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Spectrum of P and PcP in Relation to the 
Mantle-Core Boundary and Attenuation in the Mantle 

I-I IRO0 KANAMORI 2 

Seismological Laboratory 
California Institute• o] Technology, Pasadena 

Spectrum analyses were made of the records of the short-period vertical component of P 
and PcP phases on seismograms of array stations at Tonto Forest, Arizona, for twenty-one 
earthquakes over the range A _-- 47 ø to 83 ø. Generally, as has been reported by other investi- 
gators, the trace amplitude ratio of PcP to P is significantly larger than the theoretical ratio. 
The pulse width of PcP is narrower than that of P. Both of these facts can be explained by 
taking into account an appropriate attenuation distribution in the mantle. Taking Q•, Q for 
•q waves, which has been determined by Anderson, Ben-Menahem, and Archambeau using 
different methods as a standard, the Q distribution for P waves, Qa, can be determined as 
Qa • Q• at the period of about I sec. A matrix method is applied to calculate the complex 
reflection coefficient of a transitional mantle-core boundary. Impulse responses calculated 
therefrom and comparison of the waveforms of P and PcP lead to the conclusion that the 
major discontinuity at the mantle-core boundary is sharp and is probably less than I km 
thick. The effect of a more gradual transition region superposed upon such a sharp discon- 
tinuity is also discussed. The possibility of the existence of a soft layer terminated by a sharp 
boundary cannot be totally ruled out. 

INTRODUCTION 

The disagreement between the theoretical 
and observed amplitude ratio, PcP/P, has been 
discussed by Martnet [1950], who studied nat- 
ural earthquakes, and by Buchbinder [1965], 
who studied large explosions. Little attention 
has so far been paid to the spectral structure 
of the reflected waves. As has been confirmed 

by a large number of recent investigations, the 
mantle is significantly anelastic. The anelastic- 
ity will affect the spectral structure of the 
waves transmitted through the mantle. As P 
and PcP take different paths within the 
mantle, the effects of anelasticity on P and 
PcP will be different. Hence it may be possible 
to extract some information about the attenua- 

rive nature of the mantle by comparing the 
frequency spectrum of P with that of PcP. 
Furthermore, since PcP is once reflected at. the 
core boundary, the spectral structure of PcP 
should yield some information on the fine 
structure of the mantle-core boundary. My 
purpose in this study is to estimate the Q dis- 
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tribution for P waves within the mantle and 

to discuss the nature of the core boundary 
through the spectrum analysis of P and PcP 
phase recorded by short-period Johnson-Mathe- 
son seismographs installed at Tonto Forest 
Seismological Observatory (TFSO), Arizona. 
The ranges of the periods and the epicenter 
distances studied here are T -- 0.5 sec to 2 

sec and A -- 47 ø to 83 ø, respectively. 

The 16-mm film records from the array sta- 
tions at TFSO were studied for the interval 

September 1963 to July 1964. The recording 
instrument is the Johnson-Matheson short- 

period vertical seismograph (pendulum period 
of 1.25 sec, damping factor of 0.54, galvanom- 
eter period of 0.33 sec, damping factor of 
0.61, and coupling factor of 0.09). The criteria 
of choosing the records for analysis are (1) 
both P and PcP phase are on scale; (2) P is 
impulsive; (3) PcP is well separated from 
other phases, particularly pP; and (4) the 
epicentral distance A is large enough so that 
the difference of the take-off angle at the 
source of P and PcP is small. 

Criterion (2) is necessary in order to clearly 
isolate the P and PcP phase from the back- 
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ground noise; (4) is for the purpose of mini- 
nilzing the effect of radiation pattern at the 
source, as well as the effect of the crustal 
layering on the transmission of P and PcP. 
The list of earthquakes thus chosen is given 
in Table 1. Several traces are reproduced in 
Figure 1. At distances A -- 47 ø to 63 ø, PcP 
is generally very clear and P and PcP are al- 
ways in phase. P and PcP in this epicentral 
range will be discussed later in detail. PcP 
around A -- 70 ø becomes very small, but it 
is still identifiable, and the direction of the 
main pulse is the same as that of P. At A _• 
80 ø, the reverberation following the initial P 
makes PcP identification very difficult. How- 
ever, the absence of a clear PcP, even for com- 
paratively large P, implies that the amplitude 
ratio of PcP to P becomes extremely small at 
A • 80 o. 

