fit the exi!.ting data at least as well as the constant 
D model. 

Introduction. Wetherill [1956] considered the 
problem of lead loss and uranium loss or gain in 
systems due to episodic events. He showed that 

the ratios Pbm/U238 and Pb207/U236 for all 
systems of age To that later undergo an episodic 
disturbance at time Tl will lie on a straight line 
in a concordia diagram. This straight line will 
intersect the concordia curve (the parametric 
curve exp [TAu ... ] - 1, exp [TAu''']- 1) at the 
points corresponding to To and Tl. By means of 
this model, a linear array of experimental results 
on uranium minerals from cogenetic rocks could 
thus be interpreted . The two intersections with 
the concordia curve correspond to the times of 
the primary and secondary events (Figure 1). 

If we consider the loss of radiogenic daughter 
from a system due to diffusion with a fixed value 
for the diffusion constant Do, we obtain an 
expression for the ratio r A of the remaining 
daughter product to the parent nuclide in a 
given grain. This ratio r}. is a function of the 
time, the grain geometry, the diffusion coefficient, 
and the decay constant (A) of the parent. The 
special case for spherical geometry was solved 
by Wasserburg [1954]. Nicolaysen [1957] first 
considered this mechanism as a means of explain
ing discordances hi lead-uranium systems. Using 
Wasserburg's model , Tilton [1960] showed that 
for Pb2os/U238 and Pb207/U335 the functions rA 
and TA' for samples of the same age T, but of 
different values of Do/a!, gave a simple curve on 

an rA, rA' diagram. This curve passes through the 
concordia curve at the points corresponding to T 
and zero; it has a rather constant slope over a 
wide part of the diagram, but in the neighborhood 
of the origin the curvature increases markedly. 
When we use the episodic loss model, experi
mental points lying along the rather linear part 
of the curve give a correct primary event of age 
To and a spurious event Tl at the extrapolated 
lower intersection with the concordia curve 
(Figure 2). The primary age To for the continuous 
diffusion model uniquely determines the extrapo
lated intercept Tl. Tilton showed that a wide 
variety of samples of appro},,"imately the same 
Pb20LPblo7 age lay along a diffusion trajectory, 
and that this held for a variety of ages. This 
discovery clarified the problem of an unidentified 
worldwide event at about 500 m.y. and the 
observation made by Russell and Ahrens [1957] 
that there was a regular relationship between the 
primary age of a linear array and the apparent 
secondary age of episodic loss . 

The purpose of the present paper is to discuss 
the problem of diffusion discordance in a more 
general form and to suggest an alternate mecha
nism to Tilton's model . The diffusion problem 
can be generalized to the form : 

a 
aT 

CA(t, T) 

= D(T)\l2CA(r, T) + A UA(r, T) (la) 
4823 
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Fig. 1. Episodic loss chord for a primary age of 2900 m.y. and a secondary event at 900 m.y. 
The curve is the concordia curve r, = eAT - 1, r" = e" T - 1 for U236 and U238, respectively. The 
dots correspond to values of Tin 100-m.y. intervals. 

aU,(r, T) 
aT 

= D*(T)V2U}.(r, T) - A U,(r, T) (I b) 

a specified surface CT. Here U, is the concentration 
of the radioactive parent, C. is the concentra
tion of the stable daughter product, and A is the 
decay constant of U ,. D(T) and D*(T) are the 
diffusion coefficients of daughter and parent, 
respectively. The ratio of daughter product to 

with the initial condition C,(r, 0) = O. The 
boundary condition is taken as C , (r, T) = 0 on 
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Fig. 2. Continuous diffusion trajectory for primary age of 2800 m.y. for the model D(T) = 
Do (a constant). The dashed line indicates the extrapolation of the linear part of the diffusion 
trajectory. 



DIFFUSION PROCESSES IN Pb-U SYSTEMS 4825 
parent at time r in the volume V enclosed by 
IJ is Tl.' 

For Pb2os/U·38 and Pb207/U285 there are two 

similar equations. Since both the parents and 
daughters are isotopes of the same two elements, 
it is reasonable to assume the diffusion coefficients 
to be identical. The present discussion ignores 
the problem of losses in the chain of intermediate 
daughters. We will first discuss the case in which 
the concentration U A is homogeneous and in 
which the change in U A is only due to radioactive 

. decay. Hence U A = U A °e-l\r. 
For this case solutions can be obtained for a 

variety of geometries (see appendix). For a 
sphere of radius a 

. f exp { _n27r2 [T(r) - T(fL)l! a
2 + A( r - fL)} dfL 

(3) 
where T(r) = fur D(1J) d1J. We have written rA 
in the second form to emphasize that it depends 
on A, r, and the function D(r)/a2• In this paper 
we will use rA, and TA to denote the Pb2oa/U238 
and Pb201/U235 ratios, respectively. For a given 
function T(fL) (fL ::; r) and a fixed r, the functions 
TA• and TA define a curve for the parametric 
variable T(fL)/ a2• This curve will be referred to 
as a diffusion trajectory. If D(r) does not have 
any singularities, the curve will be called a 
continuous diffusion trajectory. The formal cal
culations can of course be used for other decay 
schemes where the assumptions are valid . Tilton, 
in his discussion of t.he case D(r) = Do (a con
stant) , pointed out some difficulties. One of 
these is that, since the activation energy for 
diffusion is usually high, it would be expected 
that temperature fluctuations over geologic time 
would cause natural systems of a given age to 
fall off the curve TA(r, Do/a2), fA,Cr, Do/a2). 

In addition, he pointed out that sometimes 
radiation-produced vacancies will n ot be tem
perature-dependent and that the degree of 
metamictization could affect the diffusion process. 

, Tilton also pointed out that the diffusion coeffi-

cient might increase with the amount of bom
bardment, but indicated that this would greatly 
affect the resulting curves. In the following 
sections we will show that considerable variation 
of D with T will not greatly affect the nature of 
the curve and that a model of radiation damage 
will only alter the results by a small amount 
that is consistent with the existing data. 

Radiation damage model. The experimental 
data used by Tilton in his volume diffusion model 
were from suites of rocks with approximately 
the same Pb207/PbM6 age. This comparison 
showed quite clearly that relatively uniform 
diffusion must be the explanation in many cases 
of discordance. A more detailed analysis was 
not possible because the minerals used were not 
all of the same primary age. A careful study was 
made by Silver and Deutsch [1961] on a number 
of zircon separates from an igneous rock. These 
different zircon fractions plotted on a straight 
line on the Pb"""jU'88, Pb"TjU""" diagram. As was 
pointed out by Silver, such studies on different 
zircon fractions from a particular igneous rock 
permit a more detailed understanding of the 
loss processes since the assumption that the 
zircons are cogenetic can be justiiied. 

Using a suite of uranium minerals from the 
Johnny Lyon granodiorite, Silver and Deutsch 
obtained a linear array that was not in agreement 
with a continuous diffusion model, but that 
indicated an episodic event at 90 m.y. and a 
primary age of 1660 m.y. The local geological 
relationships strongly supported such an inter
pretation. This result clearly indicated that some 
discordances are dominated by the affects of 
episodic disturbances and are not due to con
tinuous diffusion loss on a long time scaJe. 

Later work by Silver and McKinney [1962] on 
a granite from the Marble Mountains in the 
Mojave Desert gave a linear array for several 
zircon fractions . On the basis of an episodic loss 
model, these data indicated an episodic loss at 
180 m.y. and a primary age of 1450 m.y. The 
experimental data were displaced a small but 
distinct amount from the 1450 m.y. curve for 
Tilton's model, the lower intercept being below 
that obtained for Tilton's curve. Silver (personal 
communication) also found a correlation between 
the uranium concentration and degree of dis
cordance for zircons from this locality. Geo
chronologic and field work by Lanphere [1962] on 
the same granite showed no evidence for a 
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significant younger event from consideration of 
the A40-K'o and SrsLRb8• ages on biotites and 
feldspars. 

These observations suggested that it would be 
valuable to investigate the formal problem for 
a time-dependent diffusion coefficient and, in 
particular, to estimate the functional relationship 
between D(-r) and the irradiation history. The 
relationships observed by Silver [1962] between 
uranium concentration and degree of discordance 
were particularly important in stimulating this 
work. The total irradiation a grain receives over 
a period r due to uranium, thorium decay is of 
the form 

A U238 (r)[exp (rAu''') - 1} 

+ BU235(r)[exp (rAu ... ) - 1] 

+ CTh232(r) [exp (rATh''') - 1] 

For low dosages the radiation damage is pro
portional to the irradiation, and the numbers A, 
B, and C are then constants depending on the 
number, energy, and type of particles emitted in 
each decay series and the mineral species. Since 
the decay schemes are similar, and since the 
major effect must be due to the a particles, the 
ratios must be approximately A : B : C :: 8 : 7 : 6. 
Because of the low abundance of U235 today, the 
major effects are due to the U238 and Thm 
decays. Since both these elements have long 
half-lives, it is reasonable to take the total radia
tion damage as proportional to the time r. For 
the extreme case when no thorium is present, 
the departure from linearity is only about 
15 per cent at 2000 m. y. If the radiation is 
very large or at relatively elevated tcmperatures, 
there is the possibility of self annealing and 
saturation of the induced defects, and the radia
tion damage would be approximately of the form 
(DI/b)(1 - e-br). Let us take the diffusion 
coefficient to be proportional to the radiation 
damage. If the defects have a relatively high 
mobility so that the number density of defects 
becomes saturated over a short time scale, D(r) 
will be proportional to the irradiation rate. This 
wilJ also be a rather complicated function of time 
because of the explicit formula for the total 
irradiation rate. For simplicity we can consider 
the case for a constant rate of irradiation 
(A'T« 1); then D(r) will be a constant. This 
constant will be proportional to the rate of 
production of defects and hence to the uranium, 

thorium concentrations. This corresponds to the 
isothermal diffusion case DCr) = Do = Djb 
and the curves given by Tilton will apply.' I� 
the region where the damage is not saturated We 
will assume it to be proportional to the integrated . 
irradiation. The correlation existing between 
specific radiation damage and age suggests that 
the proportionality relationship is reasonable. 
However, the numerous failures of the radiation 
damage age method indicate that this cannot be 
taken as a general relationship. In the present 
discussion we will assume that the damage is 
proportional to the integrated irradiation. There 
is unfortunately no known relationship between 
the diffusion coefficient and the irradiation. 
Some discussion of radiation-enhanced diffusion 
has been given by Dienes and Damask [1958, 
1962]. A discussion of He' loss from minerals 
due to radiation damage was given by Hurley 
[1954]. The arguments for D(r) given here are to 
some extent similar to those presented previously 
by Hurley for the rate constant in his treatment. 
A plausible assumption is that the number I 
density of lattice defects is proportional to the 
irradiation and that these defects are the principle 
diffusion centers. Hence DCr) = D1r, where Dl 
is a constant. Dl therefore must be proportional 
to U0238 + 0.23 Tho232. 

