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SUMMARY 

Two approximate methods of Laplace transform inversion are given 

which are simple to use and are particularly applicable to stress analysis 

problems in quasi- static linear viscoelasticity. Once an associated elastic 

solution is known numerically or analytically, the time -dependent visco

elastic response can be easily calculated using realistic material proper

ties, regardless of how complex the property dependence of the elastic 

solution may be. The new feature of these methods is that it is necessary 

to know only 1) an elastic solution numerically for certain ranges of elastic~ 

constants and 2) numerical values of the operational moduli or compliances 

for real, positive values of the transform parameter. One method utilizes 

a mathematical property of the Laplace transform, while the other is based on 

some results obtained from Irreversible Thermodynamics and variational 

principles. Because of this, they are quite general and can be used with 

anisotropic and inhomogeneous materials. Two numerical examples are 

given: As the fir st one, we calculate the time-dependent strain in a long, 

internally pressurized cylinder with an elastic case. The second example . 
consists of inverting a transform which was derived by Muki and Sternberg 

in the thermo-viscoelastic analysis of a slab and a sphere(i). Both methods 

were found to provide results which are within the usual engineering re

quirements of accuracy. Application of the approximate methods to prob

lems in dynamic viscoelasticity is discussed briefly. 

Supplementing the stress analysis, two techniques for calculating 

operational moduli and compliances from experimental stress-strain data 

are discussed and applied. Both can be used with creep, relaxation, and 

steady- state oscillation data. The mo st direct one consists of numerically 

integrating experimental data, while the other is a model-fitting scheme. 

With this latter method finite-element spring and dashpot models are readily 

found which fit the entire response.curves. In using these methods to cal

culate the operational functions employed in the stress analysis examples, 

we found that model-fitting was the fastest of the two, yet was very accurate. 
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1. INTRODUCTION 

For a large class of problems in linear viscoelasticity the eorres

pondenc e principle can be used to calculate a time -dependent viscoelastic 

response from the solution to an 11 associated11 elastic problem. The basis 

for this rule is that, with zero initial conditions, the Laplace (or Fourier} 

transformed (with respect to time) viscoelastic field equations and boundary 

conditions are formally identical with the equations for an elastic body of 

the same geometry. Thus, transformed solutions can be calculated by 

standard elastic analysis, and then inverted to obtain the time-dependent 

response. This principle was deduced by Lee(Z) for isotropic media and later 

by Biot(
3

} for anisotropic mat,erials. Biot has indicated that the principle 

is applicable also to variational methods of approximate elastic analysis. 

Furthermore, Lee observed that with proportional loading (i.e. the space 

and time dependence of prescribed loads and displacements appear as 

separate factors wit];l a common time factor) the spacial dependence of a 

transformed viscoelastic solution is the same as occurs in a geometrically 

similar elastic body if the spacial dependence of prescribed quantities is 

the same for both problems. A practical implication of this latter point 

is that, with proportional loading, a transformed solution can be derived 

directly from an elastic solution by replacing elastic constants by opera

tional moduli (or compliances) and the time dependence of prescribed 

loading and displacements by transformed quantities. 

Whether or not there is proportional loading, it is important to 

recognize that elastic analysis can be used to calculate only transformed 

solutions. The final step of inverting the transforms may often prove to 

be extremely difficult if standard exact or asymptotic methods are used. 

This has been found to be true, except for some elementary cases, par

ticularly when realistic material properties are employed. An example 

of the complexity which arises with the use of actual material properties 

can be seen in the paper by Muki and Sternberg(!}. They found it neces

sary to use asymptotic methods of inversion, but even these were very 

laborious. 

It should be noted that use of the Laplace (or Fourier) transform 

and correspondence principle is restricted to those problems in which 

application of the transform removes time dependence and replaces it by 
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algebraic dependence on the transform parameter. This limits it to 

problems in which bowidaries do not move (other than infinitesimal de

formation}, the type of boundary condition (i.e. stress or displacement) 

at each surface point does not change with time, and the differential 

equations relating stress and strain have time-independent coefficients. 

This restriction on the class of problems, as well as the difficulty 

encountered in the inversion, have motivated the development of an 

integral equation formulation of linear viscoelasticity. Elder(4 ) has de

rived some general equations, and Lee and Rogers (S) have shown that 

the use of integral equations often leads to a relatively simple numerical 

scheme for calculating the time dependence. In this formulation, ex

perimentally measured creep or relaxation functions are used in hereditary 

(convolution-type) integrals as a means of relating stress and strain. 

Lee(S) gives an example in which the convolution-type integral equation 

that arises is solved approximately by a finite difference method of 

integration; he shows that the convolution property generates a triangular 

matrix which is readily inverted to provide a good approximate solution. 

It has also been indicated that with integral equ&.tions the types of bound

ary conditions which the Laplace transform cannot handle, as cited above, 

can be treated. While the use of integral equations seems to be a con

venient means of solving many viscoelastic problems, it nevertheless 

will be quite laborious to employ in situations where material properties 

enter in a complicated fashion. 

The Fourier transform has also been employed in order to con

veniently utilize realistic material properties(b), however it too suffers 

from the fact that inversion is difficult whenever the associated elastic 

solution is a complicated function of material properties. 

