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Phonon densities of states (DOS) of bcc α-57Fe were measured from room temperature through
the 1044K Curie transition and the 1185K fcc γ-Fe phase transition using nuclear resonant inelastic
x-ray scattering. At higher temperatures all phonons shift to lower energies (soften) with thermal
expansion, but the low transverse modes soften especially rapidly above 700K, showing strongly
nonharmonic behavior that persists through the magnetic transition. Interatomic force constants
for the bcc phase were obtained by iteratively fitting a Born-von Kármán model to the experimental
phonon spectra using a genetic algorithm optimization. The second-nearest-neighbor fitted axial
force constants weakened significantly at elevated temperatures. An unusually large nonharmonic
behavior is reported, which increases the vibrational entropy and accounts for a contribution of 35
meV/atom in the free energy at high temperatures. The nonharmonic contribution to the vibra-
tional entropy follows the thermal trend of the magnetic entropy, and may be coupled to magnetic
excitations. A small change in vibrational entropy across the α-γ structural phase transformation
is also reported.

I. INTRODUCTION

In its metallic form, iron exhibits fascinating physics,
plays a central role in geophysics, and is of paramount im-
portance to metallurgy. Iron is polymorphic under tem-
perature, pressure, and alloying, and both its magnetic
properties and its mechanical properties undergo major
changes with crystal structure. The thermodynamics of
the temperature-induced polymorphism of iron have been
of interest for many years. A proper thermodynamic
treatment of metallic iron must consider the energetics as
well as the degrees of freedom of electrons, phonons, and
spins, and the couplings between them. Although this is
a complex problem, it has received longstanding interest
both for its own sake, and for predicting the phases of
iron alloys with an eye to controlling them1,2.

There have been a large number of heat capacity3,4 and
elastic constant5,6 measurements of iron at various tem-
peratures, and the thermodynamic entropy of iron is suf-
ficiently reliable to be used in Calphad-type calculations
of free energy7,8. There have been a number of efforts
to create predictive thermodynamics models by resolv-
ing the entropy into contributions from phonons, spins,
and electrons7,9,10. Phonons make the largest contribu-
tion to the entropy at elevated temperatures, therefore
the accuracy of the phonon entropy is critical. A har-
monic model can account for most of the vibrational en-
tropy of elemental solids. The vibrational entropy of iron
is quite large, however, exceeding 6 kB/atom at 1000K,
so even errors of a few percent are thermodynamically
important. The quasiharmonic model of vibrational en-
tropy incorporates the phonon frequency shifts that re-
sult from finite temperature thermal expansion, but it
neglects many other nonharmonic physical interactions.
Phonons interact through the cubic and quartic parts of
the interatomic potential11. These anharmonic phonon-

phonon effects further change the phonon frequencies and
shorten their lifetimes resulting in thermal broadening of
phonon spectra12–14. Thermal excitations of electrons
and magnons also affect the phonon frequencies through
adiabatic electron-phonon and magnon-phonon interac-
tions. The impact of these physical interactions on the
vibrational entropy and free energy has been shown to
be important in many materials15,16, and their role in
the vibrational thermodynamics of iron warrants further
investigation.

Inelastic neutron scattering studies of phonon dis-
persions in iron provide essential information on the
phonon contribution to entropy, and how it changes
with temperature17–21. High temperature phonon dis-
persions show significantly decreased phonon frequen-
cies with thermodynamic implications21. These mea-
surements also provide insight into the mechanism of the
polymorphic transitions, and correlate with the inherent
weaknesses of the bcc structure22–25. However, the exist-
ing experimental results are somewhat sparse in temper-
ature.

Ab initio investigations have attempted to identify in-
dividual contributions to the free energy of Fe and its
alloys, but earlier studies relying on quasiharmonic ap-
proximations at high temperatures had limited success.
Electronic structure calculations on iron have advanced
considerably in the past few years, and recent work has
carefully considered the different contributions of mag-
netism and vibrations to the thermodynamics of the bcc
phase. Only recently have computational developments
permitted DFT calculations to reproduce the observed
high temperature phonon behavior by including the fi-
nite temperature magnetic configurations and electron-
phonon coupling26–29. These developments suggest we
may soon sort out the complex interactions in polymor-
phic iron, but experimental validation is still needed.
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Measurements of phonon dynamics through the Curie
point at 1043K up to the γ-Fe phase transformation can
provide further insight into the physical interactions and
thermodynamics governing the complex behavior of iron.