We will assume here that the intrinsic coeffi
cient of diffusion in the absence of irradiation 
(Do) is negligibJe in comparison with the effective 
value of D1T and will investigate the case 
D(r) = DIr. The temperature dependence of Dl i 
must be considerably less than that of Do, since 
the number of defect sites is no longer a function 
of temperature. For the case of spherical geom
etry, the function T).. is obtained by substitution 
in (3). Values of r).., and r).. for Pb205/U238 and 
Pb107/U235 are given in Table 1 for different 
values of rand K CK = 7r V2iir/ a). In addition, 
the asymptotic slopes dr)../ dr).., in the limit as 
K r « 27r are given in Table 2a (see appendLxes). 
The asymptotic slopes dr)../ dr).., for the case 
DCr) = Do are given in Table 2b. These slopes 
are a good approximation to the slopes of the 
straight part of the diffusion trajectories and 
are equal to the tangent of the diffusion trajectory 
at the intersection with concordia. By com
parison it is evident that the slopes for the 
irradiation case correspond to an extrapolated 
intercept on the concordia curve which repre
sents a younger spurious second event than 



Tabl. 1 

Primary Age (All) 
1.0 

1.1 

1.2 

1.4 

1.45 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

4.4 

4.5 

4.6 
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Tabulated Value. of r� and r),. for Different Primaty Ages and Diffusion Parameter (K). K = 1 . 54xlO-10y-l . 

-ly'l 
A ·9.72xlO • The first row for eaoh primaty age is rXand the second row is r),.. Ej;X stands for lo±><. 

1ix1O
lO 

1.0 1.75 2.0 2.75 3.5 4.0 5.0 6.0 6.75 7.5 

1.5942E·1 1.5426E·l 1.5256E·l 1.4753E·l 1.4259E-l 1.3935E·1 1.3300E.1 1.2682E·l 1.2230E.l 1.1787E-l 
1.5696 1.5158 1.4981 1.4457 1.3944 1.3607 1.2947 1.2307 1.1838 1.1380 

1.7598B-l 1.6970E-l 1.6763E-1 1.6152E·l 1.5554E-l 1.5162E-l 1.4396E.1 1.3654E-l 1.3112E-1 1.2583E.l 
1.8183 1.7493 1.7267 1.6596 1.5940 1.55U 1.4673 1.3861 1.3269 1.2693 

1.9265E·1 1.8513E·1 1.8266E·1 1.7537&-1 1.6824E-l 1.6359E·l 1.5451E·1 1.4572E.1 1.3934E-l 1. 3312E-l 
2.0906 2.0034 1.9748 1.8904 1.8080 1.7542 1.6493 1.5482 1.4747 1.4033 

2.0943E-l 2.0056E-1 1.976SE-l 1.8907E·l 1.8070E·l 1.7524E-1 1.6462E-l 1.5439E·l 1.4697E-1 1.3976E-1 
2.3885 2.2799 2.2443 2.1393 2.0372 1.9707 1.8413 1.7170 1.6270 1.5398 

2.2633E-1 2.1598E-1 2.1260E·1 2.0261E·1 1.9290E-1 1 . 8658E-l 1.7431E.l 1.6253E.l 1.5401E.l 1.4577E-l 
2.7145 2.5807 2.5369 2.4080 2.2828 2.2014 2.0437 1.8926 1.7837 1.6785 

2.3483E-l 2.2370E-1 2.200SE·l 2.0933E·l 1.9891E·l 1.9213E-1 1.7899E.l 1.6640&·1 1.5732E.l 1.4854E-l 
2.8889 .2.7409 2.6925 2.5501 2.4121 2.3225 2.1489 1.9831 1.8637 1.7486 

2.6048E·1 2.468LE-1 2.4235E-l 2.2924E-l 2. 1654E·1 2.0831E·l 1.9241E·l 1.7726E-1 1.6638E-l 1.5592E-1 
3.4619 3.2643 3.1998 3.0107 2.8279 2.7096 2.4816 2.2650 2 .1100 1.9615 

2.7773E·l 2.622LE-1 2.571SE-l 2.423LE-l 2.2797E-l 2.1870E-l 2.0082E-1 1.8386E.l 1.7172E-l 1.6010E-l 
3.8894 3.6520 3.5747 3.3482 3.1299 2.9889 2.7181 2.4618 2 . 2793 2.1050 

2.9510E-l 2.776LE·1 2.7191E-l 2.5522E-l 2.3914E-l 2.2876E·l 2.0882E-1 1.8995E-l 1.7651E.1 1.6369B-l 
4.3574 4.0740 3.9819 3.7124 3.4534 3.2865 2.9669 2 . 6658 2 . 4523 2 . 2493 

3.1258E·1 2.9298E-1 2 .S66LE-1 2.6797E-1 2.5005E·1 2.3851E-1 2.1638B-l 1.9555E-l 1.8077E-l 1.6671E-l 

4.8697 4.5334 4.4242 4.1054 3.7999 3.6035 3.2285 2.8769 2.6288 2.3938 

3.3019E-1 3.083SE-l 3.0126E-l 2.8055E-l 2.6069E·1 2.4793E-1 2.2353E-1 2.0066E-l 1.8450E-l 1.6919E-L 

5.4305 5.0334 4.9046 4.5295 4. 1709 3 . 9410 3.5034 3.0952 2.8084 2 .5382 

3.4792E·l 3.2370E-1 3.1583E.1 2.9296E-1 2.7106E·l 2.5702E-l 2.3027E·l 2.0528E-l 1.8771E-1 1.7114E-l 

6.0445 5.5776 5.4265 4.9870 4.5681 4.3003 3.7920 3.3204 2.9907 2.6816 

3.6576E-1 3.3904E-l 3.3039E-1 3.0520E-l 2.8U7E-l 2.6579E-1 2.3658E-l 2.0943E-1 1.9042E.1 1.7257E.L 

6.7167 6.1701 5.9935 5.4808 4.9934 4.6826 4.0950 3.5525 3.1754 2.8236 

3.8373E-1 3.5436E-1 3.4486E·1 3.1726E-l 2.9100E-1 2 . 74243-1 2.4249E-1 2.1312E-l 1. 9265E.l 1.7352E-l 
7.4525 6.8150 6.6094 6.0134 5.4486 5.0894 4.4126 3.7913 3.3618 2. 9635 

4.0182E-l 3.6965E-1 3.5928E·l 3.291SE·l 3.0056E-l 2.823SE-l 2.4798E-l 2.1634E-l 1.9440E·l 1.7399B.l 
8.2582 7.5170 7.2784 6.58S0 5.9357 5.5220 4.7454 4.0366 3.5495 3 .1005 

4.2003E·l 3.8494E-l 3.7363E-l 3.4086E-l 3.0985E-l 2.9014B-l 2.5307E-l 2.1911E-l 1 . 9569E-l 1 . 7402E-l 
9.1403 8.2813 8.0052 7.2079 6.4568 5.9819 5.0937 4.2880 3.7377 3.2338 

4.3836E·1 4.0019E-l 3.8791E·l 3.5239E·1 3.1886E-l 2.9760E-l 2.5776E-l 2.2145E·1 1. 9654E·l 1.7 362E·l 
1.0106E+l 9.1133 8.7948 7.8765 7.0143 6.4707 5.4581 4.5452 3.9259 3.3627 

4.5682E·1 4.1543E·l 4.0213E·l 3.6373E-1 3.27593-1 3.0474E-l 2.620SE-l 2.2335E-l 1.9696E-1 1.7282E-l 
1. 1164E+l 1.00193+1 9 . 6524 8.5977 7.6104 6.9899 5.8388 4.8077 4 . 1133 3 . 4864 

4.7540E-l 4.3064E-l 4.1628E-l 3.7489E-1 3.3604E-l 3.1155E·l 2.6594E-l 2.2484E-l 1.9697E ·l 1.7164E·l 

1. 2322E+l 1.1005E+1 1.0584E+l 9.3754 8.2478 7.5412 6.2360 5.0751 4.2991 3 .6041 

4.941lE-l 4.4582E-l 4.3036E·1 3.8586E-1 3.4421E-1 3.1802E-l 2.6944E-l 2.2592E·1 1.9660E·l 1.7012E-l 

1.3589E+1 1.2078E+1 1.15963+1 1.0214E+l 8.9291 8.1264 6.6503 5.3468 4.4824 3.7148 

5.1294E-l 4.6098E-l 4.4437B·1 3.9664E-l 3.52103-1 3.2417E·l 2.7256E-l 2.2661E-l 1.9585E-l 1.6827E-l 
1.4978E+l 1.3247E+1 1.269SE+l 1.1118E+l 9.6570 8.7472 7.081S 5.6221 4.6624 3.8LSO 

5.3189E-l 4.761lE-1 4 . 5830E- 1 4.0723E-1 3.5971E-l 3.3000E-1 2.7530B-l 2 . 269lE-l 1.9476E-l 1.6613E-l 
1. 6497E+l 1.4518E+1 1.3889E+1 1.2093E+l 1.043SE+1 9.4054 7.5306 5.9004 4.8382 3 . 9129 

5.5098E·1 4.912LE-l 4.721SE-l 4.1762E·l 3.6703E-1 3.3549E-1 2.7767E-l 2.2685E-l 1. 9333E-l 1.6372E-l 

1.8162E+1 1.5903E+l 1.5186E+1 1.3144E+l 1.1265E+1 1.0103E+1 7 .9969 6.1808 5.0089 3.9987 

5.7019E-l 5.0627E.1 4.8593E.1 4.2782E-l 3.7407E-l 3.4066E-l 2.7967E-l 2.2644E-1 1.9160E-1 1.6108E·l 
1. 9984E+1 1.7409E+l 1.6594E+1· 1.4Z76E+1 1.215LE+1 1.0842E+1 8.4808 6.4625 5.1735 4.0747 

5.8953E·l 5.2130E·1 4 . 9962E -1 4 . 378lE-l 3 .8082E-l 3.4551E-l 2.8131E·l 2.2569E-l 1.8958E-l 1.5822E-l 
2.1908E+l 1.9050E+1 1.8124E+1 1.5497E+1 1.3097E+1 1.1624E+l 8.9822 6.7445 5.3310 4.1406 