In this paper we go back to the use of the Laplace transform and 

correspondence principle, but remove the difficulty which has been asso

ciated with this technique by developing two simple, approximate methods 

of inversion. These will be seen to be particularly applicable to problems 

in which inertia effects (due to straining) are neglected, and prescribed 

loads (thermal and mechanical) and displacements are step functions of 

time. Of course, this latter limitation is not serious since once the 

response to a step function input has been calculated, it can be used to 

generate solutions to general time-dependent load and displacement 
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prescriptions by means of the superposition principle (convolution integral). 

The first of the two methods derived in section two is based on a 

mathematical property of the Laplace transform, and is a modification of 

Alfrey' s rule{?}. The second one is a least- squares technique which is 

based on some general results derived from Irreversible Thermodynamics 

and variational principles(S}. Because of the general bases for these 

methods, they can be used for materials with any degree of anisotropy and 

inhomogeneity. With both, it is necessary to know only an associated 

elastic solution numerically for certain ranges of elastic constants and 

numerical values of the operational moduli (or compliances) for real, 

positive values of the transform parameter. These operational quantities 

are related to one another through the same equations which connect the cor

responding elastic constants. It will be seen that once these numerical 

quantities have been calculated the time dependent response is obtained 

with very little effort, regardless of how complex the property dependence 

of the associated elastic solution may be. The fact that an analytical rep

resentation of solutions is not needed has the important implication that 

elastic solutions generated on high speed computors can be used to calcu

late viscoelastic responses. 

In section three we apply both methods to two relatively simple 

problems for which solutions have been previously obtained by other means. 

As the first example we calculate the tangential strain at the inner bound

ary of a hollow, thick-walled circular cylinder of polyisobutylene; it is 

assumed to be in plane strain and loaded internally by a suddenly applied, 

constant pressure, while the outer boundary is supported by a thin elastic 

shell. The operational shear compliance is used, and is calculated in the 

appendix from experimental values of the real part of the complex com

pliance. To illustrate possible ways of making this latter calculation, both 

a numerical integration procedure and a model fitting scheme are used. 

For the second application, we invert a transform which was de

rived in a thermo-viscoelastic problem by Muki and Sternberg(i). They 

used asymptotic expansions to obtain an approximate solution, while Lee 

and Rog er s (S) later applied the integral equation method mentioned above. 

The relaxation tensile modulus for polymethyl methacrylate is used, and 

in the appendix we calculate the operational tensile modulus from this data; 

as in the fir st example, the alternate techniques of using either direct 

integration or models are considered. 
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2. APPROXI.MA TE METHODS OF LAPLACE TRANSFORM INVERSION 

a. Direct Method. 

Of the two inversion techniques to be discussed in this section the 

simplest one is called the 11 direct methodl1, which we shall discuss first. 

It will be shown to yield good results whenever the derivative of the time 

dependent solution with respect to logarithmic time, log t, is a slowly vary

ing function of log t. A modification of this method is also suggested in 

order to handle functions for which the derivative of the logarithm has this 

slowly varying property. 

The problem which we pose is to find an approximate representation 

of a viscoelastic response, )Lt (t), from the integral equation•:< 
co 

)t;(P) = f y(t) e- Pt dt (2. 1) 

0 

where 'f'(P) is the Laplace transform of --P(t) and is known at least numer-

ically for all real, non-negative values of the transform parameter, P • 
As a motivation for the change of variables which will be made in this in

tegral, we make the following observations; If lt'(tJ is the solution to a 

problem in which all prescribed loads and displacements are step functions 

of time applied at t = O*>Jc, the body is undisturbed for t ( 0, and inertia is 

neglected, then P ';l'(l=>) depends on P only through operational moduli 

(or compliances); this follows from the remark made early in the introduc

tion since this is a case of proportional loading and the transforms of all 

prescribed quantities are proportional to Yr . Furthermore, P YlPJ is 

identical with the solution for a geometrically similar elastic body, which 

is subjected to the same prescribed loads and displacements, if the elastic 

constants are replaced by corresponding operational moduli. Now, it is 

found that d (PY'(?}W(lo:r~ is a slowly varying function of log p {log= log
10

) 

for many viscoelastic problems when inputs are step-functions in time; 

this is particularly true for polymers due to the wide distribution of re

laxation times which they have. Consequently, it is convenient to repre

sent P )U(P) as a function of log p and define 

•!<The functions considered in this section may be functions of the spacial 
coordinates, xi( L= I, 2, 3), however for simplicity of notation we shall 
omit explicit indication of this. 

•!<•!<A step function, H(t), is defined as: H(t):::::O for t<O; H(t)=constant with 
respect to time for t>O. 
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(2. 2) 

where Ll - I oca P 

We shall also define 

f(V) - Y(t) 
(2. 3} 

with 

and make the corresponding variable change in (2. 1), thus 

/' f oo (().+VJ (L(tV) 
f O.A) ""' In 10 f (v) 1 o · e- 10 d v 

- oO 

(2. 4) 

Also, let the variable of integration be changed to o( where ex.= u + v, 

which renders (2. 4) in the form 

OQ "" /"'.. s . o{ -10 
{ (Vt) = I n I 0 f ( o<. - I).,) I o e do( 

-OQ °' 
The weighting function, 10c::i(,e-iO , is drawn in Figure 1 which 

{2.5) 

shows that it is practically a delta function if f(v) changes slowly enough. 

This suggests that an approximation to f(v} can be obtained directly in 

terms of4u) by replacing (In 10}101>4e-iOCK with ~(o(.-o<0), i.e. a Dirac 

delta function located at the point o<'. 0 *. This approximation yields a 

direct inversion formula 

(2. 6) 

The point o<. 0 is somewhat arbitrary in view of the spread of the weight

ing function, which is about two decades. However we shall now calculate 

the "best" value to use when f is closely approximated by a straight line 

in . the two-decade interval, I cl. -o<'. o I< i . To do this we first expand f(v} 

in a Taylor series about the point Vo ( = o(
0
-U..) 