Let us denote the spectrums of P and PeP 
at the source by S(]) and S'(]), respectively, 
as a function of frequency f. The respective 
frequency spectrums of P and PeP at the re- 
ceiver can then be written 

P(1 •) -- bS(i•)G(i•)TO•)I(1 •) (1) 

= 
where b, T(1•), and G(/•) represent the effect 
of geometrical spreading, the effect of crustal 
layering on the transmission, and the effect 
of attenuation along the path of the P wave; 
b', T'(1•), and G'(1 •) represent the correspond- 
ing quantities for PcP. I(1•), which is common 
to P and PcP, is the frequency response of the 
receiving instrument. rC(l •) is the complex 
reflection coefficient of the mantle-core bound- 

ary. Here, r is • real quantity giving the ordi- 
nary geometrical reflection coefficient, and 
C(/•) is a complex quantity indicating the 
transitional nature of the core boundary. C(/•) 
is normalized in such a way that it is unity for 
infinitely long-period waves; i.e., C (0) - 1. 

All earthquakes studied here have epicenter 
distances larger than 47 ø , so that the differ- 
ence between the take-off angle of P and that 
of PcP at the source is less than about 15 ø. 

Under these circumstances, P and PcP take 
about the same path within the crust, and also 
the PcP spectrum at the source is considered 

No.I 

A=47. I ø 
H=58km 

No. 5 
A=54.9 ø 
H=124km 

No. 10 
A:62.9 ø 
H:33km 

No. 14 
A=68.0 ø 
H=140km 

No. 16 
A:72.1 o 
H:164 km 

No. 18 

A:82.5 ø 
H:586km 

No. 20 

A=82.4 ø 
H:557 km 

No. 21 
A=85.7 ø 
H=490km 

PCP due 

•- I0 sec 

PcP 

PcP 

PcP 

PcP 

PcP 

Fig. 1. Vertical component of P and PcP 
phases reproduced from TFSO seismograms. A is 
distance and H is focal depth. 

as approximately the same as the P spectrum 
at the source. Hence we can reasonably assume 
that 

sO'): s'O') YO') = Y'(/) 
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Fig. 2. Amplitude ratio of PcP to P versus 
epicentral distance. Open circles are determined 
directly from the seismogram traces and dots are 
the ratios corrected for the attenuation effect. 
Curves are (r b' cos ivcr)/(b cos it) for Jeffreys 
(J), Gutenberg (G), CIT 11A(CIT), R-1 and I:)-1 
models. 

If the specific quality factor for P waves, 
Qa, is independent of frequency and is a func- 
tion only of depth d, G(/) and G'(/) can be 
written as [Anderson and Julian, 1965; Teng, 
1965; Carpenter and Flinn, 1965] 

(/(5 = exp --•r! v VvQ• (4) 
and 

G,(]): exp[_•r[fe ds ] r.•. VvQ,• (5) 
where Vp is the P wave velocity as a function 
of depth d. The integration is taken along the 
ray path of P in (4) and of PcP in (5). Using 
(3), (4), and (5), and dividing (1) by (2), 
we have 

where 

PcP([) = rb TM exp [--•-]H] C([) (6) 

H=fc • fc • v Y•Q•- ,,•,. Y•Q• (7) 
The effect of geometrical spreading, b and b', 
and the reflection coefficient r at the core 

boundary can be calculated once a proper 
elastic earth model is chosen. The data avail- 
able to us are the time functions of the verti- 
cal components of the P and PcP phases which 
are related to the Fourier transforms of P([) 
and PcPU). The procedure taken here is to 

compare P and PcP on the basis of several 
elastic earth models and, by using (6), to de- 
termine Qa and C([). In the following, three 
cases are considered. 

ANALYSIS 

Case 1. Sharp core boundary, no attenua- 
tion. As the simplest case, we will first con- 
sider nonattenuating earth models which have 
a sharp mantle-core boundary. Since, in this 
case, H -- 0 and C(f) - 1, we have from (6) 

P(f) -- (b/rb')PcP(f) (8) 
Taking the inverse Fourier transform and con- 
sidering only the vertical component of the 
motion, we obtain 

b cos 
ß w(t) = rW cos 

where ir and i,cr are the angles of incidence at 
the earth's surface of the P and PcP phases. 
b, b', r, Jr, and i,•r may be more or less depend- 
ent on the earth model. In this work, calculations 
are made for three models: Jeffreys, Gutenberg, 
and CIT 11. Numerical values for the Jeffreys 
and Gutenberg models are taken from Press 
[1966], and for CIT 11 model from Anderson 
and ToksSz [1963]. The P wave velocity in the 
core is taken as 8.1 km/sec for all models, and 
the ratio of the density of the core to the 
mantle is taken as 1.7 for the Jeffreys and 
Gutenberg models and as 1.82 for the CIT 11 
model. The method of calculation is similar to 

the one described by Dana [1944, 1945] and, 
essentially, involves the travel-time calculation. 