Here we report results of an experimental study of the
vibrational properties of bcc α-Fe at elevated tempera-
tures, and an analysis of its interatomic interactions and
thermodynamic functions. Nuclear resonant inelastic x-
ray scattering (NRIXS) was used to measure vibrational
spectra of bcc Fe and obtain reliable phonon densities
of states (DOS) which, unlike most phonon dispersion
measurements, can be used directly in thermodynamic
functions. A methodology was developed for reliably
extracting the temperature-dependent interatomic force
constants, and consequently phonon dispersions, from
the phonon DOS spectra. Much of the high tempera-
ture nonharmonic phonon dynamics depends on the rapid
softening of the 2NN interatomic forces, and the result-
ing softening of transverse phonons in Γ-N direction. The
vibrational entropy is assessed with different models for
predicting high temperature thermodynamics. We report
a large nonharmonic contribution to the phonon entropy,
and suggest that it originates with effects of magnetic
excitations on the phonon spectra.

II. EXPERIMENTAL

Nuclear resonant inelastic x-ray scattering (NRIXS)
measurements were performed on bcc α-Fe at high tem-
peratures. NRIXS is a low background technique that
provides direct access to the full phonon density of states
(DOS)30,31. NRIXS spectra were collected from a 25 µm
thick Fe foil of 99.9% purity and 95% 57Fe isotopic en-
richment. Measurements were performed at beamline
16ID-D of the Advanced Photon Source at Argonne Na-
tional Laboratory using a radiative heating furnace. This
NRIXS vacuum furnace used a narrow kapton window to
permit the x-rays to access the sample. The Fe foil was
either held by two Ta heat shields adjacent to a thermo-
couple, or mounted directly on the thermocouple. The
NRIXS measurements performed below room tempera-
ture employed a He flow Be-dome cryostat. The tem-
peratures were accurate to within ±20K, where ambi-
guity comes from comparing the furnace thermocouple
measurements to in-situ nuclear forward scattering and
the NRIXS-derived detailed balance temperature calcula-
tions following the procedures described in literature32,33.

An avalanche photodiode was positioned at approxi-
mately 90◦ from the incident beam to collect re-radiated
photons beginning approximately 20 ns after the syn-
chrotron pulse. The incident photon energy was tuned
to 14.413 keV using a high-resolution silicon crystal
monochromator to provide a narrow distribution of ener-
gies with a FWHM of 2.3 meV. The incident photon en-
ergy was scanned through a range of ±120 meV, centered
on the nuclear resonant energy. The Phoenix reduction
package was used to extract phonon DOS spectra from

the collected spectra32. Lamb-Mössbauer factors from
this reduction are compared with literature values in Fig.
12 of the appendix.

III. FORCE CONSTANT ANALYSIS

Many thermal properties of crystalline solids can be
explained by a simple model of the crystal as a set of mas-
sive nuclei whose interactions act like springs, providing
a restoring force against displacements. This model was
developed by Born and von Kármán (BvK), and trans-
forms the real space interatomic forces into a dynamical
matrix11. While this model is commonly employed for
fitting phonon dispersions, its utility for fitting phonon
DOS spectra is less straightforward. Phonon DOS spec-
tra are an aggregate of all phonon modes in reciprocal
space; therefore, fitting force constants to a phonon DOS
spectrum is more challenging than modeling phonon dis-
persions. To model our phonon DOS spectra, trial force
constants were used to construct a dynamical matrix,
D(q), which was diagonalized at a randomly-distributed
set of 3.375 million q-points in the first Brillouin zone to
collect the spectrum of phonon frequencies, ω2,

Mω2ε = D(q)ε (1)

where M is the mass of the atom and ε is the polar-
ization of the phonon mode corresponding to reciprocal
space vector q. This BvK model was embedded in a
genetic algorithm global optimization framework, where
trial sets of force constants were generated randomly ac-
cording to the differential evolution algorithm and the re-
sulting DOS are compared with experimental data34–36.
Each NRIXS DOS was fit independently to obtain a force
constant tensor that minimized the sum of squared differ-
ences between the model and the experimental phonon
DOS. The optimizations used populations of 50 mem-
bers which “evolve” until they converge, typically after a
few hundred generations, on a set of force constants that
gave the best fit to the experimental NRIXS DOS. These
optimizations were repeated several times to ensure con-
vergence. For the optimization process, the highest en-
ergy feature of each phonon DOS spectrum was fit to a
Gaussian distribution, the distribution was then used to
replace the high energy tails of each DOS used for fitting.
This was done to standardize the phonon cutoff energy
across the data set and suppress fitting to higher energy
noise (which results from the data reduction and would
not contribute meaningfully to the optimizations).