. . . 

*It should be recalled that a delta function is defined such that 

~ ( cJ... - o/.. 0 ) = 0 if 

0(:) r S(o1.-<><o)doi_:::1 
-00 

(2. 7} 



-6-

where primes denote differentiation with respect to v. Substitution of this 

expansion into (2. 5} yields 

~ I ( co ~ 
f (vt) ~ f(Vo) +(In lo) f (Vo) J ( cZ-o<: 0 ) /o~e- 10 do( 

-(;<;) 

{2.8} 

where only the constant and linear term in (2. 7) have been retained. It 

is seen that the approximate inversion formula (2. 6) is obtained if the inte

gral in (2. 8) vanishes. This condition locates C<'. 0 at the centroid of 

the area under the curve 10,,ze -iO o<..' which is 

co -1: 
o<o = s (Io~ t) e d t ::: c: -- (2.9a) 

0 

where C is Euler 1 s constant defined as 

( oO t: 
C == - )(Int) e_- dt ~ (2. 9b) 

0 

When this value for o(
0 

is substituted into (2. 6), and the resulting ex

pression is written in terms of the original functions ¥'(t) and F> lp(P) by 

. using (2. 2) and (2. 3), we find* 

{2.10a) 
p 

or equivalently 

f1(t) ,..., _c::. 
e. (2.10b) 

-t 

~<The fact that the weighting function is essentially zero except for a two 
decade interval suggests that this inversion will be good at those times 
in which the solution (as a function of log t) is linear, or near linear, 
for at least two decades. If there is a strong curvature, but it is some
what removed from this linear region, this curvature should not produce 
a significant error in the linear portion. 



-7-

-c 
where e 'Y 0. 56. Due to the skewed form of the weighting function it 

has been found that a somewhat better formula is* 

Pft) ===- [ r lb(P) J P = ~ 
t 

It was mentioned in the introduction that this direct inversion 

(2.10c) 

method is related to Alfrey1 s rule (
7

). He considered the problem of find

ing the distribution function H (-r) from the integral equation, 

(Z.11) 

where L'.i E~<t) is the time-dependent component of the relaxation modulus, 

which is known numerically for 0 ~ t <. co. By differentiating L:>. E~(t) and 

changing the integration variable this integral can be converted to the La

place transform of H( ~) 

(2.12) 

where t is now the transform parameter. Alfrey stated that an approximate 

solution is given by 

(2. 13) 

which can be derived by replacing the weighting function, Figure 1, with a 

delta function located at o< := O. In contr~st, the direct method discussed 

•:<In the event that log [ P lf/(P) J is essentially linear with a slope of n 
when plotted against log p, so that ~'Y(P) ~ APn, it can be easily verified 
for Yl < 1 that: 

where 
JP(+..) -::: [ p ~(P) JP== # 

t 

/3 == [ r ( \- n)]-f1 
which takes the values 

However the 

~>I for 

~ == t for 

fl<..- I 

n--l 
-C e < /3 < I for - I< Yl < 0 

p - e-c for n::::: o 

O < /3 < e- c for o <.. Y1 < I 
approximati~p. is poor when Y"l is close to + 1. 
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above suggests that a better approximation is* 

1--H.-cJ '.:L - (-t ~R.) 
d t t = o. 5-C 

(2. 14a} 

or, as the case may be (see footnote, page 7 } 

µ (--c) ~ _ ( t d !::. E~) (2. 14b} 
dt t=./3-C 

As another point, it is recalled that Pl?(t:>) can be interpreted as 

the solution to an elastic problem (with appropriate values for the elastic 

constants}. Consequently, the inversion formula (2. 10c) states that the 

viscoelastic and elastic solutions are practically equal whenever d lf /dQo'a-1::) 
is a slowly varying function of log t. This correspondence has an important 

implication in regard to approximate solutions obtained from variational 

principles, since in this case the 11 quality' 1 of a viscoelastic approximation 

is essentially the same as that of the elastic problem. 

Finally, we should remark that there does not appear to be an easy 

method of estimating, quantitatively, the error involved in this direct 

method. Consequently, it is necessary to assume that if the transform 

of the approximate inversion and the original transform are close for 

p .2:. 0, the error in time dependence is small. This would seem to be a 

valid assumption if the time dependence predicted by (2. 10c) is physically 

reasonable. Another check on this approximation can be made by comparing 

it with the results of the method to be discussed next. 

b. Least-squares method (collocation) 

We would now like to discuss a technique which is not as simple 

as the direct method, but it has other advantages. For one, it is not re

stricted to functions whose derivative is slowly varying with respect to 

logarithmic time. In addition, the tirre dependence is given by a simple 

series of exponentials which can be used readily in the Duhamel super

position integral for the calculation of responses to prescribed loads and 

displacements that are not step functions. Thirdly, the accuracy of the 

*Other improvements on Alfrey1 s rule have been used(?}, but they re
quire evaluation of higher order derivatives of LlEf?.(t) • 
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inversion can be improved by adding more terms to the series. 

Let us first give some results derived in another study in order 

to provide a motivation for the second method(S}. We have used Irreversible 

Thermodynamics and variational principles to predict the time-dependent 

response of initially undisturbed viscoelastic bodies subjected to prescribed 

loads {thermal and mechanical} and displacements which are step functions 

of time applied at t = 0. In the study inertia due to straining was neglected. 