The comparison of P and PcP is made here 
only for the amplitude. The open circles in 
Figure 2 are the observed amplitude ratios of 
PcP to P for the epicentral distance A -- 47 ø 
to 83 ø . The curves in the figure give the theo- 
retical value (r b' cos ir•r)/(b cos it) for the 
three elastic earth models described above. It 
is obvious that the observed PcP/P ratio is 
definitely larger than the theoretical ratio. The 
observed ratio for A > 80 ø could not be deter- 
mined well because of the absence of clear 
PcP phases in the seismograms, but the values 
over this distance range may be regarded as 
the maximum possible ratio. As mentioned 
earlier, the PcP phase can be very clearly 
identified in seismograms for A -- 47 ø to 63 ø. 
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The discrepancy in this range can hardly be 
ascribed to observational error. A discrepancy 
of this sort has already been reported by 
Marther [1950] and Buchbinder [1965], but 
no proper explanation has been givbn. To ac- 
count for this discrepancy, we introduce the ef- 
fect of attenuation in the following. 

Case œ. Sharp core boundary, attenuatinq 

earth. Figure 3 shows eight pairs of P (top 
trace) and PcP (middle trace) phases in the 
range A = 47 ø to 63 ø reproduced from the 
seismograms. The first thing we notice is that 
P and PcP are remarkably alike in shape. 
This indicates that the phase structures of P 
and PcP have not been drastically distorted 
in the course of the transmission. In addition, 

l sec 

Eorthq. No. 1 2 3 5 
A = 47. I ø A = 48.7 ø A = 50.0 ø A = 54.9 ø 
H = 58 km H = 55 km H = 20 km H = 124 km 

6 7 8 I0 
57.2. ø A = 57.4 ø A = 58.7 ø A = 62.9 ø 
69 km H = 585 km H = 103 km H = 35 km 

Fig. 3. Eight pairs of P and PcP phase observed over the distance range A -- 47 ø to 63 ø. 
w•,(t) (top trace), w•,cr(t) (middle trace), and xrcrt) (bottom trace) are P, PcP, and PcP 
corrected for attenuation, respectively. Vertical dashed lines are drawn for the reference of 
width. H is focal depth. 
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..... ] .... a more careful inspection reveals that the 

5 NO.I z•:47.1 ø H:58km _ width of PcP is generally smaller than that 
- of P. This is particularly clear in 1, 2, and'3 

-• of Figure 3. The implication is that, during the transmission, P loses high-frequency com- 
•"• ponents to a greater extent than PcP. This 

! may be expected for a particular Qa distribu- 
5 zx :48.7 ø H:55km ' tion versus depth within the mantle. Since a 

'-,•0.56 P wave spends more time in th e upper mantle 
, • than PcP, it is quite likely that the high-fre- , 

quency components are highly attenuated in 
I P compared with PcP if the attenuation is 

higher in the upper mantle than in the lower 
5- N0.5 •:50.0 ß H:20km mantle. The idea that the upper mantle has 

2- : ß higher attenuation than the lower mantle has 
a_ been suggested by Anderson and Archarnbeau 
a_ [1964] and Anderson and Kovach [1964]. 

I ' A quantitative treatment can readily be 
• 5 N0.5 zx :54.9 o H:124km made by putting C(f) -- 1 in (6). Taking the 

a_ • vertical component and logarithm, we can • •: O. 8 2 derive from (6) 

o • We([) I --a'[H log e F-- I • log W•,c•,([) = 
5 NO.6 /', =57.2 ß H: 69km _ b cos 

LU • q.:0.77 + log b • (9) 123 • r cos ipc P 
-• • where W•(f) and W•or(f) are Fourier trans- 
13_ 

• forms of the observed vertical component of 
< I P and PcP phase, respectively. W•(f) and 

5 NO. 7 A:57.4 ø H:585km _ W•,•(/) can be calculated from the seismo- 
ß o q:l.4 grams. In our actual calculation a time record 

ß of 5 see duration centered at the main pulse 
was taken for the analysis. The results are 

I plotted in Figure 4 for eight earthquakes. The 
' general trend that the ratio decreases with in- 

5 NO. 8 A:58.7 ø H :105km creasing frequency reflects the fact that P is 
more highly attenuated than PcP. Next, it. is 

-••••:0.78 necessary to specify a Qa distribution within 
• the mantle. Q• within the mantle has been 

I ø studied by Asada and Takano [1963], Ander- 
son et al. [1965], and Teng [1966], but the 