The BvK optimization was tried in several differ-
ent configurations, each permitting a different num-
ber of nearest-neighbor (NN) force constants to vary.
The largest optimizations included atomic interactions
through 5NN (13 independent force constants) which
is consistent with the number of variables commonly
used to fit neutron triple axis dispersion data in this
system17,18,37. The fitting process was also performed
with fewer variable nearest-neighbors forces (leaving
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more distant force constants fixed to 300K tensorial force
constants from literature17). The most restrictive case
limited the dynamics to interactions through 2NN (4 ten-
sorial force constants).

To test our methodology, we calculated the phonon
DOS using force constants from Minkiewicz, et al.,17

and convolved it with our NRIXS experimental resolu-
tion function. This DOS was optimized using the ge-
netic algorithm DOS fitting method, with the number of
variable nearest-neighbor force constants ranging from
2NN to 5NN. The optimizations that included interac-
tions through the 4NN shell reproduced the known force
constants accurately across several test cases, although
only slightly better than optimizations that included in-
teractions through only the 2NN shells. It was found that
allowing variations through the 5NN shell noticeably in-
creased the error in the tensorial force constants found
by the algorithm. Accordingly, the results presented here
are from the optimizations where only the first 2NN force
constants were allowed to vary, except in Fig. 7 where
values for fits through 4NN are included for comparison.

IV. RESULTS

A. Phonons

The 57Fe phonon DOS spectra for α-Fe from 30K to
just below the γ-Fe transition at 1185K are shown in
Fig. 1. All phonon modes shift to lower energies (soften)
with increasing temperature, although some soften no-
ticeably more than others. The phonon DOS of bcc Fe
has three features corresponding to the Van Hove sin-
gularities of the longitudinal and two transverse acous-
tic phonon branches. The mean energies of the three
features were obtained by simultaneously fitting three
Lorentzian curves to the measured DOS spectra. The
temperature dependence of these DOS features, dis-
played in Fig. 2, show that the low transverse phonons
soften more than other modes. While phonon softening
with increasing temperature is ubiquitous in most ma-
terials, the large preferential softening of certain modes
suggests strongly nonharmonic behavior of the lattice vi-
brations in α-Fe at temperatures above 700K.

B. Quasiharmonic Model

The quasiharmonic model for predicting phonon fre-
quencies employs the measured thermal expansion and
a Grüneisen parameter to account for how phonon fre-
quencies deviate from the harmonic model at elevated
temperatures. The quasiharmonic phonon frequencies,

ωqh
i (T ), are

ωqh
i (T ) = ω300K

i (1− γth

VT − V300K

V300K
). (2)

where ω300K
i is the measured value of the ith phonon fre-

quency at 300K, γth is the thermal Grüneisen param-
eter and VT is the observed volume of the system at
temperature T . This expression comes from the def-
inition of the microscopic mode Grüneisen parameter,
γi = (−∂ lnωi

∂ lnV )T ' − V
ωi

∆ωi

∆V , where a thermal Grüneisen

parameter38, γth, is commonly used in the absence of de-
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FIG. 1. The 57Fe phonon DOS extracted from NRIXS mea-
surements at various temperatures. The spectra are normal-
ized and offset for comparison.
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tailed experimental observations of the mode Grüneisen
parameters, γi

39. The thermal Grüneisen parameter can
be calculated from observed bulk material properties; in
the following analysis Anderson’s value of 1.81 for α-Fe
is used38. The quasiharmonic prediction from ambient
temperature is shown by dashed lines in Fig. 2 for each
acoustic mode feature in the phonon DOS spectra. At
temperatures beyond 800K the mean phonon energies for
each acoustic branch soften more rapidly than predicted
by the quasiharmonic model. At 1180K, just before the
γ-Fe structural transition, the average phonon energy has
decreased by 19% of its low temperature value, more than
twice the 8% softening predicted by the quasiharmonic
model.