Denoting a response (stress or displacement} by 74_-t) , which may be 

either an exact solution or else an approximate one obtained from a varia

tional principle, it was argued that the most general behavior of 1?(-t) is 

(2. 15a} 

where 1£' and p 1 ~re constants with respect to time and Ll }V(t) is the 

transient component given by the integral: 

0() t 

4 -v- (t) = J ct> (-iJ e - -z:: d -r: 
0 

(2.15b) 

The function <./) (-c) is called a spectral distribution function of the variable 

-r:. , and may consist entirely or partly of Dirac delta functions. For 

example, if </J(-c) is a sum of delta functions, 

Q(r) = £1 ¢~ ~(-r--Co{) 
..,( == I 

then 

~ t/(t) = 

(2.16) 

(2.17) 

Furthermore, either tp or p 1 may vanish depending on the problem; if, 

for example, }/'(t) corresponds to a stress or the body does not exhibit 

steady-flow then 'f/ 1 is zero. An important implication of ~2.15}, 

is that the Laplace transform of a viscoelastic stress or strain has singu

larities only on the non-positive real p-axis, and that all poles are simple 

except at the origin where a double pole may occur. 
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It should be added that the behavior (2. 15) was derived for only 

those problems in which the Laplace transform is applicable*. In addi

tion, we gave a rigorous proof for just the case in which the response 

of a body can be defined by a finite number of generalized coordinates (or 

degrees of freedom}. For an infinite number of generalized coordinates, 

the dependence (2. 15) was postulated as a natural extension of the finite 

degree of freedom system response. Some numerical examples were 

given to strengthen this postulate. It should be emphasized that because 

of the general thermodynamic basis for the postulate, it is applicable 

to anisotropic and inhomogeneous materials. 

The time dependence of the exact inversion suggests that a Di

richlet series 

s.e 
L (2.18) 

can be used as a reasonable approximation to the solution Lj 1b(t). The 

present method makes use of this series for which the Yr. are prescribed 

positive constants, and the St are unspecified coefficients to be calculated 

by minimizing the total square error between ..6 }t and <l )0
0

• 

The total square error is 

E 2 
::: } o0 [A l.b - ..6. 1bo 12 

d-t 
0 

with the minimization yielding 

d E"!.. 
.L -- =O 2 a s. 

(.. 

t 
- ~~ e dt 

(2.19) 

(2. 20a} 

so that YI relations are obtained between the Laplace transforms of .4 )J 

and .4 "Jbn evaluated at Yri. , 

(2. 20b) 

*Thus, if a transient temperature exists in a body and properties are 
temperature dependent, the behavior (2~.15) does not necessarily occur. 
If, h9w-ever, the time-temperature superposition principle(i) is appli
cable and a change of the time variable can be made which removes the 
time dependen~e of coefficients, then (2. 15) applies to the 11 reduced 
time 11 variable. 
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A more convenient form is obtained by multiplying these by oi. , which 

yields 

or , explicitly 

5· J 

+ '6'~ 
If. 

J 

(2. 21a) 

(l.=1 2 ··n) ) ) (2. 21b) 

These equations are sufficient for calculation of the approximate time 

dependence of the transient component of Jtft.) . To obtain the total solu

tion, whose most general form is 

(2. 22) 

we must evaluate the constants }U and ¥ 1
• However, these can be readily 

obtained by exact means through an examination of the behavior of PY (P) 

and P'!. "¥' (P) as p tends to zero. 

Thus, we see that the total square error is minimized by collo

cating the p-multiplied transform of the Dirichlet series (2.18) and an 

elastic solution, P lb(P) , at n points P = Yt.. With this elastic solution 
t. 

known at least numerically or graphically for 0 ~ p< co, suitable values of 

6~ can be prescribed simply by inspection. 

With regard to the error involved in this approximate method, it 

is of interest to calculate the total square error, E 2 , by using (2.15b} and 

the relations {2. 20b}. We have 

t 

E, ~ f[ L>. 7/ - LI VD Jl J ;,;J t-z:i e- "';- u - .£' s c e:- 7, J d t 
o o L~l 

(2.23) 

which becomes 

DO 

E -i. = J ¢fr> [~-;Li (t) 
0 

(2.24) 

where it is necessary to assume cp(r:) is such that the order of integration 

in (2. 23) can be interchanged(9 ) and that the final integral (2. 24) is 
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convergent. 1£ these reasonable assumptions are valid, then eqn. (2. 24) 

shows that when 4¥ (P) and L'.llfD(P) are 11 close11 {which can be readily 

ascertained from the elastic solution) the square error of the approximate 

inversion,t'.1100 (-l) , is 11 small11 • 

Finally, a question arises as to whether the two approximate meth

ods can be used successfully for problems with inertia, such as wave 

propagation. Considering the direct method, it is expected that it can be 

used in some cases to obtain at least part of a solution. 1£ there is a 

sufficiently broad time interval where, for physical reasons, the 11 slow 

variation11 property is anticipated, one could determine this portion of 

the response by the direct method. By combining this result with asymp

totic expansions (at wave fronts, for example), a reasonable approxima

tion to the total response might be obtained. Similarly, since the collo

cation method is equivalent to a least-squares procedure in the time di

mension, regardless of the form of time dependence of the exact inversion, 

it may yield good results if used with care. However, this dynamic area 

of application needs further study before any definite conclusions can be 

reached. 