5 N0.10 A:62.9 ø H:53km detailed distribution is not well defined. The 
• • following procedure, therefore, is taken for the 

I construction of the Q• model. Q• for S waves has been studied by Press [1956, 1964], Fedo- 
.... I .... toy [1963], Anderson and Archambeau [1964] I0 I 2 , 

Anderson and Kovach [1964], Anderson et al. 
FREQUENCY , CPS [1965], and Kovach and Anderson [1964], 

Fig. 4. Ratio of amplitude spectrum of P to using body waves, surface waves, and free- PcP versus frequency, for eight earthquakes. Val- 
ues of v are determined from the slopes of the oscillation decay. Now Q• seems to be known 
straight lines. fairly accurately throughout the mantle. In the 
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present study, the Q• model MMS', which rep- 
resents a minor modification of the model given 
by Anderson et al. [1965], is adopted as a 
standard (Table 2). Although there is no es- 
tablished relation between Q• and Q•, it might 
be a good approximation to assume that 

Q•- vQ• (10) 

where v is a constant independent of frequency 
and depth in the mantle. Thus we have as- 
sumed that the shape of the distribution of Q• 
throughout the mantle is similar to that of Q•. 
The constant V is determined by spectrum 
analysis of P and PcP (Figure 3). Using (10), 
we can write (7) as 

TABLE 2. MM8' Q• Model 

Depth 
Thickness to Bottom 

of Layer of Layer 
H, km D, km Qfi 

41 41 450 
20 61 60 
20 81 80 
40 121 100 

340 461 150 
140 601 180 
100 701 250 
100 801 450 
100 901 500 
100 1001 600 

1897 2898 2300 

where 

H = _1 Ht•, (11) 

fc ds -- fc ds H• = •, VpQ• rc• VpQ• 
H•, which is, of course, a function of A and 
focal depth, can readily be calculated once the 
Q• and Vr models throughout the mantle have 
been specified. The results calculated for mod- 
els MMS' and CIT 11 are shown in Figure 5. 
Although H• is very small at large A, it be- 
comes considerably larger at A around 40 ø to 
60 ø . This is consistent with the trend of the 

observed discrepancy shown in Figure 2. Sub- 
stituting (11) into (9) leads to 

w,,(l) ] ,rH-og e i I = -- 
b cos i• 

log rb' cos i•c• (12) 
with which we can determine the value of V 
by measuring the slope of the logarithmic plot 
of amplitude spectrum data (Figure 4). As 
H• and (b cos ir/r b' cos ir•r) are both func- 
tions of the epicenter distance and the depth 
of focus, the plot of log [ Wr (i)/W•,•r (i) [ for 
each earthquake should have • different slope 
and intersection at i ---- 0. By fitting a straight 
line, we determined the slope independently for 
each set of [ W•(•)/W•,• (•) ]. The values of V 
were then determined from the slopes and are 
given in Figure 4. The scatter of the values is 
appreciable. Earthquake 2 gives a particularly 

small value. This is probably due to the dis- 
turbing pulse arriving immediately after the 
main pulse of P (Figure 3). 

If we simply take the mean value and the 
standard deviation of r/, we have r/ = 0.96 --_+ 
0.27. Thus the conclusion is that the MM8' Q 
distribution (i.e., r/ • 1) is a good approxima- 
tion of Q distribution for P waves of 1 to 2 
see period. The scatter of •/ may have resulted 
from the fact that the Q model is not a perfect 
approximation of the actual distribution. How- 
ever, in view of the experimental errors, the 
assumptions made for the frequency inde- 
pendence of Q, and the radiation pattern at 
the source, the revision of the Q model must 
await future studies. 

0.2 
_• I I • I • /• H:O km 

m _ 

50 ø 60 ø 70 ø 80 ø 

Distance 

Fig. 5. H• (differential effect of attenuation on 
P and PcP) versus distance based on CIT 11A 
velocity model and MM8' Q• model. Curves are 
given for four focal depths. 
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Fig. 6. Transitional solid-to-liquid interface 
model. 