7.9007E·1 6.6933E-l 6.3165E-l S.2634E·1 4.3259E-l 3.7652E·l 2.7979E-l 2.0340E-1 1.5881E·l 1.2399E·l 
S.5975E+l 4.5952E+l 4.2849E+l 3.4254E+1 2.6729E+l 2.2307E+1 1.48913+1 9.3469 6.3370 4.1765 

8.1084E·1 6.8387E-l 6.4432E·1 5.3400E-1 4.3619E·l 3.7793E-l 2.7806E·l 2.0010E-l 1.551'E-l 1.2050E-l 
6.1389E+1 5.0110E+1 4.6626E+1 3.6999E+1 2.8613E+1 2.371lE+l 1.5557E+1 9.5601 6.3670 4.1193 

8.3176E-1 6.983SE-1 6.5687E-l 5.4145E-l 4.3951E-l 3.790SE-l 2.7610E-l 1.9667E·1 1.5151E-l 1. 1705E-1 

6.7316E+1 5.4633&+1 S.0723E+l 3.9951E+1 3.0613E+l 2.5184E+1 1.6232E+l 9.7602 6.3828 4.0526 
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a.o 10.5 12.5 
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Table I (Continued) 

14.0 14.75 15.5 16 .0 21.0 25.0 28.0 

1.0 1.1497E-1 l.0114E-1 9.0838E-Z 8.3566E-Z 8 . 0076E-2 7.6681E-Z 7.4472E-2 5.4744B-2 4.Z041E-Z 3.4Z60E_2 
1.1081 9 . 6523E-l 8.5933E-l 7.8477E-l 7.4907E-l 7.144LE-1 6.9188E-l 4.921ZE-1 3.6557E-l 2.8944E_l 

1.1 lo2237E-l 1 . 0596E-l 9.3877E-2 8.5419E-2 8.1385E-2 7. 748LE-Z 7.4950E-2 5.2816E-2 3. 9200E-2 3 .1ZZSE_2 
1.2317 1.0534 9.2275E-l 8.3167E-1 7.8836E-l 7.4653E-l 7.1948E-l 4.8516E-l 3.4438E-1 2 . 641ZE-l 

La 1.2907E-1 1.0995E-l 9.60Z5E-2 8.6373E-Z 8.1803E-Z 7.7403E-2 7.4564E-2 5.0319E-2 3.6162E-2 2.BZ63E_l 
1.3568 1.1382 9.7986E-l 8 . 707ZE-l 8 . 1924E- l 7.6983E-l 7.3803E-l 4.7013E-l 3.1885E-1 2 .3757E-l 

1.3 1.3509E-l 1.1314E-l 9.7342E-2 8.651LE-2 a.14Z3E-2 7 .6554E-Z 7.3430E-2 4.7453E-2 3.3130E-Z Z .5519E-2 
1.4832 1.2190 1.0301 9.0155E-1 a.4146E-l 7.8418E-l 7.4755E-1 4.4860E-1 2.9120E-l 2.1179B-l 

1.4 1.4043E-1 1. 1557E-1 9.7890E-Z 8.5916E-2 8.0343E-2 7.5045E-2 7.1666E-2 4.4397E-2 3.0248B-2 Z .3075E-2 
1.6105 1.Z952 1.0730 9.2388!-1 8. 5492E-l 7.8970E-l 7.4829E-l 4.223ZE-l 2.6337E-l 1.8812E-l 

1.45 1.4286E-l 1. 1651E-l 9.7897E-2 8 .5373E-2 7. 9573E-Z 7 .4079E-2 7.0586E-Z 4.2847E-2 2 . 8894E-2 Z . 1975E_2 
1.6743 1.3314 1.0916 9.318ZE-l 8.5839E-l 7.89Z4E-l 7.455ZE-l 4.0795E-l 2.4986E-l 1.7732E-l 

1.6 1.4919E-l 1.1830E.-l 9.6948E-Z 8.289ZE-Z 7 . 6490E-Z 7.0500E-Z 6.6733E-Z 3 . 8Z91E-Z 2.5 25ZE-2 1 .9148E-2 
1.8660 1.4314 1.1351 9.4Z77E-l a.5613E-l 7 .7577E-1 7.2563E-l 3.6245E-l 2.1248E-1 1.4946E-l 

1.7 1.5263E-l 1.1868E-l 9.5998E-2 8.0647E-2 7.392ZE-Z 6. 768SE-Z 6.3800E-2 3.5444E-2 2.3188E-2 1.7616E-2 
1.9934 1.4903 1.1537 9.3961E-1 8.4467E-l 7.5764E-l 7 . 0390E-l 3 . 3193E-l 1.9 088E -l 1.3453E-l 

l.8 1.5547E-l 1.1848E-l 9.3759E-2 7.8037E-2 7.1052E-Z 6.4560E-2 5. 0700E-2 3.2815E-2 2.1401E-2 1. 5318E-2 

2.ll97 1.5421 1 . 1539 9.2858E-l 8.Z608!-1 7.3329E-l 6 . 7665E-l 3 . 0251E-l 1 . 7217E-l 1.2214E-1 

1.9 1. 5774E-l l.1773E-l 9.1S05E-2 7.515ZE-2 6.8003E-Z 6 .1510E-2 5 .7530E-2 3.0433E-Z 1.9861E-2 1 . 5213E-2 
2.2446 1.5865 1.1656 9.103ZE-l 8.0122E-1 7.0384E-l 5.4510E-l Z.7527E-l 1.562LE-1 1.1188E-l 

Z.O 1.S946E-l 1. 1649E-l 8.8913E-2 7.2079E-2 6.4835E-Z 5.8325E-2 5.437LE-2 2.8300E-2 1.8533E-2 1.4263E-2 
2.3572 1.6229 1 . 1592 8.856ZE-l 7.71148-1 6.7044E-l 6.1047E-l 2.5038E-l 1.4273E-1 1 .0335E-l 

2.1 1 . 6064E-l 1.1481E-l 8.60548-Z 6.8896E-2 6.163ZE-Z 5.5174E-Z S.lZ87E-2 2.6407E-2 1. 7384E-2 1.3438E-2 
2.4870 1.6511 1.1451 8.5544E-l 7.3693E-l 6.3428E-l S.7397E-l Z.28 17E-l 1.3138E-1 9.6183E-2 

Z.2 1.613lE-l 1 .1274E-l 8 . 3000B-2 6.5675E-2 5.8460E-Z 5.2115E-2 4.8330E-2 2 . 473 7E.2 1.6384E-Z 1.27l3E-2 

2.6033 1.6707 1.1238 8.2078B-l 6.9970�-1 5.965LE-l 5.3668E-l 2.0854E-l 1. 2180B-l 9 . 00838-2 

Z.3 1.6150E-1 1.1034E-l 7.981SE-Z 5.Z474E-2 5.5371E-2 4.9190E-Z 4 .5533E-2 2.3264E-2 l.550SE-Z 1.2071E-2 
2.7153 1.6817 1.0961 7.8271E-l 5.6056E-l 5.5815E-l 4.9958E-l 1.9166E-l 1.1368E-l 8.4820E-2 

2.4 1.6124E-l 1 . 0765E-l 7.6563E-2 5.9344E-2 5.Z406E-Z 4.64Z9E-2 4.Z920E-2 2.1963E-2 1.4727E-2 1.1497E-2 
2.8223 1.6840 1 .06Z8 7.42Z6E-l 6.Z050E-l S.ZOIOE-l 4.6346E-1 1.7699E-l 1.067LE-l 8.0220E-2 

2.5 1.6054E-l 1.0474E-1 7.3296E-2 5.63Z3E-2 4 .9594E-Z 4.3850E-2 4.0S0ZE-2 2.081ZE-2 l.403ZE-2 1.09788-2 

2.9Z36 1.6778 1.0Z47 7.0044E-l 5.8045E-1 4.8313E-l 4.Z897E-l 1.6436E-l 1.0068B-l 7.6153E-2 

2.6 1.5944E-l 1.0164E-l 7.0060E-2 5.3441E-2 4.695ZE-2 4.1461E-2 3.8280E-2 1.9788E-2 1.3406E-2 1.0508E-2 
3 .0183 1.6634 9. 8282E- 1 6 . 5817E-l 5.4118E-l 4 .4783£-1 3 . 9656E-l 1 . 53 48E-l 9.5398E-Z 7 . 2519E-2 

2.7 1.5797E-1 9. 8424E-2 6.6893E-2 5.0717E-2 4.4491E-2 3.926ZE-2 3.6Z49E-2 l.8872E-2 1.2838E-2 1.0079E-2 
3.1059 1.641Z 9.3811E-l 6.16Z4E-l 5.0331E-l 4.1463E-l 3.665ZE-l 1.4408E-l 9.0720E-2 6.92458-2 

2.8 1 . 5616E-1 9.5l20E"2 6.3826E-Z 4.8163E-2 4.2213E-Z 3. 7249E-2 3.440ZE-2 1.8047E-Z 1.2321E-2 9. 6844E-3 
3.1856 1.6117 8. 9149E-l 5. 7535E-l 4.6734E-l 3.838ZE-l 3.3903E-l 1.3591E-l 8.6536E-2 6.6275E-Z 

Z.9 1. 5404E-l 9.1774E-2 6.0884E-2 4.S784E-Z 4.0116E-Z 3.5413E-2 3.2724E-Z 1.7299E-2 1.1846E-2 9.321LE-3 

3.2566 1.57S7 8.4382E-l 5.3606E-l 4.336ZE-1 3.5555E-1 3.141ZE-l 1.2876E-l 8.2763E-2 6.3564E-2 

3.0 1.5164E-1 8.84Z4E-Z 5.808ZE-2 4.3579E-2 3.8191E-Z 3.3740E-Z 3.120LE-2 1.6618E-2 1.1408E-2 8.9849E-3 
3.3186 1.5337 7.9591E-l 4 . 9877E-l 4.0236E-l 3.2986E-l Z.9173E-l 1.2244E-l 7.9336E-2 6.1076£-2 

3.1 1.4899E-1 8.510ZE-2 5.5432E-Z 4.1544E-2 3.6430E-2 3.2218E-Z 2.9818E-Z 1.5994£-2 1.1004E-2 8. 6726E-3 
3.3710 1.4865 7.4846E-l 4.6381E-l 3.7367E-l 3.0670E-l 2.717 5E-l 1.168ZE-l 7.6204E-Z 5.8782E-2 

3.2 1.4613E-1 8.1837E-2 5.2940E-2 3.9672E-2 3.48Z0E-Z 3.0832E-2 2 . 8560E-2 1.5420E-2 1.0628E-2 8.384 6E-3 
3.4133 1.4351 7.0209E-l 4.3135E-l 3.4756E-l 2.8596E-l 3.5399E-l 1.1l78E-l 7.33Z6E-Z 5.6669E-2 