3. NUMERICAL EXAMPLES 

a. Pressurization Problem· 

For the first application of the two methods of approximate inver

sion we shall calculate the tangential strain at the inner boundary of a 

hollow, thick-walled circular cylinder which is made of an isotropic, 

homogeneous, viscoelastic material. The cylinder is assumed to be in 

plane strain and loaded internally by a unit Heaviside step-pressure, 

H{t), while the outer boundary is supported by a thin elastic shell. Since 

the associated elastic solution can be easily obtained by exact methods, 

and is derived in reference 6, we shall not give the algebraic details here. 

Rather, only an expression for the strain will be given which was obtained 

from the exact solution by assuming certain values for properties of the 

elastic shell and geometrical parameters, and by making some reason

able approximations in order to simplify the result. Under these assump

tions, the elastic strain was found to be (
6

) 

k.J+J.33 
~(t) (3. 1) 
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where 

K := bulk modulus 

J x shear compliance (reciprocal of the shear modulus) and ~ 

is the tangential strain which has been normalized to unity for J---... co. 

The elastic solution (3. 1) is formally identical with the p-multiplied 

transform of the viscoelastic strain, thus 

p ~(P) -= K(P) J(P) + I. 3 ~ 

kCP) J"(P) t7G.8Z.. (3. 2) 

where J(P) is the operational shear compliance which is defined as the 

ratio of transformed shear strain, Y, to transformed shear stress, r 

J"(P) =: (3. 3) 

and the operational bulk modulus, k(P), is defined in a similar manner. 

In reference 6, equation (3. 2) was used with the Fourier transform 

to calculate the strain for glass-filled polyisobutylene at 12. s0 c which 

was assumed to be elastic in bulk (K := 13.8 x 1010 dynes/cm 2). The 

Fourier transform was employed in order that experimental shear data, 

obtained under constant frequency sinusoidal loading, could be used di

rectly in numerical evaluation of the inversion integral. (Such a test pro

vides the frequency dependence of the so-called complex shear compliance, 

which is equal to the ratio of the Fourier transformed shear strain to the 

transformed stress.) The viscoelastic strain is shown in Figure 2 and is 

labeled 11 exact solution11 
• 

Let us now apply the two approximate methods by using (3. 2) 

with p real. Since ~(t) is already known for our simple example, it 

would be possible to calculate P f(P) directly by numerical integration. 

However, for illustrative purposes, we shall indicate the steps which 

are necessary for the calculation of P'$lP) in the usual case when the 

exact solution is not known. Since the bulk modulus, K, is assumed con

stant, the first step is to determine J{p) from the available complex com

pliance data. This is carried out in the appendix and the result is plotted 

in Figure A-1. 
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Direct method: The time dependence prediction by the direct 

method is easily obtained by substituting numerical values of J(p) into 

(3. 2} and replacing P by O. 5/t. The resulting curve is shown in Figure 

2, and is seen to be in good agreement with the exact dependence. 

It is interesting to observe that if the relationship t_: Yp had been 

used instead of t"' 0·~, the approximate response would not be very good 

since it would be shifted rigidly 0. 3 logarithmic units to the right of the 

illustrated curve. Another point of interest concerns the fact that the 

approximate solution lies above the exact one where the dependence is 

concave upward, with just the opposite being true when the solutions are 

concave downward. This relationship can be predicted just by examination 

of (2. 5) and {2. 7) since the difference between the two curves results from 

the quadratic and higher order terms in (2. 7); these terms represent the 

difference between f(v) and a straight line which is tangent at V0 • 

Least-squares method: For the least-squares method we assume 

an approximate solution in the form 

Y1 

~ = S + ~ S· e D o .<1 l 
l:: I (3. 4) 

where 

and the coefficients, S., are calculated from the system of equations (2. 21b} 
1 -

with PLl~(p) replacing P.4 )O(P) Examination of P ~(P) in Figure 2 sug-

gests that a five-term series (n :.. 5) will provide a good approximation with 

(3. 5) 

Substitution of these time constants and values for [P !:'::.. ~(P)l into (2. 21b} 
p = J._ 

~. 
( yields the following system of equations: 
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/ / 

- 0.034 

-0.IZ.2.. 

- o. 337 

-0.627 

-0.823 

The relative magnitude of the elements in the matrix permits a first 

estimation of the S. to be made by solving the system: 
l 

I 

2. 

I 

1. I 

I 
ll 

I 

2-

I 
l.I 

0 

I 

11 

I 

2.. 

I 
1.1 

0 

0 

I 
11 

l 

z. 

I 

l·l 

0 

0 

0 

I 
11 

I 
z. 

-0.034-

-0.122 

-o. 337 

-0.627 

-o.82.3 

(-3. 6) 

(3. 7) 

which is seen to be a simple set o equations. If this first approximation 

is denoted by S. (i), then the second approximation, S. (Z~ can be deter-
1 l 

mined from the equations, 



IZJ 
5 __ I + 
2. 

5(2J 

T.T I i-

(2) 

~I + 1.01 

(ZJ 
' -!--=>, 

12.) 
s I t 
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5("2.) 
_3 t 
1 l 

5( 1) 
_4 

IOI 

0 

s \I) 
+ _5 

IOOD 

s( 2 > s(<-) _S(siJ 
t -5 + _4- + 

Z.. I! IOI 

5(l) 5(Z) 
_z_ + -3 + 
1.01 I. I 

5 (2) 
_4 

2 

512! 
+ ~ 

II 

( 7 ) S CZ.! S \Z) (7.) 