So far, the phase spectrum has been ignored. 
As the time functions of P and PcP themselves 

contain phase information, the situation will 
be made clearer if we go back to the time 
domain. Taking the vertical component and 
inverse Fourier transform of (6), we can derive 

rb' cos ir•r w•(t) (13) = cos 

xrcr(t) ---- /:: w•,r(•)a(t- •) d• (14) 
where a(t) is the inverse Fourier transform of 
exp[-- = • H•/V]; that is, when V = 1, 

I 2H½ (15) 

Thus, if we convolve the observed PcP with 
(15), the resulting time f•ction x• (t) should 
have the same shape as the P phase, but the 
amplitude should be (r b' cos i•)/(b cos i•) 
times as sinaft as P. The convolution was taken 

for the eight PcP phases given in Figure 3, and 
the result•g x•(•) are shown at the bottom 
of Figure 3. The convolution not only reduces 
the amplitude but also widens the pulse width 
without distorting the shape. The widths of 
x• (t) and w• (t) are generally in good agree- 
ment. Also, the peak-to-peak amplitude ratios 
of x•(t) to w•(t), as plotted in Figure 2 by 
dots, are • closer agreement with the theoreti- 
cal value than the original ratio w•(t)/w•(t). 
Thus it can be concluded that the discrepancy 
of the PcP/P r•tio with theory so far reported 

may satisfactorily be reconciled by taking into 
account the effect of attenuation within the 

mantle. The discrepancy still remaining may 
be due to noise in the observation and also to 

incorrect assumptions made for the radiation 
pattern at the source. 

Case 3. Transitional core boundary, attenu- 
ating mantle. We have shown that the ob- 
served spectrum of PcP is satisfactorily ex- 
phined by an attenuating earth model having 
a sharp mantle-core boundary. There have 
been several recent discussions, however, con- 
cerning the'possible existence of a soft layer 
near the core boundary [Dorman et al., 1965; 
Buchbinder, 1966; Sacks, 1966]. Hence it is 
worth while to examine the effect of a transi- 

tional core boundary on the PcP problem. As 
discussed by Dorman et al. [1965], the present 
observational travel-time data are not capable 
of revealing the detailed structure of the man- 
tle-core boundary, and we have to confine our- 
selves to simple models. Implicit ifi the transi- 
tional boundary might be the idea of iron 
diffusion into the bottom of the mantle. In this 

model the density starts increasing in the man- 
tle before the core boundary is reached. This 
'diffusion zone' might be terminated by a com- 
paratively sharp change, presumably from 
solid to liquid. The thickness of this 'solid-to- 
liquid transition zone' is also of interest. 
Whether it is of the order of 1 km or 10 km 

may be difficult to determine by travel-time 
studies. Although the physical model given here 
may be oversimplified, i• seems reasonable to 

Liquid 

"røt 0 
,'ro , ! 

2 
mmmmmmm mm mm mm mmmm mmmm ........ 

{n-I) 
n-I 

Fig. 7. Layered model for the calculation of 
complex reflection coefficient. Layer n and 0 cor- 
respond to mantle and core, respectively. 
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consider the effects of the diffusion zone and 

the solid-to-liquid transition zone separately. 
1. Transitional solid-to-liquid interface. As 

a mathematical model, a transitional solid-to- 
liquid interface (Figure 6) is considered. The 
solid layer has elastic constants corresponding 
to those in the mantle, and the liquid layer has 
elastic constants corresponding to those in the 
core. Within the transitional layer of thick- 
ness d, P and S wave velocity and density all 
change linearly with depth. We will assume 
that the interface and the incident wave front 

= J(•o/o, ,i,o/o, •o, to) 

J = E,j ' A,•_• A,,_• .. ß A• (16) 

Unlike Haskell's case, we cannot put ao = 0. 
We let Ao' and Ao" be, respectively, the ampli- 
tude of descending and ascending dilatationM 
waves in the liquid layer and •o•, t0ol, ao•, and 
r o• be the velocity components and stress com- 
ponents at the bottom of the liquid layer. We 
can write, analogously to (2.12) of Haskell [1953], 

•o,/ = 0 • 
O'o • DoO•o 
T0l 0 

- o - 

o o o 

o o o 

(17) 

are plane. Since the wavelengths are small com- 
pared with the radius of curvature of the core 
boundary, these assumptions are reasonable, 
and the Thomson-Haskell matrix method is 
applicable for the calculation of the complex 
reflection coefficient of this interface. The gen- 
eral method has been discussed in the works of 
Haskell [1953, 1960, 1962], Thomson [1950], 
and Wu and Hannon [1966]. The method is 

where ero and po are dilatational wave velocity 
and density, respectively, and r•0 = [(C/ao)' -- 
1],a. Boundary conditions here are •o•/C = 
tOo/C, •o• = •o, and ro = to: = 0. Introducing 
these boundary conditions and. eliminating 
•o,/C and •io/C from (16) and (17), we can 
determine the reflection coefficient R for the 
dilatational wave. In case of dilatationM input, 
we put o•,." = 0 and Ao' -- 0 and obtain 