3.3 1.4309E-l 7.8651E-2 5 . 0608E-2 3.7951E-2 3.3348E-2 2.9568E-2 Z.7414E-Z 1.4888E-2 1.0278E-2 8.1142E-3 

3.4452 1.3802 6.5732E-l 4.0148E-l 3.2398E-1 Z.6746E-l 2.38Z5E-l 1.072ZE-l 7.0670E-Z 5.4707E-2 

3.4 1 . 3990E - l 7.5566E-2 4.843ZE-Z 3.6371E-2 3.200LE-Z 2.8413E-2 2 . 6367E-2 1.4395E-2 9.9510E-3 7.8611E-3 
3.4666 1.32Z6 6.1454E-1 3.74Z1E-l 3.0Z78E-l Z.5103E-l Z.Z433E-l 1.0306E-l 6.8208E-Z 5.2880E-2 

4.4 1.0549E-l 5.1796E-2 3.3686E-2 Z .5949E-2 2.3097E-2 2.0713E-2 1. 9331E-2 1.0862E-2 7.572LE-3 6 .002LE-3 
3.1270 7.5232E-l 3.Z433E-l Z.1455E-l 1.8266E-l 1.5858E-l 1.4551E-l 7 . 4984E-2 5.0787E-2 3.9729E-2 

4.5 1.0224E-l 5.0116E-2 3.2720E-Z Z.5257E-2 2.2498E-2 2.0186E-2 1 . 8845E-Z 1 . 0605E-2 7 .3964E-3 5.8641E-3 
3.0472 7.0617E-l 3.0772E-l 2.061ZE-2 1.7620E-l 1.5341E-l 1.4096E-1 7.3034E-Z 4.9532E-2 3.8870E-2 

4.6 9.9095E-2 4. 8541E-2 3.1814E-Z 2.4606E-2 2.1931E-2 1.9687E-Z 1. 8384E-Z 1.0360E-2 7.Z288E-3 5.7323E-3 
2.9616 6.6293E-l 2.9277E-1 1. 9846E-l 1.70Z8E-l 1.4863E-l 1.3673E-l 7.1186!!:-2 4. 8340E-2 3.7857E-2 



Frilnary Age (AE) 
1.0 

1.1 

1.2 

1.3 

1.4 

1.45 

1 .6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.B 

2.9 

3.0 
3.1 

3.2 

3.3 

3.4 

4.4 

4.5 

4.6 
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Table I (Continued) 
Kxl0

10 

30.5 32.0 50.0 64.0 128 256 512 1000 

2.8850E-2 2.6038E-2 9.2109E-3 5.2634E-3 1. 2539E-3 3.1024E-4 7.7367E-5 2.0269E-5 
2.3748E-l 2.1088E-l 6.2930E-2 3.4739E-2 7.991lE-3 1.9628E-3 4.8860E-4 1.279SE-4 

2.5893E-2 2.3195E-2 8.0829E-3 4.7284E-3 1.1373E-3 2.8189E-4 7.0324E-5 1.8426E-S 
2.1183E-1 1.8598E-l S.4969E-2 3.1033E-2 7.2413E-3 1.7830E-3 4.4410E-4 1.1631E-4 

2.3172E-2 2.0663E-2 7.2784E-3 4.2978E-3 1.04071-3 2.5829E-4 6.44571-5 1.6890E-S 
1.8710E-l 1.6299E-l 4.8982E-2 2.809lE-2 6.6213E-3 1. 6334E-3 4.0703E-4 1.0662E-4 

2.078lE-2 1.8495E-2 6.6340E-3 3.9419E-3 9.5934E-4 2.3834E-4 5. 9494E-5 1.5590E-5 
1.6475E-1 1.4295E-1 4.4309E-2 2.5682E-2 6.0999E-3 1.507lE-3 3.756SE-4 9.841lE-5 

1.8740E-2 1.6683E-2 6.103lE-3 3.64291-3 8.8987E-4 2.2126E-4 5. 524lE-5 1. 4476E-5 
1.4544E-l 1.2616E-l 4.0532E-2 2.3670E-2 5.6550E-3 1.3989E-3 3.488lE-4 9. 1380E-5 

1.7846E-2. 1.5897E-2 5.8703E-3 3.5102E-3 8.5880E-4 2.1361E-4 5.3334E-5 1.3977E-S 
1.3698E-1 1.1894E-l 3.8896E-2 2.2782E-2 5.4562E-3 1.,3504E-3 3.3677E-4 8.822811-5 

1.5599E-3 1.3939E-2 5. 2722E-3 3.1656E-3 7.7741E-4 1. 9353E-4 4.8331E-5 1.2666E-5 
1. 1600E-l 1.0130E-l 3.473SE-2. 2.0485E-2 4. 9360E-3 1.2233E-3 3.0516E-4 7.9954E-5 

1.4404E-2 1.2900E-2 4.9390E-3 2.9718E-3 7.3125E-4 1.8212E-4 4.5486E-5 1. 1921E-S 
1.0515E-l 9. 2282E-2 3.2442E-2 1.9200E-2 4.6413E-3 1.151LE-3 2.8720E-4 7.5250E-5 

1.3394E-2 1.2022E-2 4.6479E-3 2.8007E-3 6. 9028E-4 1.7198E-4 4.295SE-5 1. 1259E-5 
9.6277E-2 8.489SE-2 3.0449E-2. 1.8069E-2 4.3799E-3 1.0869E-3 2.7123E-4 7.1068E-S 

1.2533E-2 1. 1269E-2 4.3897E-3 2.648SE-3 6.S367E-4 1.629LE-4 4.0696E-5 1.0666E-5 
8.894lE-2 7.87S3E-2 2.8692E-2 1.7066E-2 4. 1464E-3 1.0295E-3 2.5694E-4 6.7327E-5 

1.1787E-2 1.0614E-2. 4.1592E-3 2.5123E-3 6.2076E-4 1. 5475E-4 3.8660E-5 1.0133E-5 
8. 2790E-2 7.355SE-2. 2.7132E-2 1.6170E-2 3.9367E-3 9.7789E-4 2.440SE-4 6.3960E-S 

I.U3SE-2 1.0037E-2 3.9523E-3 2.389SE-3 5.9102E-4 1.4737E-4 3.6819E-S 9.6503E-6 
7.7551E-2 6.9092E-2 2.5737E-2 1.5364E-2 3. 7472E-3 9.3120E-4 2.3245E-4 6.0914E-5 

1.0557E-2 9.5252E-3 3.7653E-3 2.2783E-3 5.6400B-4 1.4066E-4 3.5145E-5 9.2U6E-6 
7.3021E-2 6.5195E-2 2.44BIE-2 1.4636E-2 3.575LE-3 8.8876E-4 2.218SE-4 5.8145E-5 

1.004lE-2 9.0660E-3 3.5955E-3 2.1770E-3 5.393SE-4 1.3454E-4 3.3616E-5 8.8UOE-6 
6.9049E-2 6.1753E-2 2.33448-2 1.3975E-2 3.4182E-3 8.5003E-4 2. 1223E-4 5.5616£-5 

9.5758E-3 8.6513E-3 3.440SE-3 2.0845E-3 5.1677E-4 1.2893E-4 3.2215£-5 8.4439E-6 
6.552SE-2 5.8684E-2 2.2309£-2 1.337LE-2. 3.274SE-3 8.1454E-4 2.0338E-4 5.3299E-5 

9.154SE-3 8.2745E-3 3.2986E-3 1.9996E-3 4.9600E-4 1.2376E-4 3 .0926E-5 8.106LE-6 
6.2376E-2 5.5923E-2 2. 1364E-2 1.2817E-2 3. 142SE-3 7.81891-4 1. 9524E-4 5.U66E-5 

8.7702E-3 7.9302E-3 3.1680E-3 1. 9213E-3 4.76B5E-4 1.1900E-4 2. 9736E-5 7.7943E-6 
5. 9533E-2 5.3422E-2 2.0496E-2 1.230SE-2 3.0207E-3 7.5176E-4 1.8773E-4 4.9198E-5 

B .41BlE-3 7.6140E-3 3.047SE-3 1. 8490E-3 4.5912E-4 1.1459E-4 2.863SE-5 7.5056E-6 
5.6951E-2 5.U45E- 2  1.9697E-2 1. 1838E-2 2.9079B-3 7.2386E-4 1.B077E-4 4.7376E-5 

8.0938E-3 7.3252E-3 2.9360E-3 1.7820E-3 4.4266E-4 1.1049E-4 2.7612E-5 7. 237SE-6 
5.4593E-2 4.9067E-2 1.8959E-2 1. 1403E-2 2..8034E-3 6.9797E-4 1.743LE-4 4.5684E-5 

7.7939E-3 7.0569E-3 2.8324E-3 1. 7197E-3 4.2734E-4 1.0668E-4 2.6659E-5 6.9880E-6 
5.2428E-2 4.7156E-2 1.8275E-2 1.0999E-2 2.7060E-3 6.7386E-4 1.6830E-4 4.4108E-5 

7.5196E-3 6.8080E-3 2.7359E-3 1.6616E-3 4.1305E-4 1.0312E-4 2.577LE-5 6.75502-6 
5.0447E-2 4.5393E-2 1.7639E-2 1.0623E-2 2.6153E-3 6.5136E-4 1.6269E-4 4.263SE-5 

7.2624E-3 6.5765E-3 2.6458E-3 1.6074E-3 3.9969E-4 9.9789E-5 2.4939E-5 6 . 5371E-6 
4.8609E-2 4.3760E-2 1.7046E-2 1.027LE-2 2.5304E-3 6.3032E-4 1.5744E-4 4. 1262E-5 

7.0226E-3 6.3606E-3 2.5615E-3 1.5566E-3 3.8716E-4 9.6669E-5 2.4160E-5 6.3328E-6 
4.690SE-2 4.2243E-2 1.649LE-2 9.9427E-3 2.45092-3 6.1059E-4 1.5252E-4 3.9973E-5 

6.7986E-3 6.1587E-3 2.4825E-3 1.5089E-3 3.7540E-4 9.3737E-5 2. 3427E-5 6. 1409E-6 
4.5318E-2 4.083LE-2 1.5973E-2 9. 634SE-3 2.3762E-3 5.9206E-4 1.47891-4 3.B761E-S 

6.5886E-3 5. 9694E-3 2.4082E-3 1.4640E-3 3.64332-4 9.0979E-5 2. 2738E-5 5.9603E-6 
4.38391-2. 3.9512E-2 1 .5486£-2 9.3449E-3 2.3059E-3 5.7463E-4 1.4354E-4 3.762lE-5 