A temperature-dependent thermal Grüneisen parame-
ter was also calculated from the observed bulk properties
of α-Fe using the expression

γth(T ) =
α(T )BT(T )ν(T )

CV(T )
(3)

where BT(T ) is the bulk modulus5,6,40, α(T ) is the lin-
ear thermal expansion4,41, ν(T ) is the crystalline vol-
ume per atom4, and CV(T ) is calculated by integrat-
ing the low temperature phonon spectra17,18 or a Debye
model9. The temperature-dependent Grüneisen parame-
ters that can be created by various combinations of phys-
ical constants from the literature range from 1.7 to 2.2
over the temperatures of interest. However, including
temperature-dependent parameters in our analysis did
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FIG. 2. The measured NRIXS DOS were fit with three
Lorentzian curves to find a characteristic mode energy for
each phonon branch. The softening of these mode features
is compared with a quasiharmonic model prediction from low
temperature measurements (dashed lines). The Curie tem-
perature at 1044K is marked by a vertical line.

not significantly alter the quantitative results provided
by the quasiharmonic model. Our further analysis there-
fore used the simpler approach with a constant thermal
Grüneisen parameter of 1.8138.

C. Vibrational Entropy

The total entropy of iron is often split into component
entropies attributed to different physical phenomena,

S(T ) = Svib(T ) + Sel(T ) + Smag(T ) (4)

where Svib(T ) is the vibrational entropy, Sel(T ) is the
electronic entropy, and Smag(T ) is the magnetic entropy.
While this division neglects the complex interplay of exci-
tations in real materials at elevated temperatures, it can
still be useful for deconstructing thermodynamic mod-
els, especially when experimental observations focus on
a subset of the physical interactions. Accurate values of
the vibrational entropy, Svib(T ), can be obtained directly
from the experimentally measured phonon DOS as

Svib(T ) = 3kB

∫
gT (E){(n+ 1) ln(n+ 1)− n ln(n)}dE

(5)
where kB is the Boltzmann constant, gT (E) is the mea-
sured DOS at temperature, T , and n is a Planck dis-
tribution evaluated at T , for a given energy, E. When
experimental DOS spectra are available for a given tem-
perature, this expression provides accurate entropy val-
ues that include both quasiharmonic effects and also non-
harmonic effects (to first order)11. The total vibrational
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FIG. 3. Our measured vibrational entropy (points) com-
pared with the Scientific Group Thermodata Europe total
entropy (thick line), the quasiharmonic vibrational entropy
estimate (dashed line), and the harmonic vibrational entropy
(thin line).
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entropies from NRIXS DOS spectra, Svib, are compared
with the total entropy from the SGTE database, S, in
Fig. 3, together with the entropies of the harmonic and
quasiharmonic models. The total vibrational entropy,
Svib(T ), can be divided into component entropies as

Svib(T ) = Sh(T ) + ∆Sqh(T ) + ∆Snh(T ) (6)

where Sh(T ) is harmonic vibrational entropy, ∆Sqh(T ) ≡
Sqh(T ) − Sh(T ) is the purely quasiharmonic contribu-
tion, and ∆Snh(T ) ≡ Svib(T ) − Sqh(T ), is the non-
harmonic contribution. Figure 3 shows that both the
harmonic model and the quasiharmonic model signifi-
cantly underestimate the vibrational entropy obtained
from NRIXS measurements. Above 1000K, the nonhar-
monic vibrational entropy, ∆Snh, is larger than the quasi-
harmonic contribution, ∆Sqh. At the highest tempera-
tures the nonharmonic vibrational entropy, ∆Snh, results
in a 0.35kB/atom (5%) increase over the vibrational en-
tropy provided by the quasiharmonic model.

D. Born-von Kármán Fits

Tensorial force constants were optimized to fit each
NRIXS DOS spectrum using the genetic evolution fit-
ting algorithm, permitting the calculation of phonon dis-
persions at each temperature. Typical fits and disper-
sions are shown in Fig. 4. The fitting procedure re-
produces the DOS spectra quite well, and also gener-
ates phonon dispersions consistent with previous triple-
axis neutron measurements17,21. The calculated phonon
dispersions corresponding to each NRIXS DOS measure-
ment are displayed along the high symmetry directions
and the [ξξ2ξ] direction in Fig. 5. The phonon disper-
sions change monotonically with temperature, exhibiting
significant softening at the highest temperatures, consis-
tent with the phonon DOS spectra. These calculated
dispersions show the trends identified by prior neutron
scattering measurements21, and elastic moduli extracted
by fitting the low-q portions of the dispersion branches
are in good agreement with measured elastic moduli5,6.
At elevated temperatures the optimized BvK fits began
to segregate into two distinct solution basins. The basins
had similar energy spectra, but quite different phonon
dispersions and force constants. The second basin of
fits was characterized by H-point phonon energies that
were significantly higher than the N-point longitudinal
phonons. They usually had lower qualities of fit than
the primary basin, especially when the optimizations in-
cluded higher nearest-neighbor interactions. Fits from
this second basin were easily identified as erroneous from
their discontinuous changes in tensorial force constants
with temperature, and their departure from measured
dispersions21. Thus, BvK fits from the second solution
basin were excluded from further analysis.