R __ 
/•n ! (J31 -- J4•)[p(J• •- J•) •- q(J•s uc J=.•)]-}- (Jll + J21) 
/•n'! -- (231 -- 241) [--p( 222 -- 212) + q(Jls -- J2s)]-]- (211 -- 221) 

[p(J4• -- Jae) -- q(Jss -- J•.•)] 
[p(J4•. -- Js•) -- q(Jss -- J4s)] 

(lS) 

slightly modified here to allow for the liquid 
layer in place of a vacuum. The transition 
layer is approximated, as usual, by a laminated 
structure having n--1 layers (Figure 7). (In 
Figure 7, Haskell's original representation is 
retained. In applying this layered model to the 
core boundary, the picture must be inverted.) 
The Haskell formulation (equation 2.19 in 
Haskell [1953]) relating the displacements and 
stresses at the surface of the top layer to the 
amplitude of dilatational and rotational waves 
in the bottom layer is still valid in this case. 
That is, using Haskell's notation, 

where p = (ao/C) • rao, q = poa$, and J,• are 
i j elements of Haskell's J matrix. R is generally 
a very complicated complex function and the 
results can best be shown in the form of an 

impulse response, the Fourier transform of R. 
Since the highest frequency involved here is 
2 cps• it is reasonable to consider the response 
for the input 

= [2,,-(t/o.5) l/[2,,-t/0.51 
In Figure 8 the initial part of the response 
c(t) for the angle of incidence io -- 53 ø is shown 
as an example. When the thickness of the 
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ic=55 ø i 

d-0.25 km 

Fig. 8. Initial part of impulse response of P 
wave reflection at the interface model given in 
Figure 6. Input is •(t) = 4 sin [2,r(t/0.5)]/[2 ,t/0.5], 
and the angle of incidence is 53 ø . Later arrivals are 
not shown in the figure. 

transitional layer is 5 km, the reflection is very 
small, as expected. When d decreases to about 
i kin, the pulse shape becomes quite distorted. 
This is mainly due to the effect of P to S wave 
conversion within the transitional layer. This 
effect disappears, as shown in Figure 8, when 
the discontinuity becomes still sharper (d _• 
0.25 km). The result, of course, depends on the 
transitional layer model. The conclusion, how- 
ever, would still remain qualitatively unchanged. 
A more specific discussion can be made as fol- 
lows. 

From (6) we can derive 

rS' cos i• x•(t) x•(t) = •cosi• 

This means that the core response c (t), when 
convolved with w•(t), should give the same 

waveform as x•r (t) with the amplitude ratio 
(r b' cos i•)/(b cos i•). As noted earlier, we 
have already obtained consistent results with 
c (t) ---- 3 (t) and • -- i (i.e., sharp. core bound- 
ary and Qa = Q•). As an example, convolu- 
tions of w• (t) and c (t) are calculated for earth- 
quake i (.A = 47.1 ø) and the results are shown 
in Figure 9. In this figure are also shown x•(t) 
for • -- 1, 0.5, and 0.2. Comparison of x•(t) 
and x•(t) clearly indicates that if d is larger 
than 5 km it would be difficult, whatever value 
is given to 7, to get a consistent width and 
amplitude ratio. For d • i km the phase struc- 
ture of x•(t) is too distorted to be compared 
with x•r(t). From these considerations it is 
quite likely that a very sharp discontinuity, the 
thickness of which is probably a fraction of a 
kilometer, exists somewhere within the mantle- 
core boundary. This does not exclude, however, 
the possible existence of a superposed transi- 
tional layer. 

2. Effect of diffusion layer. De•rmar• et al. 
[1965] have suggested, from studies of free 
oscillations, the existence of a soft layer at the 
bottom of the mantle. In their R-1 model this 

soft layer is 30 km thick. The effect of such a 

Earthq. No. I //• 
xp(t) /,,,/.'.•! 

d=5km 

d= I. km 'N_ d: 0.25 km 

Fig. 9. Comparison of x•,(t) and x•,•,(t). Ar- 
rows show the expected peak-to-peak amplitudes 
of x•,•z,(t) corresponding to x•,(t) for various val- 
ues of d shown above. 