5.0409E-3 4.5716E-3 1.8S44E-3 1. 1289E-3 2.813SE-4 7.0293E-5 1.7570E-5 4.6056E-6 
3.3103E-2 2.9907E-2 1.1872E-2 7.187LE-3 1.779SE-3 4.4390E-4 1.1091E-4 2.9070E-5 

4. 9256E-3 4.4674E-3 1.8128E-3 1.1037E-3 2.7512E-4 6.8730E-5 1.7179E-5 4.5033E-6 
3.2316E-2 2. 920LE-2 1.1602E-2 7.0250E-3 1.74OLE-3 4.3403E-4 1.084SE-4 2.8424E-5 

4.8156E-3 4. 3678E-3 1.7730E-3 1.079SE-3 2.6913E-4 6. 7235E-5 1.6806E-5 4.4054E-6 
3.15652-2 2.8527E-2 1.1344E-2 6.870lE-3 1.702lE-3 4. 245SE-4 1.06091-4 2.7806E-5 
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TABLE 2a 

f (_ 1)1 ql(}I.t)I 
I �O l! (l + 2) f (-l)lql>..' t)l 
I�O l! (l + 2) 

1'l\"/2 where 
qz 

= 0 c os1 e de 

Asymptotic Behavior of Linearly Time-Dependent 
(Radiation Damage) Diffusion Curves 

t = Primary Age 
( 1 0  9 years) dr,./ dr., * 

1.0 10.429 

1.1 11.002 

1.2 11.614 

1.3 12.267 

1.4 12.964 

1.5 13.708 

1.6 14.502 

1.7 15.351 

1.8 16.258 

1.9 17.228 

2.0 18.264 

2.1 19.373 

2.2 20.559 

2.3 2 1.828 

2.4 23.186 

2.5 24.641 

2.6 26.198 

2.7 27.866 

2 . 8 29.653 

2.9 31.568 

3.0 33.621 

3.1 36.069 

3.2 38.182 

3.3 40.714 

3.4 43.430 

3.8 56.434 

4.0 64.464 

4.25 76.265 

4.5 90.397 

Intercept on 
r., = Pb206/U238 

Axis of Asymptotic 
Diffusion Curve 

0.00893 

0.0107 1  

0.01266 

0.01474 

0.01697 

0.01932 

0.02180 

0.02440 

0.02712 

0.02998 

0.03292 

0.03599 

0.03914 

0.04241 

0.04576 

0.04922 

0.05275 

0.05637 

0.06007 

0.06385 

0.06772 

*These values of dr"jdr., are correct to as many 
figures as shown. 

would be calculated for the Do model. Figure 3 
shows a comparison of the two models D = Do 

and D = D1T for the case of spherical geometry. 
The lines A and B represent the extrapolated 
asymptotic slopes at the intersection with 
concordia, and A' and B' are the curves for the 

Do and D1T models, respectively. From com
parison of the separation between A' and A and 

B' and B it is clear that the irradiation model; 
is closer to being linear over a wider region. A 
careful inspection of all the various continuous 
diffusion models shows them to have a con. 
siderable curvature even in the so-called 'linear' : 

TABLE 2b l tl/2 -A' 1 v'M J e x' 

l'A >: - � 0 
e dx 

-;:;;-, t1/2 -A" 

1 
vA" 

e A e x' 

}!- - (A')3/2 0 
e dx 

Asymptotic Behavior of Tilton's Continuous 
Diffusion Curves* 

Intercept on 
r., = Pb206/U"s 

t = Primary Age Axis of Asymptotic 
( 1 09 years) dr.ldrA, Diffusion Curve 

1.0 10.630 0 01191 

1 .1 1 1.235 0.01432 

1.2 11.904 0.01729 

1.3 12.577 0.01985 

1.4 1 3.307 0.02273 

1.5 14.095 0.02592 

1.6 14.937 0.02929 

1.7 15.836 0.03282 

1.8 16.799 0.03654 

1.9 17.829 0.04043 

2.0 18.930 0.04445 

2.1 20.1 10 0.04866 

2.2 21.372 0.05270 

2.3 22.771 0.05825 

2.4 24.173 0.06215 

2.5 25.724 0.06692 

2.6 27.387 0.07184 

2.7 29.169 0.07688 

2.8 31.080 0.08207 

2.9 :33.1 28 0.08734 

3.0 35.327 0.09280 

3.1 37.684 

3.2 4.0.214 

3.3 42.929 

3.4 45.832 

3.8 59.823 

4.0 68.460 

4.25 81.170 

4.5 96.576 

"'Considering errors due to interpolation of various 
tables, the maximum percentage error is: 

1. For t � 2.5 X 1 09 years, values are correct to 
three decimal places. 

2. For t > 2.5 X 1 09 years, 
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Fig. 3. Comparison of the continuous diffusion tra.iectories for D(T) = Do (a constant) 
[curve A'] and D(T) = DIT (D, a constant) [curve B'] for a primary age of 1800 m.y. Lines 
A and B are the extrapolated tangents to A' and B' drawn at the intersection of the diffusion 
trajectories with the concordia curve. 

part of the curve. Figure 4 shows a curve for 
T = 2.5 X 109 years for D = Dl T and a 'best' 
straight line passing through the linear region. 
The maximum per cent difference in T1\. or 11\.' 
corresponding to the difference between the line 
and the curve is 1 per cent down to the value 
TA' = 0.162 (Le. up to 73 per cent losses of Pb206). 

The lower intercept on concordia corresponds 
to about 370 m.y. For the model D = Do, the 
corresponding intercept is 530 m.y. 

At 1.4 X 109 years the curve is linear to 
better than 1 per cent down to 73 per cent losses 

of Pb206 with an intercept of 180 to 200 m.y. 
Below the knee in the diffusion curve, the linear 
relationship fails. 

H we plot the original data from uranium 
minerals used by Tilton, a satisfactory fit can be 
obtained for samples of all age groups with the 
DIT model .  Because of the dispersion in these 
data due in part to the fact that these samples 
are not all the same age, it is at present impossible 
to distinguish these two diffusion mechanisms. 
The data obtained by Kuovo on some zircons 
from rapakivi granites from Finland are closest 
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Fig. 4. Continuous diffusion trajectory for the radiation damage model D(T) = D,.,. and a 

'best fit' straight line. 

to a cotemporal suite. A plot of these data and 
the 1700-m.y. DIT curve are shown in Figure 5. 
A plot of the data for approximately cotemporal 
samples of about 1200 m.y. from Texas are 
shown in Figure 6 [after W asserburg, Wetherill, 
Silver, and Flawn, 1962]. In the case of the 
Marble Mountain study by Silver and McKinney 
[1962] and Silver [1962] where the zircons were 
from the same rock we obtain good agreement 
between the line reported earlier by these 
workers and the best fit line for the irradiation 
damage case. It thus appears that this model 
will satisfactorily explain the existing data 
discussed by Tilton [1960] and the newer, more 
detailed results by Silver [1962]. The case of the 
Johnny Lyon granodiorite does not fall in this 

category and appears to be episodic loss as 
discussed by Silver and Deutsch [1961]. 

The function r), explicitly relates the daughter
parent ratio to the diffusion history through the 
variable T(T)/ a2• In particular, for the radiation 
damage model, T(T)/a2 is proportional to the 
uranium concentration. The function f defined 
by f == rA/[e l. - 1] is the daughter-parent ratio 
divided by the ratio for a closed system. In the 
case of no parent loss (or gain), f is the fraction . 
of daughter product retained. Silver [1962] plotted 
this function versus the uranium content for . 

experimental results on suites of zircons from ' 

the Marble Mountains. He found that f decreased 
with increasing uranium concentration. Thea· 
retical curves of f for different ages are shown in . 
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Fig. 5. Traj ectory for D CT) = D1T for a primary age of 1700 m.y. The points represent the 
experimental results by Kuovo [1958] on zircons from some rapakivi granites from Finland . 
The open circles represent the errors. 

Figure 7 for the model D = D1T and the satura
tion model D = Do. The variables shown in the 

figure are K and VDo/a for the two respective 
models. These two variables are proportional to 
the square root of the uranium concentration. 
From inspection of the curves it can be seen that, 

for f > 0.5, f roo.J 1 - constant VU for both 
cases. The exact dependence is given by the 
formula for f. To relate f to the average uranium 
concentration it is necessary to determine 
T(T)/Ua2 for a sample. If we assume that a 
set of samples have identical characteristics, 
other than U content and radiation damage, then 

the value of f for one of these samples determines 
T(T)/al for the particular model. For the radia
tion damage models proposed, this determines 

-v'Iio/a or K for the sample. This then relates f 
to U for all the other samples, since the values of 

V Do/ a or K for the different samples are pro

portional to the ...;u: From Figure 7 it is evident 
that the curves generated for the models Do and 
DIT are very similar and for the units chosen are 
almost identical at 2600 m.y. The other curves 
are very similar to within a scale factor. It will 
be difficult to distinguish these mechanisms on 
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Fig. 6. Zircon data [after W Il8serbur(l, Wetherill, Silver, and Flawn, 1962] for a suite of 

approximately contemporaneous granites from Texas. The fine line represents a 'best fit' chord .  
The heavy line is  a continuous diffusion trajectory for  D (T) = D'T for 1190 m.y. 

the basis of the relationships between f and U. 
The function f for episodic diffusion loss is given 
in the appendixes in terms of the variable 
T(T)/a2• The episodic case can also be considered 
in terms of a radiation damage model. 

Silver et al. [1963], in a study of zircons from 
the Pacoima Canyon pegmatites, found essen
tially concordant Pb2o s/U23 8 and Pb207/um ages 
for zircons with extremely low uranium, thorium 
contents. The irradiation theory would appear 
to be in qualitative agreement with this aspect 
of the experimental data. However, the dis
cordances of the rapakivi zircons analyzed by 
Kuovo [1958] do not show a regular relationship 
to uranium content, and the radiation damage as 
determined by X-ray spectrums does not follow a 
simple linear relationship. Holland and Gottfried 
[1955] have given a very detailed analysis of 

radiation damage to zircons and show that the 
unit cell dimensions are definitely not propor· 
tional to the total irradiation. These authors also 
have pointed out that some minerals, such as 
uraninites, that have suffered extreme irradia
tions do not manifest the degree of structural 
damage that would be present in zircons with a 
comparable history. This is in part manifest in , 
the observation that uraninites very often give 
concordant lead-uranium ages. To reconcile the 
model with these facts it is necessary to assume 
that Do is dependent on the parti cular mineral 

structure and its impurities, and possibly that 

the characteristic diffusion distance a is larger in 
uraninites than in zircons or monazites. 