5 ~ s 
t -~ + -4 + -S 2 1401 1.1 2 

:: - o. 034 

- a. 12? 

~ - o. 337 

= - o. 82.s 

(3. 8) 

Again we obtain a relatively simple set of equations. This second approxi

mation was found to be sufficiently accurate since it satisfied the equations 

to the third decimal place. The values of S. so calculated yield the time 
l 

dependence 

3 4 5 "'t 7 Ir -/Ot -/Ot -lot -JO -lot 
~D = 1 - L o.os3 e + o.oso e + 0.3GBe. +o.3oz.e + o.103e J(3. 9) 

This solution is plotted in Figure 2, where it is seen that it departs from 

the exact solution only at very small times; however this error could be 

essentially removed by adding another term in the series and requiring 

that LP ~D~p)] = [Pf(P) 1 
p ~= p -p- <>O 

b} Thermo-Viscoelastic Problem 

We now consider the inversion of a transformed solution which arose 

in the thermo-viscoelastic analysis of a slab and a sphere (
1

). The function 

we shall deal with here does not represent a total solution, but must be 

combined with a prescribed function of temperature in a convolution inte

gral in order to generate a stress. In view of our present interest we shall 

not reproduce the derivation of the transform nor discuss this latter straight

forward calculation. With respect to the physics of the problem, we only 

remark that the existence of a transient temperature gave rise to time

dependent coefficients in the stress-strain equation. However, the time

temperature superposition principle was utilized in conjunction with a 

change of time variable in order to remove this difficulty, and thereby 

permit application of the Laplace transform with respect to the new 11 re

duced time 1
' variable. 
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The function to be inverted is (see equation (6), reference 5): 

R lPJ .:= s t. _E_R._tP_) __ E. ___ _ 
[ - I J 

3 I+ (1-2--v)PE((.\PJIE: 
(3. 10) 

where ER (P) is the Laplace transform of the tensile relaxation modulus 

ER(t) 

- j DO -Pt 
E (P) = E (t) e d t 

(<_ ~ 

0 

(3. 11) 

and since it is of no consequence in our analysis we have retained the sym

bols p and t, however they should be interpreted it's. 1. 1 reduced variables. 11 

Also, E is the initial {glassy) value of relaxation modulus and \7 is the 

corresponding initial value of Poisson's ratio in a relaxation test. It is 

convenient for our purposes to express R(PJ as a function of the opera

tional modulus, E(J:>) , instead of ER(P) • This is easily done since {see 

appendix) 

(3 .12} 

which, when substituted into (3. 10) yields the p-multiplied transform of 

R(:t) in terms of the operational modulus, 

{3.13) 

For the specification of E(P) and 'V we shall use the relaxation modulus 

for polymethyl methacrylate, which is repr';;duced in Figure A-3 of the 

appendix, and let 'Y = 0. 35. E(P) is calculated in the appendix and is 

shown in the same figure. 

Direct Method: An approximate solution is given immediately by 

evaluating P R(P) and setting t=>= 0·~ • This approximation is pl2tted in 

Figure 3 along with the solution derived by Lee and Rogers from an inte

gral equation. 

Least- squares method: The approximate solution is taken in the 

form 

(3. 14) 

l.= I 
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1.01 
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1.001 

1.0601 
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where 

5 0 = [ p R lP i] ~ 0 
E P.,.o 

and, as in the previous example, the coefficients, S., are evaluated using 
- 1 

the system (2. 21b} with P ~ (P) replaced by P R\1=>)/E. However, we shall 

modify this system somewhat in order to make RD ( o) = ~ (o) , or, 

equivalently, [PRD\P)l =[PRlP)] . Referenceto PR(P)VE 
P-1><><::> P~ oo 

in Figure 3 suggests that we can take 

- ( i. -4) 
l(i. = 10 

and collocate at the five values p = J_ 
(). 

(. 

(3.15) 

CL= 1J. • s) with the sixth condition 

being [P Ro(p) / E] ;s; 0.513. The resulting set of equations for the S. be-
1 

p-..Oo 
comes 

I I I I I ( 
- -- s, o. 070 11 IOI JODI 10001 I 00001 

I I i I 
0. 160 s"L 2 11 IOI 1001 IODOI 

I I I _l_ I - -- -1-1 S3 o. 263 I. I 2. IOI 1001 
(3.16) 

I I I I S4 - -- 0. 3 92 
1.01 I. I 2. It IOI 

I I I I 'S5 0.461 -
1.001 1.01 l. I z 11 

s6 0.Sl3 

In view of the similarity between the matrices in (3.16) and (3. 6) the same 

iteration scheme is used to find 

-t -1ot -10 2 t - o. 008 e -+ o .12 9 e. - o. o 13 e 
(3.17) 
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which is plotted in Figure 3. It is observed that at short times this solu

tion fluctuates about the solution of Lee and Rogers, and at long times 

(t / 10
3

) it goes to zero more rapidly than the other solutions. The fluc

tuation behavior can be attributed to the fact that exponential terms in a 

Dirichlet series do not blend together smoothly if there is a separation 

of more than one decade in the arguments of any two neighboring exponen-
-t 

tials. Because of the relatively small coefficient of e there is essen-

tially a two-decade difference between successive terms; hence, the re

sulting function R{t) is not very smooth in the vicinity oft ~ 10-
1 

and 1. 