EXPECTED 
P-P AMPLITUDE 
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layer on PcP will be discussed here. As the 
wavelengths considered here are about 10 kin, 
ordinary ray theory is applicable for the treat- 
ment of the transitional layer extending over 
a thickness of about 30 km. Two models are 

considered here (Figure 10). One is the R-1 
model proposed by Donnan et al., and the 
other is the extreme case of diffusion, the D-1 
model. This model simulates an extreme dif- 
fusion zone in which the fractional iron con- 

tent increases up to 100% toward the mantle- 
core boundary. The layer is terminated by a 
sharp discontinuity due to iron melting. b, b', 
ip, ino,, and r were recalculated for these mod- 
els. Although the changes in b, b', it, and 
are very small, r is significantly affected for 
two reasons. First, the geometrical reflection 
coefficient at the sharp boundary is different 
for these models (Figure 11), and, second, as 
the result of the ray being bent downward be- 
cause of the low-velocity layer at the bottom 
of the mantle, the relation between A and the 
angle of incidence io at the core boundary is 
changed as shown in Figure 11. The over-all 
effect is shown in terms of (r b' cos inør)/ 
(b cos in) in Figure 2. At A < 70 ø, curve D-1 
gives a smaller ratio than the standard models, 
and the agreement with the observed ratio 
[x•(t)/w•(t)] becomes appreciably poorer. 
R-1 gives about the same ratio as the standard 
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Fig. 10. '19iffusion zone' models of core bound- 

ary. Jeffreys model (J) is shown as reference. 
Main difference between R-1 and 19-1 models is 
in the density distribution. 
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Fig. 11. Reflection coefficient; (left; ordinate) 
and epicenter distance (right ordinate) versus 
angle of incidence at core boundary for Jeffreys 
(J), R-l, and D-1 models. 

models. At A •_ 80 ø, D-1 and R-1 models give 
higher ratios than the standard models, mainly 
because of the downward bending of the ray 
near the core boundary. Unfortunately, the 
PcP phase at Z• _• 80 ø is usually disturbed by 
other phases on the seismograms, and the am- 
plitude ratio may be uncertain by a factor of 
2. It is therefore difficult to say at present 
which type of core boundary is more consistent 
with the observed ratio at this range. Although 
the D-1 model, which simulate s the most ex- 
treme case of diffusion, is inconsistent with the 
data at 47 ø _• A'_• 70 ø, the possibility of the 
existence of a diffusion layer of less magnitude 
cannot be totally ruled out. 

Discussion 

Because the effect of attenuation appears in 
a more pronounced way for short-period waves 
than for long-period waves, short-period waves 
can be used to advantage for the present pur- 
pose. Implicit in the present method, however, 
is the assumption made for the standard dis- 
tribution of Q• within the mantle. The result 
may be changed if the standard model Q• is 
modified. As the wavelength studied here is 
fairly short, about 10 kin, scattering due to the 
inhomogeneities within the earth, particularly 
in the upper mantle, might contribute to some 
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extent to the apparent attenuation of the 
waves. Asada and Takano [1963] have studied 
Qa in the upper mantle by spectrum analysis 
of short-period P waves. They give a very high 
Q in the upper mantle, and the present result 
is inconsistent with their results. Inherent in 

their discussion is an assumption regarding the 
source spectrum. The period of the waves stud- 
ied by them is very short and the source spec- 
trum in the short-period range is totally 
unknown at present. To account for this dis- 
crepaney, therefore, future studies of the short- 
period source spectrum are necessary. Teng 
[1966] has made extensive studies of P, pP, 
and S spectrums and has determined the Qa 
distribution within the mantle. The present Q 
distribution is in good agreement with his re- 
suit, except near the core boundary. 

It should be noted that the Q is estimated 
here at the period of about 1 see, whereas the 
MM8' Q• distribution was determined by using 
long-period waves (T _ 50 see). Since the fie- 
queney independence of Q has not been con- 
firmed over the wide frequency range, the 
present conclusion, Q• - Q•, should not be 
taken as a general relation between Q• and Q•. 
What is inferred from the present study is 
that Q• at T • 1 see is about the same as Q• 
at long periods. Spectrum analysis is usually 
strongly disturbed by interfering phases on the 
seismograms. Consequently, it is vital in the 
more detailed studies to improve the S/N 
ratio of the record by developing some signal- 
enhancing techniques for the PcP phase. 

A more detailed determination of the struc- 

ture of the core boundary will require a much 
wider frequency range. 

Acknowledgments. I am indebted to Dr. Don 
Anderson for critically reading the manuscript 
and offering suggestions for its improvement. 
Thanks are also extended to Dr. Francis Wu for 

the use of his computer program for the calcu- 
lation of the complex reflection coefficient. I have 
benefited from many discussions with Drs. James 
Brune, Hewitt Dix, Lane Johnson, Stewart Smith, 
and Ta-Liang Teng. 

This research was partially supported by the 
Advanced Research Projects Agency and was 
monitored by the Air Force Office of Scientific 
Research under contract AF-49(638)-1337. 

I•EFERENCES 

Anderson, D. L., and C. B. Archambeau, The 
anelasticity of the earth, J. Geophys. Res., 69, 
2071-2084, 1964. 