The functional form for D that is proposed for 
the case of radiation damage can at present only 
be considered as a plausible model ; the theory is 



DIFFUSION PROCESSES IN Pb-U SYSTEMS 4835 

Pb206/U238 {e>-' T _ I }  
0 8  

0.7 

0.5 

0.4 
1 . 2  FE 

0.3 

0.2 

0.1 

0�----t-----J------L-----J----��--�1:====�==:::lt6::==�18�;;�2Eo��-J� 
K x  IO I0 a. .,/DQ"  /0 x 106 _ 

Fig. 7. f = r)de � / T  - 1 for ),.' = 1 .54 X 10-IO y-I for the models D(r) = Do and DCr) = Dlr. 
The abscissa is VDo/a X 106 for the first model and K X 1010 = 7rV2Dt/a X 1010. These two 
parameters are proportional to the square root of the mean uranium concentration for the radi
ation damage model corresponding to saturation behavior and the proportional buildup, re
spectively. 

thus rather phenomenological. Nonetheless this 
irradiation model appears to be in quantitative 
agreement with some of the existing experimental 
data. 

If the term Do is not negligible, DCT) = 

Do + DIT. It is to be expected that Do/Dl will 
vary within each grain and will therefore not be 
constant. In this case the daughter-parent ratios 
will be a function of both parameters and in 
general will not define a unique trajectory but 
instead a region bounded by the curves for 
DCr) = Do and DCT) = D IT. 

In the calculations presented here we have 
emphasized the part of the radiation damage 

curve before saturation. If the time T is approxi
mately 1/b, the diffusion coefficient will begin to 
saturate at the value Dt/b. In this intermediate 
time region the formula 

should be used. This means that the T�/,  T }.  
curves will depart from the curve corresponding 
to D = DIT and approach the curve for D = DQ 
for saturation. These bounds are so  strict that it 
does not appear necessary to evaluate the inter
mediate case. 
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If the radiation damage is frozen in so that 
the defects have negligible mobility, it follows 
that the diffusion coefficient wil l not increase .  
If, however, the system is  raised to a higher tem
perature at some later time, so that the mobility 
is significant, the diffusion coefficient will be 
increased . In this case the diffusion coefficient 
will (for periods short compared to the relaxation 
time) be proportional to the integrated radiation 
damage. As long as the intrinsic diffusion 
coefficient (i.e. without irradiation) is small, this 
can be treated as an episodic loss case where 
D(J..!) = u o(J..! - rl) .  Here u is proportional to 
the integrated radiation damage (see appendix 2) 
and hence to the uranium concentration. 

As discussed both by Tilton and in the present 
paper (see appendixes) , the grain geometry does 
not play a significant role, and the conclusions 
for spherical geometry will not be altered by 
other choices (or mixtures) of simple grain shapes. 

General continuous diffusion models. The gen
eral solution for daughter loss with any time
dependent diffusion coefficient is given by (3) . 
This includes the episodic case first discussed by 
Wetherill [1956]. If we restrict the functional 
form of D (r) to a smooth monotonically in
creasing function of time, it is possible to draw 
rather general conclusions about the curve 
T},[T, D(r) ] ,  T}, . [r, D(r) ] .  From the preceding 
discussion it is quite evident that the linear part 
of the curves is rather closely approximated by 
the asymptotic lines when 

As is shown in the appendix, the slope of this 
line dT A/dT},' at the intersection with concordia 
is only dependent on the diffusion law. 

Figure 8 shows dT },/ dT A• for different diffusion 
laws D(r) = Do, D(r) = Dlr1, D(r) = D2rl, 
D(r) = Dar3. The slopes on a Pb208/U238, 

Pb207/U235 diagram continuously increase and 
tend toward the limiting case of modern (r = 0) 
episodic loss. The general tendency is thus to 
restrict the particular diffusion curve to a 
narrower region of the T }"  T}" diagram for higher 
powers of the exponent. This tends to make the 
exact behavior of the curve more l inear. In 
general, for polynomials with positive coefficients 
the curve will lie between the modem episodic 
loss l ine and the asymptote for the corresponding 
lowest power of r in the polynomial. For any 

continuous diffusion model where D(r) is a 
smooth monotonically increasing function, the 
curve will be similar to the case discussed by 
Tilton. The degree of curvature in the 'linear' 
region will depend on the relative magnitudes of 
the terms. All the curves will show a relatively 
linear behavior in the neighborhood of concordia 
and will have a rapid change of slope and 
curvature in the neighborhood of the origin. 
These curves must all be asymptotic to the 
concordia curve at the origin . 

The application of this theory to experiments 
is complicated by the fact that any mineral 
sample will have a variety of grains and mosaic 
structures that may act as free surfaces where . 
G(T, r) effectively equals zero . It follows that 
any sample will contain a mixture of 'grains' 
with different uranium concentrations and char
acteristic diffusion lengths (a) . The accessible 
region on the T }"  T }"  diagram will thus lie in the 
area indicated in Figure 9. If this condition 
obtained, it would be impossible to deduce an 
age from a single sample, even if D(r) were 
known. The fact that the experimental results 

O ( t l  = Do 

1 .0 ts.: 
1 0.3 

o ( t l = 0 3t 3  
1 0.20 2 3 

n = POWER OF T IME  ( 0  ( t l  = O n  t n )  

Fig. 8 .  The asymptotic slope dT}'/dT},' at 1000 
m.y. for the cases DC.,) = Dn.,,, where D .. is a con
stant. A = 9.72 X 10-10 y-l, A' = 1 .54 X 10-10 y-I. 
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Fig. 9. The accessible region on the TX, TX' plane for a given continuous diffusion law. All 
possible mixtures of samples with arbitrary values of the diffusion parameter must lie in the 
hatched region. If DC r)  were zero from the present until r1 years ago, the hatched region would 
be displaced and would connect with the concordia curve at the point corresponding to r1 instead 
of at the origin. 

lie on the linear parts of a continuous diffusion 
trajectory indi cates that the distribution of lead 
and uranium in the minerals is in domains with 
relatively small values of fo r D (7]) d7]/ a2 (less 

than '" 0.2) . Any mixture of such grains will 
therefore lie on the linear part of the diffusion 

trajectory and determine a unique age. It is also 

well known that zircons may show a distinct 
zonation in uranium concentration, whereas in 

the formal problem treated here the concentra
tion was assumed to be uniform. We must 

conclude from the experimental observations 
that the 'grain size' which determines the 
diffusion length is much less than the distances 
over which the uranium concentration changes 
significantly. 

We have discussed cases for the boundary 

condition C(T, r) = 0 on the surface. In using 
this boundary condition we have assumed that 
any daughter product which reaches this surface 

is removed from the system. There is at present 
no strong evidence that surficial radiogenic lead 
is on the surfaces of zircon crystals, insofar as 
it is leachable by acid treatment. Nonetheless, 
it is important to observe that for small values 
of the diffusion parameter, if all the diffused 
daughter products were accumulated on the 
grain boundaries until recent times and then 
were lost in varying amounts, the values of 
T "  T,.  (including the remaining grain boundary 
material) would still lie on the linear part of the 
diagram. This fol lows because the total material 
lost must lie on the straight line extended through 
the concordia curve. 

The problem we have so far treated ignores 

the possibility of parent diffusion. This question 
was first discussed by Wetherill [1963] . The solu
tion to this problem (equations 1 and 2) can be 
obtained for a variety of geometries (see appen
dixes) . The result for the spherical case is 
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Here 

T(r) 

and 

T*(r) = { D*(rJ) drJ 

are the integrals of the diffusion coefficients for 
daughter and parent, respectively. This result 
therefore represents a rather general case, 
including episodic loss of daughter and parent. 
For the latter case 

D(r) = L u; o(1' - 1';) 
D*(r) = L u;* o(1' - 1';) 

The qualitative results for the continuous dif
fusion of both parent and daughter are similar 
to that obtained for pure daughter diffusion. For 
the case D(1') = D*(1') , i.e. identical diffusion 
coefficients of daughter and parent, r A = e A r  - 1,  
and the resulting ages are concordant independ
ent of the diffusion history. When D* (1') > D(1') 
the diffusion trajectory is above the concordia 
curve. 

The diffusion trajectory for pure daughter loss 
lies beneath the concordia curve and is linear in 
the vicinity of this curve. The diffusion trajectory 
for pure parent loss lies above the concordia 
curve and is also linear in the vicinity of con
cordia. If D*(1') is proportional to D(r) , then in 
the neighborhood of concordia the diffusion 
trajectory for simultaneous diffusion will lie on 
a straight line. The slope of this J ine will be 
between the slope for pure daughter loss for the 
function D (r) and the slope for pure parent loss 
for D* (1') . On a normal Pb2os/U23 8, Pb207/U235 
diagram the slope 

dPb206/ U238 

dPb207/ U235 

(4) 

will be greater for pure daughter loss than 
for pure parent loss (see Figure 10) ,  the inter. 
mediate cases having continuously decreasing 
slope. Figure 1 1  shows the slope in the neighbor. 0 

hood of concordia as a function of the ratio 
k = D* (r)/D (1') for two diffusion laws . It is 
evident that a relatively small proportion of 
parent diffusion causes a significant change in 
the slope, a large change occurring for k between 
o and 0. 1 .  Since the slope decreases with in. 
creasing parent diffusion, the effect is to pull the 
continuous diffusion curve further from the 
modem episodic loss line. Consequently the 
trajectory for continuous diffusion of parent and 
daughter is more curved than the corresponding 
case of pure daughter loss, since the diffusion 
trajectory must pass through the origin (for 
k < 1) . 

In any diffusion history where D*(1') is pro· " 
portional to D(r) the traiectory is a straight line 
in the neighborhood of concordia, and this line 
intersects concordia at the primary age. It there· 
fore follows that the primary age is correctly 
defined by the standard construction procedures 
in use for a wide variety of diffusion histories. 

It is seen that a wide variety of continuous ' 
diffusion histories will generate trajectories on 
the r A o ,  r A  diagram which are somewhat like the 
model proposed by Tilton [1960] .  Rather con
siderable fluctuations in the behavior of D(r) 

will not alter the gross behavior, the case of 
strongly peaked events being the main exception. ' 

The mathematical details of the theory pre· 
sented in this paper are given in the appendixes. 
The asymptotic theory developed gives 

Ae).T f d,ue-).P {  VT*(,u) - T(,u) + T(1') - �} 
A'i" { d,ue-A 'P {  VT*(,u) - T(,u) + T(r) - VT*(1') } 
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Fig. 10. The asymptotic behavior of pure lead 

and pure uranium diffusion with the same diffu
sion law. The slope for pure lead diffusion is 
greater than that for pure uranium diffusion. 
Mixed lead and uranium diffusion will have inter· 
mediate slopes. 