The calculated dispersions demonstrate that some
phonons soften significantly more than others. Figure
6 shows the changes in the different dispersion branches

FIG. 4. NRIXS DOS fits and corresponding BvK dispersions
are compared with literature. Panels A and C compare the
BvK fits (dashed lines) to the phonon DOS spectra at 300K
and 1158K, respectively. Panel B compares our calculated
300K dispersions with the 295K neutron triple axis measure-
ments of Minkiewicz, et al., (dots)17. Panel D compares our
calculated 1158K dispersions with the 1173K neutron triple
axis measurements of Neuhaus, et al. (dots)21.
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with temperature relative to the 30K frequencies. The
measured phonon DOS spectra exhibited a 19% decrease
in phonon frequencies at the highest temperatures. Fig-
ure 6 makes clear that this average decrease is not evenly
distributed across all the phonon modes. Most of the
nonharmonic softening of the phonon DOS appears to
originate in a few regions of the Brillouin zone. Most
notably, anomalously large softening is observed in the
low transverse modes along the Γ-N direction, where all
phonons soften by more than twice the average decrease
observed in the phonon DOS. The low transverse phonon
branch T2[ξξ0] corresponds to the [110] phonon polariza-
tion direction and softens significantly with temperature,
consistent with the limited number of phonon dispersion
studies on Fe at elevated temperature21. Large softening
also occurs for the [ξξ2ξ] branch and between the H and P
high symmetry points at the 2/3 L [ξ,ξ,ξ] mode. Thermal
softening seems to increase near the Γ point on several
high symmetry branches, but this increased softening at
low-q may be an artifact of the fitting method. Extract-
ing a phonon DOS from the NRIXS spectra includes a
removal of the elastic peak centered at zero energy trans-
fer, requiring an extrapolation be used at energies below
4 meV (marked by the horizontal dotted line in Fig 5).
Accordingly, Fig. 6 has black lines that delimit the low-q
region corresponding to the elastic peak extrapolation,
below which our fits are less reliable.

By projecting each nearest-neighbor tensorial compo-
nent along the NN bond direction, axial and transverse
force constants for bcc Fe were obtained for each nearest-
neighbor pair as a function of temperature, as shown
in Fig. 7. With increasing temperature there is a
large reduction in the first-nearest-neighbor (1NN) and
second-nearest-neighbor (2NN) longitudinal force con-
stants. The 2NN longitudinal force constant undergoes
an especially strong softening. Above the Curie temper-
ature the magnitude of the 2NN longitudinal force con-
stant is reduced to 60% (2NN fits) or 40% (4NN fits) of
its low temperature value. The 1NN longitudinal force
constant decreases by only 20% in the same temperature
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FIG. 5. Phonon dispersions resulting from force constant op-
timizations which permitted only 2NN force constants to vary
(4 variables). Colors correspond to temperatures as labeled
in Fig 1.

range.
The transverse force constants are calculated as an av-

erage of the tensorial force constants projected onto two
vectors orthogonal to the bond direction. The values
of these force constants are small and their trends are
less reliable than for the larger longitudinal forces. The
magnitude of the 1NN average transverse force constant
decreases rapidly at elevated temperatures and becomes
negative beyond 800K, indicating a weakness of the bcc
structure to shear stress23–25. The 2NN transverse force
constant appears to increase modestly with temperature,
but this could be a compensation for changes in longer-
range interatomic forces that were not varied in the fit-
ting procedure. The inclusion of additional variables pro-
duced the same general trends as those displayed in Fig.
7, however, but with considerably more scatter. The
large decrease in the 1NN and 2NN longitudinal force
constants with temperature occurred for every optimiza-
tion configuration that was tried.

V. DISCUSSION

A. Phonons and Born-von Kármán Model
Dispersions

There is significant phonon softening in bcc Fe at el-
evated temperatures. A quasiharmonic model accounts
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dispersion regions below the dashed line in Fig. 5. The colors
correspond to temperatures as labeled in Fig. 1.
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for some of the measured phonon softening, but under-
estimates the thermal trends. Direct analysis of the
phonon spectra shows that all the phonon DOS features
exhibit softening beyond the prediction of the quasihar-
monic model, and this excess softening is most notable in
the low transverse modes. Both the departure from the
quasiharmonic model at moderate temperatures and the
differential mode softening are indicative of strongly non-
harmonic behavior. However, the thermal broadening of
the DOS features associated with phonon anharmonicity
is small.