Anderson, D. L., A. Ben-Menahem, and C. B. 
Archambeau, Attenuation of seismic energy in 
the upper mantle, J. Geophys. Res., 70, 1441- 
1448, 1965. 

Anderson, D. L., and B. R. Julian, Travel times, 
velocities and amplitudes of body phases (ab- 
stract), presented at the annual meeting of 
Seismological Society of America, St. Louis, 
April 1965. 

Anderson, D. L., and R. L. Kovaeh, Attenuation 
in the mantle and rigidity of the core from 
multiply reflected core phases, Proc. Natl. Acad. 
Sci. U•., 51, 168-172, 1964. 

Anderson, D. L., a•d M. N. ToksSz, Surface 
waves on a spherical earth, 1, Upper mantle 
structure from Love waves, J. Geophys. Res., 
68, 3483-3500, 1963. 

Asada, T., and K. Takano, Attenuation of short 
period P waves in the mantle, J. Phys. Earth, 
11, 25-34, 1963. 

Buchbinder, G. G. R., PcP from the nuclear ex- 
plosion Bilby, September 13, 1963, Bull. Setstool. 
Soc. Am., 55, 441-461, 1965. ' 

Buchbinder, G. G. R., PcP travel times from 
Longshot and the density ratio of the mantle- 
core boundary (abstract), Trans. Am. Geophys. 
Union, 47 (1), 165, 1966. 

Carpenter, E. W., and E. A. Flinn, Attenuation of 
teleseismic body waves, Nature, 207, 745-746, 
1965. ' 

Dana, S. W., The partition of energy among seis- 
mic waves reflected and refracted at the earth's 

core, Bull. Seismol. Soc. Am., $5, 189-197, 1944. 
Dana, S. W., The amplitude of seismic waves re- 

flected and refracted at the earth's core, Bull. 
Seismol. $oc. Am., 35, 27-35, 1945. 

Dorman, J., Jerome Ewing, and L. E. Alsop, Oscil- 
lations of the earth: New core-mantle boundary 
model based on low-order free vibrations, Proc. 
Natl. Acad. Sci., U. $., 55, 364-368, 1965. 

Fedotov, S. A., The absorption of transverse seis- 
mic waves in the upper mantle and energy 
classification of near earthquakes of intermedi- 
ate focal depth, Bull. Acad. Sci. USSR, Geo- 
phys. Set., English Transl., no. 6, 509-520, 1963. 

Haskell, N. A., The dispersion of surface waves in 
multilayered media, Bull. Seismol. Soc. Am., 
53, 17-34, 1953. 

Haskell, N. A., Crustal reflection of plane $H 
waves, J. Geophys. Res., 65, 4147-4150, 1960. 

Haskell, N. A., Crustal reflection of P and SV 
waves, J. Geophys. Res., 67, 4751-4767, 1962. 

Kovach, R. L., and D. L. Anderson, Attenuation 
of shear waves in the upper and lower mantle, 
Bull. Seismol. Soc. Am., 55, 1855-1864, 1964. 

Marther, S. T., Observations on seismic waves re- 
flected at the core boundary of the earth, Bull. 
Seismol. Soc. Am., 50, 95-109, 1950. 

Press, F., Rigidity of the earth's core, Science, 
125, 1204, 1956. 

Press, F., Seismic wave attenuation in the crust, 
J. Geophys. Res., 69, 4417-4418, 1964. 



SPECTRUM OF P AND PcP 571 

Press, F., Seismic velocities, in Handbook of 
Physical Constants, edited by S. P. Clark, Jr., 
section 9, pp. 195-218, Geol. $oc. Am. Mem. 
97, 1966. 

Sacks, S., Diffracted wave studies of the earth's 
core, 1, Amplitudes, core size, and rigidity, J. 
Geophys. Res., 71, 1173-1181, 1966. 

Teng, T. L., Amplitude of body waves, Tech. 
Rept., Contract AF-J9(638)-1337, Seismological 
Laboratory, California Institute of Technology, 
Pasadena, 1965. 

Teng, T. L., Body-wave and earthquake source 
studies, chapter 7, Attenuation of body waves 
and the Q structure of the mantle, Thesis, Cali- 
fornia Institute of Technology, Pasadena, 1966. 

Thomson, W. T., Transmission of elastic waves 
through a stratified solid medium, J. Appl. 
Phys., 21, 89-93, 1950. 

Wu, F. T., and W. J. Yiannon, PP and the crustal 
structure, Bull. $eismol. $oc. Am., in press, 1966. 

(Received July 2, 1966; 
revised September 22, 1966.) 