This theory permits the calculation of a large 
class of trajectories in the neighborhood of 
concordia by very elementary means, and makes 
it possible to estimat� the nature of the curves 
without excessive computation. 
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Conclusions. The ratio T �  of radiogenic 
daughter to residual parent was investigated for 
a continuous diffusion model for a diffusion 
coefficient which is an arbitrary function of time . 
A solution for simultaneous diffusion of both 
parent and daughter is given in closed form. 
An asymptotic theory is also developed which 
describes the trajectories T ", T " ,  for paired decay 
schemes (with decay constants A. and hi) in the 
neighborhood of concordia. A wide class of 
systems is shown to be l inear in the T", T " ,  
diagram when f o ·  D(7J) dT}/ a2 « 1 .  

A radiation damage model is proposed for the 
diffusion coefficient, which relates D CT) to the 
integrated irradiation damage, and to the 
uranium (and thorium) contents. The functional 
relationship between T"  and the uranium content 
is found for three important cases. The model 
D CT) = DIT yields a T ", T" .  curve very similar 
to that obtained by Tilton for D = Do. The 
slope is somewhat greater and the linear region 
more extended. The theoretical curves are found 
to be in reasonable agreement with the existing 
experimental data. 

Do 

D I  

2 fE  

Fig. l 1 .  The slope dr"/dr,,, for the case DCT ) = kD*(T) for the models D(T) = Do and D1T, re
spectively. The slope changes rapidly for small amounts of uranium diffusion. }. = 9.72 X 10-10 y-l, 
'A' = 1 .54 X 10-10 y-l. 
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ApPENDIX 1 

Theorem 1 .  Consider the operator 

L == (a/ar) - D(r) V2 
Following Crank [1 956], define 

T(r) = [ D(7]) d7] 

for D( 7]) 2: 0 ;  then 

L = D(r) [(a/a T) - VZ] 

Let fer, T(r» be a solution of Lf = 0 such that 
f vanishes on a surface (j for all time, and 
fer, 0) = 1. Define 

r < p. F(r, r, p.) = {o 
¢(p.)f(r, T(r) - T(p.» r 2: p. 

Then LF = 0 and F(r, p., p.) = ¢(p.) .  The solution 
to LC(r, r) = </>(r) , with the initial condition 
C(r, 0) = 0 and boundary condition C(r, r) = ° 
on (j is then given by 

C(r , r) = L </>(p.) /(r , T(r) - T(p.» dp. 

= [ F(r , r , p.) dp. 

Functions fer, r) for a variety of geometries can 
be found in Carslaw and Jaeger [1959] . 

For the case of diffusion from a sphere with 
only daughter diffusion1 

a C).(r , r)/ar = D(r)V2C).(r , r) + A Uoe'-
A
T 

C(a,  r) = 0 C(O , r) = ° 
Following theorem 1 we have for p. S r 

2aA Uo '" (- lr+ 1 
F(r ,  r ,  p.) = -- .L: s in (mrr/a) 

11'r n - 1  n 

. exp { -11'2n2 [T(r) - T(p.) J/a2 - Ap. }  

CA(r, r) = 2aA Uo f (_ 1)"+1  sin (n1rT/a) 
1rT .. -1 n 

1 A preliminary version of the formal theory 
given in this paper for pure daughter loss has been 

61.. '" 1 
r). = 2 exp Ar .L: 2 

'Tr .. -1 n 

The case D (r) = 'T.;u; o (r - r;) , where the u ,  
are constants, corresponds to  the model of 
episodic lead l oss as discussed by Wetherill [1956] .  I 
In the present case, however, no loss or gain of 
uranium is taken into consideration. 

For the case D (r) = D1r, rx can be written 
in the form 

. [  exp {V[Ar  -
K2�2 r2 

(2 - v)]} ay 

where K = 11' V2D t/a . 
For the case of an infinite circular cylinder of 

radius a 

where an a are the roots of Jo(ana) = O. 
Asymptotic theory for daughter loss. For the 

asymptotic behavior, consider the diffusion of a 
radiogenic daughter from a half-space. The radio
active parent is taken to be uniformly distributed. 

CA(O , r) = 0 _ 0 
lx x -

a CA�; ' r) = D(r)V2C).(x, r) + A UA(r) 

Let the initial condition be C ).(x, 0) = ° and 
the boundary condition be CA (O, r) = 0. Fol
lowing the theorem we have 

f(x , r) = erf [ �J 2 T(r) 
presented [ Wasserburq, 1962] . and 
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F( 11.) - A U),( ,,) erf [ x ] x , r , /"" - r- 2 Y T(T) - T(J.1.) 
Henee 

or if U A (T) = U A 0 exp - AT 

C,(x , 7) = A UAo 

-f exp { - AJ.1. } erf LVT(T� _ T(J.1.J dJ.1. 
The flux 

J).(x , 7) = _ D(7) aCA(x , 7) = 
- A U), 0 DC 1') 

ax V; 

T exp { - AJ.1. } exp [ - x2/4(T(T) - T(J.1.» J dJ.1. 
- 10  VT(r) - T(J.1.) 
and at x = 0 

J,(O r) = - A UAD D(T) iT exp { - AJ.1. } dJ.1. 
, V; ° VT(T) - T(J.1.) 

- A UAo2 d 
V; dT 

. { exp { - AJ.1. }  VTCT) - T(J..t) dJ..t 

If Q ).  be the net loss of material per unit of 
surface area at time l' 

If we consider the case of diffusion from a 
grain for which 

where a is a characteristic radius of curvature 
for the grain, we can calculate the net loss of 
daughter product using (1). Let the total surface 
area of the grain be u and the volume be V. 
Then the ratio of daughter to parent at time l' is 

V UA(T)e'T - VUA(T) - uQ� 

VUA(T) 

= e'T _ 1 _ UiT � 
V V;  

. { e-A' VT(7) - T(7]) d7] (2) 

Let us suppose the diffusion coefficient D(T) 
can be written in the form D(T) = "I ;0(1') ,  
where "I is an arbitrary dimensionless parameter. 
Then we can write 

T(T) = 'YJ(T) = "I f ;0(7]) d7] 

The various values for C A(r, 1') and 1' ),(1') 
corresponding to different values for "I will 
represent the concentration and daughter-parent 
ratio for similar diffusion histories differing only 
in the scale factor for D(T) _ We can then write 
for a fixed time 1' :  

ddrA = jfTl/2 iT e-).�VJ(1') - J(J..t) dJ.1. (3) "I V 11""1 0 

For another parent U A' with decay constant 
A', a similar equation will hold. If the daughter 
product has the identical diffusion law 

dr)" uA'l' T a;; = Vv.;'Y1/2 

. f e-A ' '''V::l(T) - 3("1) d'Y 

it therefore follows that 

Ae,'T l' e-A� Y3(1') - 3(J..t) dJ..t dr), 
- =  

A'i"  iT e-A ' P Y::l(1') - :J(J..t) dJ.1. 

(4) 

eATA iT 
e-A� VT(T) - T(J.1.) dJ.1. 

l'TA, 1T e-b VT(T) - T(fl.) dJ.1. 

This slope is independent of "I and of u, V, and a. 
This means that two decay systems of the 

same age (1') and similar diffusion histories 
[D (T)]  will plot on a straight line in a concordia 
type diagram (i.e., rA, plotted against T ),) .  The 
equation of the line is 
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rA - iT + 1 = drA 
rA ' - l' T  + 1 dr. ,  

'AiT L e-AJl VT(r) - T(IJ.) dIJ. 
= 

'A'i ' T  L e-A ' " VT(r) - T(IJ.) dp, 

In the approximation J 0 'DCIJ.) dp, « a' it 
follows that for a given diffusion law :1)(1') all 
grains, regardless of their geometry, will have 
values of r A' rA '  lying on this line. The equation 
for dr A/dr A, given above is the asymptotic slope 
of the curve rA• r A' for a given diffusion law. 
A comparison of the asymptotic line with the 
curve for a sphere for two diffusion laws indicates 
that in a significant region these two solutions 
are very close ; we therefore expect that grain 
geometry will not have a significant effect, except 
in the case of large losses (,-,..,40 per cent or more) . 

It is important to note that the diffusion 
coefficient only enters in the form 

This tends to average out fluctuations to a 
large extent. For example, consider the case 
where D(T) = Do[ l + cos wr] . Then T(r) 
Do[T + (1/w) sin wr] and the slope is 

For :1)(1') = D1r, Dl constant, 

Where 

'A AT f (- l)"'('Ar)mqm 
drA e 

", -0 m !( m + 2) 
drA, = " " .  � (- 1)"'('A' 1')'" q: 

1\ e L.i I ( + . m = O  m . m 2) 

qm = r l!'/2 '" 0 dO _ .y; r [(m + 1)/2] 
10 

cos - 2 r [( m/2) + 1] 

where r (u) is the gamma function. 
In general for :1)(1') = DnT", Dn a constant, 

drA = 'AiT 
dr" 'A'i" 

f ( - l)"'('Ar)m r i m  + l/n + 1 ]  
", - 0 m! r [(m + l/n + 1 )  + 3/2] i ( - l)m('A ' r)m r im + l/n + 1] 
", - 0  m !  r [ (m + l/n + 1) + 3/2] . 

These series converge quite rapidly and can be 
easily computed with a desk calculator. 

ApPENDIX 2 
Theorem 2. Consider the differential equation 

'AiT ro' e-'" V l' - P, + (l/w) (s in w r  - s in WIJ.) dr. 10 -
= 

'A'i" L e-" " V l' - IJ. + (l/w) (s in w r  - sin WIJ.) 

For changes with a frequency w that are large 
it is evident that the slope approaches that for 
the case D(1') = Do in spite of the fact that the 
ratio Dm .. JDmin = 00 .  Values of dr,./dr " for 
the above case are tabulated for different values 
of w (w == 2n/P) and r. It can be seen (Table 3) 
that the effects are very small .  

The function dr ,/dr A' i s  shown for different 
times for the following different diffusion laws 
in Figure 8.  