Phonon dispersions calculated from fitted force con-
stants show that most of the nonharmonic softening oc-
curs in low energy phonon branches, while most of the
higher energy longitudinal phonons soften by an amount
closer to that predicted by the quasiharmonic model.
The temperature dependence of several phonon disper-
sion modes are shown in Fig. 8. The largest ther-
mal softening is found for the low transverse T2[ξξ0]
branch. Anomalous softening of these phonons has been
associated with dynamical precursors toward the fcc
transition22–25. A combination of a displacement along
the T2[ξξ0] phonon mode, coupled with low-q shearing
consistent with T2[ξξ0] and low-q shearing along the
T2[ξξ2ξ] branch is a possible path for the structural
transformation23. All these modes soften anomalously
with temperature. Softening of the modes on the Bril-
lioun zone face between the H and P high symmetry
points, most noticeably at 2/3 L[ξξξ], have been asso-
ciated with the structural instability of the bcc lattice

FIG. 7. Extracted force constants from BvK fits. The
force constant results using up through 4NN (11 variables)
are shown in gray squares and those resulting from using up
through 2NN (4 variables) are shown in black points.

under pressure towards the hexagonal ω-phase. The dy-
namical precursors to the α-γ transition in Fe seem to
originate with the softening of the [ξ,ξ,0] branch, which
is much larger than the softening of the [ξ,ξ,ξ] branch
that is characteristic of the structural ω-phase transi-
tion in the Group 4 bcc metals (Ti, Zr, Hf)23,25 and
Cr42 at elevated pressures. A large decrease in 2NN lon-
gitudinal forces was reported in bcc chromium at high
temperatures, but Cr melts before the 2NN longitudinal
force constant reaches the low values seen here for Fe42.
The soft phonons shown in Fig. 8 begin to deviate from
quasiharmonic behavior several hundred degrees below
the magnetic transition, and continue to soften above the
Curie temperature. This anomalous phonon softening oc-
curs in the same temperature range as the rapid decrease
in the magnetization of α-Fe43. Magnetic short range or-
der has long been suspected of being important for the
phonon thermodynamics of the paramagnetic phase44,
and recent DFT calculations that account for paramag-
netic interactions have successfully predicted the phonon
dynamics at these temperatures26.

Simulations were performed to vary the longitudinal
and traverse force constants individually for each nearest-
neighbor pair. Adjusting the 1NN longitudinal force con-
stant with the others fixed had no effect on the T2[ξξ0]
branch. Decreasing the 2NN longitudinal force constant
relative to the others resulted in a rapidly softening
T2[ξξ0] branch that made the system dynamically un-
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FIG. 8. Energies of specific phonon dispersion modes at the
temperatures measured. The modes are compared with their
quasiharmonic estimates (grey dashed lines). The colors cor-
respond to temperatures as labeled in Fig. 1.
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stable (imaginary phonon frequencies) when this force
constant dropped below zero. When the 1NN transverse
force constant decreased below -5 N/m, the phonons of
the Γ-N branch also became dynamically unstable.

A strong decrease of the 2NN longitudinal force
constant with temperature can produce the significant
non-harmonic softening observed in the Γ-N phonon
branch22. Similarly, anomalous behavior was seen in the
2NN magnetic exchange interaction parameters in a de-
tailed study of magnon-phonon coupling45. It was found
that including vibrational effects (including local volume
and orientation) had a strong effect on the magnetic ex-
change interaction of the nearest-neighbor pairs, most
notably for the second nearest-neighbors. The abnormal
2NN magnetic exchange behavior may be linked to the
anomalous 2NN mode softening seen here.

B. Vibrational Entropy and Free Energy

Our measurements of the phonon DOS spectra over a
range of temperatures permits the direct assessment of
vibrational entropy and vibrational free energy of bcc
α-Fe. The vibrational entropy from NRIXS measure-
ments increases faster than predicted by the quasihar-
monic model, ∆Sqh + Sh. Any linear trends extracted
from our force constants do not coincide with the volume
normalized values provided by Klotz, et al., for bcc Fe
under pressure37. The purely volume-dependent (quasi-
harmonic) effect from measurements at elevated pressure
are quite different from our measured nonharmonic ef-
fects at high temperature. Furthermore, linear fits to our
tensorial force constants are not capable of accurately re-
producing the temperature dependence of the measured
vibrational entropy of Fe. There is a noticeable disagree-
ment on either side of the magnetic transition; the force
constants have a nonlinear thermal trend through the
Curie temperature.