By adding one or more terms to the series with values of ~ in this range, 

this behavior could be removed. Similarly, the solution at long times 

could be improved by including additional terms with 't /' 10+
3

• 
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APPENDIX 

We shall consider two methods of calculating operational moduli 

{or compliances) from experimental stress-strain data. The most direct 

one is to express the operational function as an integral of an experi

mentally measured function and then use numerical integration. However, 

because the measured response often varies over many decades of time, 

this method is more laborious than the second one presented, which is a 

collocation scheme for fitting the response of finite-element spring and 

dashpot models to experimental data. With this latter method the coeffi

cients in a finite series representation of an operational modulus or 

compliance are obtained. In addition to being a more rapid procedure, 

model-fitting provides more information since an analytical approximation 

to the stress - strain law is found. This representation can be used with 

exact techniques of viscoelastic stress analysis. It also permits one to 

check the assumption of linearity by comparing the model1 s response to 

data other than that used in fitting the model {e.g. predict creep response 

from relaxation modulus}. We should point out that the model-fitting method 

of collocation used here is different from other ones which have been sug-

t d {10, 11, 12) I h d h f'' 1 ges e . t possesses t e a vantages t at a in1te e ement 

model is easily found which closely fits the entire viscoelastic response 

curve, and can be applied to data from all of the standard tests, such as 

creep, relaxation, and steady- state oscillation. 

Both methods will now be illustrated by calculating the operational 

functions used in the body of this report. 

a. Property Representation of Polyisobutylene 

Consider the problem of calculating the operational shear compli

ance, J{p}, from the stress-strain data s.hown in Figure A-1, which was 

obtained on polyisobutylene under constant-frequency sinusoidal loading. 
i_c..ut Lw1: 

The stress, a;;e. , and strain, C:oL: , in such a test are related 

th:rough the complex compliance J"(w}6
) ( w ;!Iii frequency). 

~o * [S ( P)] - ;:: J (W) JI( • Jll (A.1) uo = ""' W) - L (W) 
P s Lw 

where J '(w) and j l/(W) are real functions representing the real and 

imaginary components of * J (0.J) , respectively. 
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J(p) will now be expressed as an integral of :5
1
(<») • The integral 

is derived by first writing the creep compliance as a Fourier sine trans

form of J 1
(w) <

13
), and then taking the p-multiplied Laplace transform 

of the creep compliance. Omitting the details of this calculation we find 

.J(p) = ~ + 

where 

2P 

7f 
s~ 

0 

[ J1(W) - J~J 
P .. +w.,_ dW J Re.al P c..o (A. 2) 

This integral was evaluated numerically and the result is shown in Figure 

A-1*. 

Let us now apply the collocation method to determine J(p). With 

the help of model theory, the complex compliance is approximated by a 

finite sum (6), thus 

Yl 

I 

jd 
i Ji. J (w) = + s . I W-z..f ...... f I 

L=I L 

(A. 3a) 

and 

n 
ti z wrl Jr. J5 (w) ::; 

i..=1 w ... r~l..+ I (A.3b) 

In order to evaluate the model constants J. and ~ we collocate (A. 3a) 
L 

with experimental values at 

U.) · T· == 1 ( [_::: I '2.. • • • \')) L L ) ) I I 

Y1 points UJr. , and choose the Lr. such that 

Reference to Figure A-1 suggests that a good 

*The similarity between the curves is a result of the fact that for several 
decades of frequency J"'(cu)is essentially linear on the log-log plot. 
This similarity suggests that an approximation to J(p) is given by 

J (P) '.::: [ J 1
(LD)] 

W=o<.P 

where r::J.. is to be found by assuming ::r' = Aw-rn and substituting this 
power law into (A. 2). Such a procedure yields o<. as a function of the 
log-log slope, m. 



fit will be obtained if 

(L=I 2. •0°\0) 
) ) 

so that the 11 retardation times 11 7:· are chosen to be 
L 

- I (z.-i..) 
T-: - Ci 

l ( i_ == I)'-_,· • • I 0) 

(A. 4a) 

(A. 4b} 

Collocation at the values (A. 4a} yields the following system of linear equa

tions for evaluation of the J. *: 
L 

I I 
z. ~ 
\ I 

IOI 2 l.ol 

I _I_ I I 

I 04 + I IOI 2.. T.0J 

0 

0 

0 

I _I_ 
!0++1 101 z.. 1.01 

0 I I 
IOHI IOI l -W 

0 O I _I_ I 

IO~+l 10/ Z. 

I 
1·0/ 

0 0 0 
I I I I 

O IO<t+I IOI T ~ 

0 

0 

0 0 0 I _I_ I l 
0 104+/ 10 I 2. l.Ot 

0 0 0 0 

0 0 0 0 0 

0 

0 

I _I_, 
104+1 lo I 

I 0 
10++1 

I I 
T T:Oi 

I I 

101 T 

1
1 (10·~ - ~ 

J' (1) - J3 
I 

J (ID) J'W 

I 1 (1d-) 

J' (103) - .J ~ 

J' UDt) - I~ 

I' (10
5

) - :J 1 

J 1
(10) - J~ 

I' (Ir/) - J~ 

J' (/DB) - J 
i 

(:A. 5} 

*It may often be desirable to add another term to the series (A. 3} in order 
to satisfy the condition 

n 

J~+ .i/ :Ti.= [I'(w)l 
l='J w=O 

However for our example it turned out that this condition was closely 
satisfied without making it an explicit requirement. 
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The elements of the matrix which are shown as unity or zero were not 

exactly these values, but were close enough to permit the approximation. 