For :1)(1') = Do (a constant) r 1 /2 -A' 1 -.,I:;:; J T e X II  

drA 'AiT T - � 0 
e dx 

dr). , = 'A'i" 1 /2 -A " 

l-V>:;;: l' e " . d 7- - ('A')3/2 0 
e x 

Define 

Then 

D(r) [(a/aT) - \72] C  = cp(r, 1') 

Let fCr, 1', IJ.) be a solution of [ C% r) - \7'] f == 0 
such that fCr, 1', IJ.) = cpCr, IJ.) for l' :::; 0 and that 
fCr, 1', IJ.) = 0 on a surface 0'. Then the solution 
to (1) with the initial condition CCr, 0) = 0 and 
the boundary condition CCr, 1') = 0 on (J' is ) 
given by 

C(r, 1') = iT t[r ,  T(r) - T(IJ.) ,  IJ.] dIJ. 
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TABLE 3 

dr). = 

Ai ' i' dx e-)." V t - x + P/2'1l" [s in (2'1l"t/P) - sin (2'1l"x/P) ] 

dr). , A'i " L dx e-" " vt  - x + P/2'1l" [s in (2'1l" t/P) - sin (2'1l"x/P)] 

t, m.y. P, m.y. dr,/dr)., 

1 000 0, 25, 50 10 . 630 
100 1 0 . 624 
200 1 0 . 61 1  
400 1 0 . 708 

2000 0 , 25, 50 18 . 930 
100 1 8 . 924 
200 18 . 9 1 3  
400 1 8 . 876 

The form of theorem 2 as given above was 
considerably simplified as the result of a sug
gestion made by G. W. Wetherill (personal com
munication) . 

For the case of the simultaneous diffusion of 
daughter product and parent, the equations are 

a U).(r ,  T)/BT 

= D*(T) V2 U,,(r , T) - A U,(r , T) 
aC).(r ,  T) 

aT 
= D(T) V2 C.,.(r,  T) + A U"Cr , T) 

CI a) 

(1 b) 
Here D(T) and D*(T) are the diffusion coeffi

cients of daughter and parent, respectively. The 
boundary conditions are taken as C . (r, T) = 
U ).(r, T) = ° on a surface 0". The initial conditions 
are C,(r, 0) = 0, and U her, 0) = U ).0. Solutions 
T). for a variety of geometries can be readily 
obtained. In particular, for the case of a sphere 
of radius a, 

U ( ) - 2a U 0 -". 
). r, T - '1l"T }. e 

where 

'" 
. Lo:exp [- m2'1l"2T*Cr)/a2] 

... - 1  

. (_ 1)",+1 s in (m'1l"T/a) 
m 

(2) 

t, m.y. 

1 500 

2500 

P, m.y. dr)./dr" 

0, 25, 50 1 4 . 095 
100 1 4 . 088 
200 1 4 . 123 
400 1 4 . 288 

0, 25, 50 25 . 724 
100 25 . 71 7  
200 25 . 754 
400 25 . 482 

T*( T) = f D*(q) dT] 

(3) 

Using theorem 2 and equation 3 [Carslaw and 
Jaeger, 1959, p. 233] we obtain 

. f exp { -n2'1l"2 [T(T) - T0.t)J/a2 

- Ap. - n2'1l"2 T* (p.)/ a2 } dp. (4) 

(5) 
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When D*(r) = D(r) for all r, r }. = e).� - 1 .  
When the diffusion coefficients are the same, 
therefore, the resulting ages will be concordant. 

The case D(T) = Do, D*(T) = Do* and the 
case where Do and Do* are increased by factors 
K and K* during a pulse of metamorphism of 
finite duration were trElated previously by 
Wetherill [ 1963] .  

For the case o f  a single episodic loss at time 1' 1  
years ago for a primary event l' years ago, 

D(fJ.) = u8().t - l' + 1'1) 
D*�) = u* 8(fJ. - l' + 1'1) 

r).. = g( ul a2) I g( u* I a2)/,' 
g(u/ a2)/ g(u* / a2)iT ' + iT' - 1 

where 

The function g(x) is tabulated in Table 4. 
If the diffusion coefficient is dominated by 

saturation radiation damage defects or if the 

TABLE 4 

g(x) 6 Q) - n ' 'I' lI z 

'" = -"2 :L: _e _2-
:L: 1/n2 11" .. -1 n 

1 

x 6g(x )/r x 6g(x)/r 

0 0 . 99989 0 . 088 0 . 25980 
0 . 002 0 . 85461 0 . 098 0 . 23428 
0 . 004 0 . 79790 0 . 108 0 . 2 1 1 52 
0 . 006 0 . 75578 0 . 1 1 4  0 . 1 9902 
0 . 008 0 . 72122 0 . 124 0 . 1 7993 
0 . 01 0  0 . 69148 0 . 130 0 . 1 6941 
0 . 0 1 2  0 . 665 1 7  0 . 136 0 . 1 5953 
0 . 01 6  0 . 61981 0 . 142 0 . 15025 
0 . 020 0 . 58126 0 . 148 0 . 14152 
0 . 024 0 . 54757 0 . 156 0 . 13069 
0 . 028 0 . 5 1 755 0 . 1 64 0 . 12070 
0 . 032 0 . 49044 0 . 1 72 0 . 1 1 149 
0 . 03 6 0 . 46571 0 . 182 0 . 10098 
0 . 040 0 . 44297 0 . 192 0 . 091463 
0 . 044 0 . 42 1 92 0 . 206 0 . 079637 
0 . 048 0 . 40235 0 . 220 0 . 069346 
0 . 052 0 . 38407 0 . 236 0 . 059208 
0 . 058 0 . 35875 0 . 252 0 . 050554 
0 . 062 0 . 343 1 0  0 . 276 0 . 039889 
0 . 06 8  0 . 32126 0 . 304 0 . 030257 
0 . 074 0 . 30 1 1 4  0 . 346 0 . 019989 
0 . 078 0 . 28858 0 . 400 0 . 0 1 1 730 

number of defects are (U) impurity related, this 
corresponds to the arguments previously made 
for Do cc U).. . Hence ula2 and u*/a! are then 
proportional to U }.. 

The function f = r )..1 (e}.� - 1) can be calcu. 
lated from the above equation. However, for the 
episodic model it is more convenient to define 
the quantity R = lllLl after Wetherill [1956] .  
It  follows that from the preceding equations 
R = g(ula2)/g(u*/a2) and is independent of A. 
R is the fractional distance (in units of L1) 
along the chord connecting the points l' and Tl 
on the concordia curve. R = 1 for u = u*. 
This equation relates the fractional distance on 
the episodic loss chord to diffusion parameters 
instead of the generalized loss function as used 
by Wetherill in his homogeneous system (box 
model) theory. 

Asymptotic theory. For the asymptotic case, 
consider the one-dimensional problem. For the 
parent U}. 

a u}.(x , r) 
* (  

a2 
( ) aT  = D 1') ax2 U).. x , l' - A U).(x ,  T) 

U}.(x , O) = u"o U}.(O , 1') = 0 

T*(T) = { D*("1) dn 

U}.(X , T) = U}.O erf { x/2 VT*(T) } e-)..T 

The net flux of parent through the surface 

Q).* = :;; U)..{ VT*(Tj e-}.T 

+ A fa}. V T*(T) e-}.� d"1] , 

The net number of parent atoms that would 
have been in the system at time l' but that were 
lost by diffusion is 

N = 
u U}.°2e-)..T VT*(T) 

.y; 
The net number of decays that would have 
occurred inside the system but that were lost 
because of parent diffusion is 

2 U).o iT -).� � B = -- UA e T* T) dT) 
7f' 0 

For the diffusion of the daughter in the one-
dimensional case, we have, using U x (x, 1'), 
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theorem 2, and equation 1 [Carslaw and Jaeger, 
1959, p. 59] QA(r) 

= 
A UAo .:;; 

4845 

) = A U  ° r dfJ.e -'-e,(x, r A Jo 2 vi 11' [T( r) 
-

T(fJ.) ] 1 12 

. ('" erf { x' Ve- (%-% ' ) ' /4 l T (r) - T (") ] 
Jo 2 V T*(IL)fl 

. [L dlLe-A" VT*(IL) + T(r) - T(IL) 

- { dlLe-A" VT*(IL) ] 

CA(X , O) = 0 

The net flux Q A(r) through the surface x = 0 
can be written in the following form after some 
manipulation analogous to the treatment in 
appendix 1 :  

For a grain of volume V and surface area cr 
and effective radius of curvature a, if 

and 

f D*(T)) dT) « a2 

f D( 71) dT) « a2 

V UA°(1 - e-
A
T) - QA -

B 
VUAoe-Ar - N 

1 - 2crAiT r dlLe-AP VT*(IL) + T(r) - T(p.) V; v Jo 
r), = --------�1 ----(2-CF-/-ylr1l'�1-0-yl�T=*=(r�) ---------

For T*(r) == 0 we obtain the equation for no diffusion of parent. For T(r) == T*(r) r A = e)·r - 1. 
For the case of no daughter loss [T(r) == 0] . Writing ,,(2T* (T)) for .T*(T)) , where 'Y is a dimen

sionless parameter, 

so that for a fixed r the trajectory of parent loss for J 0 r D* (T)) dT) « a2 is a straight line passing 
through the point on concordia, the equation being 

rA [r, "( D*(r) ] - iT + 1 
rA , [ t , 'Y D*(r) ]  - A ' + 1 

(ir - 1) v'T*(r) - Air f dfJ.e -A" -v'T*(;j 

(l" - 1) VT*(r) - A/l' r f dfJ.e-)" P VT* (fJ.) 

Since T*(r) is a monotonically increasing function, it follows that T'>, and r A, wiIl lie on a straight 
line extending above the concordia curve. 

The slope of this line will be different for the case of pure daughter diffusion with the identical 
form for D (r) .  

For the case of simultaneous diffusion of parent and daughter for a system o f  samples that have 
the same ratio of T*(IL)/T(p.) for all p. :s; r, r A, r l.' lie on straight line of slope 

(lr - 1) � - Air foT dlLe-AP VT*(J.1.) + T(r) - T(J.1.) dr).. In - =  

(i ' r  - l) VT*(r) - A'l' r  foT dfJ.e-A 'P V T* (fJ.) + T(r) - T(J.1.) 



4846 G. J. WASSERBURG 

This corresponds to the case of a suite of minerals 
for which T(r) = 'Yt(r) and T*(r) = 'Y*t(r) 
where "I and "1* are constants for each particular 
sample. The values for drjdr)" for various ratios 
k == "/*/"/ and different times for t(r) = 7 and 
72 are shown in Figure 1 1 .  The slope for pure 
lead diffusion is greater than the slope for pure 
uranium diffusion with the same diffusion law. 
As the uranium diffusion increases from zero, 
the asymptotic line decreases in slope until it 
reaches the limiting slope for pure uranium loss . 
It is evident that the change in slope with 
increasing uranium diffusion is very rapid at 
first and then changes relatively slightly with 
increasing le. This effect, first found by Wetherill 
(personal communication) , appears to be inde
pendent of the diffusion law.  
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