ìììììììììììììììììììììììììììììììììììììììììì
ì

ì
ì

ì

ì

ìæ
æ

æ

æ

æ

æ

æ

æ

æ

ææ

æ
æ

æ

æ
ææ

ææææ

æ
æ

æ

æ
æ æ

æ
æ

ææ

æ
æ

æ
æ

Magnetizationì

Smag

DSnhæ

400 600 800 1000 1200

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0

1

Temperature K

E
n
tr

o
p
y

k
B
a

to
m



M
M

0

FIG. 9. The nonharmonic vibrational entropy, ∆Snh from
measured phonon DOS spectra, compared to the magnetiza-
tion of bcc Fe43, and the magnetic vibrational entropy, Smag,
obtained by subtracting Svib and Sel

7 from the SGTE total
entropy, S8.

The discrepancy between the quasiharmonic vibra-
tional entropy, ∆Sqh +Sh, and the measured vibrational
entropy, Svib, is the nonharmonic entropy contribution,
∆Snh. Figure 9 shows that the vibrational entropy of
α-Fe has a significant nonharmonic contribution, ∆Snh.
The nonharmonic vibrational entropy, ∆Snh, is compared
to the magnetic entropy, Smag, and the magnetization
also shown in Fig. 9. Smag was calculated by subtract-
ing our vibrational entropy, Svib, and also the electronic
contribution, Sel, as described by Jacobs, et al.,7 from
the total entropy of the SGTE database, S8. At temper-
atures just below the α-γ phase transition, ∆Snh changes
the free energy by about 35meV/atom.

Measurements of heat capacity at constant pressure,
CP, have provided some of the most important ex-
perimental information on the thermodynamics of α-
Fe3,7,9,10,45, and the contributions from vibrational mod-
els are compared in Fig. 10. Because heat capacity is
obtained as a derivative quantity of the phonon entropy,
we present heat capacity curves obtained from polyno-
mial fits to our experimental ∆Snh results. As such, the
curves in Fig. 10 should be reliable for gradual trends,
but possible features near the Curie temperature may
be missing. Nevertheless, it is clear that the ∆Snh of
Fig. 9 makes a significant contribution to the heat ca-
pacity, larger than the usual quasiharmonic contribution
also shown in Fig. 10.

The nonharmonic vibrational entropy can be written
as

∆Snh(T ) = Sppi(T ) + Sepi(T ) + Smpi(T ), (7)

which includes the vibrational entropy from phonon-
phonon interactions, Sppi(T ), vibrational entropy from
electron-phonon interactions, Sepi(T ), and vibrational
entropy from magnon-phonon interactions, Smpi(T ). Ex-
perimental measurements of phonon DOS spectra cannot
alone be used to identify the individual terms Sppi, Sepi or
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FIG. 10. The heat capacity calculated from fits to our vibra-
tional entropy measurements (solid line), compared with the
measured heat capacity from White, et al.3 in points, heat ca-
pacity from the harmonic model (thin line), and heat capacity
from the quasiharmonic estimate (dashed line).
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Smpi of ∆Snh. Nevertheless, the thermal trends are sug-
gestive. The Sppi contribution from phonon-phonon in-
teractions (often called the “anharmonic” contribution),
arises from both the cubic and quartic components of the
phonon potential11. With the cubic contribution comes
a lifetime broadening from the imaginary part of the
phonon self energy. Even at the highest temperature, the
lifetime broadening of the phonon DOS in α-Fe is small
compared to other systems12–14,46,47. For a damped har-
monic oscillator, the shift in phonon frequencies, ∆, asso-
ciated with lifetime broadening is ∆ = −Γ2/(2ε), where
Γ is the linewidth broadening and ε is the oscillator mode
energy39. The broadening of the DOS features was as-
sessed by examining the widths of the Lorentzian fits used
to create Fig. 2. From this measured broadening, the
classical anharmonic shift, ∆, is at least an order of mag-
nitude smaller than the observed high temperature shifts.
Finally, phonon-phonon interactions from both cubic and
quartic perturbations increase linearly with temperature,
and the ∆Snh in Fig. 9 does not follow a linear trend.
It appears that phonon-phonon interactions are not the
main contribution to ∆Snh at high temperatures.