The matrix is nearly triangular and is similar to the one in (3. 6). This 

type of matrix results from the fact that each term in the series (A. 3a} 

is weakly dependent on frequency except for about 1 1/2 decades in the 

neighborhood of w ~ Y--c. • Because of the relative magnitudes of the co-
L 

efficients in the matrix we were able to use an iteration scheme similar 

to the one discussed previously for (3. 6), which yielded the coefficients: 

31 ::: 357 )< 10-1
' 

31..-=- S33 x ! 0- 11 

-II 
JJ:::: 3'36Ql< 10 

-11 
J4 =3sgox10 

-II 
35 -= I 2 I o )( I O 

J(; == 2 5 0 >< l Q -II 

J7 == 80.8 )< 10-11 

J8 = 2"2.. (_ )< 10- 11 

-II J9 = 4.00 x (0 

(A. 6) 

The operational compliance is now immediately obtained since(6 } 

10 J z: L 
i=1 -Ct_P+ 1 (A. 7) 

It was found that a plot of {A. 7} for 0 ~ p< c.o was graphically indistinguish

able from the operational compliance calculated using (A. 2). 

It is interest,ing to observe from (A. 3b) that we can predict the 

imaginary component of the complex compliance. The predicted and 

experimental curves are shown in Figure A- 2; the close agreement, ex

cept at high frequencies, is a check on the assumption of linearity. 

b. Property Representation of Polymethyl Methacrylate. 

The experimental data which will be used is the tensile relaxation 

modulus defined as 

(A. 8) 

where ~(t) is the uniaxial tensile stress and €. 0 is the constant strain 

which is applied stepwise at t l!!: 0. The operational tensile modulus is 

simply related to E r._(P) since, in general 



E(P) :: 

and with a relaxation test 

E(f>) = p (f 

() 

E 
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, so that 

Comparing {A. 10) with the Laplace transform of (A. 8} we find 

o() 

E(I=') = p ER (P) = p s Erc(t) e Pt d t 
0 

(A. 9) 

(A. 10} 

{A.11) 

which can be integrated numerically using the curve of Ei;lt} shown in 

Figure A-3. However, just as in the previous example, this is not readily 

done since Er;/t) varies over a broad time interval*. 

The more rapid method of determining a finite-element model con

sists of collocating the approximate series representation 

E c-u s 

t 

-~ r. 
= Ee_ + L, EL L ~ 

L =I 

(A. 12) 

where 

Ee == [E (-t>] 
t -+CO 

with points on the experimental curve. For the particular example consid-

ered, it will be desirable to take as one condition (t ;e: t
1 

• O} 

Es ( o) E (o J {A. 13} 

and choose ten other points 

(A. 14) 

*However, when loaTR. is essentially linear for several decades, such 
~s shown in Figure A-3, ~h~n ~first ~PE:t:c:>xim~Jicm tc:> E(p}_ is 

i=(P) = [Ee.l-t)j t = t 
whe:re ~,is .cfeiinedin the .foutn:ot,e, p?--ge 1 .. 
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For the 11 relaxation times 11 -C· 
L 

(C-3) 
-C· =- Z.xlO 

L 
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take -Ct. = z t. 
l 

Collocation at t :z: 0 and the values (A.14} yields the linear system: 

E, ER ( 0 )- Ee 

0.601 0.%1 E}._ ER ( 10.
1
) - Ee 

(A.15) 

0 0.007 0.(,0l D.'J51 E3 ER( I )- Ee 

0 

0 

0 

0 

0 

0 

0 

0 

0 0.007 Q.601 O.~SI E 4 ER.( 10) - Ee. 

{) () O.DDI 0.601 o.~51 Es E12_(io')-Ee 

0 0 0 o.OD7 oJ,01 o.~51 E6 :: E~(/03 
)- Ee 

0 
4 (A. 16) 

0 D 0 O.DO( 0,G6l D.!51 E7 ER (ID )- Ee 

0 D 0 0 0 0.DDl 0.607 0.'1SI f g 
5 

ER(IO)-Ee 

0 0 0 0 0 0 0.001 0.601 0.951 E9 
6 

ER (M )- Ee 

0 0 () 0 0 0 0 0.001 0.607 o. '351 E10 E~ (rf')- Ee 

0 0 0 0 0 0 0 0 0.667 0.661 E11 ER. (108) - Ee 

Except for the top row, the elements in the matrix that are shown as zero 

or unity represent the exponential terms in the series (A.12) which, while 

not exactly zero or unity, are extremely close to these values. It is ob

served that if the 0. 007 elements are neglected a triangular matrix re

sults, which .leads to a set of 1 x 1 equations for the E.. These equations 
1 

were easily solved to find 
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E
1 

"" I 34 x \07 E -= 7 41 \( /0 7 

E'-::: 283xJ01 E~ = 1308 x: 107 

E:. = 554xl0
7 

E '""' 3.68 x 107 

] 9 

I 

t: 10 -=- 0.79x10
7 

F = 602 x 10 (A. 17) -4 

F -= -5 388 x/0
7 

E,1 = o. 96 x 107 

EE>-= IS6 x /0 
7 7 

E = z.z4x/O e 

which are sufficiently accurate values. 

It only remains to substitute the coefficients {A. 17) and relaxa

tion times (A.15) into the operational modulus which is given by(6 ) 

Ii 
ECP) ~ Ee + .2: 

L.:::/ 

This function is plotted in Figure A-3 for real, positive values of p. 

{A. 18) 