Electron-phonon coupling has been investigated by
spin-polarized DFT calculations29, and effects were found
to be modest. These calculations did find large differ-
ences in the electron-phonon interactions for the majority
and minority spin electrons, but did not consider disor-
dered spin configurations. Second-nearest-neighbor mag-
netic exchange interactions were reported to be anoma-
lously sensitive to local atomic configurations45, and we
found that 2NN force constants decrease significantly
at temperatures where the spin order was decreasing
rapidly. The ∆Snh curve has a strikingly similar shape
to the magnetic entropy curve in Fig. 9. The magnon
dispersions in iron have a maximum energy approxi-
mately an order of magnitude higher than the phonon
dispersions48, but perhaps 5% of the magnons are in the
energy range of phonons in Fe. More processes involving
two magnons may affect the phonon self energies. A de-
tailed analysis of phonon-magnon interactions is required
for further progress, but it seems plausible that Smpi is
large.

Two phonon DOS spectra were acquired when the sam-
ple was in the fcc phase above 1185K, and these are
shown in Fig. 11. From these measurements, the change
in vibrational entropy across the α-γ phase transition
at 1185K was found to be 0.05 kB/atom. This is no-
tably smaller than previous literature values of 0.091 and
0.14 kB/atom21, which are similar to the SGTE recom-
mended value of 0.103 kB/atom8, but the latter also in-
cludes magnetic and electronic contributions. The fcc
γ-Fe DOS spectra of Fig. 11 are compared with a 1428K
γ-Fe DOS, calculated using force constants from the
literature20 and convolved with our experimental NRIXS
resolution for comparison. The mean energies of the
three DOS spectra are quite similar, but the two NRIXS
DOS spectra measured here are significantly broader
than the DOS calculated from dispersion measurements.

High temperature phonon measurements of several fcc
metals exhibited significant phonon lifetime broading ef-
fects owing to phonon-phonon interactions, so these ef-
fects may make a more significant contribution to the
thermodynamics of fcc γ-Fe12–14,46,47. A more system-
atic study of the shape of the phonon DOS in the fcc
phase should help determine if there is a large lifetime
broadening, but if so we may have underestimated the
vibrational entropy for the fcc phase49.

VI. CONCLUSIONS

Nuclear resonant inelastic x-ray scattering was used
to measure the phonon DOS of bcc α-Fe from low tem-
perature up through the α-γ transition. The vibrational
entropy deviated significantly from predictions of quasi-
harmonic theory by as much as 0.35kB/atom (or a free en-
ergy contribution 35 meV/atom) at 1150K. The nonhar-
monic contribution ∆Snh was distinctly nonlinear with
temperature, and occurred without significant broad-
ening of the phonon lineshape, unlike typical behav-
ior with phonon-phonon interactions. The temperature-
dependence of ∆Snh followed the magnetic entropy, how-
ever, suggesting that the change of magnon-phonon in-
teractions with temperature makes a significant contri-
bution to the nonharmonic phonon softening of α-Fe.
The vibrational entropy of the bcc-fcc Fe transition at
1185 K was found to be smaller than the assessed ther-
modynamic value.

A Born–von Kármán model was fit to the experimen-
tal phonon DOS spectra, and used to extract interatomic
force constants. Full phonon dispersions were then calcu-
lated from the Born–von Kármán force constants. These
dispersions showed that the anomalous softening origi-
nates primarly from low transverse modes along the Γ-N
high symmetry direction, in agreement with single crys-
tal triple axis neutron studies. The anomalous softening
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FIG. 11. The phonon DOS at two temperatures in the fcc
phase, compared with a spectrum from neutron triple axis
measurements20.
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originates with the large softening of the 2NN longitu-
dinal force constant, which may be consistent with the
atypical sensitivity of the 2NN exchange interaction to
local atomic configurations.
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I. Ohnuma, physica status solidi (b) 251, 53 (2014).

3 G. K. White and M. L. Minges, International Journal of
Thermophysics 18, 1269 (1997).

4 Y. S. Touloukian, Thermophysical Properties of Matter
(IFI/Plenum, New York, 1970).

5 D. J. Dever, Journal of Applied Physics 43, 3293 (1972).
6 J. A. Rayne and B. S. Chandrasekhar, Physical Review

122, 1714 (1961).
7 M. H. G. Jacobs and R. Schmid-Fetzer, Physics and Chem-

istry of Minerals (2010).
8 A. T. Dinsdale, Calphad 15, 317 (1991).
9 R. J. Weiss and K. J. Tauer, Physical Review 102, 1490

(1956).
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FIG. 12. Lamb-Mössbauer factors calculated from measured
NRIXS spectra. The experimental data from this study (pre-
sented in black) are compared with literature values in open
circles50 open squares51 open up triangles52 and open down
triangles53.
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